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Abstract

The electric properties of monolithic microwave integrated circuits
can be described in terms of their scattering matrix using Maxwellian
equations. The corresponding three-dimensional boundary value prob-
lem of the Maxwellian equations can be solved by means of a finite-
volume scheme in the frequency domain. This results in a two-step
procedure: a time and memory consuming eigenvalue problem for non-
symmetric matrices and the solution of a large-scale system of linear
equations with indefinite symmetric matrices.
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1 Introduction

The design of monolithic microwave integrated circuits (MMIC) requires ef-
ficient CAD tools in order to avoid costly and time-consuming redesign cy-
cles. Commonly, network-oriented methods are used for this purpose. With
increasing frequency and growing packaging density, however, the coupling
effects become critical and the simple low-frequency models fail. Thus, field-
oriented simulation methods become an indispensable tool for circuit design.
Figure 1 illustrates the principal structure under investigation. Since the elec-
tric properties are described in terms of the scattering matrix, transmission-
line sections have to be attached at the ports. This defines propagation
constants and mode patterns required for scattering matrix calculation. Typ-
ical line structures are planar lines (microstrip, coplanar waveguide), coaxial
lines, or rectangular waveguides. B
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Figure 1: Structure under investigation

The scattering matrix describes the structure in terms of wave modes at the
ports [2], [3], [1], which can be computed from the electromagnetic field.
Maxwellian equations are a set of fundamental equations describing all mac-
roscopic electromagnetic phenomena. A three-dimensional boundary value
problem can be formulated using the Maxwellian equations in order to com-
pute the electromagnetic field.

The application of the finite-volume method to the three-dimensional bound-
ary value problem for the Maxwellian equations results in the so-called Finite-
Difference method in the Frequency Domain (FDFD). The field of applica-
tions, the advantages of this method, and a comparison to other methods are
described in [1].

The program package F3D (Finite Differenzen dreidimensional) ([3], [1]
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allows to simulate the electromagnetic field of nearly arbitrary shaped struc-
tures.

The three-dimensional boundary region is a rectangular box, in its simplest
case. This box is subdivided into elementary rectangular cells using a three-
dimensional non-equidistant grid. The number of cells determines the order
of the resulting matrix equations.

The numerical solution of the boundary value problem is very time-con-
suming and the storage requirements are high. The most time-consuming
parts of the simulation are the computation of eigenvalues and eigenvectors
and the solution of linear algebraic equations. Numerical improvements for
the simulation of monolithic microwave integrated circuits are described in
[4].

In the following we will describe the problem and the finite-volume method
for the solution of the three-dimensional boundary value problem.

2 Scattering Matrix

The structures under investigation can be described as an interconnection of
infinitely long transmission lines, e.g. waveguides, which must be longitudi-
nally homogeneous. Cross-sectional planes p = 1 and p = 2 (see Figure 1)
are defined on the transmission lines.

The junction of the transmission lines may have an arbitrary structure.
The complex generalized scattering matrix S describes the energy exchange
and phase relation between all outgoing modes Bl(p ) and all incoming modes
a®.

In general, the scattering matrix is of infinite order. But, the order of the
scattering matrix S is limited to the order ms if on each waveguide only a
finite number of modes is considered. That is possible because the energy
of the complex and evanescent modes decreases exponentially with the dis-
tance from the connecting structure. These modes can be neglected within
the limit of accuracy. Only a finite number of modes is able to propagate
and have to be taken into consideration.



3 = (Spe)s py0 =1(1)ms. (1)

.......................

Let be m(®) the number of modes which have to be taken into account on the
cross-sectional plane p. Let be p the number of cross-sectional planes. Then
we have a total sum myz of all modes which have to be taken into account:

my = Zf: m®. (2)

p=1

The modes on a cross-sectional plane p are numbered with . Then the indices
p (and o) are related to the mode ! in the following way

p—1
p=10+ Zm(‘ﬂ.

g=1

] (3)

The scattering matrix S can be extracted from the orthogonal decomposition
of the electric field at two neighboring cross-sectional planes on each wave-
guide for a number of linear independent excitations. Therefore, we need the
electric field.

The electric field is computed using a boundary value problem for the Max-
wellian equations. The boundary value problem is formulated in the next
section. :

The computation of the coeficients of the scattering matrix is treated in [4].

3 The Boundary Value Problem

The following assumptions are applied for the structure (see Figure 1).

- The waveguides are longitudinally homogeneous and infinitely long.

- The waveguides and the structure are shielded by electric or magnetic

walls.

- The waveguides and the enclosures are cut at cross-sectional planes p.
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- The tangential electric or the tangential magnetic field is known on the
whole surface.

This means that a three-dimensional boundary value problem of the Max-
wellian equations is formulated:

Differential form Integral form
~ -~ 8D .
VxH = J+—, ‘?{Hd.? /(J-{— )dQ
ot a0
" o8B o
vxE = -2 B.ds /(--—) i,
(4)
v-b =, 454t = [pav,
Q 14
v.B = o0, ]{g.dfz:o. ]
v)

The first Maxwellian equation is a generalization of Ampere’s law by the

addition of the displacement current density %% The second Maxwellian
equation is Faradays theorem of induction. The two divergence equations of
(4) correspond to Gauss’ flux laws.

The differential and the integral form of the Maxwellian equations are related
by Stokes’ theorem and Gauss’ theorem.

In this paper we use the integral form in the frequency domain. Because
the scattering matrix is defined in the frequency domain, it is convenient to
restrict oneself to fields which vary with the time ¢ according to the complex
exponential function e®*. Then an arbitrary time-depended field _]\Z (z,9,2,1)
can be expressed as

- M(z,y,2,t) = Re(M(z,y,2)e™), Mec{E,D,J,H,B}, (5)

where M(m,y,z) is the phasor form of _J\l(:z:,y, z,t). M is a function of the
spatial coordinates only, and in general complex. e indicates "taking the
real part of’ quantity in brackets. M represents the complex amplitude.
Using the phasor representation allows us to replace the time derivations gt
by jw since



5 = jwe™* . (6)

We will not include the factor e™* explicitly as this factor occurs as a common
factor in all terms.
E [L] and H [£] are the electric and magnetic field intensities, and D [£8]

and B [ZT;] are the electric and magnetic flux densities, respectively. The
current density is denoted by J [n%] p [23] is the electric charge density. w
[%] is the circular frequency of the sinusoidal excitation, and 72 = —1. In the
integral form of the first two equations of (4) the surface § is an open surface
surrounded by a closed contour 92, while in the last two equations of (4) the
surface () is a closed surface with an interior volume V. The vector element
1) of area 0(1 is directed outward. The direction of the vector element d&
of the contour A9 is such that when a right-handed screw is turned in that
direction, it will advance in the direction of the vector element 0f).

