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Abstract

Based on previous homogenization results for imperfect transmission problems in
two-component domains with periodic microstructure, we derive quantitative esti-
mates for the difference between the microscopic and macroscopic solution. This
difference is of order €, where € > 0 describes the periodicity of the microstructure
and p € (0, %] depends on the transmission condition at the interface between the
two components. The corrector estimates are proved without assuming additional
regularity for the local correctors using the periodic unfolding method.

1 Introduction

This paper considers a class of linear elliptic equations with an imperfect transmission
condition modeling, for instance, heat conduction, diffusion, or stationary current flow in
a composite material. The macroscopic domain €2 consists of a connected component €25
and a second component 25, which is the collection of periodically distributed inclusions
or pores. The characteristic length scale of the microstructure, given by the distance
between two such pores, is of order €. On the interface I'* between the two components,
the flux is proportional to the jump of the solution across this interface, which models e.g.
a contact resistance. The corresponding proportionality factor is of order €7 with v € R.
More precisely, we consider for € > 0 the problem

—div(A4°Vu§) = f in Q,
—div(A4°Vu3) = f in Qf,
AsVus - n§ = —A°Vu§ - nj on ', (1.1)
—A*Vui -n] =e"hf(u] —uj)  on ™,
uj =0 on 02,

where nf is the unit outer normal to Qf for i = 1,2. The matrix A°(x) € RYX? and the
coefficient h®(z) are e-periodic and uniformly bounded. Moreover, we suppose that A® is
uniformly elliptic, h® is strictly positive, and the source term f is square-integrable.

For ¢ tending to zero, the homogenization limit of problem has already been
well studied in the literature. Based on Tartar’s method for oscillating test functions, the
homogenization limit was derived for all ¥ < 1 in [Mon03, DoMO04]; see references therein
for earlier works. This problem was also treated for two connected components [CaP97],
poly crystals [HumO0], for stochastic microstructures [Heill], and evolution problems
[DFMO07, [Jos09]. Recently, the homogenization limit and strong two-scale convergence
of the gradients were proved in [DLNTTI] for v < 1 via the method of periodic unfold-
ing. However, up to now all publications contain qualitative results, whereas, this paper
provides quantitative corrector estimates.

In the limit ¢ — 0, we obtain one homogenized elliptic equation posed in the whole
macroscopic domain

—div(A)Vu) = f  inQ,

u=20 on 0f). (1.2)

The constant matrix Ag € Rg;n‘f depends on 7, whereby we distinguish the following three

cases: (i) for —1 < v <1, (ii) for v = —1, and (iii) for v < —1. The case v > 1 is not
treated here, since it allows for unbounded solutions as it is shown in [Hum00].



For v < —1, the jump uj — uj across the interface I'* is negligibly small such that
Ag is given via the standard unit cell problem on the whole reference cell, see for
more details. In other words, the model in behaves for ¢ < 1 like a classical Poisson
equation with e-periodic coefficients in a one-component domain.

For v = —1, the matrix A, is obtained by solving a unit cell problem in two sub-
domains of the reference cell separated by an interface, see . In this case, the unit cell
problem reflects the structure of on the level of the reference cell and the effective
matrix takes the imperfect transmission condition into account. Indeed, this is the only
case, where the effective matrix depends on the values of the boundary term h°.

For —1 < v < 1, we obtain the same effective matrix Ag as in [CiP79)], cf. (4.1)), wherein
the homogenization of the Poisson equation is considered in the perforated domain €2} with
no-flux boundary conditions at the holes. In their situation, the function f is multiplied
by the ratio of the volume of the occupied domain 2 divided by the total volume of (2.
However, this ratio does not appear in which shows that the exchange between the
two components is sufficient in order to take into account also the source term in €25.

The main result of this paper are the quantitative error estimates between the mi-
croscopic solution (uj,u§), the macroscopic limit u, and their corresponding correctors
for the three different cases: (i) in the Theorems and [4.3] (ii) in Theorem and
(iii) in Theorem . In the special case v = 1, the jump across the interface I'® is of
order 1 and it depends on f, A%, and the volume fraction of the component €25. To prove
this result in Theorem we require additional H2-regularity for the source term f.
For all v < 1, the L?-corrector estimates are of order £”) with 0 < p(y) < 1/2, and
in the special cases v € {—1,0,1} or v < —2 we recover the maximal convergence rate
p = 1/2. In order to prove these quantitative estimates, we need that the limit u is of
higher H2-regularity, whereas u5 and u5 as well as the local correctors are in general only
H'-regular. The derivation of the corrector estimates relies on the two-scale formulation
of the limit as in [DLNTT1], the periodic unfolding method as in [CDGO0S8| [(CD*12],
and unfolding based error estimates as in |Gri04, [Gri05, Reil6]. The key step of the
proofs is to construct the correct approximating sequences via defining suitable recovery
operators. Those operators recover the oscillations of the gradients on the components
QF and 25 from the macroscopic limit and the local correctors. Especially for the case
(i), the new operator H$ is introduced in in order to capture the “flatness” of the
gradient Vug within the pores.

The text is structured as follows. In Section [2| we present the model as well as all
necessary assumptions and notations. In Section [3] the periodic unfolding method is
introduced and we define the unfolding and folding (averaging) operator and, in particular,
the recovery operators in Subsection In the case (i), the corrector estimates are given
in Section . Therein, we distinguish the cases —1 < 7 < 1 (Theorem and v =1
(Theorem [4.3)) in the Subsections and , respectively, although they share the same
effective matrix. The remaining corrector estimates for the cases (ii) and (iii) are given in
the Sections [f, and [6] respectively. We conclude the presentation with a brief discussion
in Section [7| and a possible application to supercapacitors in Subsection [7.1]



2 The imperfect transmission problem posed in a
two-component domain

Throughout the text we postulate the following assumptions on the domain and the

periodic microstructure as shown in Figure 1.

