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ABSTRACT. We prove an improvement of flatness result for nonlocal phase transitions. For a class of nonlocal
equations that includes (—A)*/?u = u — u3, with s € (0, 1), we obtain a result in the same spirit of a celebrated
theorem of Savin [30] for the equation —Au = u — u>. As a consequence, we deduce that entire solutions
to (—A)*/?u = u — u® with asymptotically flat level sets are 1D when s € (0, 1).

The results presented are completely new even for the case of the fractional Laplacian, but the robustness of the
proofs allows us to treat also more general, possibly anisotropic, integro-differential operators.

Analogous and complementary improvement of flatness results for (—A)*/2u = u — u* with s € [1,2) have
been (only very recently) obtained by Savin in [32]. The proofs in [32] follow a more robust version of the proof in
[30], which has been introduced (also very recently and by Savin) in [31].

We remark that the proofs in [31, 32] are valid only for the “mildly nonlocal case” in which s € [1,2), while
we focus here on the “genuinely nonlocal case” in which s € (0, 1), which presents fundamental differences with
respect to the previous ones.
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In this paper we establish an improvement of flatness result for a generalized nonlocal Allen-Cahn equation

Lu= f(u) inR",

(1.1)
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where L is an elliptic scaling invariant operator of order s € (0, 1), of the form

Lu(x) == /n (u(z) — u(z + y))% dy. (1.2)

The typical example of nonlinearity that we take into account is when f is (minus) the derivative of a double-well
potential . Also, throughout the paper, we assume that the measure 1 in (1.2), which is often called in jargon
the “spectral measure”, satisfies

w(z) =p(—z) and 0 <A< pu(z) <A<+oo forallze S™ (HO)

Equations as in (1.1) naturally arise in several contexts, such as phase transitions, atom dislocations in crystals,
mathematical biology, etc. (see e.g. Section 2 in [21], the Appendix in [18], the Introduction in [11], and also [6]
and the references therein for a series of motivations under different perspectives).

Motivated by a celebrated conjecture by Ennio De Giorgi in [19], a natural problem in phase transitions is whether
or not all the solutions (under appropriate energetic or geometric assumptions) are 1D profiles, i.e. increasing
functions of only one Euclidean variable.

The goal this paper is to address this symmetry problem for the nonlocal phase transition equation (—A)S/Qu =
u—u?, and, even more generally, for equations as in (1.1), in the genuinely nonlocal regime in which s € (0,1).

We use the wording genuinely nonlocal regime for the following reason. Although for all s € (0, 2) the diffusion
operators (—A)“)’/2 are nonlocal, when studying asymptotic properties (at large scales) of the nonlocal phase
transition equations one finds very different behaviors in the two regimes s € [1,2) and s € (0, 1).

Namely, when s € [1,2), the interfaces between the two phases exhibit a local behavior at a large scale
(in spite of the nonlocal character of the problem) and the phase separation is related to the minimization of
the classical perimeter functional (similarly as in the case of the Laplacian s = 2 as given by the classical
I"—convergence result of Modica and Mortola [28]). Conversely, in the genuinely nonlocal regime s € (0, 1),
the interface maintains a nonlocal character at any scale and the phase separation is described by a nonlocal
perimeter functional introduced by Caffarelli, Roquejoffre and Savin in [12]. A rigorous statement of the previous
heuristic description was proven by Savin and the third author in [33] through I'—convergence results.

In this paper we prove that asymptotically flat phase transitions are 1D, i.e. depend only on one Euclidean
variable. As a consequence we obtain several new classification results for entire minimizers of nonlocal phase
transitions along the lines of the conjecture of De Giorgi. These main results will be collected in Theorems 1.2,
1.3, 1.4, 1.5 and 1.6 and discussed in details in the forthcoming Subsection 1.4.

As a matter of fact, the cornerstone for these theorems is an “improvement of flatness” result, which is contained
in Theorem 1.1 and which will be presented in Subsection 1.3.

Next we introduce the mathematical framework in which we work, by listing the precise assumptions on the op-
erator L and on the nonlinearity f which are involved in the main equation (1.1). This is done in Subsections 1.1
and 1.2. Let us however tell in advance that L = (—A)*? and f(u) = u — u? trivially satisfy the assumptions
given in Subsections 1.1 and 1.2 and thus the reader who is interested only in this model equation can skip
Subsections 1.1 and 1.2 and go straight to Subsections 1.3 and 1.4 to read the main results.

1.1. Further hypotheses on L. Let us introduce the following notation, that we will use throughout the paper,
for the fractional Laplacian in dimension 1 (without normalization constants). Given a bounded ¢ € C*(R), we

define
Lo(z) = / ¥(z) |_<|1f+(z a4 LeRr (1.3)




For 1) as above, w € S"! and h > 0, we define, for any x € R",
- x
Bon () == (w : E) . (1.4)

Then, for each operator L of the form (1.2), let by, : S"~! — (0, c0) be defined as follows. We set hf,(w) := h,
where h > 0 satisfies

Lpyp(z) = Ew( ) forall ¢» € C*(R) N L®(R). (1.5)
Using the function &, we define the closed convex set
C=C;:= ﬂ {mER” :x-wghL(w)}. (1.6)
wES”*l

We notice also that, since L is even, both h;, and C;, are even, i.e. symmetric with respect to the origin. In
addition, we remark that, when L = (—A)*/2, C; is a ball (centered at 0).

Our assumption on L is that
0Cr, is C1! and strictly convex. (1.7)

More quantitatively, we assume that there exist o’ > p > 0 such that

1 1
the curvatures of d Cy, are bounded above by — and below by —. (H1)
P p

This assumption is equivalent to saying that for all z € 0Cj, there exist o’ > p > 0 and y, z € R" such
that B,(y) C C;, C By(2),and x € 0B,(y) N 0By (z).

We remark that the definition of /1, in (1.5) is well posed, and indeed an explicit expression of i, (w) is obtained

through the formula
1 1/s
hi(w) = (5/ |w - 0]° 1(6) d@) . (1.8)
Sn—l

To prove (1.8), we proceed as follows

Lty (z) = An(¢<w'%>_w<w'xzy) M,(yy‘i‘i’)dy
- /+°°+ig/snld9 (@Z) h>_¢ w.%jLw.%g))%
(o) (e )

)
h

= 5/_00 a [ (v(w-7)=v(w-7+¢)) —'wh'jgﬁie),

where we used the change of variables ( = ”T'e. Hence, if h = hp(w) is given by (1.8),

b= [T o (o 8) o5 ) B (o),

—oo
that is (1.5).
A special case of (1.8) occurs when the spectral measure is induced by a convex set, namely when
ply/ly) 1
Iyl
for some convex set K, where || - || x is the norm with unit ball K, that is, for any p € R",

|p||k :=sup{t > O0s.tp/t ¢ K}. (1.9)
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Then, in this case, an integration in polar coordinates yields

1/s
1 w - 6)° 1/s n—l—s/ /1/|I9IIK -
h == do — db d L g|® sl
= (3 [ ors) 7 Jo ), el e
1/s
:(n+s/|w~x|sdx> :
2 Jk

As pointed out to us by M. Ludwig, to whom we are indebted for this comment and the interesting references
provided, the convex body associated to this support function is the so called “L,,-intersection body” of K. These
convex bodies are well studied in convex geometry, in relation to the important Busemann-Petty problem, see [3]
and references therein for more information on this subject.

As shown in [3], for any given convex set K (bounded and with nonempty interior) which is symmetric with
respect to the origin, the function A, is strictly convex in all the nonradial directions. Also, from (1.8) it follows
that iy is C1tin R™ \ {0} when pis C1. Actually 1 € C?~5¢ suffices since the “kernel” |w - 0]* is C'® and
this yields a regularity improvement.

When K is any C!! convex set, the previous observations imply that the set
Cz = {hL = 1}

is a C'!, even with respect to 0, strictly convex set. Noting that C, and C; are one the polar body of the other,
one can show that Cy, is also a C'*!, even, strictly convex set. Indeed, since C} is a C''!, even, strictly convex set,
any point of its boundary can be touched by two even ellipsoids, one contained in, and the other one containing,
C; . Considering the polar transformations of these ellipsoids we show the same property for C..

1.2. Hypotheses on f. Our assumptions on f, precisely stated below, are satisfied when f = —W/’, with W
being a C? double-well potential with wells (i.e. minima) at =1 and satisfying that 1" > 0 near %1.

More precisely, and somehow more generally, we assume that f belongs to ot ([—1, 1]) and satisfies, for some
k> 0andc, >0,

f(=1)=f(1)=0 and f[f'(t) < —c, forte[-1,—1+k|U[l—rx,1]. (H2)

Moreover, we assume that

Lo = f(¢o) inR,

5 o >0 inR,
there exists ¢ satisfyin H3
0 SAUSHING 9 34(0) =0, (9
lim ¢y = +1.
r—+oo
We recall that £ denotes the one-dimensional fractional Laplacian in (1.3).
When f = —W’ and W is a C? double-well potential with wells at 4-1, the existence of the previous one-

dimensional heteroclinic solution is proven in [29, 9] (see also [17] for the case of general kernels). Thus, condi-
tion (H3) is satisfied in this case. Also, condition (H2) is satisfied when /" > 0 near £1, and this model case,
which has concrete realizations in phase transition models, is for us the main motivating example.

In order to precisely identify the quantities on which the constants in the estimates of the paper depend, let us
define

Lei=inf{1>0: ¢o([-1,1]) D [-1+k,1—K]}. (1.10)

More informally, [,; is (half of) the length of the symmetric interval where the transition of ¢, essentially occurs.
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1.3. The improvement of flathess result. In the framework that we have just introduced, we are now in the
position of stating our main result as follows.

Throughout the paper, we take s € (O, 1) and we call a constant universal if it depends only on n, s, A\, A, p, ¢/,
K, ¢, and [,;, see Subsections 1.1 and 1.2. In particular, universal constants depend only on n, L, and f.

In the statement of the next theorem, for fixed ag > 0, given a € (0, 1) we define

Ja = _loga__ | (1.11)
log(2720)

Note that j, is a nonnegative integer and that 2%/« is comparable to 1/a.

Theorem 1.1. Assume that L satisfies (H1) and that f satisfies (H2) and (H3). Then there exist universal
constants ay € (0,5/2), po € (2,00) and ag € (0,1/4) such that the following statement holds.

Leta € (0,a0] ande € (0,a™]. Letu : R" — (—1,1) be a solution of Lu = £ f(u) in Byj. such that
0e{-14+rx<u<1l-—k}and

{wj-2 < —a20) ¢ {u< —1+r} C{u<l—r} C {w o< a2} inB,,;,
for0 < j < ja, wherew; € S,

Then,
a

a ,
{w-xé—m} C{u<—1+k} C{u<l—k} C {w-xém} in By s,

for somew € S™1.

We observe that Theorem 1.1 is related to the improvement of flatness in [30], with some important differences:
besides the nonlinear dependence of € from a, which is different from the classical case —on which we will
comment later on —we remark that our Theorem 1.1 is valid for solutions, and not only for minimizers of the
energy functional. This is due to the fact that our methods bypass the use of density estimates.

In order to explain more intuitively the content of Theorem 1.1, let us introduce some (informal) terminology. We
call transition level sets (of u) all the level sets {u = 6} for § € (—1 + k,1 + k). We say that the transition
level sets are flat at a scale R if they are trapped, after some rotation, in a cylinder By x (—aR, aR). We call
flatness the adimensional quantity a.

With this terminology, Theorem 1.1 says that if the transition level sets are flat enough at a very large scale, then
its flatness improves geometrically at the half scale. This result is suited for iteration. However, as we will see
in more detail in Section 7, the geometric improvement of the flatness cannot be done up to scale 1 but only
up to some (still huge) mesoscale. This is an important difference with respect to the result in [30] and we will
comment more on it later on.

Another way to look at the result in Theorem 1.1 is as an approximate C'1*® regularity result for level sets. Namely,
if the transition level sets of the solution of Lu = ¢~° f(u) in B, are trapped between two parallel planes close
enough to the origin, and ¢ is small enough, then the transition occurs essentially on a C'*“ graph in By up
to errors that decay algebraically (in €) as € | 0. The limit case as ¢ | 0 of this result plays a crucial role in the
regularity theory of nonlocal minimal surfaces; see Theorem 6.8 in [12].

1.4. 1D symmetry of asymptotically flat entire solutions and consequences. An important consequence
of Theorem 1.1 is a general rigidity result. It states that entire solutions of nonlocal Allen-Cahn equations satis-
fying an “appropriately weak” asymptotic flatness condition for its transition level sets possess one-dimensional
symmetry, i.e. their level sets are hyperplanes.
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Combining Theorem 1.1 with asymptotic results such that the I'-convergence results of Savin and the third
author in [33] and the classification of minimizing cones for the fractional perimeter [34, 16, 26], we obtain new
1D symmetry results for entire solutions of (—A)S/Qu = f(u) in dimension n < 8. In this section we list these
new results.

As explained at the beginning of the introduction, these symmetry properties for solutions of equations which
model phase transitions are a classical topic of research that goes back to a famous conjecture posed by
De Giorgi in [19]. The problem has been widely studied in the local setting (see e.g. [2, 1, 27, 4, 30, 38, 20, 24, 25])
and some results have been obtained also in the nonlocal case (see [10, 37, 7, 8, 36]). See also the very recent
results in [31, 32], in which the techniques invented in [30] have been suitably extended and modified in order to
deal with the equation (—A)*/?u = u — u? with s € (1,2) (notice that the range of s dealt with in [31, 32] is
complementary with the range treated in this paper, which takes into account the genuinely nonlocal case).

To state our results, it is convenient to give the following definition: we say that a function u : R™ — R is 1D if it
depends only on one Euclidean variable, up to a rotation, namely if there exist @ : R — R and @ € S™~! such
that u(z) = u(w - z) for any = € R™.

The following general theorem will lead to new rigidity results in different concrete situations: for minimizers or
monotone solutions of fractional Allen Cahn equations, for stable solutions, etc. We write it in this general form
so that it can be neatly applied to all these situations.

Theorem 1.2 (One-dimensional symmetry for asymptotically flat solutions). Assume that L satisfies (H1) and
that f satisfies (H2) and (H3).

Letu be a solution of Lu = f(u) inR".

Assume that there exist Ry > 1 and a : (R, +00) — (0, 1] such thata(R) | 0 as R 1 +o0 and such that,
forall R > R, we have

{w-r<—a(RR}C{u< —-1+k} C{u<1l -k} C{w- -z <a(R)R} inBg, (1.12)
for some w € S™', which may depend on R.
Then, v is 1D.

Let us point out that Theorem 1.2 will be a consequence of Theorem 1.1, but it does not immediately follows
from it. Its proof is nontrivial because in Theorem 1.1 we (need to) assume that ¢ < a?°, instead of ¢ < ca
as in [30]. As a consequence, applying iteratively Theorem 1.1 to a flat enough interface in a large ball B,
we improve geometrically the flatness, but only up to a mesoscale B,, where r = R'~°. If instead we had a
condition like € < ca, we could improve the flatness right away up to scale 1 and the Theorem 1.2 would be an
immediate consequence of Theorem 1.1.

For this reason, the proof of Theorem 1.2 requires a suitable multiscale iteration of Theorem 1.1, combined with
the use of the sliding method of Berestycki, Caffarelli and Nirenberg [4, 5], appropriately modified to treat the
nonlocal case (see e.g. [23]). See Subsection 1.5 for further details on the proofs.

Now we consider the concrete case of minimizing solutions of the nonlocal Allen-Cahn equation (—A)%/2y =
u—ud, with s € (0,1). We remark that the problem is variational, with associate energy functional given by

E(u, Q) == EP"(u, Q) + /(1 —u*(x))? dz,

Q
where, for some appropriate constant C, s > 0,

. 2
ED“@%§D:::C;ﬁu//1 Lz@ﬁ——gﬁzn—dxdy. (1.13)
R2m\(R™\Q)?

|z — y[n T



We say that a solution u of (—A)*2u = u — u® is a minimizer of £ in R™ if

E(u,B) < E(u+ ¢, B),
for any ball B C R"™ and any ¢ € C§°(B) (notice that, for simplicity, we are dropping the normalization constant
in the fractional Laplace framework).

