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Single logarithmic conditional stability
in determining unknown boundaries

Johannes Elschner, Guanghui Hu, Masahiro Yamamoto

Abstract

We prove a conditional stability estimate of log-type for determining unknown boundaries from a
single Cauchy data taken on an accessible subboundary. Our approach relies on new interior and
boundary estimates for elliptic equations which are derived from the Carleman estimate. Stability
results for target identification of an acoustic sound-soft scatterer from one or several far-field patterns
are also obtained.

1 Introduction and main results

Let 2 C R™, n = 2, 3 be a bounded domain with smooth boundary 0€). Consider the elliptic differential
operator

(Au)(z) == > dilay(x 8u+Zb VO + c(x)u, =€, (1)

ij=1
where a;; = a;; € C3(), b;, ¢ € W2(£2). We assume
c>0 in Q )

and there exists a positive constant o such that

n

=1

ij=1

Let D C €2 be a star-shaped subdomain such that D c Q. Throughout the paper, we define the
complement of D in 2 as D¢ := Q\ D. Itis supposed that the boundaries 9D and 0f2 are both of
C*-class. Let u = u(D) be a solution to the Dirichlet boundary value problem

Au=0 inD° wulsp =0.

Denote by v = (v, ...., 1) the unit outward normal vector at 0f2. For simplicity we write Jsu =
Z;szl al-j(aju)z/i, which will be referred to as the Neumann data of u at dD. The first part of this paper
concerns a stability estimate of the following inverse problem with a single Cauchy data:

Inverse Problem 1 (IP1): Determine the shape 0D from knowledge of the Cauchy data (u, dau)|r

where I' C 0 is an arbitrarily chosen subboundary.
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J. Elschner, G. Hu, M. Yamamoto 2

The above inverse problem arises from, for example, the detection of the inaccessible interior corroded
boundary 9D by the measurement data taken on an accessible outer subboundary I'. There have been
many papers on this inverse boundary problem. For reconstruction methods related to non-destructive
testing, we refer to [3, 4, 21,23, 24]. It is widely acknowledged that the stability of the Cauchy problem
for elliptic equations is closely connected to the quantitative unique continuation theory. In fact, both the
stability estimate and the unique continuation property can be derived from either Carleman estimates or
three-spheres inequalities. We refer to [1, 2] for the stable determination of unknown boundaries in the
case of scalar elliptic equation and the Lamé system, which relies essentially on three-sphere inequalities
in combination with doubling inequalities on the boundary and lower estimates of gradients of solutions.
As for the Laplace operator, we refer to [7-9] where double logarithmic conditional stability estimates
were given in two and three dimensions.

The purpose of this paper is to propose a novel approach based only on Carleman estimates for proving a
conditional stability estimate of logarithmic type. Let D, Dy C 2 be two star-shaped domains centered
at the origin, with the boundaries parameterized in polar coordinates by

OD; ={(r,2):r=f;(2)}, 2e€S"'={zeR":|z|=1}. (4)

Due to technical reasons, we suppose that 9D; are of C*-class, i.e., f; € C*(S?). Let u; = u(D;)
satisfy

AUj =0 in D]c7
U; = 0 on 8Dj, (5)

U; = gy, 8Auj = hj on I

for j = 1,2, where g; € H*(T") and h; € H?(T"). Since ¢ > 0 (see (2)), it is well-known that the above
boundary value problems admit unique solutions u; € H4(D§).

We make the following assumptions for (IP1):

Condition A: There exist M, § > 0 such that
/M < ||filleas2y < M, dist(0D;,080) > 6 >0 (6)
fory=1,2.

Condition B:

inf |g;(z)] > Co >0, j=1,2. (7)
It is seen from Condition A and the elliptic regularity that the norm || u; ||H4(D]c,) is uniformly bounded from
above. Without loss of generality we suppose that

lujllspey < M, j=1,2, (8)

with the same constant M as in (6). The Condition B implies that u; does not vanish identically on I'.
Below we state the first result of this paper.
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Single logarithmic conditional stability in determining unknown boundaries 3

Theorem 1.1. Under the conditions (A) and (B) there exist constants 8 € (0,1) and C' > 0 only
depending on M, 6 and Cy such that

1

1
O
& Tt w2l 75 (py + 104 (1 —u2) [ 2 1)

d(dD;,dD,) < C

provided |1, — s || g3y +||Oa(u1 — uz) || g2 (ry is sufficiently small. Here d(0D,, 0Ds) is the Hausdorff
distance defined by

d(0D1,0D5) := max ( sup d(x,0Ds;), sup d(x,8D1)> :

r€dDy r€0Dy

Remark 1.1. Our argument may be applied to vectorial elliptic equations such as the Lamé system
and the Navier-Stokes equations. In an analogous manner we can also establish the single logarithmic
conditional stability for these equations.

If the condition (2) is not fulfilled, additional assumptions on the geometry of DD are needed in order to get
the same stability estimate. In the special case of a;;(z) = d;;, b; = 0 and ¢(x) = —k?* for some k > 0,
the equation —Au = 0 reduces to the Helmholtz equation (A + k*)u = 0 which models the time-
harmonic acoustic wave propagation in an isotropic homogeneous medium. Hence, our inverse problem
(IP1) in this case is closely related to the shape identification problem arising from inverse obstacle
scattering with a single incoming wave. Below we present a local stability result for target identification of
a sound-soft obstacle from a single far-field pattern with a priori assumptions on the underlying scatterer.