To the Maxwellian equations are added the constitutive relations

B=yuH, D =¢E, f:nﬁ—]—.i,_ (7
describing the macroscopic properties of the medium. In the last equation
of (7) the total current density J has been split into its conductive part x&
and its source part J..

In this paper problems of electromagnetic wave propagation are treated.
Thus, it is assumed that the field generating charges and currents are lo-
cated outside of the field domain. That means, the electric charge density p
and the source current density J. are assumed to be zero in this model:
p=0, J.=0. (8)
Then, the last relation of (7) is Ohm’s law.
The quantities y, €, and & (permeability, permittivity and conductivity) are
assumed to be scalar functions of the spatial coordinates.
The quantities z and € are constant for a vacuum and are denoted by o [22]
and € [£%], respectively. In other media p and € are different from po and
€o. We write

B=pirfo, €= &€ , (9)
and call p.(z,y, z) the relative permeability and €.(z,y, 2) the relative per-
mittivity.



The dimension of & is [5].
For the sake of simplicity we describe the permittivity € and the conductivity
k by the complex permittivity:

K
E=¢ w (10)
Similar to (9) we write
p=fpo, €=¢ with g=p, . (11)

Taking into account the continuity equation (equation of conservation of
electric charge)

Vii=-7 SR )

and substituting the constitutive relations (7) into (4) and using (5, 6, 8, 9,
10, 11) the following differential and integral forms of the Maxwellian equa-
tions in the frequency domain will result

Differential form Integral form
Vx( B) = ik, ;B?dé' = /(JwéeoE—")-dﬁ,

aq HHo Q
VxE = —wB, E.ds = /(—Jwg) -dS,

a0 Q

(13)

V-(B) = 0, ]4 (éeoB)-df = o,

Q
v-B = 0, f B.d = 0.

Q

Boundary conditions
At the cross-sectional planes p, that is at z = z,, the transverse electric ﬁeld

E(p ) = Et(zp) is given by superposing transmission line modes Et( l) = Et 1(zp)

with weighted mode-amplitude sums 'w,(p) = wyzp):
m(?)
EP =3 wPED, p=101)p, E.= ZE(P) : (14)



l(p ) are given (see [4]).

The transverse electric mode fields I_'J"g) are computed using an eigenvalue
problem for the transmission lines ( see Section 8).

The tangential electric or the tangential magnetic field is assumed to be zero
at the rest of the enclosure:

The weighted mode-amplitude sums w

Biung=0 or Hyng=0 . (15)

That is, these parts of the surface are considered to be perfect conduc-
tors, either electric or magnetic. The electric case, for example, corresponds
with practical applications where the circuits are shielded by a metallic box,
whereas magnetic walls correspond to symmetry planes.

At the material boundaries the tangential component of the electric field
E’;a;;g, the tangential component of the magnetic field I'—ftang, the normal com-

ponent of the electric ﬂ_1:1x density 5normal and the normal component of the
magnetic flux density Brormar have to be continuous.

4 The Maxwellian Grid Equations-

It is advantageous to solve the Maxwellian equations directly rather than
solving a partial differential equation of second order derived therefrom, be-
cause the quantities  and € can be different from cell to cell when using
Maxwellian equations.

The boundary region is divided into elementary rectangular parallelepipeds
(see Figure 2) by using a three-dimensional nonequidistant orthonormal Car-
tesian grid.

The edges of the cells are parallel to the coordinate axes. The grid nodes
(2,7, k), the left corners at the front of the bottom of the parallelepipeds, are
numbered by

= (k—1)ngny+(j—1)ng+i, i=1L)ns j=1(1)ny, k=1(1)n.. (16)

ns, 8 € {z,y, 2}, is the number of rectangular parallelepipeds in the s-direc-
tion. Partly we will also characterize the corresponding elementary cells by
(2,7, k).

The lengths of the edges which correspond to the grid node (3, 7, k) are de-
noted by Zi 5.k Yidk and 245,k

The field vectors are expressed as



783

150

Figure 2: Via hole with a nonequidistant grid of rectangular parallelepipeds
(dimensions in um)

M = Mgiy + Myiy+ M,i,, Me{E,D,J,H B} . (17)

te, Zy and 1, are the unit vectors in z—, y— and z—direction of the Cartesian
coordinate grid, respectively. M, M, and M, are called the z, y and z com-
ponents of M. Sometimes we also use the notion component for M,z,, My,
and Mz'z-l;.

An obvious allocation of the three components of % and B at the same grid



node is not chosen in order to avoid serious problems at surfaces of materials
where some of the field components are not continuous.

Instead of this, the components E,, E, and E, of the electric field E are
located in the centers of the edges of the elementary cells. The components
B., B, and B,, on the other hand are normal to the face centers [8], [5], [6].
Thus, the electric field components form a primary grid, and the magnetic
flux density components a dual grid (see Figure 3).

o Ex, Ey, E; primary grid (cell)

° B, By’ B, E}’i+1,j,k

o

Exi i/ x

By; i k-1

G0 | By

Figure 3: Primary and dual grid
‘We use the lowest-order integration formulae
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énf-dgsz,-si, /nf-dﬁzfﬂ (18)

in order to approximate the left-hand and the right-hand sides of the first

and the second Maxwellian equation (see (13)).

The closed path 0 of the integration consists of 4 straight lines of length

s; and is the path around the periphery of an unit cell face in the grid. f;
. denotes the function value in the center of the side s;. The direction of the

vectors (see Figure 3) determines the signs of f;.

Q is the area of any cell face. f denotes the function value in the center of

the surface of this face.

Second Maxwellian equation

If we apply the second Maxwellian equation (see (13)) to the cell faces which

correspond to B, ., By, ;, and B, (see Figure 3, primary grid) using (18)
yields
yi,j,kEyi,j,k + zi,j+1,kEZi,5+1,k - yi,j,k+1Eyi,j,k+1 - zi,j,kEze,j,k =
_Jwyi,:i,kzi,.‘i,szi,j,k ) (19)
zi,j,kEz;,j,k + mi,j,k+1Exi,j,k+1 - zi+1,j,kEzi+1,j,k - mi,j,kEmi,j,k =
| —JWTijkZi ik By (20)
Ti kB ji + Yir1ik By s = Tigrr kB s — Yigh By p =
—]wmi:jykyi:jssz{,j,k ° (21)
s; @0d Bs. .., s € {z,y,z}, are the function values of the electric field

E
components and of the magnetic lux density components, respectively, in
the elementary cell (7, 7, k). We do not use half indices.