In this setting, we have:

Theorem 1.3 (One-dimensional symmetry in the plane). Letu be a minimizer of £ in R2.
Then, u is 1D.

Theorem 1.3 has been also proved, by different methods, in [9, 37]. On the other hand, the following results are,
as far as we know, completely new, since they deal with higher-dimensional spaces (indeed, the only symmetry
results known for the fractional Allen-Cahn equation are the ones in [7, 8], which hold in dimension n = 3
with s € [1, 2), while we will consider now the case n > 3 and s € (0, 1), under different assumptions).

Theorem 1.4 (One-dimensional symmetry for monotone solutions in R3). Let n < 3 and u be a solution
of (—A)*?u = u —u® inR™.

Suppose that
88;; (x) >0 foranyx € R"
and
xnlggoo uw(x', z,) = 1.
Then, u is 1D.

The next two results deal with the case in which the fractional parameter s is sufficiently close to 1 (that is,
roughly speaking, when the nonlocal diffusive operator is sufficiently close to v/ —A). In this case, it is known
that the minimizers of the corresponding geometric problem of fractional perimeters are close to the classical
minimal surfaces (see [16]). This fact provides an additional rigidity of the interfaces that we can exploit in order
to obtain symmetry results.

Theorem 1.5 (One-dimensional symmetry when s is close to 1). Letn < 7. Then, there exists ,, € (0, 1) such
that for any s € [1 — n,, 1) the following statement holds true.

Let u be a minimizer of £ inR™. Then, u is 1D.

Theorem 1.6 (One-dimensional symmetry for monotone solutions in R® when s is close to 1). Letn < 8. Then,

there exists 1, € (0, 1) such that for any s € [1 — n,,, 1) the following statement holds true.

Letu be a solution of (—A)*/?u = u — u? in R™,

Suppose that
0
4 (x) >0 foranyx € R" (1.14)
oz,
and
lim w(2',z,) = +1. (1.15)
Tp—E00

Then, u is 1D.
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1.5. Overview of the proofs and organization of the paper. At a very high level, our proof of Theorem 1.1
follows the classical “improvement of flatness strategy” that goes back to De Giorgi (see e.g. the retrospective
in [14]) and that was pioneered in [30] for the case of level sets of classical phase transitions and suitably modified
in [12] in the context of nonlocal minimal surfaces. Our argument uses all the ingredients of the previous literature,
but needs to go beyond them. The delicate proof of our version of the improvement of flatness result relies on
compactness and extends from Section 2 to Section 6. Let us give next the “big picture” of it.

Very roughly, we take a sequence u,, of solutions of (—A)*/?u, = £7° f(u,) such that the transition level sets
of u, are trapped in (a sequence of) very flat cylinders of flatness a. We assume that ¢ < a?° for py very large
and we show that u, ~ +1 outside of, essentially, a n — 1 dimensional surface (very flat but possibly very
irregular). We then consider “vertical rescalings”, that is, we consider the change of variables

x
(2, x,) — <x’, f)

of these “transition” surfaces (clearly here we assume that they are flat in the direction x,,).

A main step in the proof consists in proving that these vertical rescalings are compact and converge to a graph. To
achieve this compactness we need a “Holder type” estimate, or improvement of oscillation, for vertical rescalings.
The proof of this improvement of oscillation estimate requires to build fine barriers for the semilinear equation.
We thus obtain that the vertical rescalings converge to a Hélder continuous graph ¢g : R*~* — R. Moreover,
we prove that g is a viscosity solution of the linear translation invariant elliptic equation (—A)lzﬁg =0inR" !
Finally we deduce the improvement of flatness of the transition level sets from the C'1* interior regularity of the
equation (—A) 2" g = 0.

The rest of the paper, namely Sections 7 and 8, is devoted to the proof of Theorem 1.2 and its consequences.
As explained before, Theorem 1.2 follows from Theorem 1.1 but not in a straightforward way. Let us summarize
next the main steps of its proof.

We use two different iterations of Theorem 1.1. The first iteration, that we informally call “preservation of flat-
ness”, is given in Corollary 7.1. The second iteration, really a geometric “improvement of flatness” is given in
Corollary 7.2. Corollary 7.2 is stronger in the sense that the flatness is improved geometrically in a sequence of
dyadic balls, but only up to a large mesoscale. In Corollary 7.1 the flatness does not improve but is just preserved
across scales but, as a counterpart, it gives information up to scale 1.

To prove Theorem 1.2 we need to combine Corollary 7.1 with a multi-scale application of Corollary 7.2. Doing
so, we prove that the transition level sets are trapped, in all of R", between a Lipschitz graph and a finite vertical
translation of it. Then, we need to use the sliding method (in its full strength) to conclude that the level sets of the
solution are indeed flat.

It is worth to emphasize again that, differently from the classical case of [30], and from the mildly nonlocal case
of [32], in our genuinely nonlocal setting the improvement of flatness result is not strong enough to imply the 1D
symmetry of entire solutions right away. Only with the suitably tailored argument outlined above we can conclude
the proof of the symmetry result.

The paper is organized as follows.

In Section 2 we introduce a method to build fine barriers for the semilinear equation Lu = ¢~* f(u). The main
idea is to model the solutions using the (anisotropic) distance function given by the norm || - || to a very flat
convex graph.

In Section 3 we give some simple (though very useful) auxiliary results on the decay of the solutions. We prove
that a solution u decays to +1 (resp. to —1) like (d/e)~7°, where d is the distance to {u < 1 — k} (resp. to
{u > -1+ k}).
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In Section 4 we state and prove the improvement of oscillation result for vertical rescaling, thus obtaining the
compactness of the vertical rescalings.

In Section 5 we prove that the limit of the vertical rescalings satisfies a linear translations invariant nonlocal
elliptic equation.

In Section 6 we complete the proof of Theorem 1.1.

In Section 7 we prove Corollaries 7.1 and 7.2 and give the proof of the Theorem 1.2, that is based on a suitable
application of the sliding method.

In Section 8, we then give the proofs of the symmetry results in Theorems 1.3, 1.4, 1.5 and 1.6.

Notation. For the convenience of the reader we gather here the notation that we will follow throughout all the
paper. The following list of notations is just for quick reference and all the notations are introduced (again) within
the text at their first appearance.

W [, f are the nonlocal elliptic operator and the nonlinearity, respectively, see (1.1).

W n, s, \, A are, respectively, the dimension, the fractional parameter (or the order of the operator) and the
ellipticity constants of L, see (1.2) and (HO).

B L denotes the one-dimensional fractional Laplacian as in (1.3).

B C = Cy, is the convex body with support function hy, and p’ > p > 0 are the two constants in its curvature
bounds, see Subsection 1.2 and in particular (H1).

B x, ¢, and [, are the constants in the quantitative assumptions of f, see Subsection 1.3.

B We will call a constant universal if it depends only on n, s, \, A, p, p', k, ¢, and [ .. In particular, universal
constants depend only on n, L, and f.

B We write

XCY inB if XNB CYNB.

B We denote by || - ||¢ the norm with unit ball C. We also denote by C,.(y) the ball of radius r and center y
with respect to this norm, namely
Cr(y) =y +rC.
Notice that when L is the fractional Laplacian C,.(y) is simply B, (y).
B Points in R"! will be denoted by 2’ and x = (2/,x,,) denotes a point in R" with n-th coordinate x,,.
From now on, we also denote by B_. the (n — 1)-dimensional ball of radius r > 0.
B ¢ denotes the function £ : R~ — R which is defined by

1ta
Ea') =&(|2']) == (14 2") * —1. (1.16)
B Given b > 0, we denote by dj, the signed distance function to the set {xz,, > b&(z’)} with respect to the
norm || - ||¢, thatis,
() = +inf{||z —xle : Z = bf(z’)}, for z, > b&(2'),
T —inf{||z —z|lc : 2, =0&(2)}, forz, < bE()

B Given ¢ : R — (—1,1), for any z € R, we set
¢ () == p(dp(x)).

Notice that ¢* : R — (—1,1), and it may be seen as a “rearrangement” of the layer solution ¢ with
respect to the signed distance function.

In addition to the previous notations we use also the following very standard ones.

B Givenr € R, we denote by | := max{r,0} and r_ := max{—r,0}.



B Given a measurable function f : X; x --- x X, = R, we use the repeated integral notation

/dml.../ dxmf(xl,...,wm):—/ [ flz, .o xm) dey, ... | dz.
X1 m Xl Xm

2. APPROXIMATE SOLUTIONS VIA DEFORMATION OF LEVEL SETS

In this section we construct approximate solutions in B; by deforming (slightly curving) the flat level sets of a
one-dimensional solution.

2.1. Alayer cake formula. We start with a simple layer cake representation for the integro-differential operators.

We use the notation
1 ifag <agandf € [al,ag],

X[al,aﬂ(e) = if either a1 > ao, &

ora; < agandf & [ay, as).

Using this, we have the following simple layer cake type representation for nonlocal operators:

Lemma 2.1. /t holds that

/1yl
/ dy / d9 Xo(a-ty) ()] () — X[v(x>,v<x+y>1(9)) MTL (2:2)
Furthermore, if z € R™ is such that v(x) = w(x), then
Yy

LU( / dy / d9 X[v(z4y),w( z+y)](9) - X[w(x+y),v(z+y)](9)> w (2.3)

Proof. By (2.1),
(a1 — az)- = (a2 — 1)y = / Xar,a2)(0) 46
R
and therefore
v(z) —v(@+y) = (v(@)—v(z+y)), — (v(@) —v@+y))_

= /RX[U(JE-H/),( (9> db — /RX[U(J:),v(x-i-y)](Q) do.

So, we integrate and we find (2.2).

Similarly, we write

w(:)s + y) - U(x + y) = /RX[v(ery),w(:p+y)}(0) df — /RX[w(ery),v(x+y)}(0) do,

which gives (2.3) after integration. 0

2.2. Touching the level sets of the distance function by concentric spheres. This section discuss some
geometric features related to the signed anisotropic distance function to a convex set. To this aim, we recall
some basic properties of the support function A, defined in (1.8). First of all, for any z, y € R", the following
inequality of Cauchy-Schwarz type holds true

2y < hp(y) [zfle. (2.4)

See e.g. Lemma 2.1 in [22] for an elementary proof.
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As a counterpart of (2.4), we have that equality holds when one of the two vectors is normal to the sphere to
which the other vector belongs. More precisely, we have that if zo € R", R > 0, z € dCg(2) and wy € gn—t
is the inner normal of dCg(zo) at the point z, then

wo - (20 — 2) = Rhp(wo), (2.5)
see for example Lemma 2.3 in [22].

Moreover, it is useful to recall that &, is the “support function” of the convex body C, namely for any w € S™1
we have that

hp(w) =supz - w, (2.6)
zeC

see for instance Lemma 2.2 in [22].
We recall also here that both hr, and C are even.

Given a nonempty, closed and convex set X C R", we define the anisotropic signed distance function from K
as

di(z) :=inf {{(z) : {(z) =w-z4+¢, hy(w)=1, c€R and ¢>0 inallof K}. (2.7)
Notice that d is a concave function, since it is the infimum of affine functions. Moreover, as shown for instance
in Proposition 2.7 of [22], it holds that

+inf |z —zllc : 2z € OK forx € K,
d (x) — { {H HC }

2.8
—inf{||z —z|l¢c : z€ 0K} forz e R"\ K. (8}

We have that d is a Lipschitz function, with Lipschitz constant 1 with respect to the anisotropic norm, namely,
for any p, ¢ € R",

|dx(p) — dx(a)] < lp — dlle, (2.9)
see e.g. Lemma 2.4 in [22].

With this setting, we can now prove that the level sets of dx are touched by appropriate concentric anisotropic
spheres:

Lemma2.2. Letzyp € K = {dx > 0}. Assume that Cr(z) C {dx > 0} touches 0K = {dx = 0} at some
point Z € {dx = 0}.

Then, foranyt € (—oo, R),
the set Cr_.(20) is contained in {dx > t}

and touches {dy = t} at the point

(2.10)
R—t
Z:i=2Zzy+ (Z - Zo) S (aCR_t(Z())) N {dK = t}
Furthermore, if we denote by wy € S™~! the inner normal of OCr(z) at the point z, it holds that
w
R—|lz = zllc < dx(x) <WO) -(x — z) forany z € R,
w
LOR_t 2.11)
and equalities hold when x = zy + 7 (z — 2p), forsomet € (—oo, R).
In particular,
R—t
dr <zo + 7 (z — zo)> =t. (2.12)
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RoT (2 — 2), then

In addition, if T € (—o0, R) and z, := 2 + ~%
Cit—+|(2-) Is tangent from the outside to the set

wo
re€R"stdg(xr) <t< (r—z 2.13
at the point z.
Proof. The geometric setting of Lemma 2.2 is depicted in Figure 1.
2
I A\
/
/
/
!
!
I
|
|
I
|
\ 0
\
\
\
\
\
\
\
\
\
\
\
\
\
\\ 74
\
\ =
\\ Z s
B {dy. = 0}
\\\\{\dk = t}
FIGURE 1. The geometry of Lemma 2.2 whent € (0, R) and whent € (—o0,0).
The proof goes like this. For every t € (—oo, R), we have that
R—t, _
Iz = 2ollc = 12 — 20lle = R —t, (2.14)
and therefore
2z € 0Cr—_¢(20). (2.15)
(2.16)

In addition, we point out that, for every ¢t € (—oo, R),
Cth(Zo) C {dK = t}

To check this, we distinguish two cases: either t > 0 (i.e. t € [0, R)) ort < 0.If ¢ > 0, we argue as follows. Let
p € Cr_t(20). Then, for any ¢ with ||¢||c < ¢ we have that p + ¢ € Cr(29) C {dx > 0}.

Consequently, in light of (2.8), for any affine function ¢(x) = w - x + ¢, with by (w) = 1, ¢ € R, and such that
(2.17)

¢ > 0in{dx > 0}, it holds that
lp+q) = 0.
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Therefore, we slide the halfspace with inner normal = till it touches OC and we take this touching point g.

||
w

Namely, we have g € JC;, with = as inner normal of OC; at g. Hence, by (2.5),

||

_ Y y=th (i) _ thp(w) o

@l [l wl -l

This and (2.17) give that
0<{lp+q)=w-p+ct+w-q=w-p+c—1.
This shows that £(p) > t and so, in view of (2.22), that d (p) > t, that establishes (2.16) in this case.

So, we now check (2.16) in the case in which ¢t < 0. For this, let p € Cr_4(20). If p € Cr(20), then dg(p) >
0 > t, and we are done, so we can suppose that p € Cr_;(29) \ Cr(z0), hence

Ip — 20llc € [R, R—t].
We take
R(p—20)
1P = 20lle
Notice that ||¢ — zo||c = R, hence ¢ € Cr(z) C {dx > 0}. This and (2.9) imply that
—di(p) < di(q) —dx(p) < llg—plle = |R—llp — 2lle] = lp — 20lle = R < (R—1t) — R,

that gives d (p) > t, as desired. This completes the proof of (2.16).

q =2 +

Now we check that
dg(z) =t. (2.18)
To this aim, we observe that
2 € Cpt(20) C {dk > t},
thanks to (2.15) and (2.16). Consequently, to establish (2.18), we only need to prove that
dg(z) < t. (2.19)

To this goal, if £ > 0 we use (2.9) and we see that

t
dg(2) = di(2) = dr(2) < |2 = Zlle = 7 112 = 2olle < ¢,

which is (2.18) in this case.

Ifinstead ¢ < 0, we denote by wy € S™ ! the inner normal of Cr(z0) at the point z, and we exploit (2.5) (recall
also (2.38)) to see that

Wo S W o — 3 R_tz—z
dK(Z)<hL(WO)'(z_Z)_hL(W()) <0 "R | 0)> (2.20)
t Wo —
= Rl 070

This finishes the proof of (2.18).
Then, (2.10) follows from (2.15), (2.16) and (2.18). In turn, (2.10) also implies (2.12).
We also observe that, from the previous considerations, (2.11) follows in a straightforward way using (2.8).