Let Dy, Dy € R be two distinct sound-soft obstacles embedded in an isotropic homogeneous medium.
Assume an incoming plane wave of the form u™™(x) = exp(ika - ) with the direction € S"! :=
{z € R" : |z| = 1} is incident onto D, where k > 0 is the wavenumber. Denote by u; = u;(D;)
the total field corresponding to D;. Then the scattered field ujc =uj— u™ satisfies the boundary value
problem

(A + /{:Z)Ujfc =0 in R™\Dj, ui® = —u™ on 9D, (9)
and the Sommerfeld radiation condition

n—1 ausc
lim |z| 2 {—J — ik;us»c} =0, j7=1,2. (10)
x

In particular, the Sommerfeld radiation condition (10) leads to the asymptotic expansion

w ezk|z| o 1
u*(x) = —|:1:|("—1)/2 u>®(z)+ O ) |z| — +o0, (11)
uniformly in all directions & := xz/|z| € S"~!. The function u>(%) is an analytic function defined on

S™—1 and is referred to as the far-field pattern or the scattering amplitude. The vector & € S™ ! is called
the observation direction of the far field. The inverse obstacle scattering problem with a single far-field
pattern can be stated as

Inverse Problem 2 (IP2): Determine the boundary 9D from the far-field pattern u>°(Z) for all & € S"~*
with fixed k > 0 and o € S~ L.
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J. Elschner, G. Hu, M. Yamamoto 4

It remains a long-standing open problem whether a single Cauchy data (or equivalently, a single far-field
pattern) can uniquely determine the boundary of a general sound-soft scatterer; see e.g., Colton and
Kress [10, Chapter 5.1]. Local uniqueness results were obtained in [11] and [27] under the smallness
and closeness assumptions. Correspondingly, local stability estimates of double logarithmic type were
verified in [20] and [26] under these a priori assumptions. Note that the arguments of [26] are closest to
those of [1] using three spheres inequalities, and that in [26] a sharper upper bound of the closeness of
two sound-soft obstacles were derived from the Faber-Krahn inequality. As a by-product of the proof of
Theorem 1.1, we present a novel approach to the stable determination of the boundary of a soft obstacle
from a single far-field pattern.

Let Br(z) = {x € R": |z — z| < R} and Br = Bg(O). Clearly, By is the unit ball in R". Denote by
Vol(D) the volume of D in R™. We assume one of the following a priori conditions holds:

Condition C:
Dj C Bg with ER<mn,, n=12, (12)

where 7,, denotes the first root of the spherical Bessel function (n = 3) or Bessel function (n = 2)
of the first order.

Condition D: There exist two bounded domains D* C IR”" such that
D~ c D;c D", Vol (D'\D7) < (77_]:)n Vol(By), (13)
where 7),, is defined as in condition C.

The stability of the inverse problem (IP2) is stated as follows.

Theorem 1.2. Suppose that D; (j = 1,2) are sound-soft obstacles with C*-smooth star-shaped bound-
aries centered at the origin (4) which satisfy the uniform smoothness assumption 1/M < || f;||ca(s2) <
M for some M > 0. Assume further that D; fulfill either the smallness condition C or the closeness type
condition D. Then the Hausdorff distance of 0D and 0D, can be estimated by

log o -0

d(0D1,0D,) < C
(0D,0D2) < 1+ log(e+1logl/o)|

0 = |lui® = u’|| L2sn1y,

where e := lim,,_, (1 + 1/n)™ and the constants § € (0,1), C' > 0 depend on the wavenumber k,
the a priori data M and the regions D in (13) or the radius R in (12).

Remark 1.2. (i) The upper bounds in (12) and (13) are derived from the Faber-Krahn inequality which
provides a lower bound for the first Dirichlet eigenvalue \i(§2) of the Laplace equation over a
bounded domain ) C R" | i.e.,

2/n
VO/(Bl)) (14

M) > N (B —_—
1) 2 M(By) ( Vol (€2)
The inequality (14) has been used in [13] to improve the local uniqueness results of [11] and [27].

(i) The rate in Theorem 1.2 is stronger than the double logarithmic rate of [20, 26], but weaker than a
single logarithmic estimate. The same stability result was derived in [20] for sound-soft obstacles
with analytic boundaries.
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Single logarithmic conditional stability in determining unknown boundaries 5

Figure 1: Configurations of A(y, A\, v) N Q and (A(y, \,v) + 0v) N Q =: As withy € Q and v :=
0N Ay, \, v).

Our arguments rely essentially on new interior and boundary stability estimates (see Lemmas 2.1 and
2.3 in Section 2) in combination with quantitative unique continuation (see Lemma 3.1 in Section 3), all of
which are verified using Carleman estimates for elliptic equations (see Lemma 2.2). For completeness,
we will provide in the appendix a proof of the elliptic Carleman estimate based on the integration by parts
only. The proofs of Theorems 1.1 and 1.2 will be carried out in Section 4. Stability estimates for inverse
scattering with several incoming plane waves will be addressed at the end of Section 4.

2 Interior and boundary estimates

2.1 Interior stability estimate and elliptic Carleman estimate

We introduce some notation before stating our interior estimate. Given y = (Y1, ,¥») € 2, A > 0
and a unit vector v € S™!, we denote by A(y, A\, v) a paraboloidal domain with the vertex located at y

and the axis parallel to v which is congruent to y,, < —A Z;:ll yj2 Ford > 0, set

Ay, \,v)+ov:={x:z—dv e Ay, \v)}= U {z + év}, (15)

T€A(y,\ V)

that is, the translation of A(y, A, /) along the direction v. Note that there are exactly two paraboloidal
domains A(y, A, ) determined by y, A and v. In this paper, A(y, \,v) is always chosen such that
Ay, \,v) + ov C Ay, \,v) for any § > 0. Since A(y, A, ) N € may have several connected
components if €) is not convex, we make the convention that the paraboloidal domain A(y, A, /) always
means the connected component of A(y, A\, )N{) whose boundary contains y. Analogously, the notation
A(y, A, v) N OS2 always means the intersection of the boundary of this connected domain with €. This
convention also applies to the paraboloidal domain A(y, A, v) + dv for & > 0. An essential ingredient in
our analysis is the following solution estimate in the level sets A(y, A, v) + ov.