First Maxwellian equation

Similar equations can be developed for E;, E, and E, if we apply the first
Maxwellian equation (see (13)) to the corresponding cell faces (parallel to
the (y, 2)-, (2, z)- and (=,y)-coordinate plane, respectively) of the dual grid
(see Figure 3). Because the material can be different between two elementary
cells of the primary grid, we have to divide the integration domain:

1(Zi4.k Zik=l \B _ 1%k Yii—1.k B -
2(ﬁi.j,r= + ﬁi.j,k—l) 2k " 2\ Gegu T ﬁi,j—l.k) Yoidk

1( 251,k Zij-Lk-1\ B 1(Yig—1,k—1 Yiik-1\ B
2(ﬁ£,j—1,k + ﬁi,j_1,k_1) Zij—1,k + 2(ﬁ¢,5_1,k_1 + p_,;,j’k_l) Yi,5,k—1

= ]weoﬂogf:l,;'z,k Ecijn s (22)
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1 ( Ti gk Ti-1.4,k )B —_ l( Zigk Zig,k—1 ) _
2 iiivjyk ﬁi—lljik zi’j'k 2 ﬁi:jxk ﬁi,:‘,k—l Zi’j'k

1 (mi,j,k—z Tie1,5,k—1 )B 1 (zi—l,j,k—l Zi=1,5,k B
2\ iy 5k + By jp—1 /7 Thik~1 T3 Bio1j k-1 + Bioy g/ F=Lik

= J“JEO/‘OQZ;‘kayi,j,k ) (23)

1( Yij,k Yij—1,k Tigk Ti-1,5,k )B
2 ft L i

1
Fijke l’-i.i—l,k) Yiidik 2(ﬁf,:',k Bi1,5,k ik

1(¥%i-14k Yi-1j-1k )\ B L(Tizlj-k | Zij-1k)p
2(ﬁi—1,j,k + ﬁi—1,j-1,k) Yi—1,,k + Z(ﬁ'i—l,j—l,k + ﬁ{,j-l,k) Tii—1k

= Jweoptod; x Beijp - (24)
The g¥*, g* and g™¥ are declared in (26), (27) and (28), respectively.
The Equations (19 - 24) form a system of linear algebraic equations for the
computation of the electromagnetic field in the absence of any boundary con-
ditions.
Electric-field divergence
Dividing the integration domain of the dual grid in order to take into ac-
count the different material of the elementary cells and discretizing the third
equation in (13) (see Figure 3) yields

Y,z _ Y,Z T2 _ T,z
gi,j,kE$i,j,k gi—l,j,kEﬂ-‘i—1,j,k + gi,j,kEyi,j,k gi,j—l,kEyi,j—l,k+

T,y T,y _
GikBezin — Gigp-1Lz 00 =0 (25)
with
Y,2  __ (Yi,5.kZ%5,k = . Yi,j—1,k%i,j—1,k = . i
gi,j,k - ( 4 s‘l.'hk + 4 67',.7_111‘+
Yi,i—1,k—124,5-1,k—1 .. Yi, i k—1%4,5,k—1 .
- 1 €,5-1,k—1 T — 1 Ejk-1) (26)

T2 (TijkTigez.
g‘l:,j,k - ( 4 67'!.7:

Tik—1Zig 1z
kT ‘; 4; Ez,],k—l'l'

Ti~1,7,k=12i—-1,5,k—1 ~ Li-1,7,k2i-1,5,k ~
2 1 &1 k-1 T *—T—L"ﬁi—l,j,k) ’ (27)

12



Y (T kY ks Ti-1,5,k¥Yi-1,4,k 2. .
G5k = (_—4 €igk T 2 €1kt
Ti-1,5-1,kYi-1,j—1,k . Li,5-1,kY4,5-1,k ~
1 €i—1,j-1,k T ’—4—€i,j—1,k) . (28)

Magnetic-field divergence
The primary grid is used to discretize the forth equation of (13):

Yi, gk Zigde B x — Yit1,56%i4 1,55 Boipy ;0
s,k %5k Buys j o — Tig+1,k%i5 41,k By 0 1t

mirj)kyi:j)szi,j,k - wiljak'l'lyi)jak'i'le‘i,j,k-(-l = 0 ° (29)

Remark

We note that using the differential form of the Maxwellian equations the
grid equations (19) - (24), (25) and (29) also may be derived by the finite-
difference method [8] instead of the above used finite-volume method.

5 The System of Linear Algebraic Equations

The number of unknowns in the system of linear algebraic Equations (19 -
24) can be reduced by a factor of two. Substituting the components of the
magnetic flux density in (22 - 24) using (19 - 21) and using corresponding
manipulations of the second Maxwellian equation to neighboring elementary
cells yields

T E Y E

zlm y!z
et ie G5k % 1k ci,j,kEyi,j,k ci,j,kE

25k

Y,z s T 2 AT
Cz',j,kEm;,j,k+1 +ci,j,kEzi+1,j,k ci,j—l,kEmi,j—l,k Ciri—1eluisr o1 e T

2,z

r _ T oz
Crimt kB jan t Cosr1Bzjns — Gik—1Brpjeen — k-1 Boijat

ZY 12 Z:Y 2 2 Y,z _
(cGik T G T Ciiorn + Cijper1 — 2909, 51) Boijp = 0 (30)
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Ty __ A2 s _ :y
Gk Baigin = € +E

55k Tk CigkLziie T Gk DTige T
C:,’;fk Vi1, T Cz Exu+1,k - Cz}‘z,k—lEyf,j,k_z - ’Jyk— Ezi,j-l-l,k—l +
;yk lEth k—1 + Cz—l ]kEzi—l,j,k - c‘f’—yl,j,kEzi—l,j+1,k - :—ml J,kEy‘l—-l,J, +
( zg,k + + Czyk—l + 1 Ik 2%29‘:72]:) Yi ik =0 ’ (31)
Cz’jz,kEzi,i.w - f’a kB — y,’j,kszg k f;,k ik
C:zz,kazi,jﬂ,k +¢ :kE’yi,j,kH - cg’—zl,j,kEzi—l,j,k - C?-,—zl,j,kEIi-l,j,k-;-l +
cg-,-zl;j,kEwi—l,j,k + ci,}—l,kEyi,j—l,k - cz;'z—l,kEyi,j-—l.k+1 - czz;;—l kEZi,j:{,k+

( ,Jk + cz + fi-l Ik + cz _1—-1 k 2zggzx;yk) 21,5,k = 0 (32)
with

st0 = w+/Eofio - (33)

st si,j,k S,'i- -I_ki- 1
g = ==+ = , s,t€{z,y,z} . (34)
Mi:jyk ,‘L‘L 135k ti)j’k

(¢',7', k') are the indices of the elementary cell which is located in s-direction
in front of the cell (3, 7, k):

=z: i=31-1, =3, K=k ,
y: 7:,=7:a j’=j_17 K=k )
z: =12, =3 K=k-1.