Now we prove (2.13). First of all, we notice that ||z, — Z|¢c = |t — 7|, due to (2.14), so Z lies on OC;_,((2;).
Thus, to prove the result in (2.13), we need to show that

R" st ||z — z-|lc < |t — dd <t <
{xE st ||z — z-]|c < |t — 7| and dk () o (o)

-(x—z)} =g. (2.21)
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FIGURE 2. Proofof (2.21) whenT = t and when T < t.

For this, we refer to Figure 2, we argue by contradiction and we suppose that there exists x in the set on the left
hand side of (2.21). Then, we distinguish two cases, either 7 > tor 7 < t. If 7 > ¢, we use (2.12) to see that

dk(z;) = T and so, exploiting (2.9),
0<t—dg(x)=t—7+dg(z) —dg(x) < |t = 7|+ ||z — z:]lc <O,

which is a contradiction. If instead 7 < %, using (2.4) and (2.5) we find that

Wo _ wo _ wo
t——(r—2)= zr — 2) + (xr— 2z,
(o) ( ) e ( ) (o) ( )
T A e le=T+r—zlle<TH|t—T| =t
S . — <7 = — AT - )
hilwy)) R ¢ ¢
O

which is a contradiction. This proves (2.21), which in turn gives (2.13).

2.3. Distance function from a convex graph. Here, we look at the special case of the distance function from
a sufficiently flat graph with an appropriate growth. For this, let « € (0, s) be a fixed constant. Let us introduce

the function £ : R"~! — R defined by
1ta
()= (1+2"%) * -1

Note that £(0) = 0 and that £ is convex with

1+ ar? .
D2 = diag <%1 1,...,1) (1+a)(l+r)%T >0

in a coordinate system with the first axis pointing in the radial direction.
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Given some orthonormal coordinates = (z/, x,,) in R™ and b > 0, let us define
Ly o= {x, > b&(a') }.
From the convex set I';, we define the following anisotropic signed distance function
dy(z) :=inf {{(z) : {(z) =w-z+¢, hy(w)=1 c€R,and >0 inallofl}}. (2.22)

By comparing with (2.7), we have that d; coincides with d with the particular choice K := I';,. Hence, in view
of (2.8), it holds that

inf — : or fi r
dy(z) ={ T Uz =zl : €00y} forzely, (2.23)
—inf {[|z — zl¢ : z €y}  forz € R*\ T},
where || - ||c denotes the norm with unit ball C; for this, we use the notations in (1.6) and (1.9) and we recall

that, throughout the paper, C = Cy, is the convex body associated to L and, for any > 0 and any y € R", we
set
C-(y) =y+rC. (2.24)

The following result states that under the hypothesis (H1), and for b small enough, all the level sets of d;, passing
close enough to the origin are C'"! graphs, with their second derivatives bounded by C'b near the origin and with
growth at infinity controlled by C'b|x|! 2.

Lemma 2.3. There exist by > 0 and Cyy > 0, depending only on «, p and p', such that for any b € (0, by) and
anyt € R, with {d, =t} N Cy/, # &, we have that

{dy =1t} = {yn =Gy}
where G : R"~! — R is a suitable convex function satisfying
|D*G| < Cob inBy,, (2.25)
and

|G(y') — G(0)| < Cob(1 + [y/)!** forally’ € R*. (2.26)

To prove Lemma 2.3 we need the following simple preliminary result:

Lemma 2.4. We have the following inequalities between the anisotropic and the Euclidean norm

1 1
Sl e <o) -1 227

/

Proof. By (H1), we have
B, CCC By.
Therefore, recalling (1.9),

1
|z|lc =sup{t > 0st x/t ¢ C} <sup{t >O0sta/t ¢ B,} = —|z,
p
which proves the second inequality in (2.27). The second inequality is proven likewise. 0
Proof of Lemma 2.3. We have »
D) < C(1+d']P) 7, (2.28)
for some C' > (0 depending only on a.

Using that 0 € OT'y, = {d;, = 0} and that, by assumption, there exists p € C4/, such thatp € {d, = t}, we
have that

4
It] < llp = Ofe < o (2.29)
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Choose y € {d, = t}. Recalling Lemma 2.4, let i be a point on OI'}, for which
L _
1=yl < 1y = ylle = ld(y)l = |2l

By (2.28) there exists a ball of radius R > ¢/b contained in I';, and touching OI'}, at the point 3/, where ¢ > 0
depends only on «. Since C, C Brp/ there exists zg in I', such that

Cr/p(y0) C Ty and touches OI' at 3. (2.30)

Then, by Lemma 2.2 we have that

Cr/py—t(Y0) C {dy >t} andtouches {d, =t} aty. (2.31)
Since C is assumed to be C'*!, this shows that the boundary of the convex set {d; > t}is 1.
Let us prove that, indeed, the boundary of {d, > t} is a graph and control the gradient and the second deriva-

tives of this graph. We assume that b, is small enough so that

Rip—t> S _25¢

b p~ b
where ¢ denotes a positive universal constant (that may change each time).

Now, denoting y = (v, y,,) and 4 = (¥, ), we have

) ) 4
T <+ ly—g <+t <y +; < |y +C.

The tangent plane to Cr/,»—.(Yo) at § is parallel to the tangent plane to Cr/,/ (yo) at y and, by (2.30), this slope
is given by

b1+ )71+ 17) 7 <201+ 5P)% < Co(1+1y")%,
where (| is a universal constant and where we have used that

a—1

(b)) =b(1+a)r(l+7%) 7 .
Since the point ¢ can be chosen arbitrarily on the surface {d, = t}, this proves that this surface is an entire

graph. Namely, that
{dy =1t} = {y. =G(Y)}  where |DG(y')| < Co(1 + ‘3?’2)%-

Finally, the estimate for the second derivative in (2.25) follows from (2.31) recalling that R > cb. On the other
hand, (2.26) follows from the fact that

G(y) = GO)| < swp [DGE)IIY| < Coly Io(1 + Iy'1%)F < Cob(1+ [/ )™+ foraiy € R,

EANY

This completes the proof of Lemma 2.3. 0]

2.4. Modeling solutions with the distance function. We now construct useful barriers by using the level sets
of the distance function as a profile and controlling the error produced in the equation by such procedure. For
this, we let ¢ : R — (—1,1) be a C? and increasing function with

lim ¢(z) = £1.

z—+o0o

Note that any such ¢ solves an equation of the type
Ap = fy(¢) inR,
where f, : (—1,1) — Ris defined by
fo:=(Agp)opt. (2.32)
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Now we define a suitable rearrangement procedure that produces a function ¢, : R — (—1, 1) from any given
¢ as above and modeled along the level sets of the distance function dj, as introduced in (2.22). Namely, we set

¢’ (z) = ¢(dy(2)). (2.33)
Then, we have that gbb is “almost” a solution of the equation with nonlinearity f,, as given by the following resuilt:

Lemma 2.5. Let L satisfy (H1). Then, there exist positive quantities by and Cy depending only onn, s, A\, A, p
and p' (and thus independent of ¢), such that the following holds.

Assume that

11
[—1+44,1— ]Cgb([—— —,D (2.34)
pp
Then, forallw € S™ ' and b € (0, by) we have
0< Lg® — f5(¢") < Co(b+0) inB;. (2.35)

Proof. Letusfix z € By.Letfy = ¢°(2) be the level of ¢ at z. By (2.33), we know that dy(2) = ¢~ (¢%(2)) =
Qbil(eo) =: 1.

We also recall that /i, was introduced in (1.5) (or, equivalently, in (1.8)) and we let w be the unit vector normal
to {d, = to} at z and pointing towards {d, > to}. Then, we define

d(z) := (x = 2) + to. (2.36)

hL(w)

We also set gz~5 =¢o d. Using the notation in (1.4), we have that

o(x) :gb(#(w)-(x—z)—szo) ng(#(w)- (x—z+th(w)t0)> = hun(r — 24+ whty),

with b := hp(w).
Consequently, by (1.5) and (2.32), for any x € R",

Lo(x) = Loy p(z — 2 —whty) = A (f Nz — z+wht0)>

2.37
(02 rht)) = £ (6 (L - w)) = G
Now, by (2.11) in Lemma 2.2 we have ~
dy <d inR", (2.38)
see also Lemma 2.6 in [22] for the elementary proof of this and related facts. Moreover,
dy=d alongtheray R :={z +1t'(z—2z), t >0} (2.39)
From the observations in (2.38) and (2.39) it follows that
{d, =t} istangentto {cz =t} atsome pointonR. (2.40)
Notice that, by construction, ~
¢'(2) = d(to) = ¢(2) (2.41)

and, by (2.38) and the monotonicity of ¢, it holds that ¢* < ¢. Accordingly, Lo®(2) —ng;(z) > 0. Thus, we apply
the layer cake formula in (2.3) of Lemma 2.1 and use that the image of ¢ is contained in [—1, 1] to conclude that

#(y/lyD)
< Lo’(2) / n ay / AOX g0 (e, e+ () |?j/|ni
1

/ d@/nd uy’/Lysl XS@(Z+y):/_ o 1,(0)

1

(2.42)



where
Spi={zeR" : ¢’(x) << QNS(a:)} ={z eR" : dy(z) <¢7'(9) < J(x)}

I.(0) = /Rn % Xs, (2 +y) dy.

Now we recall (2.37) and (2.41) to see that Lo (z) = f,(6(2)) = f4(¢"(z)) and so we can rewrite (2.42) as

and

0< L)~ foldh(:) = [ b L) 249

Now, given 6 € (—1, 1), let us define
ty == ¢71((9)

In the next steps of the proof we will establish different estimates for I,() by distinguishing the two cases
{db = tg} N C3/p(Z> = ¢ and {db = tg} N Cg/p<2) # .

Case 1. Let {d, = ty} N C3/,(2) = @. We take b € (0, by) with by small enough, depending only on p and
and we claim that we have that

SoN By = 2. (2.44)
Indeed, by (2.13), {d, = to} N C5/,(2) = & implies that Sy N C5/,(2) = @. Hence, recalling that z € By, we
have that B, C Bs(z) C Cs/,(2) and hence (2.44) follows.

Thus, since z € By, using (2.44) we conclude that

1(y/lyl) A
1.(0 :/ ———= X5, (2 +y)dy < dy < C, (2.45)
©) rRe\B, Y™ 5ol ) re\B, [Y["T*

for some C > 0.

Now we claim that in this case we have
0e[-1,-1+5)U(l—o, 1] (2.46)

06[—1+5,1—5]C¢({_%’%])

1
w=oo)e |- ).
P
Then, using that 0 € {d;, = 0} we find that

. 1 .
1Hf{;|y—0| TS {db = tg}} < mf{Hy—OHc TS {db = tg}} = |t9| <

Indeed, if not, by (2.34),

and so

1

o

and thus {d;, = ty} intersects Bs, which is a contradiction. This proves (2.46).

Case 2. Now we deal with the case {dj, =t} N Cs/,(2) # @ and b € (0, by), with by small enough. Note that
we have {d, = 1y} N Cy/,@ since z € By C Cy,.

In this case, we recall (2.39) and (2.40) and we take z = (Z’, z,,) to be the triple intersection point described
there, that is R

ze{dy, =t} N{d=ty} NR. (2.47)
With this notation, we can write the set Sy as a suitable portion of space trapped between a linear function and
a convex one with small detachment one from the other. For this, we exploit Lemma 2.3 to see that

{dv =t} = {yn=G()} (2.48)
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with GG convex and satisfying

|IDG(y)] < Cob inly| < 47'0 and |G(y') — G(0)| < Cob(1 + [/|)"* forally'. (2.49)

Therefore, the condition d,(x) < ty is equivalent to the fact that the point x lies below the graph of GG, namely
that z,, < G(2’). Similarly, from (2.47), we have that w is normal to both {d = t4} and {d, = ¢4} at Z and so,
by (2.48), the condition that ty < d(x) is equivalent to

T, > G(Z)+VGEZ)- (' = 7).
In consequence of these observations, we have that

So = {G(Z)+VG(Z) (2’ —7) <z, < G(2)}. (2.50)

Next we observe that, as a consequence of (2.13), for r = ||z — Z||¢, we have

Cr(z) CR™\ Sp. (2.51)
Therefore, for all 3 in Sy, recalling Lemma 2.4,

ly =2 < Plly = Zlle < C(ly = 2llc +7) < Cly — =l.
Accordingly, if z+y € Sy, then |z +y — Z| < Cy|. As a consequence of this and (2.50), we have that, for any
fixed y' € R"1,
/ Xs(2 ) <cC X, (2 +7y) e Xs, (2 +7y) "
Ryl r |2 +y— 2"t R |2y =2t

dyn
y/ _ 2/|n+s

_c /
(G VG (4~ <oty <Gy} 12
_ G +y)—G(E)-VGEZ) - +y —7)
|Z/ + y/ _ 2/’71—&—5

Hence, if we integrate in 4/ € R™ ! and use the change of variable Y’ := 2’ + ¢’ — Z’, up to renaming C' > 0
we have that

L(9) < 0/

=C

Wbty o [ GO -VOE)-(y =),
ly|nts Rn—1 |2" + ¢ — 2|t

n

GY' + ) — G(Z) — VG(Z) - Y (8.52)

R—1 |Y/’n+s

where (2.49) has been used in the last estimate —note that Z € C3/,(2) and thus

2] <121 < 0 (12— 2lle + 1zlle) < 9/ (3/p+ 1/p) <40/p.

/
dY' < Cb,

Final estimate. We recall that, from (2.43),

0< Lé(2) — fuld(2)) = / 16 1.(6) = /,4 16 T.(6) + /B 46 1,(6),

1

where A is the set of levels 8 as in Case 1 and B is the set of levels 8 as in Case 2. Then, on the one hand,
(2.46) implies that | A| < 24, and, for each 6 € A, we have that I,(#) < C. On the other hand, (2.52) yields
that, for each 0 € 15, we have that I,(6) < Cb. Therefore,

0 < Lo®(2) — fo(@%(2)) = /Ade L.(9) —i—/BdHIz(H) < Co + O,

which proves (2.35), as desired. 0
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3. DECAY ESTIMATES FOR SOLUTIONS

The goal of this section is to provide suitable decay estimates for our solutions. For this, we start with a preliminary
result:

Lemma 3.1. Let w be such that Lw < —kw in Bg, where R € [2,00) and k € [1,00). Suppose that
0 <w < 2inall of R", then

C
0<w< ——— inBy,

(kjl/sR)’Yo

where C', vy > 0 depend only onn, s, and on the ellipticity constants.

Proof. The idea of the proof is to use a barrier argument at the different scales. For the reader’s convenience,
we split the proof into three steps.

Step 1. We prove the following statement. Assume that Lw < —w in By and
0<w<2" inBy (3.1)
forall 3 > 0. Then, (3.1) holds also for j = —1.

For this, we take n € C§°(Bs3/4) radially nonincreasing, with 7 = 1in B 2. Let also vy € (0, 1), to be taken
appropriately small, and set g := 1 — 277 > (. We define the function

¢ = (1= hon)xs, + Z 270jXng\sz—1‘
j=1

We observe that = 1 — hgnin By and ¢ = 277 in By; \ By;-1 for any j > 1. As a consequence, for
any r € Bz,

tote) - [ UShGI—( ot (2oe)

|z — z|nts z — 1
+00 i
2707 — (1 — hgn)(x 2=
5| o (22
j=1 7 B2j\Bsj—1 |z — 2l |z — 2]
400 i
— — 273 — 1 — h —
< hO /77(33) Z_(é),u(z $>dz+z/ +OM(Z x)dz
. 2707
Y0J _ i
S Cho+C Z @ -1)+C Z 97 (1+s)
1<y, 2 iz
2 1 ¢
< Cho +O 1/3 + 1+s
1/3
Yo R

with C' > 0 possibly varying from line to line. In particular, when 7, (and so hg) is small, we have that —L¢ <
1/2 < gb in 33/4.

Since also ¢ > w outside B34, using the maximum principle we have that w < ¢ in Bs/4. Consequently,
w<1—hyg=2"in B 2. This completes the proof of the statement in Step 1.
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Step 2. Now we prove the following statement. Let w be such that Lw < —w in By, where R>1. Suppose

that0 < w < 2 in all of R™, then, for any p € [%, R), we have
p~ Yo
ogwgc(}—?) in B,

for some C', vy > 0.