Lemma 2.1. (interior estimate) Let ) C R" be a bounded domain with the boundary 92 of C?-class.
Lety € Q, v = NN Ay, \,v) and ¢ = min{t : y +tv € 9Q,t > 0}. For0 < § < /, set
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J. Elschner, G. Hu, M. Yamamoto 6

As == (A(y, \,v) + 6v) N Q) (see Figure 1). Suppose that u € H?(S2) is a solution to the elliptic
equation (1). Then there exist constants C' > 0 and k € (0, 1), which depend on (.9, \, a;;,b; and c,
such that

[lullm(as)
< C (lullan) + N10vull ) + C ([l + 180l z2) " [l

Here C' and k do not depend on 7.

Lemma 2.1 yields a stability estimate for u provided that ||u||1(q) is bounded which is called a condi-
tional stability estimate. Further, it implies that a solution to the elliptic equation (1) with vanishing Cauchy
data on an arbitrary non-empty open sub-boundary of 92 must vanish identically. Lemma 2.1 was proved
in [15] by applying the following elliptic Carleman estimate.

Lemma 2.2. (Carleman estimate) Let () C_R" be a bounded domain with the boundary OS2 of C_2
class, and let D C ) be a domain such that D C ) and 0D is of C*-class. Suppose thatd € C?*(1)
satisfies |Vd| # 0 on ) and set

o(z) = M), x € Q,

with a positive parameter A > (. Then there exists positive constants Ay, so(\) and C'(sg, \) such that
/ {s\?p|Vul? + s* M u?}e**?da
D
< C/ | Au|?e**?dx + Cec(’\)s/ (IVul?* + [ul?) ds
D oD

forall s > sg, A > Ao and for all u € H?*(D). Here the constants sy, C' are dependent on \, but
independent of s and the geometry of D, and they are bounded provided that maxi<; j<n ||@ij || cs @)
d|| c2(@) are bounded.

maxlgign ||bl HW2,infty(Q), C||W2,oo(Q),

In particular, fixing A > 0 sufficiently large, we can rewrite the above estimate as
/ {s|Vul* + s*u®}e*?dx
D
< C/ |Au|2625“0d:z:+6’ecs/ (IVul?* + [ul?) ds (16)
D oD
forall s > sy and allu € H*(D).
For clarity we shall present the proof of Lemma 2.2 in the Appendix. We emphasize that the proofs of our

interior estimate (see Lemma 2.1) and the estimate at a boundary point (see Lemma 2.3 below) both rely
heavily on the Carleman estimate (16).

2.2 Stability at a boundary point

For a boundary point o € 052, let v = v(x) be the unit normal vector pointing into the interior of
2. Given A > 0 sufficiently large, we denote by A(xg, A, v) the paraboloidal domain with the vertex

located at x( and the axis parallel to v which is congruent to z,, < —A\ Z;:ll x2. Further, one can
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Single logarithmic conditional stability in determining unknown boundaries 7

Figure 2: Configurations of A(xq, A, v) with zy € 0Q and I' := 9Q N A(xg, A, v).

observe that 02 intersects with A(zg, A, /) tangentially at xo. Moreover, we assume that the surface
= {A(zo, \,v) NON} \ {0} is a non-empty connected relatively open subset of J) and there
exists T € T such that 202 is parallel to v. We set £ = |2,|. Assume that 9 is of C"*-class and
(TRS H4(Q) is a solution to (1). Next we discuss a conditional stability estimate of u at the boundary point
xo.

Lemma2.3. (i) There exist constants Co > 0 and k1 € (0,1), which depend on ¢, A,
maXi<;,j<n H@inca(ﬁ), maxj<i<n Hbz'HWQ’m(Q)’

c||w2.0(q), such that
1 -
(u(zo)] < Comax{l, ||ullgs@} Tog 1/g| + 0™ 2, (17)

with 0 := ||u1 —ug|| g3(ry +||Oa(u1 — uz) || 2(r)- Here, the constants C'y and k., are independent
of the choice of x(, and can be chosen uniformly in { € [(y, (1], where {y, {1 > O are arbitrarily
fixed such that (o < (7.

[

(i) If o < 1/e, then the estimate in the first assertion can be rewritten as

s gl
1 min{3,k1}
’u(l'g)’ S 02 maX{l, "u"Hs(Q)} (m) .

Proof. (i) By the Sobolev embedding we have |u(x)| < Cy ||u|| y3(q), whence the first assertion follows
if 0 > 1. Hence, it remains to prove the lemma under the assumption that p < 1.

Without loss of generality, after translation and rotation we can define the paraboloidal domain A(z, A, v/)
as

n—1
Az, \,v) ={(2,x,) r 2, < —)\Zx? +0}, ANC>0
i=1
with v = (0,---,0,—1),z9 = (0,---,0,¢). Further, we may assume that the line segment z,O is

parallel to  where the origin O is located at I". Set

n—1
d(x) = —xn—/\Zx?+f, D; = {x € A(zo, \,v)NQ:d(z) >t} for0 <t <1/2.
i=1
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J. Elschner, G. Hu, M. Yamamoto 8

We note that D, C Dy, ift; < tyand Dy = (A(zo, A, v)+tr)NQ. Inparticular, Dy = A(zo, A, v)NL.
We can always choose a cut-off function y; € C*°(R"™) such that 0 < y; < 1 and

1 xr e Dt 9
— ) ) " < .
xi(x) { 0 ne D\ Dy, Iellemn <O/ 0 <t <l (18)

In fact, we may choose ¥ € C*°(R™) suchthat0 < y < 1 and

_ 1, n>1,
X(n):{o Z<0.