Because we use a Cartesian grid, we have

Zi 5k = Zij-1k = Tij+ik = Tijk-1 T Tijk+l

Yi, 5k = Yitl,4k = Yi-1,4k = Yijk-1 = Yijk+1l

2,5k = Zit1,5k = Zi-1,jk = Zij-1k T Zij+lk (35)
Ti-1gk = Ti-14-1,k = DTi-1,5k-1 ,

Yijg-1 = Yi—15-1k — Yij-1,k-1 ,

Zigk—1 = Zi-1l4k-1 = 2Z{j-1k-1 -

3t is the wavenumber in vacuo.

14



6 The Matrix Representation of the
Maxwellian Equations

Second Maxwellian equation

Let be

-+ - - - \T - .
€= (€,6,€:)" , €= (€xr€m---s€0n,,,) » €, = Eayj, ,

-
€y = (eyneyz: ceey eyﬂzyz) ) Gy = Eyi,j,k )

-
€z = (821 1€zz9- -« eznzyz) ’ ezz - Ezi,j,k )

(36)
b:n sVzay-- s b:cnzyz) ’ b=C£ = Bzi.j,k ?

b
byl H byz 10 yn:cyz) ? byz ¥k 0
bayr---1bempy,) 5 by =Bz,

L=(k—1Dngy+(J—1ne+1, Noy=nzny, Ngy = ;zmnynz , (37)

the vectors containing the electric and the magnetic field of the elementary
cells, respectively, in the system of the linear algebraic Equations (19 - 24).
Let be

D, = diag( -, Tk Tit1 gk > TibLhs > Tigk+1s
S Yigk Yiklgks T s Yiitlks Tt Yigk1s (38)
“ Zigdy ZidLgky s BighLks T Ziiktls )

Dy = diag( -+, YiikZighks > TighZigks > TigkYigk, - ) (39)

diagonal matrices and A the following matrix:

15



A= (40)

[ S - o S SR S S
§ - S - S S S S A A S |
= A a @ 0n 2 4+ 0 'm " 4+ ]
E; § & § F £ 5 & 3 ¥ i i i
al- B8 .8 .® .8 H . .H . R R .BH .R
~|- [o] o 0 - 0 1 0 - 0 . -1 -1 0 - 1 - 0
T TP T ST P PSP TS PP PRSP ROS
8

8

|

-y

+

N

y

g 1 0 0 - 0 o 0o - 0 0 o 0 - 0 - 0
|
+

N

H

gl -1 o o - 1 -[o] o - o 0 1 -1 - 0 - ©
T
1

| B}

-

+

R

=

g

&|. -1 o o - o o 0 - 0 0 6 0 . 0 . O
o |
+

N

S

N

\m 1 0 - -1 - 0 - -1 1 - 0 o - o] o o - o

The elements of A contained in a box are diagonal elements.
The following scheme gives distances between the columns which contain
the diagonal element and the values 1 and -1 in the first row of A. For
example, n,, is the distance between the columns which correspond to E,,

i3,k
and By, ...
Nzy Nz
g b ) 7 N N
ziljlk Eyiljlk Eyi,j!k.’-l Eziljlk Ezilj-*.llk
Eoii Busa Busens Buje Bajuan
WV NV
Neyz Neyz —Nzy
A o
angz
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A is defined as the operator of the line integral and represents the curl oper-
ator in the second Maxwellian equation (see (13)) using the primary grid.
The diagonal matrices D, and D4 contain the information on dimension for
the structure and the corresponding mesh. The represented rows of A corre-
spond to the left-hand side of the Equations (19), (20) and (21) in this order
extracting D,. Using the denotations (36), (37), (38), (39) and the definition
of A the following matrix representation of the second Maxwellian equation
results from (19) - (21):

jé B.di= / (—jwB)-di = ADG=—wDi. (41
a0 Q

First Maxwellian equation
Let be

_ . . Ti,5,k—1 9:1-1 k=1 L lrTio14-1k Tij—1,k

D’/” - dzag( ? 2(111 G k=1 Biet,5,k—1 ) ’2 (ﬁ-:—1,j—1,k 51,k )’

. :_g( Ti1,j,k Tie2,5,k ) l( T3,k Ti—1,5,k
’2 _llJlk ﬁ"i—-Z,j.k ’2 ﬁ‘.ljrk ﬁi_l ik

bJ

Yi,i—1,k=1 yi,j,k—:L . (% ,3=1,k ‘yi,j—z,x: )
T 2( . . Y N H
A j=1,le—1 I-‘z,g,k—-l Hi -1,k I-‘:,]—Z,k
1 ( Yio1gk | Yi-l,j—1k\ 1l/¥iik | Yii-1k ) (42)
2\ 1,5,k Bimy g1,/ 2Nk B,k
. l Zi,9,k—1 Zi 5, k2 ) 1 zi,j-—l,k Z{,i—1,k—1 )
7 2\ g 5 k-1 i 5 ke—2 Y2\ Bk I-‘t]—l k—1/?
.01 Zi—1,j,k—1 zf.—l ,3 .k ) (ztj k zz,j,k—l ) . )
72 ﬁi—l,j,k—l Bic1ge’? 2\Bige | Bigr—1/’ ’
p— y LR y’z L $,z .- e . z’y .. o‘
'DAE = dza.g( ,gi,j,k, ) gi,j,ky 7gi,j,k7 ) (43)

diagonal matrices and A the following matrix:
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A= (44)
- < x - * < - < =

£ I S R O N - T T S S S
= S = T S " R S 0 T
a2 3 g I3 g > F3 > = 3 N N 3
2 m m . /™ M m 0 SR ) ™ . m M
< 0 o [o] - 1 0 0 -1 0 -1 0 1
o |
+

N

2

& -1 0 0o 1 0 0 o [o] 0 0 1 -1
s
a

2

+ -

-

+

N

g

& 0 0 0 -1 0 0 0o o 0 0 0o o
o |
+

N -

o

N

& 0 1 0 -1 0 0 -1 1 0 0 o [o]
PRSI
I

+

-~

+

N

=

g

& 0 0 0o 1 0 0 0 o 0 0 o o

The elements of A contained in a box are diagonal elements.
The following scheme gives distances between the columns which contain the
diagonal element and the values 1 and -1 in the first row of A. For example,

Ny is the distance between the columns which correspond to By, ,,_,

and

.