The proof of this claim is an iteration of Step 1. Namely, we take N € N such that 2V < R < 2V*L For

anyi € N,i € [1, N + 1], we set
’LTJl(l') — 9(i=1)y-1 w(2N7i+1x).
Notice that, by construction,
Liw; < —2W=Ds 5, < —w; in Byi-1 D By
and, ifi € N, 7 € [1, N],
wi+1 (I) = 270 7I)z<$/2)
We claim that
2(]'71)70 in ng—1.

<
The proof of (3.5) is by induction. First, we observe that, for any j > 0, in By; we have that

w, < 271 supw < 1< 27,
Rn

forany 0 < j < ¢ — 1, we have that w;

(3.2)

From this and (3.3), we can use Step 1 with w := w; and find that w; < 277°in By 5. Thisis (3.5) when i = 1.

Now, we suppose that (3.5) holds true for the index ¢ € [1, N], and we prove it for the index i + 1. To this aim,

we claim that, for any 5 > 0,
1IJ2'+1 < 2"{0]' in ng.

To check this, we distinguish two cases. If j > 1, then we recall (3.2) and we see that
<

9170 -1 supu? < 9170 < 2j’Yo’

SUP W41

B,;

as desired. If instead 7 < 7 — 1, then we exploit (3.5) with index ¢ together with (3.4) and we obtain

SUp Wi = 27° sup w; < 27° - 9= — 9770

B, Byj—1

This proves (3.6).

(3.6)

So, by (3.3) and (3.6), we can use Step 7 with w := w;;1 and conclude that w;;1 < 2770 in By/y. This

inequality and (3.6) imply that

forany 0 < j < i, we have that w; 1 < 207D in By,—1,
that is (3.5) for the index ¢ + 1, as desired. This completes the inductive proof of (3.5).
Hence, using the notation m := 7 — 7, we deduce from (3.5) that

sup w < 2170,
BQme

forany m € Z withm < N + 1.
Now we take M € Z such that 27" =1 < 27V 5 < 2=M Notice that

)
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hence M < N + 1. Then, we can apply (3.7) with m := M and we obtain that
214270 . 9(N=M—1)yo - 2120 . 50

21 M~o _
2(N+l)'70 = R’yo

supw < sup W =<
B; Bon—m

This establishes the claim in Step 2.

Step 3. Now we complete the proof of Lemma 3.1 scaling the statement proven in Step 2. To this aim, we take w
as in the statement of Lemma 3.1 and p € B,. We define R := (R — 1)k'/* and

w(z) == w (p + klx/s> :

Notice that R? > k'/% > 1. Furthermore, for any x € B we have that

|| R
\’p|+k1/s <1+k1/5

‘p+ = R,

k1/s

and therefore, for any x € B,
- 1 x T .
Lia) = bw (p+ 37 ) < —w (p+ 157) = o).
So, we can use Step 2with p := 1/2 and obtain that

w(p) = w(0) < supw < ¢ _ ¢ < C
P - Blg h (2]:2)70 N (2(R — 1)k/s)n = (Rk1/s)0

which is the desired result. 0

As a consequence of the previous preliminary result, we have:

Lemma3.2. Let R > 2 ande € (0, 1]. Letu : R™ — [—1, 1] be a solution of Lu = €~* f(u) inR". Then, ife
is sufficiently small,

u(z) >21-C (}%)W whenever Bpr(z) C{u>1-—k}
and
£\ 0
u(r) < —14C (E> whenever Bpr(x) C {u < —1+ K},
for some C', vg > 0.

In particular, forn = 1, the profile ¢ satisfies

|0 — (=1)| < Cplz| ™ in(—oc0,—1]  and  |pg— 1] < Cylz| ™ in[1, +o0). (3.8)

Proof. Using assumption (H2) we have

—fu)=f(1) = fu) < —cx(l1 —u) foru>1—k
and therefore
L(l—u)=—-Lu=—¢"°f(u) < —e *cx(l —u) in{u>1—k}

Thus, from Lemma 3.1 with w := 1 — u and k := £~ °c,, we obtain the desired decay estimates. 0
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4. IMPROVEMENT OF OSCILLATION FOR LEVEL SETS OF SOLUTIONS

The goal of this section is to establish the following improvement of oscillation result for level sets, which is one of
the cornerstones of this paper. This result is crucial since it gives compactness of sequences of vertical rescaling
of the level sets.

For fixed o € (0, s), mg € Nand a > 0, let us introduce

1
kq = 084 | _ mg, Which belongs to N for @ small. (4.1)
log(2—)

Notice that k, T +oc as a | 0, and

1
52—ozmo2—odfa <a< g—amog—aka (4.2)

Theorem 4.1. Assume that L satisfies (H1) and that f satisfies (H2) and (H3). Then, given o € (0, s) there
exist py € (2,00), ag € (0,1/4), andny € (0, 1), depending only on o, mg, and on the universal constants,
such that the following statement holds.

Leta € (0,a9) ande € (0,a”). Letu : R" — (—1,1) be a solution of Lu = £~ f (u) in B}, x (—2ke, 2k)
such that

T, < —aq2(FN < £y <14k} C{u<l—k} CHz, < q2/(1+e) in BL; x —2’““,2’““ ,
2
forj ={0,1,2,... k.}.
Then, either
{zn < —a(l—mno)} C {u<—1+K} inBjj,x (—2Fa 2ke)
or

{u<1l—k} C{zn<a(l—no)} inBj,x (—2ha Qha),

We will deduce Theorem 4.1 from the following result:

Proposition 4.2. Assume that L satisfies (H1) and that f satisfies (H2) and (H3). Then, given « € (0, s) there
exist pg € (2,00), ag € (0,1/4), andny € (0, 1), depending only on o, mg, and on the universal constants,
such that the following statement holds.

Leta € (0,a0) ande € (0,a™). Letu : R™ — (—1,1) be a solution of Lu = £~* f(u) in B}y, x (—2", 2ke)
such that

{fu<1-k} C {z, < a2j(1+0‘)} in Bl x (—2F 2ke) (4.3)
forj ={0,1,2,...,k,}, and
/ udx > 0. (4.4)
By
Then, we have that
{u<1-r} C{zn<a(l—mo)} inBjy X (—2ka 2ka), (4.5)

For its use in the proof of Proposition 4.2, we recall the following maximum principle:

Lemma 4.3. There exists § > 0, depending only onn, s, A and A\, such that the following statement holds true.
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Letw € C*(B,) satisfy
(Lw> -0 inByn{w <0},

[ @ dy <o
Rn

/ wi(y)dy = 1.
\ 7/ B4

Thenw > 0 in Bs.
Proof. See Lemma 6.2 in [13]. [

In order to prove Proposition 4.2 (and so Theorem 4.1), we also need the following observation:

Lemma 4.4. Let ¢ := ¢g( - /) and ¢° := ¢ o d,, where d,, is defined in (2.22) (see also (2.23)).

Then,
|L¢® — e f(¢")| < C(b+e™) inBy,

where C' > () is a universal constant and ~, > 0 is the constant given by Lemma 3.2.

Proof. By (3.8), we have that (2.34) is satisfied with § := (. Hence, using Lemma 2.5 (scaled to B, and
with f4 := €7 f), we obtain that | L¢® — e=* f(¢")| < C(b+ ). The desired result now plainly follows. [

With this, we are in the position of proving Proposition 4.2.

Proof of Proposition 4.2. In all the proof we denote
C, := Bl x (—2Fa 2ka),

Fix 2/ € Bi/z and let

u(x) = u(z' — 2, x,) (4.6)
By assumptions, we have
1
{u<1-k}C {xn§a+§b§(x’)} in Cyka (4.7)
for
b:= Ca, (4.8)

where C' > 0 depends only on « and & was defined in (1.16).

Throughout the proof, we use the notations

t
¢(t) = ¢0 (g) and ¢b($) = ¢ o db<.’L‘) (49)
The idea of the proof is to consider the infimum A, among all the h > 0 such that
min (a(z) — ¢"(z — hey,)) = 0. (4.10)

TED]

We will indeed observe that such h, is well defined. Then, we will show that

h, <a(l—n) (4.11)
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for a suitable and universal € (0, 1). The proof of (4.11) will be done by contradiction (namely, we will show
that the inequality h. > a — na leads to a contradiction). Then, from the inequality in (4.11), the claim in

Proposition 4.2 will follow in a straightforward way.

Step 1. Let us show first that if h > a + 3 then (4.10) holds true.

First, we claim that
Cé"‘/O

b P R
Pl he) S T T i)

forall x € Cora—1

and
Cs’YO

(zn —a— %bg(x’))lo

To prove (4.12) and (4.13), it is important to observe that, by (4.2),

u(z) =2 1-— forall z € Cora-1.

V() (2| < Ca(l+ |z’|2)aT_1|z’| < Ca2F <C27™  forall 2 € B, -

Now, to show (4.12), we use the decay properties of ¢, in Lemma 3.2, which imply that, for all & > 0,

b B dy(z — he,) B Cen

Also, as a consequence of (4.14), we see that, forall y € B;ka x R,

(do(y)) = c(yn —bEW)) _,

for some ¢ > 0 depending only on p and p'. (for more details see Lemma 3.2 in [22]).

Now, making use of (4.15) and (4.16) (with x € Byk, and y := x — he,,), we deduce (4.12).

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Let us now prove (4.13). To do it, given x € Chk, -1, define R = R(x) to be the the largest radius for which

Bﬂ@cx%%ﬂ{%>a+%bﬂw}.

By (4.7), we know that u(y) > 1 — k for any y € Bak. With y,, > a + 5 b&(y’) and by assumption u solves

Lu = e *win Cy, . Hence, using Lemma 3.2 we obtain

C 5’70
N Ry *

u(z) =1
Now we observe that, by (4.14), for any @ € Cora o With 2, > a + 5 b&(2”) we have

R@)>CQ%—a—%baf0+,

as long as ¢ > 0 is sufficiently small. Hence, (4.13) follows.

Now we remark that
(0 —a—3b8(a") — (zn —h—b&(2))) =h—a+ g{(xl)

Hence, since we are now assuming that A — a > 3 > 2, we deduce from (4.18) that

(zn —a—208(2)) — (zn —h—b&(2)) 2 1+ gé(:c’) > 1.

(4.17)

(4.18)
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Consequently,
1
either (2, —a — 5 bE(x)) =1 (4.19)
or (zn —h—0b¢(2)) < —1. (4.20)
Now we claim that
a(z) — ¢"(x — he,) = —Ce™ forany x € Cora-1. (4.21)

For this, we distinguish two cases, according to (4.19) and (4.20). If (4.19) is satisfied, then we exploit (4.13) and
the fact that ¢° < 1 to find that
08’70
_ b _
w(r) — ¢’ (x — he,) = ulxr) —1> — /—CE’YU

up to renaming C' > 0, which gives (4.21) in this case.
If instead the inequality in (4.20) holds true, we use (4.12) and the fact that « > —1 to see that

N T _ B Cen B cen P
U(l’) Qb (ZE hen) 2 U(ZE) +1 (xn —h— bf(x/))zo > (xn —h— bf(m’))io > Ce )

up to renaming constants, and this completes the proof of (4.21).

Furthermore, since ¢ is a nonnegative function with £(0) = 0, the affine function ¢(x) := x,/¢, with ¢ =
hi(e,) > 0, is admissible in (2.22). As a consequence, we obtain that d(z) < x,/¢. Accordingly, from the
monotonicity of ¢, we have that

op(x) = d(dp(x)) < Pz, /¢) for all z € R™. (4.22)
Now, since in this case h > a + 3 > 3, we observe that, for any x € B,
T, —h 2-—3 1
<

< =
€ € €
and so, if € is large enough,
T, —h 1
sup ¢ ( — ) < -5
Bs ce 2

Therefore, recalling the assumption (4.4) and (4.22),

/32 u(r) — ¢'(z — he,) dv > /32 a(z) — ¢(&(zyn — h)) da

. —h . —h (4.23)
:/u(x)—gbo<é = )dx /gbo<n )dx}c,
B ce ce
where ¢ > 0 is a universal constant.
We consider now the function w(x) := ii(z) — ¢°(z — he,,). Let us show that
Lw>—-C(b+¢") in{w <0} N By. (4.24)
Indeed, let
Q:={w<0}n({u=1-rU{"( — he,) < -1+ k}).
To start with, we will show that
{w<0}nBy) \Q=2. (4.25)

Indeed, suppose, by contradiction, that there exists a point y € ({w 0} N B4) \ €. Then,
a(y) <1—k and ¢"(y — he,) > —1 + k. (4.26)
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Thus, by (4.7), we see that

02 g —a = 060) =y — bt h—a = S06() >y — b3 — S0,
Therefore
o~ h = BE() = g — b+ 3= JE() — 3~ SHE(Y) <03 — She(y) < 0.
Hence, we can use (4.12), which gives that
A (yp — hen) < =1+ Ce,

up to renaming C' > 0. Thus, for € small, we deduce that gbb(y — he,,) < —1 + K, which gives that the second
inequality in (4.26) cannot occur. This contradiction establishes (4.25).

Hence, in view of (4.25), to complete the proof of (4.24), we only need to show that (4.24) holds true in {2 N By.
To this aim, we take y € Q2 N By. Then, w(y) < 0 and so i(y) < ¢°(y — he,,). Therefore, using Lemma 4.4,

Lw(y) = Lu(y) — Le*(y — he,) = e f(a(y)) — e *f(¢"(y — hey)) — C (b+£7)
> f(Quly) — C(b+e™),
where C' > 0 and = £(y) belongs to the real interval [@(y), ¢"(y - —he,)].

We also recall that by (H2) we have that f* < 0in [—1, —1 4+ ] U [1 — &, 1]. Moreover, by the definition of €2,
we have that either 1 — k < @(y) < ¢"(y — he,) < lor —1 < u(y) < ¢°(y — he,) < —1 + k. In any case,
we have that f/(£) < 0 and so (4.24) follows from (4.27).

(4.27)

Now, putting together (4.24), (4.21) and (4.23), we have proven that w satisfies
(Lw > —C(b+¢") inByn{w < 0},
w = —Ce" in Cyrg-1,

w 2 —2 in Rn\CZka—l,

/ w(y)dy > c.
\ /' B2
Note that B 0
/ L% dy < Ce™ + / YL Cem g 02
g (1 [y])nts yl2ka—1 [y

Then, choosing aq small enough (that corresponds to &, large in view of (4.1)), we fall under the assumptions of
Lemma 4.3, which yields that w > 0 in Bs. This plainly implies the desired statement for Step 1.

Step 2. Let
h.:=inf {h >0 : (4.10) holds }.
Notice that the infimum is taken over a nonempty set, thanks to Step 7, and indeed h, < a 4+ 3 < +o0. We
next show that
h, < a—mna aslongasn > 0 is sufficiently small. (4.28)

The proof of (4.28) will be by contradiction, namely we will show that the two conditions h, > a — na and 7
small enough lead to a contradiction (for an appropriately small ay).

To this aim, we define

¢u(2) == (2 — hyey).
We observe that, by the definition of h.., we have that u — ¢, > 0in B;.
Under this assumption, we will prove that

o— ¢, >0 inBs, (4.29)
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which contradicts the definitions of /., and ¢,.

Indeed, using the contradictory assumption that i, > a — na, we have

j=p)

(zn—a—2b&(2)) — (2 — b —bE(@)) =h. —a+ gﬁ(:c’) > 55(:6') — na.

Then, if ) is small enough we have, for all x € Cor,—1 \ By,

| oS
| o

(20 —a— $bE(@") = (w — he — DE()) >

where we have used that b = C'a (recall (4.8)).