(D1) The macroscopic domain €2 is a d-dimensional polytope with d > 2, i.e. it is

d
Q= H[ai, b;) with a; <b and a;b; €Z.

=1

(D2) The reference cell Y = [0,1)% is the disjoint union of the subsets Y; and Y5, where
Yy C Y is open, connected, and satisfies dist(Yz,0Y) > 0. The inner boundary
[' = 9Y; is Lipschitz continuous and it holds Y; = Y'\ Y.

(D3) Let K. = {\ € Z%|eX € Q} denote the set of nodal points inside 2. The two
disjoint components €2 and €25, and their common boundary I'* are given via

Q= |J ei+m), Q5= e(n+Yy), and T° =005

)\,’EKE AiEKs
(D4) The microscopic period € > 0 is given via € = 1/n with n € N such that  is the
exact union of translated cells e(\; +Y) with \; € K. for all €.

By construction, the set )] is connected, bounded, and has a Lipschitz boundary, whereas
the set 25 consists of isolated “pores”. The former implies the existence of extension oper-
ators mapping from H}(Q2) to H}(Q2), where subscript 0 indicates homogeneous Dirichlet
boundary conditions on 0f2. Indeed, 027 is the disjoint union of I'* and 0f2, and it is

Ho(Q7) = {u € H'(Q])|u =0 on 6Q} .

The assumption that Y5 does not touch the boundary of the reference cell Y is essential
for the construction of the recovery operator Hj5 in (3.6)), see also Remark This
assumption is also contained in [DLNTTI].

- &0

Yi

Figure 1: The two-component domain € (left) and the reference cell Y (right).

Remark 2.1. The Assumption (D}) significantly simplifies the presentation of the cor-
rector estimates, however, the results remain valid for arbitrary domains € with smooth
boundary and ¢ € R. In such a case, one considers bigger domains €27, v+ = 1,2, sat-
isfying again (D2)-(D4) and uses Lemma to control the error at the boundary (cf.
[Gri04, (Gri05, [Reil6]). In any case, we have to avoid cells e(A +Y') intersecting the
boundary 02 such that Q5 is always a Lipschitz domain (cf. also [DLNT11, Fig. 2]).
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In order to obtain unique and bounded solutions for the microscopic respective ho-
mogenized problem, we require the following assumptions for the given data. The dot
“.” always denotes the scalar product in R

(A1) The matrix A € L*(Y; Rg;nﬁl)) is Y-periodic, symmetric, and uniformly elliptic, i.e.

Ja>0: A(y)E-£>al¢)? forall € € RY and a.a. y €Y.

(A2) The boundary term h is a Y-periodic function in L>°(T") and satisfies

Jho>0: h(y) > hy foraa yel.

(A3) Tt is f € L*(Q2) and the coefficients of the microscopic problem are given via

A(x)=A(%) and h(z)=h(%).

€

Under the above assumptions, the Lax—Milgram theorem yields the existence of a unique
solution (u§, u§) of the microscopic problem (1.1)) with u§ € H}(Q5) and u§ € H'(Q3) (cf.
[Mon03|, Sec. 1]). Moreover, this solution satisfies the following a priori bounds.

Proposition 2.2 ([Mon03|, Prop. 3.1]). Any solution of the microscopic problem (1.1)) is
bounded for all v <1 wvia

J
Juf [l sy + VU5 |leos) + 2 [Juf — w5z ey < C,
where the constant C' > 0 is independent of €.

The solution u € H}(Q) of the homogenized problem ((1.2)) is unique and bounded, too.
Moreover, u is of higher regularity, since the macroscopic domain §2 is convex, bounded,
and has a Lipschitz boundary. Indeed, it holds according to [Gri85, Thm. 3.2.1.3]

lullm20) < C fllr2@),

where C' > 0 only depends on the homogenized matrix Ag € R%4 and the domain €.

sym

3 Periodic unfolding

Following [CDZ06, DLNTT1l [CD*12], we define the periodic unfolding operators T and
75, which map one-scale functions on the oscillating domains 2] and €25 to two-scale
functions on the fixed domains Q2 x Y7 and Q x Y3, respectively. Therefore, let x = [z]+{x}
denote the standard two-scale decomposition of every x € R? into its integer part [z] € Z¢
and the remainder {z} := z — [z] € Y. For any Lebesgue measurable function u on Q5
the periodic unfolding operator 7 is given via

(TFu)(z,y) =u(e[%] +ey) foraa. (z,y) €QUxY;

and it satisfies the integration formula

/udx: Tudzdy for u € L'(QS). (3.1)
Q

3 QxYv;



In the pores, we define for any Lebesgue measurable function u on €25 the second periodic
unfolding operator 75 by (cf. [DLNTTI] Def. 2.8])

(T3 u)(z,y) ==wu(e[2] +ey) foraa. (z,y) € Qx Y.