Yigk®
znzyz
.
7 N
Neyz—Nzy Nzyz—Nz
. N
Y 7 Y
Ti gk Yi k-1 Byi.j'k Zi,j—1,k Zig.k
Tijk  O¥gk-1 O¥gk Pzg-ie Pzige
oV w
Tizy ne
N >4
~~
Nzyz
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A is defined as the operator of the line integral and represents the curl oper-
ator in the first Maxwellian equation (see (13)) using the dual grid.

The diagonal matrices D,z and D4, contain the information on dimension
and material for the structure and the corresponding mesh. The represented
rows of A correspond to the left-hand side of the Equations (22), (23) and
(24) in this order extracting D,/;.

Because of A = AT we get with the denotations (36), (37), (42) and (43) the
following matrix representation of the first Maxwellian equation from (22) -
(24): ‘

B I .
—.d5i= /(jwéeopoE) -dQ = ATDa/ﬁb = jweopoDaz€ . (45)
Joa M Q )
The system of linear algebraic equations
Using (33) we get from (41) and (45) the matrix representation of the system
of linear algebraic Equations (30) - (32):

ngz 0, Ql = ATDs/ij,DZlADs - MSDAC’ (46)
with (see (34))

Q1= (Cf,’gt',k) .

We have to take into account the boundary conditions (14, 15) in (46). Thus,
we get from (46) a partitioning of the matrix @, into the sum of two matrices:

Q1€ = (Qr,a+Q1,)E=0, (47)

where @1.€ is known.

The matrix @1, contains coeficients of the corresponding rows and columns
of the matrix @;. The matrix @Q; of (47) is transformed into a symmetric
one, after some mathematical manipulations:

~ - 1 1 1
0.2 = DiQ.D;*Diz |
1 -1 1 _1 1
= (DiQuaDs* + D7 QD5 " VDzé (48)

= (Ql,A+Q1,r)g
=0

with
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~ L L ~ 1 L - L
Ql,A = Ds? Ql,ADa 2 ) Ql,r = D;Ql,r-D-‘? 2 ] é = _Dszé’ ] (49)

and

Gy = DEATD, ;D AD?F — 52D s; . (50)

The matrix Q; from (48, 49, 50) is obviously a symmetric matrix. Ql,,.
depends on the position of the cross-sectional planes p and is also a symmetric
matrix ( see example in this section and Figure 5). Thus, Q14 is also a
symmetric matrix because of (Q~1,A)T = (Ql — Ql,,)T =Q; — C:)l,, = Ql,A-
We get from (48) the system of linear algebraic equations with the matrix
Q1,4:

- L o L L i oo
Ql,Ae = “'Ql,‘re = —-D; Ql,rDs *Die=r (51)
with
= ""‘—o ey —
r=Dir , T=—-Q1.€, (52)
and B
7-"= (FI,T-;;,FZ)T , 7-';. = (7‘31,7'22, ‘oo ,'f‘xnzyz) 5
o —
Ty = (rw yTyas - rynzyz) H (53)
I
Tp = (TagsTapy- - - 1T 2nags

We do not solve the system of linear algebraic equations in this form, bﬁt
we add the gradient of the third Maxwellian equation (see (13)) to (51). A
motivation for this is given in [4].

The electric-field divergence and

the modified system of linear algebraic equations

Extracting D¢ the matrix B (see (54)) results from (25). B consists of 3
submatrices because of homogeneity with the first Maxwellian equation. The
submatrix of B is defined as the operator of the surface integral or of the
divergence in the 3rd equation of (13) using the dual grid.

The elements of B contained in a box are diagonal elements.

20



/_g T, 1 = ;o k :z\
2 I 5§ & ¢ 3 P : : 3 %
<3N I N < < P < R A < A
<|- -1 [1] - -1 1 -1 1
3 -1 [1] - -1 1 -1 1
I IR PP E P PP L P PPP SRR P
_l_

§

- -1 1 ~1 - 1] -1 1
R R TITI TP PITPP PSRRI TP PP RPN
8« -

+

x[€Wp
+
5
£ -1 1 -1 - 1 ~1 1
|
+
g
§|- -1 1 ~1 1 ~1 - 1]
| e
I
+
«€(wn
+
g
\c% -1 1 ~1 1 ~1 1

The following scheme gives distances between the columns which contain the
diagonal element and the values 1 and -1 in the first row of B. For example,
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ng is the distance between the columns which correspond to E,, ,, and
ik
2n=yz'—‘n=y+1
7 ” ™~
n:yz"‘nz'i'l
e
7> ~
1 Nryz—Nzy
E’:‘f—lni;k Ezi:i.k Yij—1.k Eyi.i.k Ezi,i.k—l Ez“'-jxk
Boivin Boige Busan  Buse Bajeer Bage
A - N o
v~ N\ p—
Neyz—Nz Nzy
Ny - o
Nzyz
A ~ o
2nzyz

With (43) and the definition of B we get the following matrix representation
of the third equation of (13): '

f{ éeok-di=0 = BDgE=0. (55)
Q
Equation (55) can be written without loosing generality as

Q:6=0 with Q= D Ds:BTDy;.BDye . (56)
with

-DVEE = dwg( e ,dVEé';,j,k; dVEE,;,j,ka dVéE{,j,kJ o ) (57)
with

dves, ;. = %(wi-1,j-1,k—1yi-1,j—1,k—1zi-1,j—1,k—1gf_1,j_1,k_1+

5,51 k1Y i1 k1 20— 1 k=12 j_1 g1
51,5k 1Yim 1,5 k1% 1,5 k=16 5

i k1Y, 5 k1% G k1€ s 1+ (58)
mi-—l,j—l,k'yi—l,j—l,kzi—l,j—-l,kg?_l,j_l,k‘l'
wi,j-l,kyi,j-1,kzi,j-1,k€f, -1t

i1 G RYi 1,5 k%15 k1 g T TigkYi ik %Gk k) -

Equation (56) is equivalent to (see [4])
V(V-éeE)=0 . (59)
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We can transform Equation (56) into

ng—_— 0 Wlth Q~2 - D?sz;%, _é: .D_g%g . (60)

Q, is obviously a symmetric matrix. The matrix Q. will be connected to-
gether with @1 4. Therefore, we carry out a similar partitioning like (48).
We get from(60):

Q28 = (Qra+ 02,)=0 (61)
with

Q2re=0 . (62)
Q.. depends on the position of the cross-sectional planes p and is a symmetric
matrix (see example in this section and Figure 6). Thus, Q2,4 is also a
symmetric matrix because of (Q2,4)T = (Q2 — Q2+)T = Q2 — Q2 = Q2,4
We get the system of linear algebraic equations with the matrix @ 4:

0246=0 . ) (63)

We add the Equation (63) to Equation (51) with (52).
Thus, we get

Que= (Qura+Qoa)ei=7F (64)
with
Q=Qs+Q., Qu= Ql,A + Qz,A , Qr = Ql,r + Qz,r ) (65)
and
Q = QI,A +~Q1,r + Qz,A + Q~2,'r
= Q1+Q:
— DIQ\D:* +D¥Q,D:* (66)
= Dsii(Ql -l: QZ)D:%
= DiQD,? .
Thus, we get from (66)
Q=0:1+@Q: (67)

with
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= AT.DS/,:L.DEIADS -_— %gDAé' -+ DS_IDAgBTD‘_,ééBDAg y

L L _L i 68
= D;ATD,,ﬁDAtlAD} — 32Dz + D, 2DAgB’-”D;,§§BDA§DS§. (68)

Q
Q
Q4 from (64) and Q from (65, 66, 68) are obviously symmetric matrices.

Now we specify the right-hand side 7 introduced in (51). The discretization
of the domain is demonstrated in Figure 4 with n, =5, n, = 4 and n, = 3.

ST :
I 1 I I i 1 I 1
| bmmn e a A e e L L —
/L45 //Lso 5% 0./ |/l
SN NN N
4 4 e 1 e - - - ol -
A - . B4 A
/,, /// /’/ e /: : ) - 3-9 - §8
// 7 : 7 4 // /l ———'I_'L_ —__/
/, // // // /, : ! - 3_.8 - g §7
57 10 15 20 -~ |/ i/
SV 1) 4 L
4 9 14 w Vv /
36
3 8 13 ¥ <~ Vv /o
2 7 12 7
/, x
1 6 11 16
YA
y

Figure 4: Decomposition of a three-dimensional domain
into elementary cells

The (z,y)-coordinate plane should be the cross-sectional plane on which

E; ;, and By, ,1= 1(1)77,;, j = 1(1)n,, are known solving the eigenvalue
problem, that is,

6:,:1 = Exu’l 3 €x, = E$2,1,1 gesey emnzy = Eﬂ-‘n:,my,l , (69)

Eyl,l,l ? eyz Ey2,1,1 LI eyn,y - Yng,my,l °
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The elements marked by o of the matrix Q1 - (see Figure 5) are zero-elements
of the matrix Q; 4. These elements form the right-hand side 7.
The diagonal elements marked by e of the matrix @1, (see Figure 5) are

elements of the matrix Q1 4 with the value 1. These elements form also the
right-hand side 7.

1,1

?le-l 1
Ex1 1,j,1
Ex

Exl 1,j+1,1
Eyx
EXI,J,Z
E}'i,j-l,l
EYl 1,j,1
EyU 1
_.EYI+1_| 1
EYI_] 2

®

EZl,J 1
]?'Z1+1,],1
]?'21,_&1 1
=

)
T
1
I
1
-
i
|
1
1
1
1
I
|
1
1
|
1
! !
1
: ')
=
»s
N
0 ¢
A —

A

Figure 5: Topological structure of the matrix Q)1 and
building of the right-hand side 7

The elements of the filled areas of the matrix Q,,- (see Figure 6) are zero-
elements of the matrix @2 4.
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Figure 6: Topological structure of the matrix @,

Thus, we have

cjl,l =1 y Tz = Eﬂ?l.l,l ey
Grey oy =1, rg, = E_.,%M,1 ye ey (70)
Gnoyz+1ney:+1 =1, ry = Ey1,1,1 PR
Groyetnay meystney = L Tynay Eyn;, gl .

A2 Tz Yz )2
ci:jvl Emivjll ? Ci:jylEy‘i:J‘vl ? +c7'—1,.7v1 Ezi—'l i1 and + c’l:,j-—l,lEyi,j—l,l
from (32) are known, that is,

— 12 T,z z .2
Tzg = Ci,j,lEzi,j.1 + c-i,:'i,lEyi,j,l - Czy—1,j,1Ea=i_1,j,1 - Ci,}'—1,1Eyi,j_1,1 ) (71)

L=(j—-1)ny+4, with i=1,...,n;, j=1,...,n0
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Because the cross-sectional plane is located in front of the (z,y)-coordinate
plane in our example, —c!’}, B, ;, from Equation (30) and —¢7; By, ;, from
Equation (31) for k = 2 are known for ¢ = 1,...,n; and j = 1,...,n,, that

means

=7 By, = E (72)

Tonoy+t = i1 Tynayte = GG, 1 %ui51 s
£=(G—-1n,+1 with i=1,...,n;, j=1,...,0.

Generally we have to summarize the known values over all modes and all
cross-sectional planes to build the right-hand side 7.

The magnetic-field divergence

Extracting Dy (see (39)) the matrix B (see (73)) results from (29). B con-
sists of 3 submatrices because of homogeneity with the second Maxwellian
equation. The submatrix of B is defined as the operator of the surface inte-
gral or of the divergence in the forth equation of (13) using the primary grid.
The elements of B contained in a box are diagonal elements.

The following scheme gives distances between the columns which contain the
diagonal element and the values 1 and -1 in the second row of B. For exam-
ple, n; is the distance between the columns which correspond to By, ;, and

B

Yij+1,k"

271:::yz +ngy—1

7 ™~
Tizyz +n—1
A
7 Y
Nzyz—1 Nzy
N N\
7 N 7, Y
Ti,g,k B$i+1.j,k B‘y;,,',;, Yij+1,k Bzi.iyk Bzi.:i,k+1
;Bzi.i.k Titl,jik Byi..i.k '\Byi,i+1.k Bzi.j.kJ Bzi.:i.k-l-l
I v
« 1 ., Neyz—Nz
~
Nzyz
\ ~ —
2Nzyz
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B= (73)
(g o I ol ; = o i’ ol \
1% . - e - — e oty I . v s
2-m @ n . g .9 .89 .9 8
[ PP
!
~|- [1] -1 1 -1 1 ~1
~|- [1] -1 1 ~1 1 -1
B R PP ERRITPRe
N
I
A
+
g
£ 1 -1 1 - 1 ~1
| T
+
5
g 1 -1 [1] - -1 1 ~1
|
IS
!
€W
+
8
g
& 1 —1 1 - -1 1 ~1
|
+
E
\c% 1 -1 1 ~1 [1] - -1 -

With (39) and because of B = BT (compare (54) and (73)) we obtain the
following matrix representation of the forth equation of (13):
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?(f;.dﬁ:o - BTDG=0. (74)
Q

7 Properties of the Grid Equations

The Maxwellian grid equations are a consistent discrete representation of the
analytical equations in the sense that basic properties of the analytical fields
are maintained [7].