§(1/2) —ma >

Therefore, for all z € Cor,—1 \ By,

b b
either (2, —a—1bg(z')) > — or (z,—byg(z)) <——.
16 16
Thus, similarly as in Step 1, using either (4.12) and the fact that u > —1, or (4.13) and ¢, < 1, we obtain that
u— ¢ = —Cl(g/b) inCyra-1,
for some C' > 0.
Next, similarly as in Step 1, the function w := u — ¢, satisfies
(Lw > —C(b4¢%) in ByN{w < 0},
> —C(g/b)™ in Byra—1 \ By,
> —2 inR"\ Byka-1, (4.30)

/ w(y)dy = ch, > ca,
\ / B2

up to renaming ¢ > 0.

Notice now that, recalling (4.8),

1/ _wly) g C (EYO +/ 2y © <5>% 4+ Coshe
a Jpn (14 |y|)nts a \b ly|>2ka—1 ly|*ts = a \a a

—akg

< & (@) 4 gttt 2
a a

< C(a(f[’(’*lm*1 + CmOZ’(s’a)k“) —0 asalO,

N

where C),,, > 0 depends on my. Similarly,

C £\ 70
= (b + e+ (5) ) < CaPoD=l 50 asal0.

a

Then, choosing ag small enough, we can apply Lemma 4.3 to show that w > 0 in Bsy, thus proving (4.29),
Now, by the definition of &, we know that there exists a point z, € B such that w(z,.) = u(z,) — ¢.(z.) = 0.
This is in contradiction with (4.29). Therefore, we have proved (4.28) and completed the proof of Step 2.

Step 3. We now complete the proof of Proposition 4.2. For this, we recall the definition of % in (4.6) and we prove
that
(G<1-r)C {xnga (1—3)} on {0} x (—1,1). (4.31)
Indeed, by Step 2, we know that
() = ¢"(x — a(l = n)e,) =0,
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Moreover (see e.g. Lemma 3.1 in [22]), we have that, on {2’ = 0} x (—1,1),

dy(z — a(l —n)e,) = %El—n)

for some ¢ > 0, and so

ce

B — a1~ n)es) > do (w>

on {2z’ = 0} x (—1,1). Therefore, we have that

{2, € (~1,1) : a(0,2,) <1— K} C {xn €(~1,1) : oo (w) < 1—/<;}

ce
Tn, —a(l — x cel T
C {MG(—OOJH)} C {—”<—k+(1—n)} C {—"<1—ﬁ},
ce a a a 2
where [, has been introduced in (1.10), and the last inclusion holds since ¢/a is as small as desired. This
estimate establishes (4.31), as desired.

Now, from (4.6) and (4.31), we obtain that
{z, € (-1,1) : w2 z,) <1—k}C {xn <a (1 — Q)}, (4.32)
where 2’ € 31/2 is arbitrary.

Now, to complete the proof of Proposition 4.2, let z = (2, x,,) € {u < 1—x}, with |2/| < 1/2and |z, | < 2%,
Then, using (4.3) with 7 = 0, we obtain that

Tn < a<l. (4.33)
Now, if z,, < 0, then (4.5) is obviously true, so we may assume that x,, > 0. Thanks to this and (4.33), we are
in position of using (4.32), which in turn implies (4.5), as desired. 0

With this, we are now in the position of completing the proof of Theorem 4.1.

Proof of Theorem 4.1. If (4.4) holds true, the claim follows from Proposition 4.2. If instead the opposite inequality
in (4.4) holds, we look at 4 := —u, which satisfies
Li = —e*f(—a) = e f(1).

Since f satisfies the same structural conditions as f in (H2) and (H3), and now « satisfies (4.4), we can apply
Proposition 4.2 to % and obtain the desired result. L]

Rescaling and iterating Theorem 4.1 we obtain the following result:

Corollary 4.5. There exist constants ag > 0, pg > 2,0 > 0 and C' > 0, depending only on «, mg, and on
universal constants, with o satisfying «(1 + o) < s, such the the following statement holds.

Leta € (0,a0) ande € (0,a"). Let k, be given by (4.1). Assume that u, : R" — (—1,1) is a solution of
Lu = ¢e*f(u) in Bl x (—2F 2ka) such that

2ka
{z, < —a20F9} € {u, < =14k} C {ug <1 -k} C {z, <a20F9} in B x (—2ke 2ka)
(4.34)
for0 < 7 < k.
Then, there exist two functions g, = g,(x") and g* = g*(x') belonging to C°(B.,.,_,) and satisfying g, < g*
such that, for all R € [1,2%~1], we have

||ga||L°°(BR) + RU[Qa]C“(BR) < CR1+Q(1+J), ||ga||L°°(BR) + RU[QG]CU(BR) < CRH—&(H—U)’ (4.35)
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Hga g HL°° BR) CR1+a (1+0) a1+0’ (436)

and
{r, < aga(z)} C {ug < —14+rK} C {ug <1 -k} C {2, <ag®(@")} in B, 1 x (—2F, 2k).

In particular, the two functions g, and g* converge locally uniformly as a — 0 to some Hélder continuous
function g satisfying the growth control g(x') < C(1 + |z/|)1+e0+o),

Proof. The proof of this result follows from iterating and rescaling the Harnack inequality of Theorem 4.1; see
[30, 12] for similar arguments.

Step 1. We first prove the following claim which states that the transition region is trapped near the origin between
two Holder functions that are separated by a very small distance near the origin.

Throughout the proof we denote by C,. := Bl x (—2ke 2ka),
Claim. For some (0, z,) € {—1+ Kk < u, <1 — K} we have

{z, <2z, —aC(|2'|” + 1)} C{ua < =1+ k} C{u, <1—r} C{x, <z +aC(|2'|"+ 1)} inCh,
(4.37)
for ) )
r =8 (ag) T ato !,
where ag > 0 is the small constant in Theorem 4.1 and where C' > 0 and o € (0, 1) depend only on «, my,
and on universal constants.

Let us prove that for every integer [ > 0, satisfying

a2 < g, (4.38)
we have that
{2, <—a2 C{ua < —1+4+k} C{ua <1—k} C{r,<+a2%} inCyu (4.39)
where ¢; € R satisfy
a—a2" <oy — a2 oy + 027D Lo 4 a27 (4.40)

The proof is by induction over the integer (. Indeed, it follows from (4.34) that (4.39) holds true for [ = 0, with
co =0 (4.41)

Assume now that (4.39) holds true for 0 < [ < [, and let us prove that (4.39) is also satisfied for [ = [y + 1.
For this, let
U(z) == uq (272, 27"z, + ¢;,).

We have
€

210

LU:( )_Sf(U) in C. (4.42)

To abbreviate the notation we define
A:={U < —-1+k} and B:={U <1-k}.
We claim that
{x, < —a2072i0tet « A c B {x, <a2~200T0Y in ;) (4.43)

forj =0,...,k,. As amatter of fact, to prove (4.43), we first show that it holds for j = 0, thenfor j = 1,..., 1
and then we complete the argument by showing that (4.43) holds also for j = lo + 1,. .., k,.

To this aim, we observe that, since (4.39) holds for 0 < [ < [y, we have
{2, <2(c; — ¢p) —a2™y c AC BC {x, <2°(c; — ¢py) + a2} in Coy1, (4.44)
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forany 0 < [ < [y. This, when [ = [, gives (4.43) for j = 0.
Hence, we focus now on the proof of (4.43) when 7 = 1, ..., [y. For this, we can suppose that
lp > 1, (4.45)

otherwise this case is void, and we will use (4.44) with [ = 0, ..., [ — 1. We remark that the inequalities in (4.40)
imply that, forany 0 <[ < [y — 1,

o —a27%' < Cly — a2~ < ¢, + a2 < e+ a27,
Therefore
o<y — a2= % 4 q27 L ¢, + a2~
and ¢, < +a2 % —a277 Lo+ a2
Accordingly, we have that, for 0 < [ < [y — 1,
lep — ¢ < a2

and so
20| — Clo| + a2lo=ol < 9g2l—ol — 4o(-logolo=N)+1,
From this and (4.44), using the notation j := [y — [, we see that, forany 7 = 1,..., [,
{z, < —a20=D027i 1Y « A c B C {z, <a2@"9027+ 1Y in O, (4.46)
We also observe that, forany 7 = 1,..., [y, taking o < «, we have that
(cj+1)—(14+a)j<(vj+1)—(1+a)j=1-3j<0

and thus
20’]-‘1-1 < 2(1+a)g )

So, we insert this into (4.46) and we complete the proof of (4.43) for j = 1, ... .

To complete the proof of (4.43), we have now to take into account the case j = [y + 1, ..., k,. For this, we
recall assumption (4.34) (used here with the index 7) and we obtain that

{z, < —2"¢;, — a2 TN c AcC B {2, < —2"¢, +a2o 0TI} in Chgr (4.47)
fort =0,...,k, (in our setting, we will then take j = [y + ¢, withi =1, ..., k, — [p). Now, we point out that

cl, + a2~ < co+a27%=aqa

and —a=cy—a27°% K Cly — a2~

thanks to (4.40) and (4.41). Consequently, we have that |¢;,| < a and so
20| ¢y | 4 a2l Tl L golo(1 4 211F)) L glotitill+a) (4.48)
We also observe that, taking 0 < « and using (4.45),
bh+1l+i(l+a)=1+(c—1—a)lg+ (1 —=0)lg+ (i +1o)(1+ )
S1-l+A-0)lg+(E+h)(1+a)<(1—0)lg+ (i + 1)1+ ).

This and (4.48) give that

210’%’ + a2lo+i(1+a) < a2(1fa)lo+(i+lo)(1+oz)'
Plugging this into (4.47) with ¢ = j — [y, we obtain (4.43) for j = lp + 1,..., k,.

These considerations complete the proof of (4.43). Next, in view of (4.43), we may apply Theorem 4.1 with u
replaced by U, with a replaced by
a = a2t
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and with ¢ replaced by
€

2=lo"
Note that, since we assume that ¢ < a?°, the condition £ < aP° holds whenever

& < aomp

£ =

This is equivalent to
1 < 2((1=9)po—1)lo

which is always satisfied when py > 2 and ¢ is taken small.

We recall however that, in order to apply Theorem 4.1, we must have that a is less than the small universal
constant aq. This is the reason why we need condition (4.38) to continue the iteration.

Thanks to these observations and (4.43), we can thus apply Theorem 4.1. In this way, we have proved that (4.39)
holds whenever (4.38) holds, which immediately implies the statement of the claim.

Step 2. To complete the proof of Corollary 4.5, let us fix a nonnegative integer [ < k, — 1 and 2’ € B;l. Here,
we define
U(z) == u(s +2'2', 2'z,,).
Then, rescaling (4.34) we find
{2, < =27l DO [T < 1+ k) C {U<K1 -k} C {x, <2720FFDTN (4 49)
in B, x (—2ka=t 2ka=l) for 0 < i < ky — 1 — 1.
Let us denote

e 27[2([4’1)(14*04)@ _ 2(l+1)a+l

a Qa.

Observe that, recalling the definition of &, in (4.1), we have
ky <kq,—1—1.
Thus, (4.49) implies that
{z, < —a2'M"} c (UK -1+k} c {UL1 -k} C {z, <a2'0T¥} (4.50)

in Bl x (—2k~! 2k=1) We note also that U solves LU = &~* f(U) for

l
£:=2 <2l < 2 a
= (2000

and hence the inequality £ < a*° is satisfied provided that we choose p, large enough.

Thus, the claim in Step 1 yields that, for a suitable z,, € R,
{2, <z, —aC(|Z|"+7)} C{UL -1+r} C{U< 1 -k} C {2, <z, +aC(|T'|” +7)} (4.51)
in B x (—2ka=L 2ka=l) for F = C(a) T .

After rescaling, and setting x = 2'z, 2z, = 2!z, and  := 2!¥, we obtain

Ln la ’J‘J|U r
{Ql < 2l —C2 (21 +2l>}c{U —1+4k}

In e |J}/’U T
in B}, (2) x (=2, 2ke), for
r =2l = 02la( ) = o)l o(Fe 1) < o(2!)+el+a)ge, (4.52)
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Now, given 2" € By, ., let us denote R/ := 2!, where [ := min{l’ : ol > |2’|}. In view of (4.52), we define

also
Ty = C (RZ/)1+04(1+0') a’®
and the function ¥, : R"~! — [0, +o00], given by
V(') = CRLte (ij’% + ;—'/) for |2'| < R,
2! = 2 z
+00 for [2'| > R,

Hence, from (4.51), we have that
Tn
{xn<zp—aVy(2)} C{UL -14+k}C{U<L1—kK}C {? < zp + —a@z’(m’))

in Bly, 1 X (—2Fe 2ka),
Furthermore, we notice that
U (2') < CRG RS qe
and
1@or|| o (Br, () + RS ]er (B, () = CRL ),
We then define

g*(z') = min_ (z,(2) + V. (2')) and gu(2') ;== max (z,(2) — V. (2)).

1B’ 1B
z EBQkafl z GBQka71

It is now straightforward to verify that these two functions satisfy the requirements in the statement of Corol-
lary 4.5, as desired. 0

We state a further consequence of Corollary 4.5 and Lemma 3.2 for its use in the next section.
Corollary 4.6. With the same assumptions as in Corollary 4.5, the following statement holds true.
Givend € (—1,1), we have that

{2, <ag(z) — Ca*™(1 + |z|) T+ — C(1 4 |z)*d} C {u, < 6}

and
{u, < 0Y C {z, < ag(x) + Ca'*7 (1 + |z o0+ L C(1 + |z])*7d}
in Core—1, for all d > 0 satisfying

£\ Y0
(7) <t-1
Proof. This is a direct consequence of Corollary 4.5 and the decay estimates of Lemma 3.2. [

5. VISCOSITY EQUATION FOR THE LIMIT OF VERTICAL RESCALINGS

In this section we will prove that the limiting graph g given by Corollary 4.5 satisfies the equation
Lg=0 inR"! (5.1)
where

Lh(2") := /]R"—l (h(z) + Vh(2) - (y —2') — h(y)) K(z' —y,0)dy/, 2/ € R", (5.2)

and
K(y) = r/lyl)

- ’y|n+s
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We introduce K both to simplify the notation and because the results of this part are also valid for more general
kernels. The definition of Lh (') is valid for functions h which are C* in a neighborhood of 2’ and satisfying

/ Ih(2')| (1 + |2/]) " da’ < +oo.
Rnfl

We also point out that (5.1) is a linear and translation invariant equation.

The strategy that we have in mind is the following: once we have proved that g is an entire solution of (5.1),
satisfying the growth control g(z’) < C(1 + |2'|)1+*(1+9) (as given by Corollary 4.5), we will deduce that g is
affine. This will be an immediate consequence of the interior regularity estimates for the equation (5.1).

This set of ideas is indeed the content of the following result:
Proposition 5.1. The limit function g : R"~* — R given by Corollary 4.5 satisfies (5.1) in the viscosity sense.
As a consequence, g is affine.

In all this section we assume that u,, is a solution of Lu, = £~ * f(u) in Byk., where £ € (0, a”) with py large
enough. We denote by g the limiting graph as a — 0 of the vertical rescalings of the level set, see Corollary 4.5.
We recall that this graph satisfies the growth control

lg(2)] < C(1+ |2/])+ o+, (5.3)
Moreover, as a consequence of Corollary 4.6 we may assume that, for any given 6 € (—1,1),
{z, <ag(z)) — Ca"™ +d)(1 + |z|) 0}  {u, <0} (5.4)
and
{u, <0} C {z, < ag(z’) + Cla*™ +d)(1 + |z|) To+o)} (5.5)
for all d > 0 satisfying
£\ Y0
(E> <1-10). (5.6)

In all the section and in the rest of the paper we will fix constant o, o > 0 satisfying
a(l+o)<s and a<o

For concreteness we may take, here and in the rest of the paper,

]

a=- and ando = 1.

4
To prove that g is a viscosity solution of (5.1), we will argue by contradiction. Indeed, we will assume that g
is touched by above by a convex paraboloid at xo and that the operator computed at a test function A that is
built (from g) by replacing g with the paraboloid in a tiny neighborhood of x( gives the wrong sign. Using this
contradictory assumption, we will be able to build a supersolution of Lu = ¢~* f(u) touching u, from above at
some interior point near . This will give the desired contradiction.