In particular, both periodic unfolding operators are well-defined for any Lebesgue mea-
surable function v on I'* and it holds 7 v = 75 u almost everywhere in €2 x I". Moreover,
we have the following integration formula for boundary unfolding (cf. [CDZ06l Prop. 5.2])

5/ udo, = Tfudrdoy, = Trudrdo, for u e L'(TF). (3.2)
e QxI QxTI’
We complete this collection by introducing the folding operator (also called averaging
operator) Fi : LP(Q x Yy) = LP(Q5) [for k = 1,2 and 1 < p < 0o via

(FrU)(2) :—][ U(z,{%}) dz for a.a. z € O,

«([Z]+Y)

where £, = |O|™" [, denotes the usual average over the domain O C R?. Here, and in
the following, |O| denotes the d-dimensional Lebesgue measure of domains respective the

d—1-dimensional Lebesgue measure of hypersurfaces.
According to [DLNTT1l [CD*12], the folding operator F7 is the adjoint of TF, i.e.

J

In the same manner, F5 is the adjoint of 7. Finally, we note that the periodic unfolding
respective averaging operator, 7; and F., as introduced in [CDGO§| are given via

7;u:{Tfu in Q x Y]

(Fr U)vdx:/ U(Tfv)dedy for U € L*(Q x Y1), v € L*(€5).

Ei: QXYl

Fi(Ulaxy,) in €]

F5(Ulaxy,) Q5

Txu in Q2 xYs and }—SU:{

3.1 Construction of recovery operators

In this section we introduce two operators, G. and Hs5, which will help us to construct
suitable recovery respective approximating sequences for the derivation of the corrector
estimates. To do so, we define the scale-splitting operator Q. : HY(Q2) — Whe(R?)
following [CDGOS|, Def. 4.1]. Let u € H!(R?) denote the extension of u € H'(2) according
to [Nec67, Thm. 3.9]. For z € e([x/e] +Y) and every k = (K1, ...,kq) € {0, 1}%, we set

_(k1) . { mizcle/e) if k=1

€ 1 _Exlfs[:v/s]l if Ky = 0
€

and

(Qeu)(@) = > (Fu) (e[2] +er) - 7™ - Ty

rk€{0,1}4

!Note that L?(Q2 x Y) and L?(£; LP(Y)) can be identified for 1 < p < oo, whereas this fails for p = oc.



The function Q. u interpolates the values of F. u at the nodes e[z /¢] via Q;-Lagrange ele-
ments as customary in the finite elements methods. Since Q. u is (weakly) differentiable,
in contrast to JF.u, we can use the scale-splitting operator to construct oscillating one-
scale functions that recover global corrector-type functions a(z,y) = S0, g; (@) - xi(y).
Let H.(Y) respective H} (Y1) denote the space of Y-periodic Sobolev functions, i.e.

per

H...(Y1) = {p e H'(Y1) | ¢ is Y-periodic} .

per

For any Y-periodic function, we may identify z + o(z) with z — o({z}) for all x € R%.
For v € H?(Q) and x € Hper(Y) = H.(Y;R?), the approximating sequence (G ). C
HY(Q) is given via (cf. [Gri04])

(G.7) (&) ZQ@(ax,) () 3.

The cut-off function . € CX(€; [0, 1]) satisfies p.(z) = 1 for all x € Q with dist(z, Q) > ¢
and [Vg.| < %; and it guarantees the Dirichlet boundary condition on 9Q2. We may also
call G. : (H (Q) Héer(Y)d) — H{(Q) recovery respective gradient folding operator, since
it holds 7.(G.u) — u and T:[eV(G-1)] — V,u in L*(Q x Y). The uniform boundedness
of the scale-splitting operator || Q. u||u1(q) < C||lullui ) according to [CDGOS, Prop. 4.5]

implies the following bound

1 Gz ullea() + €llV(G: WLz < Cllullez@) Xy

On the perforated domain 27, we adjust the construction of the approximating sequence

as follows: for x' € H}(Y1)?, the sequence (G5 u). C Hj(€)) is given via

(Gi 1) (x) := oc(x ZQa(axl)

In the same manner, we define for x? € H!(Y3)? the sequence (G5 u). C HY(Q5) via

) xi (2)- (3.4)

E

i (12))- (3.5)

Notice that o. is skipped in (3.5)), since the pore space 25 is not equipped with Dirichlet
boundary conditions. Here, we also use {x/c}, since x? is in general not Y -periodic.
We introduce the second recovery operator 5 in the pore space as follows: define

M HAQ) - HY(QC®(Y);  (Hu)(z) = Vau(z) -y

and observe that the gradient V,(Hu) = Vu is constant with respect to all y € Ya.
Recall that for every = € Qf, the two-scale decomposition gives x = e([z/e] + {x/e}) with
[z/e] € Z% and {x/c} € Y,. With this, the recover operator H5 given via

Hs  HA(Q) — HY(); (H5u) (z) :== Vu(z) - {£} (3.6)

is well-defined and it holds || H5 u||r2ag) +€[|V(H3 w)||lL2g) < 2[|Vullui (). Moreover, we
recover the convergences T (H5u) — Hu and T3 (eV Hu) — Vu in L2(Q x Y5).
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Remark 3.1. We point out that Hu is in general not Y -periodic. However, since it holds
dist(Ya,dY) > 0, we can periodically extend Hu to Hu € Cou(Y) and, by translation,
also to the whole space C°(RY). With this, we may also construct (Hsu). C HY() on
the whole domain Q). Notice that this construction fails in the case Yy N OY # ().

Otherwise, if 2 and Q5 are connected for d > 3, there also exists a suitable extension
operator £ : HY(Q5) — HY(Q) and we may treat u§ in a similar manner as us.