Not all of the Equations (13) are independent.

First Maxwellian equation, electric-field divergence
If the divergence of the first Maxwellian equation (see (13)) is taken, we get

V(Vx$%§»=wvmaﬁpw, . (75)

because the divergence of the curl of any vector is identically zero. That
means, we have derived for w # 0 the third equation of (13) from the first
Maxwelhan equation of (13).

The matrix representations of the first and of the third equation of (13) are
(see (45) and (55), respectively)

ATDS,,,3= JwegpoD 4, €, BD,.e=0 . (76)

In order to derive the matrix representation of the electric-field divergence
from the first equation in (76) we have to form the divergence in the dual
grid because of (75) (see also Section 4 and Figure 3). The divergence in the
dual grid is represented by the matrix B (see (54)), that means, we have to
multiply the first equation of (76) with B:

BATD, “gz JweopoBD 4. € . (77)
BAT in (77) is the zero matrix (for the representation of B and AT = A see
(54) and (44), respectively):

| BAT=0 . (78)

Hence we obtain from (77) the matrix representation of the electric-field
divergence: BDy,€ = 0. This result is independent of the discretization size,
and corresponds with (75). (77) represents the analytical identity
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div curl = 0 . (79)
in the dual grid.
The analytical identity

curl grad =0 (80)

is represented in the dual grid space by

ATB=0 . | (81)

Second Ma,xwellian‘equation, magnetic-field divergence
If the divergence of the second Maxwellian equation (see (13)) is taken, we
obtain

V- (VxE)=-wV-B=0, (82)

because the divergence of the curl of any vector is identically zero. That
means, we have derived for w # 0 the forth equation of (13) from the second
Maxwellian equation. -

The matrix representations of the second and of the forth equation of (13)
are (see (41) and (74))

AD,&= —jwD4b,  BTD4b=0 . (83)

In order to derive the matrix representation of the magnetic-field divergence
from the first equation in (83) we have to form the divergence in the primary
grid because of (82) (see also Section 4 and Figure 3). The divergence in
the primary grid is represented by the matrix BT (see (74)), that means, we
have to multiply the first equation of (83) with B7:

BTAD,&= —jwBTDb . (84)

BT A in (84) is the zero matrix (for the representation of BT = B and A see
(73) and (40), respectively):

BTA=0. (85)

Thus, we obtain from (84) the matrix representation of the magnetic-field
divergence: BTDsb = 0. (85) and ABT = 0 represent the analytical identi-
ties (79) and (80) in the primary grid space, respectively.
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Remark
The relations A = AT and B = BT represent a topologlca.l property which is
caused by the duality of the two grids.

8 The Eigenvalue Problem

The structure is shielded by an enclosure, which is assumed to be a rect-
angular parallelepiped. A short part of the transmission lines is considered
as a part of the connecting structure, for example on the right-hand side of
the cross-sectional plane p = 1 or the left-hand side of the cross-sectional
plane p = 2 in Figure 1. The remaining parts of the transmission lines are
located outside of the cross-sectional planes. The cross-sectional planes can
be located on all faces of the enclosure, that means on the two (z,y)-, (z, 2)-
or (y,z)-coordinate planes. The number of transmission lines and therefore
the number of cross-sectional planes on each coordinate plane can be greater
than one in the model used in the program package F3D.

We consider a selected transmission line in the discussion to follow. All other
transmission lines can be treated similarly. Let the z-direction be the lon-
gitudinal direction of the selected transmission line. The transmission lines
are longitudinally homogeneous. Thus € and f are functions of transverse
position but are independent of the longitudinal direction.

iz'l:,j,k—l = l‘li,jik = ﬁi,j,k-l—l ? (86)
€ik-1 = &gk = &k -
Thus, we assume that the fields vary exponentially in the longitudinal direc-

tion:
E(z,y,2 % 2h) = E(z,y, 2)e¥"2h (87)

k, is the propagation constant. 2h is the length of an elementary cell in
z-direction (see (35) and Figure 7):

zi’j’k = zi+19j1k = Zi_l:jyk = Z‘L,_’]—l,k = z7'1.7+1)k = (88)
Zijk-1 = Zicljk-1 = Zij-1k-1 = 2h .

Applying (35) and (86) to (34), we obtain

e __ Uz __ Yz
ik = Cigk-10  Cigk = Cigh-1 - (89)
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Figure 7: Reduction of the dimension

Equation (30) contains the electric field components Ez;;,.., £z ,_,,
E.pijn and Bz, ., . A substitution of the ansatz (87) into Equation (30)

and use of (89) gives

g oY _ 5T __ pYT __ potikz2h _
c‘i,j,kEyi+1,j,k 4Ci,j,kEzi,j+1,k cz',j,kEyi,j,k Ci,j,k(l er )Ezi,j,k

U2 (_—7ks2h | +gke2h < +7ka2h
i (e7 P2 L ettt e T (1 — e E,

&Y T 2,%
ci,j—l,kEzi,j-1,k ci,j—l,kEyi+1,j—1,k + cz‘,j—1,kEyi,j-1,k+
ZY < 2y 2 Y,z —
(cir T 265, + Gk — 29095 7) By = 0 (90)
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The longitudinal electric field components E,,
inated by means of the 3rd equation in (13).
Using (87) and (see (28) and (35))

i Bzigs i 10 (90) can be elim-

Giik = i1 (91)
the following form of the 3rd equation of (13) yields (see (25))

(1 e+sz2h) E,.

1,0,k

1
Y,z Yz T,z Tz
——=a Gk B — G a By s T 95 e By 9 wBuias)  (92)
2,3,k

and by index shift

(1 _ e+Jk22h)Ezi+1,j,k —

Y,2 T,z x,z
(gz+1,y,k Tit1,j,k gi,j,kE-fz'.j,k + gz‘+1,j,kEyi+1,j.k - 9i+1,j-1,kEvi+1,5—1.k) :

z+1,J,k
- (93)
A substitution of (92) and (93) into (90) and using of
y(h) = e 4 gtohBh _ 9 = _45in’(k,h) (94)
gives (95).
cy' (C ,],kg‘l.,j,k( :‘_('_3; N k) + k +c 1._7—1 k 2%29 )E‘Cx ke
—g‘z—( 2,9,k Eyi+1,j,k - 1_7kEf31. e ,J,kEyz,J k) +
C;l’:’:: g; 5.3,k (-—gz- 1,5,k z""“l WJake + g"'z».71kEy‘:J k gzr] 1,k y‘:J—l k)
:Zz: 91.+1 R (gl+ly],k Titl,4,k + g‘+1:.71kEy"+1 ik g:;'iﬂ_lyk Eyi'i'l!j-l'k) -
%;(cz’;!—l,kEzi,j—-l,k + c:;—l,kEyiﬂ,j—Lk - cz,,g—l kY 51, k)
=7(h)Ez;;,. - (95)
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The corresponding Equation (96) is obtained from (31) in a similar way:

1 Y
cf’fk (C ,J,kgz,],k 'y + .J+1 ) + ,_1 k +c 1,—1 JJ.k 2%29 ) Yi,j,k +

1 zy BT — Y
%:(ci,j,kEzi,j-H.k ci,j,kEyi+1,a'.k Ci g, kE’”w,k) +

nyk Y,z

tg,k gz: k( gz’J Lk y"J_l k + gisj:kEx‘iJ, gi— 1,5,k x‘l—l,],k)

z

,J. — aZ —_—

k95 (gm+1 k=Yi 541,k + gz,J+1,kE=Ci,j+1,k gz‘—l,j+1,kEmi—1,i+1.k)

..1. 1J+1 k

1 2y
cF ( 1.-—1,3,kEyz—1 ER + Cz—l jkE-"’i—l,j+1,k - ci—l,j,kEﬂ'—'i—l,j,k)

m,k

= 'Y(h)Eyi,j,k . (96)

Thus, the problem for the transmission line region is reduced to a two-
dimensional problem, k& = const.
We have some simplifications in the calculation of the coefﬁments (34), (26)

and (27) because of (86) and (88). Thus we denote the terms from (34), (26),
(27) and (28) with ¢ and g instead of ¢ and g, respectively, and we get

-2,t —_ 4h
Gik T Foaton PE€1m¥h
~8,Z — 8 Z S I—zl-kl- l
Cixj,k - ( Ki .k (L LN 2h? S E {m7y}7 (97)
&t — ( Sigk  Sikjhkt\ _1
ci’jsk - ﬁi,j,k + ﬁ'i",j",k") ti,j,k, S,t e {$7 y})
and
o A — - .. z. .
g":v.’i:k - h(y”':JykE"'x],k + yl,]—l,kez,_’)—l,k)7
Y- foraend - . . .
gi,j,k - h(m"ﬂ:ke"ﬂsk + wl_la]ykez_lﬂak)7
(98)
=Ty i kYidk ~1,7,k¥i=1,5.k
g’:.,‘l: - ( = -'1;..J 6’-;.‘hk + Heid 4‘ . 51—1,_7,k+

Tim1,j=1,kYi=1,j=1,k ~
4 E‘L—- ,_1-1 k +

Zi j—1,kYi,j—1,k =
4 €,5-1, k) .
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Taking into account the denotations (97, 98) and sorting the unknowns in
(95, 96) in ascending order we obtain

&5y T FYE

Cii—1,k _ S5k Fim1,4.k +
B Tii—1,k ghZE  GEY Ti-1,5,k
Sk e Sk ik 7

@e s & &y &y Fits
(e (G + 2= ) + it + St - 230 ) B

39,2 i =T,y Z0E &z Tk
tak Y 95k 9it1,5.k Sk Sdk hids
g gh® il
,J,k itl,5,k — .J.k E —
“yy H55Y Tit1,4,k -y, i, 541,k
Sk 9it1,5,k 9 i,5.k I

F:l gz ,Z g5 &z §= z =

I,k J1,7—=1,k 1,7—1,k _1 k Ji41,5—1,k ,]—1 k

(EU’TZ,_ gzny - i Ey.‘ﬂ__l k + iz =1 - Epd Ey.,:+1 =1,k +
4.k Jidk 1,32k :J:k 9it1,5,k 1,5,k e

e §= "z 5T &Yz ga: \Z 252

.J,k S5k Tigk E + ,J.k itl,4,k + 2,5,k E

"'.'lt gzny Eild Yi, 3.k Cy' g“ly &yi® Yit1,5,k
:J:k ik 1,3,k 1,5,k Tit1,5,k 1.71"' !

= 7(h)E==i,j,k ) (99)
&Y, 597 &y &Y, g &y,
T — T — 1 1
(-Fietpge + S B, , + (F20 -2 E,,, ¢
Lk Iigk Ik - Sk 9i5k id ke =

=Ty =Y,Z 2,4 oY FUE &5y

.a.k Fio1,i41,k - z-l.J k E + _ Cigk 9i 41,k + 1,9,k E .
B g7 s Ti-1,5+1,k ENE gy il Tij+1,k

1,5,k Fij+1k 1,9,k Cigk Jij41,k 7,5,k

~T,Y 'z Ez,z

ik Jig—1,k G5k +
vl g: £,j— el Yi—1,5,k
Cigk 9igk Y1,k i3,k P

Ez,y T,z ~2,Z Ez,z -z z .-: z
ik [ Figk i3,k 4 bk S5k 2,{2 i,k
=T, Z ==Y Y =T, Z Ea: 3 -z Zz th,

Sgk ‘igk  Yigtik S5k 1,5.k ik
Ez T T, Z
ik - ,J'k 'Zgg;ﬂ
z Yit1 Yi, 41,k
i3,k Lk w,k 9501k ARl

=Y(h)By.;, - (100)

On the transmission line wall, the tangential component of E or the tangen-
tial component of H must vanish. Hence (99) and (100) form an eigenvalue
problem for the transverse electric field on the transmission line region un-
der the boundary conditions (15). (k) are the eigenvalues. Eg, .., Ey. ..,
k = const, are the components of the eigenfunctions. Solving the eigen-
value problem the transverse electric fields E(p ). 1 =1(1)m®), are known at
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the cross-sectional planes p, and the boundary condition (14) can be build
(

superposing the transmission line modes E‘;ﬁ) , L= 1(1)m(”), with weighted
mode-amplitude sums (see [4]).

If the cross-sectional plane is located on the (z,z)-plane of the enclosure,
we can develop in a similar way the equations which correspond to (99) and
(100).

We get formally the corresponding equations if we change the variable y to
z and shift the indices § to k and k to 7, 7 = const.

The same can be performed for the (y, z)-plane of the enclosure.

9 Conclusion

The model for the simulation of monolithic microwave integrated circuits,
and the finite-volume method for the solution of the corresponding three-
dimensional boundary value problem for the Maxwellian equations has been
presented. The application of the finite-volume method results in an eigen-
value problem for nonsymmetric matrices and the solution of a system of
linear equations with indefinite symmetric matrices. -

Improved numerical solutions for this two time- and memory-consuming lin-
ear algebraic problems, the computation of the scattering matrix and of the
used orthogonality relation are treated in [4].
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