In all the section, we assume that () is a fixed convex quadratic polynomial and, up to a rigid motion, we can
take the touching point x to be the origin. We also let d,, be the anisotropic signed distance function to {x,, >
a@(z")}, i.e. we use the setting in (2.7), with K := K, := {z,, > aQ(z’)}. More explicitly

do(z) := inf {{(z) : Caffine, h (V) =1, and{ > 0in K, }. (5.7)

Then, we will consider the following functions:

~ da /
liq () = o ( ix)> Xos + Ua(T; ay) xR\ 0 (5.8)
and y ( )
va(2) := o ( a; ) X5 + sign(x, — ag(z’))xrm 05, (5.9)
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where § > 0,

Qs := B§ x (—4,0), (5.10)
and ¢ is the 1D profile in (H3). In a sense, u, and v, have “very flat level sets” and we will compute the action
of the operator L on such functions.

By explicit computations and error estimates, we will prove that not only L, — ¢~ *f(@,) — 0 and Lv, —
e*f(v,) — 0asa — 0in a neighborhood of 0, but we also provide the behavior of the next order in an
expansion in the variable a. Namely, for a small enough, we will show that

2([/&,1 — e f(U,)) & 2([/1)& — & f(va)) & =Lh(0)
in neighborhood of 0 in R™ (we recall that h is the test function built from the touching paraboloid before (5.7)).
To prove this, we will use our previous idea of “subtracting the tangent 1D profile”
d(z) = ¢o(d/e), (5.11)

where d will be the signed anisotropic distance function to some appropriate tangent plane to the zero level set
of u,.

More precisely, in order to compute Lv, — & ~* f(v,) at a point z € Bs 4, we introduce the “tangent profile” at z

defined as (5.11) with
~ w

d(x) == ——
(@) = s
and w € S™ 1 is the unit normal vector to {d, = ty} pointing towards {d, > t,}.

(z—2z)+1ty, wherety=d,(2) (5.12)

Using the layer cake decomposition in Lemma 2.1, we will compute the difference Lv, —e~* f (v, ) as the integral

Lv,(2) — e f(va(2)) = Lug(2) Lgb( )
/ 40 / Xso(¥) — X1, (y))IC(z —y)dy (5.13)

where _ -
Sp={v, <0< P} and Ty:={d <0< v} (5.14)

However, in this section we will obtain more information by introducing the vertical rescaling (or change of vari-
ables)

W' yn) = (¥, ayn)
which allows us to compute

1
HLo() = 1) = [ a8 [ (@~ xn @K = 75— a) dy
where
Sop:={(T,z,) : (T, aZ,) € Sy} and Ty:={(,%,) : (¥,aZ,) € Tp}. (5.15)
We will see that for all the level sets outside a set of “small” measure 2a2, namely for
0 e (—1+a2,1—a2),
we have
So = {9="9) : ho(¥) < G < ho(Z') + Vhy(2) -
and Ty = {§=(7,9n) : he(Z) + Vhe() - (§ = Z) <G < ho(¥) },
where, given § € (0, 1), we have, for some 1 > 0,
lhe — hllcre(y < Ca’ and hg=h inR"\ Bj. (5.17)

(5.16)
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This will imply that when |2/|,

(Lol — = (0(2)
A 2 (L) — S wl)
= /_1 do /Rn (Xge(y) - XTQ(?J))’C(ZI — ¥,z — ayn) dy
~ /_1:2 do /Rn (x5, (@) — x1, @) K(Z' = F, 20 — ayn) dy (5.18)

In the next six lemmas, corresponding to the numbers appearing in (5.18), we prove the claimed equalities and
we control the errors in the previous chain of approximations.

Lemma 5.2 (Approximation 1). We have

L (Lita(2) ~ F(1a(2) — = (Lva(2) ~ fwa2)| = 0.

a

lim sup
a—0 ZEB(;/4

Proof. We observe that @, = v, in Qg. Then, using the layer cake formula in (2.3) of Lemma 2.1,
1—a
|Lia(2) — Lva(2)] < Ca® +/ d&/ X{ia<0<va}Ufva<o<aa} (Y) [y — 2] 7" dy. (5.19)
—1+a2 ”\Qa

We also remark that, by the definition of v,, we have that, for all § € (—1,1),
{ve = 0} = {x, > ag(z")} InR"\ Qs. (5.20)
Hence, if § € (—1 + a®, 1 — a?), we use (5.4), (5.5) and (5.6) and we find that

{ia <O < o} U {va <0 < i}

C {ag(;c’) — C(a1+a + d)(l + |£L‘|)1+O‘(1+U) <z, < ag(:r;') 4 C(alJra + d)(l + |x’)1+a(1+0)}
(5.21)

in Bora—1 \ Qs, whenever
(e/d)* < a’. (5.22)
For py chosen large enough (recall that we assume € < a?°), we may take
d:=at (5.23)
and satisfy (5.22). Hence, with the setting in (5.23), we get from (5.21) that

{t, <0 < v} U{vg <O <0t
C |z, — ag(a)| < Ca'™ (1 + |2|) T in Byeya.



37

It then follows that, for all § € (—1 + a?, 1 — a?),

/ X{ia<o<vatofvasocant (Y) [y — 27" dy
R™\ Qs

oka—1 1+a(l+o)+n—2
T
< / |y _ Z’inis dy+ Cg/ a1+o' - dr (524)
R™\ B,y 1 1 rrTs

< C(;(CLS/& + a1+0)’

where we have used that o is chosen small so that «/(1+ ) < s (recall the setting of Corollary 4.5). The desired
result then follows immediately from (5.19) and (5.24). 0

Lemma 5.3 (Equality 2). Letz € Bs/4. Then

1
a

1
(Lva(z) = f(va(2))) = / d9/ (x5,@) = x7, @) K(Z' = ¥, 20 — ) diy
—1 n
where Sy and Ty are defined in (5.15).

Proof. From the layer cake formula in (2.3) of Lemma 2.1 and the idea of “subtracting the tangent 1D profile”
at z (exactly as in the proof of Lemma 2.5) we obtain that (5.13) and (5.14) hold, where ¢ is defined by (5.11)
and (5.12). Then, the result simply follows by performing the change of variables (v, y,,) = (¢, ayy)- O

Lemma 5.4 (Approximation 3). Let z € Byy. If a is small enough, then for all § € (—1,1) with |0] > 1 — @

we have
C

for some C' > 0.

Proof. To prove this result, it is convenient to look at the statement with the integrals written with respect to the
original variables (v', y,,) = (¥, ayy). In this setting, we have to show that

him | [ (@) - xn @)K ) dy\ <c (5.25)

To prove this, we actually do not need the condition 0| > 1 — a?, although the result will be used only for these
values of 6.

Note that in Qs we have that v, = ¢o(d/) and ¢ = ¢o(d/e). Recalling the definition of T} in (5.14) and the
facts that, by construction, the level sets of d are convex, and the level sets of d are tangent hyperplanes to the
level sets of d, we obtain that

Ty,NQs=0 (5.26)
for all 6.
Now, to prove (5.25), we distinguish the two cases Sp N Q52 = F and Sy N Qs/2 # J.
In the first case in which
So N Qs/2 = I, (5.27)
we claim that
|z —y| > gfor ally € Sy UTy. (5.28)

To check this, let y € Sy U Tp. Then, by (5.26) and (5.27), we have that y & Qj;/». This, together with the fact
that 2 € Qs/4, proves (5.28).
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Therefore, in light of (5.28), we have that
dy
I < Cs / s <O
rn (04 [y[)"*

This proves (5.25) in this case.

In the second case in which
So N Q572 # 2,
we use the fact that {v, = 0} N Qj is the level set of the anisotropic distance function to the parabola =, =

Q. (7") := aQ(z'). Hence, exactly as in Lemma 2.3, we have that {v, = 0} N Qs is a convex C'>! graph with
C"! norm bounded by C'a (and thus by C'). Therefore, recalling also (5.26),

g/ K(z—y)dy < C.
Bs/4(2)NSe

/ () v @)K ) dy
B5/4 z

Consequently, we conclude that

d
L <O +/ —yn+s <G,
R™\Bj /4(2) |z —yl

up to renaming C' > 0, and so (5.25) follows also in this second case, as desired. [

Lemma 5.5 (Approximation 4). Forallf € (—1,1) with |0| < 1 — a® we have

| (@~ xn @)K = 72— am)dg— [ (65,0~ xn (@)K - 7.0)dg| 0

n

as (|a| + |zn|) — 0 whenever |2'| < §/4.

To prove Lemma 5.5, we need the following pivotal result:
Lemma 5.6. Forallf € (—1 + a* 1 — a?) there exists a function hy : R"~' — R such that
hy = h = g outside B5, (5.29)
hy € C™'(Bj) and (5.16) holds true. Namely,
So = {5=7.Tn) + ho(F) < Jn < ho(Z) + Vhe(Z) - (7 = 7) }
o Ty {i— 0 )T - < n < n ) O

Moreover,
th — h”Loo(Bé) < Ca and Hh@ — hHCLl(Bg) <C (5.31)

for some C' > 0. In particular, (5.17) holds true forn = 17

ISy

Proof. If 6 is as in the statement of Lemma 5.6, we take ty := 5(;551(9). Then, using (3.8), we have that

t C
<10 =1 %(_6) «—
I
Hence (assuming € < a”® and pg conveniently large), we find that
1< 25 < @2 5.32
|9‘\a2/70\a' ( )

Then, by the definition of v,, we have

{Ua = 9} = {da = tg} in Q(s.
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Now, since {d, = 0} = {z,, = aQ(z')}, by exactly the same argument of Lemma 2.3, we obtain that

{do = to} = {2n = Go(2')}
for some (G satisfying
|D*Gy| < Ca in By,

Notice also that, by (5.32), the graph of Gy in Bj lies in a C'a*-neighborhood of the graph of a( (that is ah,
recall the construction of the touching test function before (5.7)).

We now recall that the tangent profile at z, that we denoted by gzNS is built in such a way that

{0 =0} ={d=to}
is the tangent plane to {z,, = ag(x’)} at the point z = (2/, z,,).
These observations and (5.20) imply that

So = {y="yn) : ho(y) <yn < ho(Z)+ Vho() - (v — &) }
and Ty = {y=(yn) : ho(2)+ Vho() - ( = %) <yu < ha(y) },

for a suitable function il@, with

sup |D?he(y)| < Ca (5.33)
y'€Bj
and hy = ag outside Bj. In addition,
the graph of ilg in Bj liesin a C'a®-neighborhood of the graph of ah. (5.34)

Now, the desired result in (5.30) follows from the change of variables (v', y,,) = (¥, ayx), by taking
h,g = iLg/a.

To check (5.31), we observe that the estimate in 01,1(33) follows from the bound in (5.33) and the fact that A is
a given paraboloid in Bj. Also, the uniform bound in (5.31) is a consequence of (5.34).

These observations establish (5.31). We also remark that (5.17) follows from (5.31) by interpolation. 0]

Proof of Lemma 5.5. We claim that the map

X3, (¥) + xz,()

R">§=(,0n) — TG = g belongsto L'(R"). (5.35)
For this, we use Lemma 5.6 to see that
/ J () dy
5/4(2 —00,00)
”2 2w, Un) + X7 (2 4 W, Y
/ g, / dw / dr X5, Y 1 X7 o)) (5.36)
Sn— 2 7’” S

67,112 2
\C/ dr < C677% < C,
0

ynts
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up to renaming C' > 0. On the other hand, recalling (5.3) and (5.29), we deduce from (5.30) that Sp and Ty are
controlled at infinity by a function with growth C'|3'|1 ™. Consequently,

/ J( ) dy
R\ (Bj4(2)x (—o0

l/mdynt/m da:/‘ ? (xs, (2" + 1w, 9n) + X1, (2" + 1w, 5n))
Sn— 2 Tn-‘rs

+oo = 2 1+oz
<c| Tl —dar<or<c

5/4 rnts

This and (5.36) imply (5.35), as desired.

Then, using (5.35) and the fact that K (2’ — ¥/, 2, — ay,) — K(2' — ¢',0) almost everywhere in R" as
(la| + |zn]) — 0, we see that the result in Lemma 5.5 follows by the dominated convergence theorem. O

Lemma 5.7 (Equality 5). Forallf € (—1 + a* 1 — a®) we have
| (@) = xn @)K - 7.0 dg = ~Lha()
where hy € CV1(Bj) is given in Lemma 5.6.

Proof. From (5.30), we see that

/namuo—x%@DK@“wﬂmdy=A;Jw(y) Vho(Z)(Y = =) = ha()K(Z' — 7, 0)dyf
This and (5.2) give the desired result. [
Lemma 5.8 (Approximation 6). Forallf € (—1 + a?,1 — a?) we have

|Lho(z") — Lh(0)] = 0

as(la| +|2']) = 0
Proof. It is standard using that (5.17) holds, as given by Lemma 5.6. [

Let us give now an elementary result that will be useful in the proof of Proposition 5.1.

Lemma 5.9. Givenr > (0, there exists d > 0, depending only on n, s, ellipticity constants and r, such that the
following holds.

Assume that Lw > a > 0in B, N {w < 0} andw > —da in all of R™.

Then, w > 0 in B, /5.

Proof. The proof is standard, we give the details for the convenience of the reader. We consider the function w :=
w + da(l — n(x/r)), where n € CF(By) is a smooth radial cutoff with n = 1 in By s. If, by contradiction,
w < 0 at some point in B, /5, then w attains an absolute minimum at some point z, in B,.. Thus,

0> Lw(xg) = Lw — Cdar™ = a— Céar™® > a/2 >0,

which gives a contradiction if § is taken small enough. 0

With this preliminary work, we can finally complete the proof of Proposition 5.1, by arguing as follows.
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Proof of Proposition 5.1. Up to a translation, we can test the definition of viscosity solution for a smooth function
touching g by above at the point o = 0 (the argument to take care of the touching by below is similar).

LetU’' C R" ' bea neighborhood of the origin and 1) € C*(U"). Assume that 1) touches by above g in U’ at
0. Assume by contradiction that ¢ := ¥y + gXrn\pr satisfies Lw( ) >

Then (see, for instance, Section 3 in [15]), we know that there exist 0 > 0 small and two concave polynomials,
denoted by () and (), satisfying

Q(0) =Q(0)=g(0) and Q>Q>g inBj\{0} (5.37)
and such that, if we define Q" := @ +t and h := Q"xp; + gxgn\5;, it holds that
Lh(0) > 0,

forallt € (—d°,6%).

Let us now consider the function u, ; defined as in (5.8), with d, replaced by the distance from aQt, namely,

() = o (daix)

where now d,, is the anisotropic signed distance function to {z,, > aQ*(x’)} and Qs was defined in (5.10).
By (5.18) (which has been proved in Lemmas 5.2, 5.3, 5.4, 5.5, 5.7 and 5.8), we obtain that
Ligy — e ° f(lge) < —ca in By, (5.39)

) Xos + ua(x)XR"\Q(; (5.38)

for some r > 0 and ¢ > 0, whenever a is small enough and t € [—63, 63}. By possibly reducing » > 0, we will
suppose that
€ (0,9). (5.40)
We note that, in this setting, r and ¢ depend on LA(0).
Next we show that, for ¢ = 6% and a small enough, we have
Uy — Ugy >0 in By (5.41)
To prove this, we recall that, by Corollary 4.6 (used here with d := a?), we have
{zn <ag(z') — Ca"""} C {u, <0} C {wy < ag(d)) + Ca' ™7} (5.42)

in B x (—1,1), provided that (¢/a®)™ < 1 — |6|. On the other hand, by definition @, ; = ¢o(d,/<) in Qs.
Therefore,

{r, <aQ' (') — Ca®} C {iu; <0} C {x, < aQ'(z') + Ca®} (5.43)
in Qs, also provided that (£/a®)" < 1 — || (with 7 given by (3.8)).
We remark that, roughly speaking, (5.42) says that the “transition level sets” of u,, lie essentially on the surface

{z,, = ag(z’)}, while (5.43) says that the “transition level sets” of i, lie essentially on the surface {z,, =
aQ!(x")}, up to small errors of size a' ™.