4 Corrector estimates for —1 <~y <1

The homogenized matrix AO € ngxncf is given for all —1 < v < 1 via the formula

Ale; = [ A(y)(e: + Vyxi) dy,
Y1
where {e1,...,eq4} denotes the canonical basis of R? and y; € Hl (Y1) are the local
correctors. The latter are the solutions of the cell problem for ¢ =1,...,d

—div, (Ale; + V,yxi]) =0 in Y1,
Alei+Vyxi]-ni =0 on I, (4.1)
Xi is Y-perioide, [y, xi dy =0,

where n; denotes the unit outer normal to Y;. The corresponding global corrector u; €
L2(Q; HL_(Y1)) is given via the formula

per

Zax, X

where u is the solution of the homogenized equation (1.2]). Note that the higher regularity
of the limit solution v € H(2) implies also the higher z-regularity of the global corrector
u, € HY(Q; HE (V)).

per

4.1 The case -1 <y<1

Theorem 4.1. Let the assumptions (D1)-(D4) on the microstructure and (A1)-(A83) on
the data hold true. Then, the solutions (u5,u5) and u of the microscopic problem (1.1))
and the homogenized equation (1.2)), respectively, satisfy for —1 <~ <1

Il
[uf — v — e G Ul s + | VuallL2g) + 7 luf — ug|l2@ey < € = C, (4.2)
where C' is a positive constant independent of e.

The derivation of the estimates follows the principle idea of the unfolding based es-
timates in |Gri04, [Gri05]. In particular the control of the periodicity defect of T ¢ €
L2(Q); H'(Y1)), which is in general not Y-periodic for arbitrary functions ¢ € HY (%), is
proved in these two articles.



Proof. By assumption it holds |Y| = 1.
Step 1: Periodicity defect. The weak formulation of the limit problem (|1.2)) reads (cf.
[DLNTTI, Eq. (3.8)))

Ay [Vu+ V] - Ve + V0] dedy = / fodz
QXYl Q

for all ¢ € H{(Q) and ® € L*(Q;H!. (Y1)). We choose the two-scale test function ®°

per

according to Theorem [A.3] such that it holds
€ 15 1
T2 (Vo) = [Ve + Vi@l i) < (€ +€2)Clellnr )

where C' > 0 only depends on {2 and Y;. Exploiting this estimate with the higher x-
regularity A[Vu + V,u;] € H'(Q;L*(Y1)) [ as well as the duality of periodic unfolding
operator 77 and folding operator Fj yields with F; A = A®

1
< ezl (o)

/Agff[Vu—l—Vyﬁl]-Vgpdx—/fgpdx
s 0

Using that u € H?(Q), the definition of G¢ in (3.4), the boundedness of Q. in H(Q) as
in [CDGOS, Prop. 4.5], the assumptions o.(x) € [0,1] and [Vo.| < ©, as well as Lemma

AT} A3 and L. give
|| ]:f[Vu + V, iZl] — [Vu1 + €V(gf ﬂl)] HL2 Qs)

ZQE X (2)
+ 8Q€ZV [Qs(%)} i (2)

where MV (0Q) = {x € Qf | dist(x, ) < €} denotes the e-neighborhood of the boundary
0f). We finish Step 1 with

S || ff(VU) VUHLQ (Q2) + Co

L2(N: (BQ))

| F(v,m) - @szge V)

L2(Q5) L2(Q5)

1
< ez2Collm @) (4.3)

/ AE[Vu—l—EV(gfﬂl)]-Vgodx—/fgoldx
: 0

Step 2: Admissible test functions. We test the weak formulation of the microscopic
problem (|1.1)) with

O =1 —u—eGiu; € HY(QS) and 5 :=uf —u+eH5u € HY(Q) (4.4)

and arrive at

/ AV - Vs da + / AV - Vi da + & / B — )5 — ¢5) do,

€

foldr — fo5dr=0. (4.5)

0 25

2Notice that the spaces H'(€2; L2(Y7)) and L2(Y7; H}(Q)) can be identified.
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According to Theorem the extension ¢ 1= &f o] satisfying [¢1[lar@) < Clleillm @)
is an admissible test function for the limit problem in (4.3)). Subtracting (4.5) from the
left-hand side in estimate (4.3)) and recalling |o: = ¢ gives

J

<

A*Vus - Vs dr + E'Y/ he(u] — u3)(p] — ¢5) do,

£

ATV - VS da + /

€ £
1 Q2

Flp — ¢5) da| + 2] ¢5 o). (4.6)

25

With Young’s inequality and p; > 0 to be specified later, it holds
1
e2l¢illm s < rallillin g +eCm). (4.7)

Step 3: Approzimation errors. Inserting ¢j —¢§ = uj —uj —e(Gf uy +H5 w) into (4.6)),
we estimate the boundary term of lower order with gy > 0 and (A.4) via

57/ h®(u — u3)e(GT Uy + H5u) doy,

< proe”[Juj — ug“i%rs) +e7C(u2) | G Uy + H5 u“%ﬂ(l"s)
< poe™|[uf = w51 Frey + O (p2) lullfrz ) - (4.8)
The source term on the right-hand side of (4.6)) is estimated with (A.1)) and pz > 0
flETuy —ug — (&1 (G ) + Hyw)] dz
Q3
< C (1 &7 uf = uslleeag) + ellullae) 112
1
<cC (52 05 — sz + € {IVIET ui)llzs) + [Vusllizs) + ||U||H1(Q)}> 112
< pze’||ui — U;||i2(Fs) +e77C (u3) + C. (4.9)