Then the function x(z) = X <M) satisfies (18). Set v := y;u. Using the fact that Dy; C Dy and
applying the Carleman estimate (16) to v in Dy, we obtain

/ (5| Vo|* 4 s%0?)e**?dx
Doy

< / (5| Vo|* + s*0?)e**?dx
Do

n n 2
S C/ Z aij((@xt)ﬁju + (@Xt)@zu + (Q@Xt)u) + Z bz(ﬁzxt)u 62Swdl’
Do | j=1 i=1

2

2% dx

n

+Ce /(|Vv]2 +v?)ds
r
< C/ _ Z aij((9ixe)O5u + (Ox:)O0iu + (0:0;x:)u) + Z bi(0;x:)u
Dy2\De | =1 i=1

+ce°’s/(|vu|2 +u?)ds
T

where p(z) = exp(Ad(z)), A > 0 is sufficiently large and s > s for some sy > 0. Since p(z) >
exp(2At) in Dy, and () < exp(At) in Dy/o\ Dy, it can be derived from the previous relation that

04 —2sr s
ullrs (pyy < —7e” > Ollulltr ) + Coe ™ (fullFr iy + 10aul22r)) (19)
t

for all s > s, with 7(t) := e* — e, Analogously, applying the Carleman estimate to v; = y;d;u and

vi; = x¢0;05u, 1 <4, 7 < n we can obtain
2 2,112 C4 —2sr(t) 1 72 Cos .2
IVullzzs (poy + IVl 0y < e M7+ C5em 0%, s 2 s0, (20)
where [|u| g3 () < M. Combining (19) and (20) gives

C .
HUH%I"(DH) S t—fe—st(t)MQ + 056008927 s Z S0, (21)

Choose ty = min(1, y/4). By the Sobolev embedding theorem, there exists a constant Cg = Cj(t) >
0 such that
lullcrmzy < Co(t) lullgs(pyy, 0 <t <to.
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Single logarithmic conditional stability in determining unknown boundaries 9

Recall that D, is defined by a translation of Dy and that Doy, # 0, Doy, C Doy C Dyg. Since A > 0
is sufficiently large, we may suppose that Dy, are Lipschitz domains with uniformly bounded Lipschitz
constants in all ¢ € [0, to]. This allows us to choose a constant C; > 0 such that

||U||C1(D72t) S 07 Hu||H3(D2t), for all 0 S t S to.

It then follows from (21) that
CS —sr(t) Cos
||u||Cl(D2t) S t—ze M+Cg€ 1% (22)

forall s > Oand all 0 < t < t,. We find a value s minimizing the right-hand side of (22), that is, we
choose s > s( such that

efsr(t)M — ngs 0.
Consequently we have

Cy Oy r(®)
||U||01(D2t) S —MCO-H”(t) QCO+T(t) < t—MlgCO+r(t) (23)

forall 0 < t < to, where we set M, := max{M, 1}.
For simplicity we write 0, = 9/0,,,. Since (0, ..., 0, ¢ — 2t) € Dy, we observe from (23) that
Cy r(b)
10, u(0, ...,0,0 — 2t)| < t_2M1 0%+® 0 <t <t (24)
Using the inequalities
M _2eM 4 1>0, eM—AX—1>0 foral t>0,

it is easy to check that

r(t) > eM—1 - A

Cotr(t) ~ Cp+ e — e Cp+ Mo — 3

t = Cyot (25)

for some Cy > 0. Since p < 1, we have by (24) and (25) that
Cy Ciot
|8nu(0,,0,€—2t)| S t_QMlg 10 s 0<t§t0

Hence,

10,10, ..., 0,0 — 2t)]
10,u(0, ..., 0, £ — 2t)|3/* |0,u(0, ..., 0, £ — 2t)|*/4

_ 1/4
< || ||3/4 (Cgt 2M1901ot) /
< M3/4M1/4 01/4 —1/2chot/4
S CllMl 1/2 012t
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where we have used again the Sobolev embedding ||u|c1@, < C'[|ullx3(o). Therefore, by (23) we
obtain

lu(zo)| = [u(0, ...,0,0)| =

0
w(0, ..., 0,6 — 2t0) + / %(U(O, 00— 2t))dt'
to

to
< HUHC(E) + / 2011M1 t71/2 chtdt
0
to 1/2 1
< 013||u||H2(D2t0) -I—/ Chs My 7Y% exp (— (012 log E) t) dt
0
C _r(tg) ~ 1
) t_;4MlgCO+TO(t0> N C’13M1/ 172 exp <_ (012 log —> t) dt
0 ! Q
H L)
— Ci5M; 0™ + 015M1—l
2
(Clz log %)
<

1 1/2
Clﬁ“{(@) e }

from which the stability estimate (17) follows.

(ii) The second assertion follows straightforwardly from (17) in combination with the inequality

forall 0<p<

Q|

<—
Q_log% log L

3 Quantitative unique continuation

The aim of this section is to verify the quantitative unique continuation for solutions of the elliptic equation
Au = 0 (see (1)). Set m = [%} + 2, where the notation [a] denotes the largest natural number not
exceeding a > 0. Lemma 3.1 below will be used in the subsequent section for the proofs of Theorems
1.1 and 1.2.

Lemma 3.1. (Quantitative unique continuation) Let Au = 0in ) and ||u||gm ) < M, where M > 0
is an a priori bound. We assume there exists z € €) such that |u(z)| > Cy. Suppose further that

lu(z)| <& forall =€ B,(y) CQ, (26)
for some y € Q2 and 6, > 0. Then an upper bound of the radius r can be estimated by
r<C/CFS°,

where k, 0 and C' are positive constants depending only on the space dimension, the region ) and the
distance between z and 0f).

The unique continuation follows directly from Lemma 3.1.
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Single logarithmic conditional stability in determining unknown boundaries 11

Corollary 3.1. Let Au = 0in§2 andu = 0 in B,(y) C §2 forsomer > 0,y € Q. Thenu = 0.

Proof. Assume on the contrary that |u(z)| > Cp > 0 for some z € €. Since u = 0 in B,.(y), we have
|u(z)| < & forany § > 0 and for all z € B,(y). Applying Lemma 3.1 we see r < C//CY 6? for all
0 > 0. Now, letting 0 — 0 yields the relation = 0, which contradicts the fact that > 0. Hence u = 0
in §2. O

Below we carry out the proof of Lemma 3.1, relying on the interior estimate in Lemma 2.1.