Then, since ) > g in B by (5.37), for t = 5 (or any other fixed positive number), if we assume that ¢ < a*°
with pg large enough, we can use (5.42) with 6 := 1 — a? and (5.43) with § := —1 + a?, take a small enough
and conclude that
{ug <1 —a*} C {tiay < —1+a’} inQs. (5.44)
In particular, by (5.40), we obtain that
{ug <1 =K} C{llgr < =1+ K} i (5.45)

Now we observe that
Uy — Tay > —a® inall of R™. (5.46)
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Indeed, if z € Qs, we distinguish two cases: either u,(x) > 1 — a? or u,(z) < 1 — a?. In the first case, we
have that

Ua(2) — Ugy(z) > (1 —a®) — 1 = —a’.
In the second case, we can use (5.44) and obtain that aa,t(x) < -1+ a? and, consequently

Ua(2) — Tgs(z) > =1 — (=1 +a*) = —a’.

These observations prove (5.46) when © € Qjs. If instead z € R™ \ Qs, we recall (5.38) and we have
that @, +(z) = u,(x), and this implies (5.46) also in this case.

Now, we observe that

flua) = f(tar) in By N {ug — Gqr < 0} (5.47)
To check this we take x € B, N {u, — U, < 0} and we distinguish two cases, either u,(r) < 1 — &
or ug(z) > 1 — k. In the first case, we exploit (5.45) and we obtain that @, +(z) < —1 + « and thus

U () < Ugp(x) < =1+ K.
This and the monotonicity of f in (H2) imply (5.47) in this case.

If instead u, () > 1 — K, we have
1 — K < u(z) < Ugyr(z),
and once again the monotonicity of f in (H2) implies (5.47), as desired.

Now, from (5.39) and (5.47) it follows that
L(ug — tgt) = €° (f(ua) — f(ﬂw)) +ca>ca in B, N{ug — gy <0}
Then, Lemma 5.9 applied to w := u, — U, gives that (5.41) holds for ¢ = 53,
Also, using (5.42) with 6 := 0, we have that
0,...,0, ag(0) — Ca'™) € {u, <0} and (0,...,0, ag(0) + Ca'"™) € {u, > 0}.

Therefore there exists 7 € [g(0) — Ca?, g(0) + Ca?] such that the point p, = (P, Pan) == (0,...,0,a7)
satisfies
Uq(pa) = 0. (5.48)

We claim that, for every fixed ¢t < 0, taking @ small enough (possibly in dependence of t), we have

Ug — Ugt < 0 atthe point p,. (5.49)
To this end, we recall (5.37) and we observe that

Pan — aQ'(pl,) — Ca® = at — aQ'(0) — Ca® = a(g(0) — Ca”) — aQ(0) — at — Ca’
—Ca*™ —at — Ca® > 0,
since t < 0, as long as a is small enough (possibly depending on t). From this and (5.43) (applied here
with 6 := 0), we conclude that
Pa € {7, > aQ'(2") — Ca*} C {@a,; > 0}.
This and (5.48) give that
Ua(Pa) = Uat(Pa) < Ua(pa) =0,

which proves (5.49).
Now we let ¢, = t.(a) be the infimum of the ¢ € R such that (5.41) holds. Notice that, by (5.41) and (5.49), we

know that
liminf¢,(a) = 0. (5.50)

a—0

Next, by (5.37) we have
Q—g=>co>0 forany 2’ outside B, s, (5.51)
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where ¢ depends only on () and Q
Also, in view of (5.50), if a is small enough, we may assume that ¢, > —co/2. Thus, by (5.51), we have that
Q" —g=Q+t.—g>cy/2>0 foranyz’ outside B;/S.
Hence, using again (5.42) and (5.43), we obtain that
{us < 1=k} C {lige < —1+&} inQs\ By
Hence, as before, using that &a,t = u, outside of Qg, we conclude that
Ug — Uy, > —a® InR™\ Bys.
Using again (5.39) and assumption (H2), it follows that, for a small enough,
L(ug — tgye,) =€ ° (f(ua) — f(ﬂat)) +ca > ca in(B,\ By2) N{ug — tgy. <0} (5.52)

On the other hand, by the definition of ¢.,, we have that u, — 4, > 0in B,/ and hence formula (5.52) holds
true by replacing (B, \ B,/2) with B, (since the contribution in B3, 5 is void).

Then, Lemma 5.9, applied to w := ug — gy, , yields that u, — 14, > 0in B, /2, which is a contradiction with
the definition of £.. O

6. COMPLETION OF THE PROOF OF THEOREM 1.1

Using the techniques developed till now, we are in the position to prove Theorem 1.1.

We need an auxiliary result, a geometric observation. It says that if in a sequence of dyadic balls a set is trapped
in a sequence of slabs with possibly varying orientations, then it is also trapped in a sequence of parallel slabs.

Lemma 6.1. Let« € (0, 1). Assume that, for some a € (0,1) and X C R"™, we have
{x-wj < —a2j(1+°‘)} CcXC {x-wj < a2j(1+°‘)} in By; (6.1)

. , loga
=¢0,1,2,...,jp = | ——————
j { Y ) Y ’j \‘10g(2a)J}

Then, for some mq € N, withmg < j,, and C' > 0, depending only on o, we have' that
{x cwp < —C@a?j(1+°‘)} CcXC {3: cw < 09a2j(1+0‘)} in Bpy; % (—2"7“, 2’““) (6.2)
forevery 7 € N, with0 < 7 < j, — myg.

for all

where w; € S™ 1.

Proof. We have, forall j € {0,1,..., 7.},
{2 w1 < —a2(j+1)(1+a)} cXc{z w< a2(j+1)(1+a)} in By .

Thus, rescaling by a factor 277, we obtain that

{:1: ‘Wit < —a2ja+1+a} C {x cwj < a2ja} in B;. (6.3)
Also, forall j € {0,1,...,j, — 1}, we have that
a2Ut D L g2lad L 1, (6.4)
Hence,
6= a2 L2797 < 1, (6.5)

'We stress that wy in (6.2) is simply w; with j := 0.
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Notice that, with this notation, (6.3) implies that
{LC C Wit < _4(5]} - {LC C W < (5]} in Bl- (6.6)

Observe now that
lwjr1 — wj| < 320;. (6.7)

Now, from (6.7), summing a geometric series, we deduce that

j—1 j—1 j—1

C’a 2J ja

|lwj — wo| < E lwis1 —wi| KCY 6 =Cad 2= < Ca 2,
=0 =0 =0

up to renaming C' > 0.
From this, and up to renaming C' once again, we obtain that
{x cwp < —Ca 270+ } {:U ‘wj < —a 2j(1+a)}
and {:1:~w <a? 1+O‘}C{:B wo < Ca?? 1+O‘)} in By,

which implies the desired result (if mg is sufficiently large). 0]
Now we are in the position of completing the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us denote u = u, to emphasize the dependence of the statement on a. By Lemma
6.1 we have that, in a suitable coordinate system such that the axis x,, is parallel to wy,

{z, < —a2j(1+o‘°)} C {ug < =14k} C {ug <1—k} C {z, < a0} in Bl x (—2ke 2ka)
for 0 < j < kg, where k, = j, — mg and where mq = mg(«p) is the constant of Lemma 6.1.
Then, by Corollaries 4.5 and 4.6, combined with Proposition 5.1, we find that
{r, <ag(x') — Ca'*"} C {u, < -1+ &} C {u, <1—x} C {z, < ag(x) + Ca'™}
in B} x (—2 2k) where g is affine. The assumption 0 € {—1 + x < u, < 1 — K} guarantees that
9(0) = 0.

Then, if a is small enough, this implies that

{w-mg— C{uaé—l—i-/i}c{uagl—/f}c{wwg%} in By /2,

a
=)
for some w € S™ !, and thus Theorem 1.1 follows. [l

7. PROOF OF THEOREM 1.2

Now we give the proof of Theorem 1.2, by applying a suitable iteration of Theorem 1.1 at any scale and the
sliding method. For this, we point out two useful rescaled iterations of Theorem 1.1. The first, in Corollary 7.1,
is a “preservation of flatness” iteration up to scale 1, while the second, in Corollary 7.2, is a “improvement of
flatness” iteration up to a mesoscale.

We first give the

Corollary 7.1 (“preservation of flatness”). Assume that L satisfies (H1) and that f satisfies (H2) and (H3). Then
there exist universal constants ag € (0, 5/2), po € (2,00) and ay € (0, 1/4) such that the following statement
holds.
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Letu : R™ — (—1,1) be a solution of Lu, = f(u) inR", suchthat0 € {—1+x < u < 1—k}.Letk > j € N
and suppose that
1
> Pollogao| (7.1)
log 2

Assume that

{wi-r<—a2y C{u<—1+r} C{u<l -k} C{w x<a2} inBy, (7.2)
for every i > k, where w; € S" 1.
Then, for every i € N, with 7 < 1 < k, it holds that

{w; -z < —agT} Clu<—1+r} C{u<1l—k} C{w-r<a2} inBy, (7.3)

for some w; € S™71.

Proof. We prove (7.3) for all indices ¢ of the form i = k — ¢, with ¢ € {0,...,k — j}. The argument is by
induction over /. Indeed, when ¢ = 0, then (7.3) is a consequence of (7.2). Hence, recursively, we assume that
the interface of w in Byr—q is contained in a slab of size a¢2*~9, with ¢ € {0,...,¢— 1}, and we prove that the
same holds for ¢ = (. To this aim, we set @(z) := u(2¥“*!2) and € := 5=~7. Notice that Lu = e* f ()

and
€ 1 < 1 <1 4
al®  abt 2k—trl T gho il < (7.4)

thanks to (7.1). In addition, we claim that
for any i € N, the interface of @ in By is trapped in a slab of size ag 2°(1+0), (7.5)

For this, we distinguish the cases i > ¢ and ¢ € {0,...,¢ — 1}. First, suppose that ¢ > ¢. Then, if z lies in
the interface of % in Byi, then y := 2¥ =1z lies in the interface of 1 in Byk—e+1+:. Accordingly, by (7.2), we

know that y is trapped in a slab of size ag 2=+, As a consequence, z is trapped in a slab of size ag 2° <
ao 2i(1+0¢0).

This is (7.5) in this case, so we can now focus on the case in which i € {0, ...,/ — 1}. For this, we take z in the
interface of @ in Byi, and we observe that iy := 28~z lies in the interface of u in Box—r+14i = Bor—(e-1-4).
Then, from the inductive assumption, we know that ¥ is trapped in a slab of size ag 28~ (¢~179) = g 2k ¢+1+7,
Scaling back, it follows that z is trapped in a slab of size a, 2¢, which implies (7.5) also in this case.

So, in light of (7.4) and (7.5), we can apply Theorem 1.1 to « and find that the interface of u in By, is trapped in
a slab of size 513%;.

That is, scaling back, the interface of w in Byx—¢ is trapped in a slab of size % < ap2F*, which gives the

desired step of the induction. ]

We next give the

Corollary 7.2 (“improvement of flatness”). Assume that L satisfies (H1) and that f satisfies (H2) and (H3). Then
there exist universal constants oy € (0,5/2), po € (2,00) anday € (0, 1/4) such that the following statement
holds.

Letu : R" — (—1, 1) be a solution of Lu = f(u) inR™, such that0 € {—1+x < u < 1—k}. Letk,l € N

be such that I |
+1 DPo log ag

<" .
appo + 1 (aopo + 1) log2

(7.6)
Assume that
{wj-2<-a2} C{u<-1+k} C{u<1l—k} C {w; < a2’} inBy, (7.7)

for every j > k, wherew; € S™ 1.
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Then, for everyi € {0, ..., 1}, it holds that

ao 2k—i

2a0i

2k—i
{wi-xé—ao }C{u<—1+/@}c{u<1—ﬁ;}c{wi-xg

20{0 )

} in Bywi, (7.8)
for some w; € S™ 1.

Proof. The proof is by induction over 7. When 2 = 0, we have that (7.8) follows from (7.7) with j = k.

Now, we assume that (7.8) holds true for all i € {0, ... 4o — 1}, with 1 < iy < [, and we prove it for ig. To this
aim, we set

~ N . (ok—io+l R ~ _ Qo

’LL(ZL’) = U(Q .Z'), E = W, a = W

Our goal is to use Theorem 1.1 in this setting (namely, the triple (u, e, a) in the statement of Theorem 1.1
becomes here (@, £, @)). For this, we need to check that (4, £, @) satisfy the assumptions of Theorem 1.1. First
of all, we notice that a < ag and

g 9opo(io—1) 9(@opo+1)io 9(aopo+1)l

— = < <1 7.
qpo af)") 9k—io+1 aﬁ’“ aopo+k+1 ago Qaopo+k+1 S 77 (7.9)

thanks to (7.6).
Now we claim that, for any 57 > 0,
the interface of @ in By; is trapped in a slab of width g27(1+eo), (7.10)

For this, we distinguish two cases, either j = 19 or j € {0, eyt — 1}. In the first case, we take © € Bs;
belonging to the interface of %, and we observe that y := oF—iotly ¢ Byj+r-ig+1 belongs to the interface of u:
then, we can use (7.7) and find that y is trapped in a slab of size

a02j+k*io+1 — go@olio—1)+j+k—io+1

Scaling back, this says that x is trapped in a slab of size

G2olio=1)+i < goa(i—D+i < Goi(l+ao)

This proves (7.10) in this case, and now we focus on the case in which j € {0,... iy — 1}. For this, let us
take © € B,y in the interface of @. Then, we have that y := Qk—iotly Byjtr-ig+1 = Bgk—(io—j-1) belongs to
the interface of u and hence, in view of the inductive assumption, is trapped in a slab of width

k—(io—j—1)

ap 2 — Qeoitk—iotl+]

——— =a .
a0 (io—j—1)

Thus, scaling back, we find that  is trapped in a slab of width @22°/*7 which establishes (7.10).

In light of (7.9) and (7.10), we can apply Theorem 1.1 (with (u, ¢, a) replaced here by (i, £, a)): in this way, we
conclude that the interface of u in By, is trapped in a slab of width QHLOO That is, scaling back, the interface
of win Byk—ig is trapped in a slab of width

&2k—i0+1 B ao . 2kz—i0+1 B 2]{71.070(0%
21+a0 - 2ao(i0—1) 21+a0 = Qo ’
which is (7.8) for 7¢. This completes the inductive step. 0

For the proof of Theorem 1.2, it is also useful to have the following maximum principle:

Lemma 7.3. Assume that w is continuous and bounded from below, and satisfies, in the viscosity sense, Lw >
—cw in {w < 0}, for some ¢ > 0. Thenw > 0 inR".
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Proof. Assume, by contradiction, that {w < 0} # &. Then, up to a translation, we may assume that w(0)
Let also C, > 0 be such that w > —C, in R". Fix n € C°(R", [0,1]) with n = 0in By, and
in R™ \ By. Forany 6 > 0, we define

< 0.
=1

ws(z) = w(z) + Con(dx).

Notice that

i&f ws < w(0) + Coyn(0) = w(0) < 0. (7.11)

Moreover, if z € R™ \ By, then

This and (7.11) imply that

inf ws = minws = ws(zs),
Rn B1

for a suitable x5 € Bj.
We remark that ws(zs5) < ws(0) = w(0) < 0, and so w(xs) = ws(xs) — Con(dzs) < 0. Hence
0> Lws(xs) = Lw(x;) + C, L(n(6x5)) = —cw(zs) — C6°,
for some C' > 0. Consequently,
o

%Lf ws = w(xs) + Con(dxs) >

+ 0077(5%)-

That is, for any z € R",
w(z) + Con(dz) = — i
Taking limit in §, we thus conclude that, for any = € R",
w(z) =w(x) + Cyn(0) =0,

against our initial assumption. [l

+ Con(dzs).

With this, we can now complete the proof of Theorem 1.2, with the following argument:

Proof of Theorem 1.2. Step 1. We prove that in an appropriate orthonormal coordinate system we have
{20 <2y —CPE N cfu<—14+k}C{u<l—kK} C{zn <20+ CPY inBy(2) (7.12)
forall z € {—1 +r<u<1l—~k}andj €N, forasuitable § € (0, 1).