Recalling that V§ = Vu§ — V(u + ¢ H5 u), we control the Vuj-term in (4.6)) via

< 1l V5 |[E2a5) + £C (1) l[ulliz o) - (4.10)

/ A*Vus3 - [Vu — eV Huldx
Q

£
2

Here, we used that eV(H5 u)(z) = eV2u(z){2} + Vu(z) for all z € Q5 (with V? denoting
the Hessian) according to (3.6) and, hence, it is

Combining the error estimates in (4.8)—(4.10) with (4.6)—(4.7)) gives

A

< /“H(pi”%ll(Qf) + (p2 + p3)e”||lui — U§Hi2(ra) + M4HVU§H%Q(93)
+(e+e T +TC. (4.11)

AV - Vug de + 67/ he(u — u5)(uj — u3) do,

5

ATV - Vs da + /

%




Exploiting that A is uniformly elliptic and h® > hy > 0, choosing p1 = s = «/2 and
po = p3 = ho/4, as well as applying Poincaré-Friedrich’s inequality to ¢f € H}(Q5) yields

« o hO -
se el + IV ltag + 75 e — walae < £0IC

The desired estimate (4.2) follows by taking the square root. O]

Remark 4.2. To see that H'(QS)-estimate in (4.2)) is analogous to the one in [Gri0j,
Prop. 4.3], we can control the term ||e(1 — o7") Gf U]l sy by VeCllullme(q) as in Step 1
and obtain

1—|v]
+ Vg llizis) + 7 [lu — ullize) < €72 C.

H1(Qf)

d
ui —u—e Qe () X (2)
=1

4.2 The case 7y =1

Theorem 4.3. Let the assumptions of Theorem hold true. Moreover, let f € H?(Q)
and set 0 = |Y5|( [ hdo)™'. Then, there exists a positive constant C independent of €
such that it holds

o~ 1 1
|uf —u — Gy Urlluras) + | Vusl|Laas) +e2[Juf — us + 0f|[2e) < e2C. (4.12)

Proof. Step 1 of the proof is exactly as in the case —1 < 7 < 1 and in what follows we
only outline the modifications in Step 2 and 3.

Step 2: Admissible test functions. For the weak formulation of the microscopic prob-
lem, we choose the test functions ¢ as in and

05 =5 —uy + e Hsu— O(f — e H5 f) € HY(E).

Thus, we arrive at

J

AV ] - Vi dx + / A*Vus - Vs dx
i Q3
£ € € (3 (> € (1 € 1 (>
+5/ he(ui — u3) (] — p3) dog + o JFET ¢ — ¢5) dz| < 52C||901||H1(Qi)' (4.13)
2

Step 3: Approximation errors. Inserting ¢ — o5 = uj — u5 —e(Giuy + Hyu) + 0(f —
e H5 f) into (4.13), we obtain for the boundary term

e / (1 — ) (5 — 95) oy > eholus — s + 7 |Pagee,
—5/ RO f(u] —us +0f)do,
FE

—82/ he(u] — u3)[G5 Uy + H5u — 0 H3 fldo,.

10



The absolute value of the third term (on the right-hand side) above is bounded by £C' as

in (4.8]). For the source term in (4.13)), we obtain
fEr ¢t —p3) da
2
= | f&ui—us+0f)de+e | [fIE(GIU) —Hyu—O0H; flde
2 Q5

and again the absolute value of the second integral is bounded by €C. It remains to
control the following difference using the integration formula ((3.2)

F(EF 5 5+ 0)do — = [ W0 (uf — o5+ 61) do,

£

25

Xagf(ng§—UZ+9f)dId0y—/ hT5 (0F) Ty (€7 uy — vy — 0f) dedoy,

B |F| QxT QxT

where Yoz denotes the indicator function of the set Q3. Recall that the traces of uj and
&7 u5 coincide on I'* and, hence, it holds 77 u = T7(&5 uj) almost everywhere in 2 x I'.
After suitably rearranging the integrands, we get

1
‘|_F] ; Xosf{E Ui —u5 +0f — T3 (Ef ui —us5 +0f)} dedo,
xI'
1 € 1 € € £ € 13
- {—Xﬂg (F-T5 )+ (—szg —he) T f}7; (5 — 5+ 0f) da do,
axr LT T
< C (&5 uf —us+0f — T3 (67 uf — us + 0f)|lLagxry + I1f — T3 flle@sxry) < eC.

Here, Lemma yields the L2(Q x I')-estimate for f and & u§ — u§ + 6 f belonging to
the space H'(Q5) and the (xqs/|T'| — h)-term vanishes, since h is positive and it holds

1 Y|
—XQs dxdo, = |Q%] = |Y5| - Q] = / h dx do,,.
/er [N v = 1% =1¥al - 0 axr Jphdo !

Treating the gradient terms in (4.13) as in (4.7) and (4.10]), we overall arrive at

o £ Q g 13 g
EHV%H?A@ + §|’VU2Hi2(Qg) +ehollu] —uj — efH%ﬁ(re) <eC,

which gives estimate (4.12)). O
5 Corrector estimates for v = —1

The homogenized matrix A%, is given via

A% =AY+ A% with  APe; = / A(y)le; + V,xFdy  for k= 1,2,
Yy
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where x} € H._(Y7) and x? € H'(Y2) solve the following cell problem for i = 1,...,d

per
—div, (Ale; + Vyxi]) =0 in Y,
—div, (Ale; + V,x2]) =0 in Ys,
AV,xi -n = —AV,x?-na  onT, (5.1)
—Ale; + Vyxil-m =h(x; —x7)  onT,

X} is Y-perioidc, fY X+ dy = 0.