Proof of Lemma 3.1. For notational convenience, we write 2’ = (xo, -+ , ;) sothatz = (x1,2'), 2z =
(z1,2') € R™. Without loss of generality we suppose that y coincides with the origin O, |2'| =0, z; > 0
and 0 < r < 1. Using the interior estimate (see [12]), it follows from (26) that

[IVullze (s, ) < (C1/7)||ullze(s,) < Cid/T, (27)
where the constant C'; > 0 is independent of . Hence,

|[ullwr.e(B, ) < C10(1+1/7). (28)

We may always choose a paraboloidal domain A(z, A, v) with 2y € QNRY v = (=1,0,--- ,0) such
that for some ¢, dg > 0

By (2) C{A(xo, A\, v) + 6o} N{QNRY} =: As, .

Note that the point xy and the parameters \, 7y and J involved are dependent only on the geometry of 2
and the distance between z and 0. Applying Lemma 2.1 to A, yields

Nullmr1(Brg (20 < Mullm(es,) < Co([|ullme) + [[0vullz2e)” (29)

for some x € (0, 1] and Cy > 0 independent of v = {A(y, \, v) + dov} N {2 N {(0,2’)}}. Further,
without loss of generality we may suppose that v C {(0,2') : |2/| < r/2}. Otherwise, this can be
achieved by constructing a finite number of paraboloidal domains A(y;, A;, v;) with y; € €2 and uni-
formly bounded parameters \; and v;, and then our arguments should be applied successtively to each
paraboloidal domain.

Combining the estimates in (28) and (29), we obtain
HUHHI(Brro(Z)) S CQ<016<1 + 1/7’-) ,r,(n—l)/2).‘£ S C3 5/{ (1 + ,r,n—3>/€/27 (30)

where C35 > 0 does not depend on §. Moreover, recalling the inequality (r”—?’)% < COr*fforalr e
(0, 1], it holds that
[l (B, 2)) < Cad" 177", Cy > 0.

Now, applying Lemma 3.2 below we obtain for m = [§] 4+ 1and 0 = 1/m € (0, 1) that
[l By zy) < C (TTO)_m_n/2|’uH%ﬂ(BMO(z))

n

—m— —m- _
< Cry " 2pmmTapmR0see

— Cr*m&#z
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where i1 = m + 5 + k6 > 0and py = k6 € (0, 1). Since |u(z)| > Cy > 0, we have
(r70)" CrCo < ur || oo (B, (2)) < CT7H10%2,

leading to the relation
rhtH < C’Co_lé’”.

Finally, an upper bound of r can be estimated by

r<C gh2/(ntp) Cofl/(nﬂu)_
The proof of the lemma is complete.
In proving the quantitative unique continuation we have used the following result.
Lemma 3.2. Let B, = B,.(0O) C R" forsomer € (0,1). Suppose that
||| grmsrp,y) < M, m = [n/2] +1.
Then there exists a constant C' = C'(M,n) > 0 such that

—m—-n 1/m
ull (s, < C ™2 Jul 17 .

Proof. By change of variables y = x/r and u(y) := u(ry), we have
/ Z 10%u|*dr = / Z |0;‘ﬁ|2r"_2ady.
Brjaj<m Bt jaj<m
Hence there exist Cyy, C; > 0 independent of r € (0, 1) such that
Cor [l amzy) < ullmmes,) < Crre =™ |[@]mms,)-

Letm = [2] 4+ 1 and m’ = [%] + 2. In By we have the interpolation inequality

/
m —m m—1

~11'm 1/m ~nl1—1/m
@m0y < Ol T ey = CUT G VTl ot -
Using (32), we get

_ 1 1-1
lll iz, < Cor™™ lullyfits, el

Moreover, applying the Sobolev embedding theorem yields
[l oo 1) < Csllull ms,).-
Together with the definition of @ and the first inequality in (32), this implies that
[l () < Cs Cy'r™ 2 ||ull m(s,)-
We use (33) to estimate the right hand side of the previous inequality to obtain
lull ooy < Cor™F lullyfits Il i, < Cs ™™ 2 llull i,

which proves (31).

12

(32)
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a0 / / . 2 \\

o

Figure 3: lllustration of two sub-boundaries 0 D1, D5 and the domain E := D¢ \D

4 Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1 Set
u=1u —uy inD{ND;
and
0 = ||ur — ua||m3(ry + [|0a(ur — uz)|| 2y
Let Qy = {z : dist (x,00Q) < §/2} where J is the a priori data given in (6); see Figure 3. Since the
parameter A > 0 of the parabolic domain A(y, A, ) in Lemma 2.1 can be chosen arbitrarily large, we
can always construct a family of paraboloidal domains to prove that

[ull o) < Cro™

where the constants x; € (0, 1] and C; > 0 depend on 05 and the data A/, § involved in Condition A.
We set I'g = 0€) \ 0€2. By the interpolation inequality and Condition A, we find

1/6 5/6 1/6
lull /200 < Cllull g lull iy < C MY Cllulljfiig,) < Cz o™
Applying the trace theorem gives
[l 3 (ro) + 10aull 2 (ry) < C3 0™

where C3 > 0 depends on 052,  and M. Let E be any connected component of D\ D5; see the shadow
area in Figure 3. Since 0D and 0D, are star-shaped centred at the origin, the boundary F N 90D, can
be connected to 'y in Q2 \ (D7 U Ds). We apply Lemma 2.3 (ii) to the region 2 \ (D; U Ds) to obtain
an estimate of u on 0E N 0Dy:

K3

1 1\
lull i~ onops < Ci : s%( ),
LR ey e ey log1/¢
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for some k3 € (0,1/2], where o > 0 is supposed to be sufficiently small. Since uy = 0 on 0D, we

have
1 "
oo < C .
fislomons < G (1 )

Using the fact that u; = 0 on 0D, the previous inequality can be written as

o™
o | 34
[url[zom) < Cs <10g 1/0> h

We set B,.(z) := {z € R"; |v — z| < r}. Let
ro = sup{r : B,(z) C Ewithsome z € E'}.