Let ag > 0 be the constant in Theorem 1.1. First we claim that there exists ky > 1 universal such that, for
anyz € {—1+r<u<1—~k}andk > ko, we have

{w-(r—2)<—a2"} c{u<—1+r}C{u<l -k} C{w:(z—2)<ap2"} inBu(z), (7.13)
where w € S™~! may depend on z and k.
To prove (7.13), we use (1.12), to see that, if & is sufficiently large (depending on a),
{wz<—a2" '} c{u<—1+r} C{u<l -k} C{w -2 <a2" '} inBas, (7.14)

for some w € S™ ! possibly depending on k. Then, if k is also large enough (depending on z) in such a way
that |z| < k, we can suppose that Byx (2) C Bar+1 and

ao2" 1+ 2] < ap2¥ 4+ k < ag2.
These observations and (7.14) give that, if k is sufficiently large, possibly depending on a( and z, then
{w(r—2)<—a2"} c{u<—1+r}C{u<l -k} C{w:(z—2) <ap2*} inBu(2).
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Hence, in light of Corollary 7.1 (centered here at the point z), we can conclude that (7.13) holds true (we stress
indeed that condition (7.1) gives a universal lower threshold for the validity of (7.13)).

Our goal is now to use (7.13) to prove (7.12). For this, we need to pick up the exponent ¢ in (7.12) which will
imply the “stabilization” of the direction w from one scale to another. To this aim, fixed j large enough, we take

b aopo + 1 - log ag
aoPo Qp lOg 2

and [ := k — j. We observe that

1 1 ' 1
e L T R A . SN (7.15)
QoPo g log 2 aopo (plog?2

In this setting, we have that
k __Qopok . o Qobo agpo + 1. n logag \ . pologag
aopo + 1 agpo + 1  agpo + 1 aPo ap log 2 (appo + 1) log 2

This says that (7.6) is satisfied. Also, condition (7.7) (here, centered at the point z) follows from (7.13). Conse-
quently, in view of (7.8) (centered here at the point z), we conclude that the interface of v in Byj = Bok—m is
trapped in a slab of size

| —

2kt 2 27 ;
aoa - aoa _ < a1j —a 2](1—6)7
220 220 290

for some a; > 0, where § := pio, and (7.15) has been exploited.
In formulas, this says that
{w,j - (r—2) < —a; 2707 c {u < -1+ &} 7.16)
) 7.16
Clu<l—r} Clwy-(r—2) <2209} in By(2),
forany j = jo large enough, for suitable w, ; € St

Next we improve (7.16) by finding a direction which is independent of 7 and z. For this, we start to get rid of
the dependence of j: namely, we use (7.16) in two consecutive dyadic scales (say, j and 7 + 1) and we obtain,
similarly as in the proof of Lemma 6.1, that

‘(JJZJJrl — wz,j| § 027]'6.

This implies that
lim w, ; = w; «, (7.17)
J—+oo

for each fixed z.

We will make this statement more precise, by showing that the limit is independent of z, namely we claim that

1im w, ; = we, (7.18)
J—+o00

for some w., € S"1. For this, we observe that, forany 2,z € {—1+x < u < 1— K},
{woj - (x—2) < =20y c{u< —1+r}C{u<l =k} C{ws, - (x—2) <a; 27079}
in Boj(2) N By (Z), thanks to (7.16). This implies that
lw,; —ws;| =0 asj—oo.
From this and (7.17), we deduce (7.18), as desired.

Let us choose now an orthonormal coordinate system in which w., = (0,0,...,0,1). Then, (7.16) and (7.18)
imply that (7.12) holds true for all j > jo universal. Also, for j < jo, (7.12) holds true simply by choosing C'
large enough, hence we have proved the desired claim in (7.12) for all 7 € N.
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In addition, for our purposes, it is interesting to observe that, as as consequence of (7.12), we have

{2, <G@)-Ctc{u<—-1+r}Cc{u<l—k}C{z, <G@)+C} (7.19)
in all of R™, for some G € Lip(R" 1) with Lipschitz seminorm universally bounded and such that
G(2') = G < C (" =y + 1), (7.20)

for a suitable C' > 0.

Step 2. We now use (7.19) and a sliding method (which is somehow related to the one in [23]) to conclude that
u has 1D symmetry. Indeed, given (¢/,0) € S" ' N {x, = 0} and € > 0 we consider

u'(z) == u(x — et)

where ( )
el e
/ 0)
e=(e,e,) = —=. (7.21)
(¢ en) 1= 22
Our goal is to prove that
u' <u inallof R® andforallt > 0. (7.22)

From the fact that €/, and ¢ are arbitrary it will follow immediately that u = u(z,,) is a 1.D function.
To prove (7.22), we first observe that, if we take ¢ large enough (depending on €), we have that
{fu<1l—r}cC{u <-1+k} (7.23)

To check this, let x € {u < 1 — k}. Then, by (7.19), we know that z,, < G(2’) 4+ C. Hence, in view of (7.20),
we have that

—et), -Gz —et))+C =2, — -G +C

et t
< N - _ f_ o
< G(2') = G(x 1+€2)+20

1-6
gcl(ﬁ> +1] —%—FQCgO,
as long as t is large enough (possibly in dependence of €). Hence, by (7.19),
u'(z) = u(r —et) < =1+ &,
that proves (7.23).

Now we define I_ := (—1,—1 + k] and I, := [1 — K, 1) and we observe that, for large t,
if v € R", and u'(x) = u(x), then either u'(x), u(x) € I_ oru'(z), u(z) € I,. (7.24)
To prove it, let « be such that
u'(z) > u(x). (7.25)
We distinguish two cases,
either u(x) € 1, (7.26)
oru(z) € (—1,1)\ ;. (7.27)

If (7.26) holds, then (7.25) gives that u’(z) € I., and we are done. If instead (7.27) holds, then (7.23) gives
that u’(x) € I_. This and (7.25) imply that u(x) € I_, and this concludes the proof of (7.24).

Now we claim that
u' <u forall t large enough (possibly in dependence of ). (7.28)
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To prove this, let w := u — u’. We claim that
Lw > —c,w in {w <0} (7.29)
Indeed, from (7.24) and the monotonicity of f in I_ U I, given in (H2), we have that, if v € {w < 0} = {u’ >

ut(z)
—Lw(z) = Lu'(z) — Lu(z) = f(u'(x)) - f(u(z)) = /( | fi(r)dr < —c (u'(2) — u(z)) = cow(z),

thus establishing (7.29).
Then, from (7.29) and Lemma 7.3, we deduce that w > 0. This concludes the proof of (7.28).

Now, to complete the proof of (7.22), we perform a sliding method to check that u* < u also when t decreases,
up to ¢ = 0. To this aim, we first check the touching points inside the tubular neighborhood described by the
function GG in (7.19). Namely, we let G and C' be as in (7.19), we let £, > 0 be a fixed, suitably large, ¢ for
which (7.24) holds true, and we define

C":=C + 1y || VG| poomn-1). (7.30)
Let also
G:={x= (2,2, e R"st. |z, — G(z')| < C'}. (7.31)
and the set G is somehow the cornerstone of the sliding strategy that we follow here, since
ift > 0andu’ < uing,then u! < win the whole of R™. (7.32)

Notice that, from the discussion before (7.30), we already know that u! < w in the whole of R™ for t > ¢, so, to
establish (7.32), we can focus on the case t € [0, ¢). To this objective, we claim that (7.24) holds true also in
this setting (we stress that the original statement in (7.24) was proved only for large ). To prove it, let x be such
that

u'(z) > u(z). (7.33)

We distinguish two cases, namely
either u(z) € 1, (7.34)
oru(z) € (—1,1)\ ;. (7.35)

If (7.34) is satisfied, then (7.33) implies that u'(x) also lies in I, which gives (7.24). So, we can focus on the
case in which (7.35) holds true. Then, from the assumption in (7.32), we know that u* < w in G. This and (7.33)
imply that z lies outside G. This and (7.35) give that x lies below G, that is, recalling (7.31),

r, <G') - C".
Hence, in light of (7.30),
(z—et), —G((x —et)) <zp— G@) +t||VG| poorn-1)
<z, — G(l‘l) + 1y HVGHL‘X’(R"—l) =Ty — G(.’K’) + c'-C < —C.

This and (7.19) imply that z — te € {u < —1 + x}. Thatis u'(z) € I_. This proves that (7.24) holds true also
in this setting. From this and the assumption in (7.32), it follows that u* < u, by arguing exactly as in the proof
of (7.28). This completes the proof of (7.32).

Now, in view of (7.32), to complete the proof of (7.22), it is enough to show that
for any ¢ > 0, it holds that u* < win G. (7.36)

To this aim, we let
t:=inf{t > 0st.u' <uinG}.
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Notice that ¢ < t, thanks to the discussion before (7.30). We claim that, in fact,

t=0. (7.37)
To this aim, we assume, by contradiction, that ¢ > 0. Then, we have that ut < w in G, and there exists a

sequence of points
r; €G (7.38)

such that u(z;) — u'(z;) < 1/4. So, we set u;(x) := u(r + x;), ug(:z:) = ul(z + x;) and w;(v) =

ul(z) — u;(z), and we see that w;(0) > —1/j, w;(z) < Oforany z € R" withx + z; € G, and

Lwj(z) = f(uj(x)) = flus(x))  in R™.

That is, from the Theorem of Ascoli, passing to the limit as j — +o0, we find that there exist u, ' and w (which
are the locally uniform limits of v, u§ and wj, respectively) and G (which is a tubular neighborhood obtained as
the limit of G — z;) such that w(0) = 0 and

u(x —te) — a(z) = @'(z) — a(x) = w(z) <0
for any = € G. Consequently, we infer that

w(x) < 0forany z € R", (7.39)

thanks to (7.32) (applied here to @, which solves the equation Lu = f(u)).
Notice that
Lw = f(@)— f(a) in R"

and so

Lw(0) = f(u'(0)) — f(u(0)) = 0.

This and (7.39) imply that w vanishes identically in R™. As a consequence, for any z € R”,

i(z) = a'(x) = lim u'(z+z;) = lim u(z+z; —et) = lim u;(z —ef) = a(z —et), (7.40)

Jj—+o00o Jj—+oo Jj—+o0o

which means that « is periodic (of period ¢ in direction ¢). Also, from (7.19) and (7.38), moving in the vertical
direction, we know that there exists Z; that is at distance at most 2C” from z; and such that «(Z;) = 0. So we
write Z; = x; + Z;, with |2;| < 2C”, and we find, up to a subsequence, that 2; converges to some & and

0= jETOO u(Z;) = jggloou(xj + ;) = jginoo u;(2;) = u(z). (7.41)
We also claim that
{a=0} C{z, > -C,(]«'|'"°+ 1)}, (7.42)

for some C, > 0, where § € (0,1) is as in (7.20). To check this, we use the notation v; = (2}, 2;,) €
R™ " x R, we set G(z') := G(2' + ;) — x;,, and we see that if p € {@ = 0}, then, for j large enough, we
have thatp € {|u;| < 1 — k},thatisp+ x; € {|u] <1 -k} C {x, > G(2/) — C}, thanks to (7.19). This
gives that p, +;, = G(p'+2) —C. Since z; € G, we have that z; ,, — G(2;) < C". Hence, recalling (7.20),
we find that

pn =G+~ —C2GQ +2)) —Ga)) -C—-C" > —C(p) P +1)—-C-C".

This completes the proof of (7.42).
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Now, from (7.40) and (7.41), we know that & — et € {u = 0} forany ¢ € N. This and (7.42) imply that & — (et €
{2, > —C, (|2']*"% + 1)}, for any £ € N. That is, recalling (7.21),

0 < lim (& —Let), + C, (|(& — let)|' ™ + 1)
l—+00

1 ) let e ., lel t 176+1
= lim %, - —— R -
{—+o0 V14 g2 V14 e?

= —0OQ.

This is a contradiction and so (7.37) is proved. Notice that (7.37) implies (7.36), which in turn implies (7.22),
thanks to (7.32)

Finally, from (7.22) we obtain that D.u > 0 in all of R™ for all e of the form (7.21) where £ > 0 is arbitrary.

Accordingly, we have that D, oyu > 0 for any e, € S"~' N {z, = 0}. Hence, exchanging €/, with —e/,, we
obtain that D(.; o)u vanishes identically. It thus follows that u(z) = u(z,,), thatis u has 1D symmetry. O

8. PROOF OF THEOREMS 1.3, 1.4, 1.5 AND 1.6

As a first step towards the proof of Theorems 1.3, 1.4, 1.5 and 1.6, we recall that the limit interface of the
minimizers is a nonlocal minimal surface.

More precisely, we say that £ C R™ is s-minimal in R™ if its characteristic function is a minimizer for the
functional in (1.13), that is if EP(x g, B) < +oo and

gDir(XE7B) < gDir(XF7B)’
forany ball B C R" andany I’ C R" suchthat '\ B = E \ B.

These nonlocal minimal surfaces have been introduced in [12] and widely studied in the recent literature. In this

setting, we have (see Corollary 1.7 in [35]):
Lemma 8.1. Let u be a minimal solution of (—A)*/*u = u — u® in R™. Forany ¢ > 0, letu.(z) := u(x/e).
Then there exists £ C R™ which is s-minimal in R" and, up to a subsequence, u. — Xg — Xr~\E a.e. in R".

Also, {|u.| < 1 — K} converges locally uniformly to OF.

By a standard sliding method (see e.g. Lemma 9.1 in [38]), one also sees that monotone solutions are minimal:

/2y = u — u® inR™. Suppose that

Lemma 8.2. Letu be a solution of (—A)
ou

oz,

(x) >0 foranyxr € R"

and

lim wu(z,z,) = +1.
Tn—too

Then, u is a minimal solution.

The result in Lemma 8.1 can be better specified for monotone solutions, by obtaining that the limit interface is a
graph. The precise statement that we need is the following:

Lemma 8.3. Let u be a minimal solution of (—A)*/?u = u — u® inR™.

Suppose that
ou

oz,

(x) >0 foranyx € R"

and

lim w(e',z,) = +1.
Tpn—oo
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Foranye > 0, letu.(x) :

= u(x/e). Then there existy : R"™' — R and E C R" which is s-minimal in R",
such that E = {x,, > vy(2'), =

'e ]R”‘l}, and, up to a subsequence, u. — Xg — XRrr\E @.€. in R™,

Proof. In view of Lemma 8.1, we only have to check that OF is the graph of some function ~ : R ! — R. As
a matter of fact, one has that £ = {x,, > y(2'), 2/ € R""'} up to sets of measure zero, for a suitable  :
R"! — [—o00, +00] (see e.g. the argument from (9.3) on in [38]). That is, OF is a nonlocal minimal surface,
which is a graph, with possibly vertical portions.

By sliding F in the vertical direction and using the comparison principle, one sees that either y(R" 1) € {+o00}
orelse OF is a graph.

In the first case F is a minimizing cone in dimension n — 1 and hence forn — 1 < 7 it is a half space. In the
second case, since F is a cone it is automatically a Lipschitz graph and we conclude anyway that £ is flat using
the Bernstein type result in [26]. [

With these preliminary results, we can now complete the proofs of Theorems 1.3, 1.4, 1.5 and 1.6.

Proof of Theorems 1.3 and 1.5. From Lemma 8.1, we know that the level sets of u. approach locally uniformly O F,
and E is s-minimal in R™. Then we use either [34] (in case we are in R? and we want to prove Theorem 1.3)
or [16] (in case we are in R™ with n < 7, s is close to 1 and we want to prove Theorem 1.5) and we see that OF
is a hyperplane.

Hence, we are in the setting of Theorem 1.2, which implies that u is 1D. U

Proof of Theorems 1.4 and 1.6. By Lemma 8.2 we know that « is a minimal solution and by Lemma 8.3 we
conclude that the level set of u. approach an s-minimal set £ which is a complete graph (as a matter of fact, in
view of Lemma 8.1, we also know that these level sets approach O F locally uniformly).

Then, when n. = 3 and we want to prove Theorem 1.4, we make use of Corollary 1.3 in [26]; similarly, when n <
8, s is close to 1 and we want to prove Theorem 1.6, we make use of Theorem 1.2 in [26] combined with [16].
In any case, we conclude that £ is a halfspace. This enables us to exploit Theorem 1.2, which implies that u
is 1D. 0
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