Here, n; and ny denote the unit outer normal to Y; and Y5, respectively. The corresponding
global correctors u; € L2(Q; HL (V1)) and 1y € L2(Q; HY(Y3)) are

per

d
N 0
Ulr.y) =Y o (z) - Xi(y) for k=1,2.

i=1 Oz;

Theorem 5.1. Let the assumptions of Theorem[4.1 hold true. Then, there exists a positive
constant C' independent of € such that it holds

|ui —u —eGiula s + [Vuy — Vu — V(G5 Uy) |2 (as)
1 R . 1
+e72|[(uf —u3) — e(G; Ur — G5 Ua)||r2re) < 2C. (5.2)

Proof. Step 1: Periodicity defect. The weak formulation of the limit problem reads (cf.
[DLNTT1), Eq. (3.43) & (3.55)])

| AW+ Gl (Ve + Vo] drdy

QXYl

+ / AW)[Vu+ Vo] - [V + V, Qo] dz dy
QXYQ

[ b - )@ - e dedo, = [ feds

for ¢ € Hy(Q), &1 € L*(;H),,(Y1)), and &y € L*(Q;H'(Y2)). We want to choose the
two-scale test functions

O =T (e ') —Vp-y and O=T;(e7'p5)— V- y

with arbitrary ¢5 € H'(Q5), however, ®; does not respect the Y-periodicity in general.
Compensating the periodicity defect with ¥¢ € 1L2(Q2; H!_(Y})) according to Theorem

per

and Remark [A.4|(b) as well as using the duality of 7;° and F7 respective 75 and F5 gives

A

" /Q B(y) (@ — ) [T¢ (™) = T (e 05)] dar o, — /Q Jiode

A° FE[Vu + V] - Vi dar + / A° FE[Vu + V0] - Vg5 da

Q5

1
< e2C|lo|lu -

For the boundary term, we also used the continuous embedding of H*(Y;) into L?(T") such
that it holds for U = h(u; — U) € HY(Q;L3(T")) and ® = ¥¢ — T(elp) + Vp -y €
L2(Q; HY(Y;)), with U¢ as in Remark [A.4|b),

/ U(b de day S CembHUHLQ(F;HI(Q))H(bHHl(Yl;Hl(Q)*)‘
QxI

12



Next, we want to replace u; — us with T G{uy; — 75 G5 Uy (see (3.5) for the definition
of G5) in the boundary integral via Lemma and Together with the integration
formula (3.1) as well as V(77 G; u1) = T [eV(G] Uy)], we get

| 7 G5 ur — un||r2oxr)
< Comp (| G5 U1 — FF U |l1205) + | T3 Fi 1 — Unllr2ixv)

V(G5 @) — Fi(Vyun) ez + 1 77 Fi (Vi) — Vit Lz x))
< eClulln2(e)-

The same estimate holds for 75 G5 uy — up. Applying the integration formula (3.2)) and
treating the gradient terms as in the case —1 < v < 1 gives

/Qi

e [ He(Gi - G - D) don - [ foda
e Q
< Ml”%0||2H1(Q) + pige "l — 803\%2@5) +eC (1, p2)- (5.3)

In particular, the integration formula (3.2) implies || 757 (e7¢) — T3 (e 08)lf2(nry <
el — @5l[72(pe), of also [DLNTTI] Eq. (2.8)].
Step 2: Admissible test functions. We test the microscopic problem with

oS =ul —u—eGiu € Hy(QF) and ¢ :=u5 —u — e G5y € H'(Q5)

A [Vu+eVGiu-Veodr + / A*[Vu + eV G5 uy] - Vs da

25

and choose ¢ = &5 ¢5 in (5.3) such that the difference between microscopic and reformu-
lated macroscopic weak formulations reads

J

<

ATVE - Vit dr + /

5

AV Tgsdat = [ Wl - i o,
1_‘5

£
1

+ el o) + pae et — @alta ey + €C (1, o).

F(ET ] — v3) da
3

Estimating the source term on the right-hand side as in (4.9), exploiting the uniform
ellipticity of A° and h® > hg, as well as choosing the pu;’s suitably gives the desired

estimate (5.2)). O

6 Corrector estimates for v < —1

The local correctors x; € Hlljer(Y) solve the standard cell problem for 7z =1,...,d
— diVy (A[Gz + Vyxl]) =0 in }/,

Xi is Y-perioide, [, x;dy = 0. (6.1)

1

The homogenized matrix A9 and the global corrector @ € L*(€; H},.(Y')) are given via

d

M= [ Ale+ Vpuldy and o) =3 5 @) o)

— OJx;
=1
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Theorem 6.1. Let the assumption of Theorem[{.1] hold true. Then, there exists a positive
constant C' independent of € such that it holds for v < —1

s = = 2 Gellin o) + Vs = Va = V(G ) hiaop < (75 +22) €. (62)

Proof. Step 1: Periodicity defect. The weak formulation of the limit problem reads
/ AW [Vu+ V] - Ve + V,0]dzdy = / fodx
QxYy Q

for all ¢ € Hj() and ® € L*(Q;H),(Y)). We repeat the arguments in Step 1 for
—1 < v < 1 and replace Y7 and G] with Y and G., respectively. Note that all auxiliary
estimates in the Appendix hold in particular for the special case Y7 = Y, ie. Y5 = (.