That is, ry is the radius of the inscribed ball in E. Suppose that B,,(z9) C E for some 2, € E. The
maximum principle in £ yields

1 "
sl < sl < s (1) = )
On the other hand, it is seen form Condition B that there exist Cy > 0 and z € €2 such that |u;(z)| >
Co/2. Now applying the quantitative unique continuation, we see that

1 0
<Cof <
ro < C'6, _C<log 1/9) (36)

for some k, 0 € (0, 1). Note that the constant C' depends on the a priori bounds involved in Conditions A
and B, the region €2 and the upper bounds of the coefficients in equation (1). Note that the estimate (36)
applies to the radius of the inscribed ball in any connected component of Df\ﬁg and Df\D_g. Without
loss of generality we suppose that

d(aDl,aDg) == |Zl - 22’ =1p, z1 € 8D1,22 € (9D2, (37)
and that
p= sup d(z,0D). (38)
z€0Do

Then the line segment connecting z; and 25 is contained in £ and is orthogonal to the tangent plane
of 0D, at z;. Hence, we can always find a finite cone contained in £ with the vertex at z; and the axis
parallel to z; zo. Moreover, the opening angle and the height of this cone both depend on p and the a priori
bound M > 0. This implies that the ratio of p and 7 can be bounded by some constant depending on
M only. Hence, the Hausdorff distance can also be bounded by the right hand side of (36). This finishes
the proof of Theorem 1.1. O

Proof of Theorem 1.2. Let D C R™ be the unbounded connected component of (R™\ D) N (R™\ D).
Analogously to the proof of Theorem 1.1, we set

ui=u; —uy in D, p:=|[uf® —u3’| 2sn-1y.

We first estimate the near field data in D from the far field pattern. By [20], there exist a radius i1 > R
and a constant C' > 0 such that

[ull 2B, 2\Bry) < C 02,

DOI 10.20347/WIAS.PREPRINT.2351 Berlin, December 12, 2016/rev. February 26, 2017



Single logarithmic conditional stability in determining unknown boundaries 15

where the function o : RT™ — R is defined as

a(0) := (1 +log(—logo+e)) ™,
Setting Q2 := Bp 112 and I' = 0Q = {|z| = R, + 1/2}, it follows from the interior elliptic estimate
that

sy + 110vul |2y < C ™.

Now, we may restrict our discussions to the bounded domain €2, following the lines in the proof of Theorem
1.1. For this purpose it is necessary to check the conditions A and B for the inverse problem (IP1). By
well-posedness of the forward scattering and the uniform C*-smoothness assumption of 0D;, there
exist M,d > 0 such that the relations in (6) hold. On the other hand, since |u"(z)| = 1 and u}‘
decays at infinity, the boundary I' can be chosen depending on the a priori data only such that (see
e.g., [25, Corollary 3.3])

luj(z)| >1/2 forall zel', j=1,2,

which implies Condition B in (7). Arguing as in the proof of Theorem 1.1, we get (cf. (34))
[wr]| L (om) < C la(o)log o| ™" :=do, 6 € (0,1), (39)

where the region £/ C ) is defined as in the proof of Theorem 1.1. Under Conditions C and D, k2 is not a
Dirichlet eigenvalue of —A in E. Hence the estimate (35) still holds with d, given by (39). Consequently,

d(0Dy,0D5) < C'|a(p)log o ™, (40)

for some 0 € (0,1). O

We conclude this section by a remark on the stability estimate of the inverse scattering problem with
several incoming waves. Condition C or D ensures uniqueness to the inverse scattering problem with a
single incoming wave. Without these two conditions, one can get the same estimate from the far-field data
of a finite number of incident directions «; € S~ at fixed frequency or a finite number of frequencies
k; € R, with fixed incident direction. More precisely, the smallness and closeness type assumptions in
Theorem 1.2 can be removed in the following cases:

Case (a): 0 = max{||ui®(Z; ay, k) — ug” (@05, k) || p2@gn—1y 1 j = 1,2,--- Ny + 1}

where Ny == >, _1.z(2m + 1). Here, for the dimension n = 3 and m = 0,1, ..., we denote the
positive zeros of the spherical Bessel functions j,, by t,,;,{ = 0,1, ....; for n = 2, t,,,; are the positive
zeros of the Bessel functions .J,,,. The number R > 0 is the radius of a ball centered at the origin which
contains D; inside.

Case (b): 0 = max{||ui®(Z; a, k;) — us* (&5 0, k)| r2gn-1y 1 j = 1,2, - Ny + 1}

where k; := k. + (j — 1)(k* — ki) /N2 with b, < k* and Ny := ) p(2m+1).
) tmi<k*R

5 Appendix: Proof of Carleman estimate

In this section we give a direct derivation of the Carleman estimate for the elliptic operator A, i.e., Lemma
2.2. There is an approach based on the general theory (e.g., [14,18,19]), but we present a direct proof
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which is based on integration by parts. One can refer to [16, 17] for similar direct derivation of a parabolic
Carleman estimate and to [5] for a hyperbolic Carleman estimate.

Thanks to the large parameter s, it is sufficient to prove the Carleman estimate in the case of b; = ¢ = 0,
1 <i < mn,i.e., to verify Lemma 2.2 for the principal part of the elliptic operator A, given by

n

(Agu)(z) = — Z a;;j(x)0;0;u = f, x el

2,j=1

In fact, regarding the lower-order part Z?:l b;0;u-+cu as the right-hand side, we can absorb the weighted
L?-norms of the lower-order part into the left-hand side by applying the Carleman estimate for A, and
taking the parameter s > 0 sufficiently large.

Let D C Qand p(z) = @) be given as in Lemma 2.2. For notational simplicity we set

n

o(2) = 3 ay(@)(0,d) () (@d)(x), @€ D.

1,j=1

Define
w(z) = e @y(z)

and
Pw(x,t) .= e*?Ag(e*Pw) = e*? Agu = €°% f.

Below we give some technical remarks on the proof of the Carleman estimate. The derivation argument
consists of three steps:

Step 1: Decomposition of the differential operator P into the sum of P, and P, where P; is composed
of the second-order and zeroth-order terms in x, whereas P, is composed of first-order terms in
x. Here the terms in Pw are classified by the highest order of s, A and ¢.