Thus, we arrive at

< e Cllplmo. (6.3)

/AE[Vu—iraV(Qgﬂ)]~V<pdx—/f<pdx
Q 0

Step 2: Admissible test functions. We choose
=&l —u—eG.u € Hy(Q)

and test the weak formulation of the microscopic problem with ¢ := ¢|q: and 5 := @|qs
such that the boundary integral vanishes, i.e.

J

Subtracting (6.4 from the left-hand side in estimate (/6.3]) gives

ATV - Vs da + /

05

A*Vus - Vs do = / feodx. (6.4)
0

3
1

AVl -Vyeide+ | AV[u;—u—eG.u]l-Vu; —u—eG.uldx
0 Q5

< AVus —u—eG.u] - V[Ef uf — u3]dx

5

Step 3: Approximation errors. To estimate the right-hand side in (6.5]), we set £° :=
&7 ui — uj and obtain with (A.2)-(A.3) and the a priori estimates in Proposition

£ -1 £ 1 e _ 14y
€l < e 3C L€ haqe + 23 IVE Iurap | < (=75 +27) €. (6.6)

Exploiting the uniform ellipticity of A on the left-hand side in (6.5)) and applying Holder’s
and Young’s inequality on the right-hand side as well as the Poincaré-Friedrich’s inequality
to ¢ € H(Q) yields

o (V65 g0y + V15 — 0 — 2 G220
< m[V[ug —u—eG.al[[fagqp) + (6777 + ) Clun) + nal| Vool oy + £C(p2)-

While noting that ||[Vollr2) = [VeillLes) + [[VI[ug — u — e G U] — VE|L2(qs), we use
again ([6.6) and choose p; suitably such that estimate (6.2)) is established. ]
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7 Discussion

The present corrector estimates do not require any additional regularity of the microscopic
solution or the local correctors. However, we need that the limit satisfies u € H?(Q), which
is immediate for convex Lipschitz domains or domains whose boundary is of class C2. Only
for the special case v = 1, the more restrictive assumption f € H?(Q) is necessary in order
to characterize the jump across the interface. It remains open whether this assumption
can be relaxed to e.g. f € H'(Q). Anyways, the source term has to be more regular for
v = 1 than in all the other cases, since we need f € L*(I'®) for all € > 0 in estimate (£.12)).

We point out that our corrector estimates recover the convergence rate /¢ in the
special cases v € {—1,0,1} or v < —2. This rate seems to be optimal for corrector
estimates up to the boundary of the macroscopic domain as it was also obtained in
[Gri04], [Reil6] for elliptic equations with periodically oscillating coefficients and without
interfaces.

In order to treat double porosity models, which include degenerating terms such as
div(e2A°Vu§) as in [DoT13], [Ain15], we can introduce another gradient folding operator.
For U € HYQ;H],(Y)), the one-scale function G.U := @, is given via the solution
u. € HY(Q) of the elliptic problem (cf. [HanI1, MRT14])

/ (6 — F.U)p + (Vi — FL(V,U)) - eVipda = 0 for all € H'(Q).
Q

In [Reilb, Reil6] the folding mismatch between the averaging operator F. and the gradient
folding operator C//\g is quantified.

We believe that the imperfect transmission problem can also be considered with non-
homogeneous Dirichlet boundary conditions, as it is done in the paper [Gril3] on error
estimates with boundary data in H/2(992).

It is an open problem whether similar corrector estimates can also be proved for non-
linear transmission conditions as in [DoL15] [Le 15]. However, we expect that the present
results carry over to systems of coupled semilinear parabolic equations with linear trans-
mission conditions. Previously, unfolding-based estimates for reaction-diffusion systems
were proved in [FMP12) [Reil5)].

7.1 Application to supercapacitors

A prospective application of models containing imperfect transmission conditions is the
supercapacitor, which is a small electrochemical device to store energy. The high capacity
of the device is obtained by maximizing the surface area to volume ratio, which is achieved
by taking a porous electrode, see Figure 2. Let us study the stationary current flow in
such a device. First of all we note that discontinuities of the potential are in principle
nonphysical. However, when considering a double—layerE] Y5, where the thickness of the
layer 0 is much smaller than the pore size €, we can reduce the double-layer model to
an interface model: In [DGMI15], the asymptotic limit § — 0 was studied for one single
electrode and one obtains that the normal of the electric displacement across the interface
I'® is equal to the surface charge density in one single layerﬂ, i.e. D-n = Q%. Hereby, D =

3The double-layer X5 C R3 is given via the d-neighborhood of the interface I'* as sketched in Figure 2.
4The surface charge density Q5" = lims_,¢ f(;s gs dz is the line integral of the charge density gs.
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€60 depends on the relative permittivity €., the vacuum permittivity ¢y, and the electric
field E, where E = —V is given via the electrostatic potential ¢. Using a linearization
argument, we obtain that Q5" is proportional to the difference of the electric potential,
i.e. Q% = C(p1 — ), where the proportionality factor C' denotes the capacity per surface
element’] Thus, we obtain the interface condition —e,egV5 - n5 = C(e)(¢5 — ¢5) on T
Realizing that the total capacity of each electrode C'(¢)A ~ A/d is proportional to the
ratio of its surface area A divided by the distance between two electrodes d ~ ¢ yields
C(e) ~ 7! as in the case (ii). For Carbon-based electrodes, characteristic pore sizes are
2 — 50 nanometers, see e.g. [SIG0§|, and the macroscopic length scale of the device is
about several hundreds micrometers. Hence, the parameter ¢ is of order 107> — 1074

+ AV - interface

current e

collector double layer
€

porous 25

electrode

electrolyte Q

separator €

Figure 2: The main components of a supercapacitor (left) and the double layer (right).