Step 2: Estimation of [, 2(Piw)(Pw)dx from below.
Step 3: Derivation of an estimate for the term
/ s\ po Z a;;(O;w)(0;w)dx,
D =
3,0=1

which appears in the lower bound of [, 2(Pyw)(Pw)dx in Step 2.
Moreover the estimate in the second step produces the estimate of u with desirable order of s, A, ¢ but
not the term of Vu. This is caused by the different orders of the derivatives of terms under consideration.
Therefore another estimate in the third step is necessary. Such kind of double estimates have been used

in proving the observability inequality of the time-dependent wave equation by the multiplier method. As
for the multiplier method, the two estimates are obtained from (see e.g., Komornik [22, Pages 36-39]):

/OT /9@3 v — Av)(h(x) - Vv)dzdt
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T
/ /(831} — Av)vdzxdt
o Jo

respectively, with a suitable vector-valued function h(x), and then the estimates are summed up to obtain
an L2-estimate of v. The second estimate for the wave equation via the multiplier method is similar to the
third step in our case.

and

Proof of Lemma 2.2.

Step 1. Let v = v(z) be the outward unit normal vector to 9 D. Simple calculations show that

Pw = -— Z a;j 0;0;w + 25\ Z a;; 0;d Ojw

ij=1 ij=1
—s2\2p?ow + sA%pow + sApw Z a;;0;0;d
ij=1

in D. Note that in the previous identity we have specified all the dependency of coefficients on s, A and
. The last two terms in Pw can be rewritten as A; w, where A; = Ay (z;s, A, p, o) is defined as

Az 8,0, 0,0) = s\po + sAp Z ai;0;0;d =: sN*p ay(; 8, \),
ij=1
aj(z;s,A) = o+ (1/A) Z a;;0;0;d.
ij=1

Hence,

Pw = — Z a;;(2)0;0;w + 2sAp Z a;;(2)(0;,d)0;w — N %ow + Ajw.

ij=1 ij=1
We note that a; depends on s and A, and
lay(z;8,A)] < C forx € D and all sufficiently large A > 0 and s > 0.

Here and henceforth by C', (1, etc., we denote generic constants which are dependent on A, but indepen-
dent of s and the geometry of D, and are bounded provided that maxi<; j<n ||| o3 (m), maxi<i<a [|billw2. (),
|d|| c2 (@) are bounded.

el ().

Taking into account the orders of (s, A, ¢), we split P into the sum of P, and P», where P; is composed
of second-order and zeroth-order terms in x, whereas P, is composed of first-order terms in . That is,

Pw = — Z aij(2)0;0;w — s°N*p*wo(z) + Aw,

ij=1

Pw = 23)\g02a,~j(x)(8id)8jw.

3,j=1

By [l fe*?lI72(py = | Prw + Pow||72( 1y, we have

2/(P1w)(P2w)d:c < / fre*?dr. (41)
D D
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Step 2: We need to derive a lower bound of the left hand side of (41). Clearly, we have

| ()Pl =3 3.

k=1

where

Jl = — Z / azj(azaJU))QS)\gp Z ak[(ﬁkd)<a£w>dx7
D

ij=1 k,f=1
Jy 1= —/ 25° N2 pow Z a;;(0;d)(0;w)dx, (42)
D ij=1
J3 = / (Ajw)2sAp Z a;;(0;d)(0;w)dz.
D ij=1

Now, applying integration by parts, a;; = a;; and u € H?*(D) and assuming that A\ > 1and s > 1
are sufficiently large, we reduce all the derivatives of w to w, 0;w. We continue the estimation of Jj,
k = 1,2, 3 as follows. First,

A oSS /D 25\ 00110 (Opd) (Dpw) (Dsyw) dae

ij=1k=1

= 2\ /D ) NOid)paijar(0pd) (Opw) (O5w) dar

i,j=1k,e=1

+28)\/ Z Z ©0;(a;;ak0d) (Opw) (O;w)dx
D

i,j=1 k=1

+23>\/ > paijan(Ord)(90,w)(05w)da
D

i,j=1k,l=1

= JW 4+ I 4+ g8

The first and third terms in J; can be estimated by

2

> ay(0:d)(9w)

4,j=1

dx >0,

Jl(l) = 25)\2/ %
D
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and

J1(3) = /25)\2
D

ke f=1

T Z Z Waiiakf(ﬁkd)(aiaéw)(aiw)> dx

k=1 i=1

(Z paiian(Opd){(0,00w) (05w) + (9;0,w) (Bjw) }d

i>]

2> /D ©a;jape(0d) 0 (9w) (D;w) ) dx

i,j=1k,(=1

= s\ /BD Z Z a;jare(Okd) (O;w) (0;w)veds

i,j=1k,e=1

—8)\2/ oo Z a;;(0;w)(0;w)dx
D

ij=1

—3/\/Dgp Z Z Op(@ijar0kd)(O;w)(0;w)dzx.

i,j=1k,=1

Hence, we can estimate .J; from below by

Ji > —/s>\2g002aij(8iw)(8jw)dx
D

1,7=1
2

dx

n

> ai(0id) (9;w)

1,7=1

—C’/ s)\<p|Vw|2dI+28)\2/ ®
D D

A / D pasan(Oxd)(9w) (95w)vedS
oD ;

ij=1k =1

v

—/ s\ po Z a;;(0;w)(0;w)dx — C/ sAp|Vw|*dx
D D

4,j=1

—C’s)\/ ©|Vwl|?ds. (43)
oD

On the other hand, the other two terms J, and J5 in the integral [, 2(Pyw)(Pow)dzx can be estimated
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by