A Auxiliary estimates
Lemma A.1. For all u € H(Q) it holds

| 7T u = ulliz(es) < eCl|Vullze),
where the constant C' > 0 only depends in the domain Y .

Proof. For all one-scale functions u € L2(f2), the cell-average F u belongs indeed to the
space L2(2). Recalling that € is the union of translated cells e(\;+Y) with \; € K., we can
apply Poincaré-Wirtinger’s inequality to each cell (\; +Y) and obtain || F§ u—ul|12) <
eC||Vulli2() as in [Gri04, Sect. 3]. O

Lemma A.2. For all u € H(Q5) it holds
| 73 v — ull2@sxry < eCl[Vullz(ag),

where C' > 0 only depends on the domains Yy and .

5The relation between current flux and potential difference is in general not linear, since the capacity
depends nonlinearly on the electric potential, see e.g. [LGDT6].
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Proof. By the fundamental theorem of calculus it holds for all x € €Y and y € T’

/0 Vu(at +ey(l —t)) - (x —ey)dt

|u(z) — uley)| =
< ediam(Y5) /1 |Vu(zt +ey(1 —t))| dt.

Since 25 is the union of translated cells e(\; 4+ Y2), we consider w.l.o.g. only one cell with
Ai = 0 (i.e. [x/¢] = 0) and obtain

=T s ery = [ Jue) — uley)P?

EYQXF

1
< e2diam(Y,)? / / IVu(§)]?dédo, dt < 2C | |[Vu(E)]? dé.
eYoxI' JO

8Y2
Here, we additionally used the coordinate transformation (&,y,t) = (xt + ey(1l — t),y,t)
with det (%) =t € [0,1]. Summing up over all \; € K. yields the assertion. H

Theorem A.3 (Periodicity defect). For every o € H'(Q), there exists a Y -periodic func-
tion ®° € L2(Q; H! (V7)) such that

per
1
[P ][ (visze)) < Cllellw @) and [ TE(Ve) = (Vo + V@)l ) < €2C@lln @),
where the constant C' > 0 only depends in the domains 2 and Y.

Proof. For ¢ € H(Q) the desired estimates hold with ®¢ € L2(€; H_(Y)) according to

per

[Gri0, Thm. 2.3]. Choosing ®° = &gy, yields the assertion. O

Remark A.4. (a) Note that the two-scale function ®° in Theorem 15 only unique
modulo the addition of a one-scale function & € 1L2(Q). We can choose for instance
& = le ¢ dy such that ®° — &° has vanishing Yi-mean value.

(b) Moreover, introducing @, = T (e ') =Vp-y, & = [}, ®1dy, and ¥° = &°4-& —£°
with &° as in (a), we obtain by Poincaré—Wirtinger’s inequality

@1 = V¥l v ) < Cpwll T (V) = (Ve + V%) L2y @))-
Lemma A.5 (Folding mismatch). For u € H(Q), x € L*(Y%), and k = 1,2 it holds
[(Feu — Qe u)x () llzos) < eCllullme)lIxllzm),
where C' > 0 only depends on the domains Q, Y, and Y.
Proof. Let ¥ € L?(Y) denote the extension of x € L*(Y;) with zero. Then we have
[(Fru — Qe u)x(2)llL2s) = [[(Feu — Qe u)X(2) L2y < eCllullar @)Xz

according to [Reil5, Lem. 2.3.9], which is based on [Gri04, Prop. 3.2]. O
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Lemma A.6 ([Gri05, Eq. (2.4)] or [Reild, Lem. 2.3.3]). Let N.(02) C Q5 denote the
e-neighborhood of the boundary N-(0Q) = {z € Qf | dist(z,00Q) < e}. Then, we have for
all w € HY(QS) the estimate

1 1
lullizneony < =2C (Jlullieion + = [ Vullizen )
where C' > 0 only depends on the properties of the domain €.

Theorem A.7 ([CiPT9]). There exists a family of linear operators £ : Hy(Q5) — Hy(2)
such that for every u € H{(Q) it holds

Ewlos =u and € ulwoy < Cllullig),
where C' > 0 only depends on the domains 0, Y, and T.
Lemma A.8. For u € H'(25) it holds

lulizog) < € (4 fullizre) + el Vullizgeg) ) (A1)
oy < € (Nullaqe) + 3 Vallos)) (A-2)
lullus@g) < &2 Cllulluzey, (A3)
luliaey < € (74 ullizep) + 22 I Vulias) ) (A.4)

where C' > 0 only depends on the domains Yo and T'.

Proof. For the proof of and we refer to Proposition 2.9 and 4.9 in [Mon03],
respectively. Estimate follows from the continuous embedding of H/?(I") into H'(Y3)
and a scaling argument. Recalling that €25 is the union of translated cells (\; + Y2), we
consider w.l.o.g. only one cell with \; =0, i.e.

/ @)+ Vo) o = & [ fu(en)l? + 1T, u(e)l dy
€Yo

d 2Cemb/‘u Sy ‘2 /|u 83/1)’ d0y1 dOy

ly — y \‘”1

u(z )|
—¢ lCemb/ lu(x |2+5 /F ’I—$1|d+1 do,, do,,

and summing up over all \; € K. yields (A.3). In the same manner, we obtain ({A.4)) from
the continuous embedding of H'(Y3) into L?(T), i.e.

/ (@) do, = e / u(ey)P doy < e Comp [ Tuley) + [Vyuley) P dy
el T

Ys

= [P )
eYo

which finishes the proof. m
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