Jy = —/253)\3g030wZaij(&-d)((?jw)dx
D

4,j=1

= —/ s3I\ P Zaaij(@-d)aj(wQ)dx
D

i,j=1

- /53)\3 Z 302 {\(0;d)p}oay;(0;d)wdz
D

ij=1

/ 3A3¢3Za (0a;;0;d)w de—/ Zs?’)\?’(p?’aaij(@id)w%de

i,7=1 3,0=1

/ 3s° NP otwdr — C’/ PN dr — C/ P X3P ds (44)
D D oD

Y

and

n

|J5| = /D (sX’par) (2show) Y ~ ay(0:d)(9jw)dz

i,j=1

= / 2a,5°\3p? Z a;;(0;d)w(0jw)dx

i,j=1

= / a182/\3g02 Z aw(&d)a](wZ)dx
D

ij=1

— /Za a;s )‘3902‘%861 wdx—i—/ Zas goamﬁd)w v;dS

4,j=1 z]l

< C’/ 32/\4g02w2dx+0/ $2\3p?w?ds. (45)
D

oD

Hence, combining (42)-(45) we obtain

/D(le)(Pgw)dx > 3/1353)\4g0 o*w?dr — /DSVQDUZGU(&@U)(@w)da:

irj=1
—C/ sAp|Vw|2dz — C’/ (s° X3¢ + 2N ?)w?da
D D

—C sAp|Vw?dS — C [ (s°N°¢® + s° N2 p?)w?ds.

oD oD
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Rearranging the terms in the previous inequality yields

3/ 53A4g0302w2da:—/ sAggOJZaij(Oiw)(@jw)da:
D D

ij=1

IN

1

—/ fre**?dx + C'/ sAp|Vw|*dx

2Jp D

+C/ (3 X3¢ 4+ 2N ?)wda
D

+C | (shg|Vw]* + (8° X3¢ + 2 X3p*)w?)ds. (46)
oD

Step 3. The first and the second terms on the left-hand side of (46) have different signs, so we need
another estimate. In this step will obtain another estimation of

/ s\ po Z a;;(0;w)(0jw)dx
D

ij=1
by means of
/ (Piw + Pyw)(s\*pow)dz.
D

Here the factor sA\%pow is necessary for obtaining the term of | Vw|? with the desirable (s, A, ¢)-factor
sA\2¢. That is, multiplying sA\?¢ow to both sides of the equation
n n
25\ Z a;;(0;d)(0;w) — Z a;;0;0;w — SN2 % ow + Ayw = fe?,
i,j=1 ij=1
we obtain

4
/ fe? s\ powdr = Z I, (47)
D k=1

where

I ::/ 25\ Z aij(0;d) (0;w) s > powdz, I := —/
D

D

( Z aijaﬁjw> s\ powdz,

1,j=1 1,j=1

I = —/ SN QP otwidr, Iy ::/(Alw)(s)\2<paw)dx.
D D

Now, using integration by parts and the relation 0,0 = \(0;d)y, we estimate the terms [; (j = 1,2, 3, 4)
as follows.

| = /D SN0 Y i (0id)0;(w?)de

i,j=1

— _/ Z52)\3{2)\(0]-d)g02}0aij(aid)de:v
D

1,j=1

- Z s*Np20;(0a;;(0id))wdx +/ Z s> N p?oa;(0id)w?v,;dS
oD ;

1,j=1 1,j=1

IN

C/ 2N 2w de 4+ C $2\3p?wids; (48)
D

oD
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L, = —/ % Z poa;jw(0;0;w)dx
D i,j=1
= / % Z woa;;(Ow)(0;w)dx +/ SA? Z 0i(poa;;)w(0;w)dx
b i,j=1 D ij=1
—/ sA? Z poa;;w(0;w)v;ds
oD =1
> / s\ po Z a;;(0;w)(0;w)dx — C/ s\ | Vw||w|dz
D =1 D
—C’/ s\ p|w||Vwl|ds; (49)
aD
I; = —/ sSN 3ot da; (50)
D
|14 < C /(3)\2g0) (s\2pow?)dz| < C’/ s* N ?wide. (51)
D D
Hence, by (47)-(51) we obtain
2 - 3y4, 3 2 2
/ SA“ o Z a;;(Oyw)(0jw)dx —/ sPA plotwidr
D Py} D
< C’/ \fe“%)?gpaw\dx—i—(]/ 52)\4g02w2dx+0/ s\ | Vw||w|dx
D D D
+C'/ (2 X30%w? + sA%plw||Vwl|)ds. (52)
oD
Since
sA3p|Vw||w| = (sA2p|lw])(A|Vw]) < (1/2)s* A p*w?® 4+ (1/2)A|[Vwl|?,
we have
/ sA3 | Vul|lw|dz < (1/2) / (s* X% w? + M| Vw|?)dx. (53)
D D

Furthermore, using the inequalities

s\ elw][Vu]

| fes? s\ pow|
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it follows from (52) and (53) that

/ N Z a;;(O;w)(0jw)dx —/ NP o?wide
D 521 D

< C’/ f262s“’dx—|—C/ 52)\4g02w2dx+0/ N Vw|*dz
D D D
+C’/ (sAp|Vw[* + (sX3p + s A2 p*)w?)ds. (54)
oD

End of the proof. Multiplying (54) by two, adding the resulting expression to (46), and making use of (3)
and the relation 0 = inf(, e o(x,t) > 0, we obtain

/ s AP odwidr + / sA\2p|Vw|*dx
D D
< C’/ fre*?dr + C’/ (sAp + ) |Vw|*dz
D D
+C/ (83X 4 2N ?)wda
D
+C | (shp|Vw|? + (s°N¢® 4+ s2X3p* + sA3p)w?)ds. (55)

oD

Therefore, taking A > 0 and s > 0 sufficiently large, we can absorb the second and the third terms on
the right-hand side of (55) into the left-hand side. Consequently, it follows that

/ P AN P dr + / sA2p|Vw|*dx
D D
< C/ fre**¢dx + C/ (sAp|Vw]* + s3\3pw?)ds.

D oD

Noting w = ue®¥, we have
/ (s\20|Vul? + s*Ap*u?) e dx
D
< C/ fre**?dad + CeC(A)S/ (|Vul® + u?)ds,
D B

D

which finishes the proof of the Carleman estimate. U
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