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ABSTRACT. The present paper continues studying the problem of nonparametric hy-
pothesis testing started in Lepski and Spokoiny, 1995 and Spokoiny, 1995. Let a func-
tion f be observed with noise. A null simple hypothesis f = fo is tested against a
composite alternative of the form |[f — fo|lr > ¢. Additionally it is assumed that the
underlying function f possesses some smoothness properties, namely, that f belongs
to some Besov (or Sobolev) ball Bs,p,q(M) = {f : ||fllB,,;, < M}. The aim is to
evaluate the fastest rate of decay of the radius g to zero as the noise level tends to
zero (or, equivalently, as the number of observations tends to infinity) for which testing
with prescribed error probabilities is still possible. The ealier results show that the
answer depends heavily on the smoothness parameters s,p,q, M. Below we consider
the problem of adaptive (assumption free) testing if these parameters are unknown. A
test ¢* is proposed which is near minimax and adaptive at the same time. Compared
with the optimal (minimax) rate, this test has a performance which is worse within a

log log -factor that is inessential but unavoidable payment for adaptation.

1. Introduction

Let a function f be observed with noise on the interval [0, 1]. More precisely, we observe

a process X (t) for t € [0, 1] obeying the stochastic equation
dX () = f(t)dt +n~Y2dW (@), 0<t<I. (1.1)

The factor n~1/2 for the noise level is prompt by analogy between this “ideal” statistical
model and more realistic models such as the regression model, distribution or spectral
density model etc. where n has meaning of the number of observations.

In what follows we consider the problem of testing the null hypothesis about function
f. Namely, it is assumed that the function f is completely specified under the null
hypothesis. To be more definitive, we assume the null of the form Hy : f = 0. Such a
problem is classical in statistical inference, see e.g. Mann and Wald, 1942 or Lehmann,
1959, and it can be treated as the signal detection problem when one has to decide by
observations X (¢) whether “a signal” f presents or not. Note that the whole statement
of the testing problem includes also description of the alternative set. Qur aim is to
propose such a test which is powerful against as large set H; of alternatives as possible.

We would like to consider below alternative sets of the form Hj(g) = ||f||, > ¢ wWhere
r > 1 and ¢ > 0. Unfortunately, such sets of alternatives are too large. It was shown
in Burnashev, 1979; Ibragimov and Khasminskii, 1977; Ingster, 1982 that for any o > 0
any test has the trivial power on Hj(g) (in the minimax sense). Further progress in this
direction was made under the extra assumption that the function f is smooth in the
sense that it belongs to some ball in Sobolev, Holder of Besov space. Hence we look at

the alternative of the form

Hi:  |fll->e lfllBipe < M.
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Here || - ||B,,, is the Besov norm with parameters s,p,q, see e.g. Triebel, 1992 or
Daubechies, 1992. For the case of an integer s and p = ¢, one may apply Sobolev’s
type seminorm || f||m,, = ([ [F®) (¢)[Pdt) '/? instead of the mentioned Besov norm. For
this case, the parameter s could be viewed as the number of derivatives of the function
f integrated in L,-norm.

The problem is studied in the asymptotic set-up when n tends to infinity or, equiva-
lently, the noise level tends to zero. It is natural to expect that for large n the radius o
can be taken small. Therefore, one niay ask about the optimal (fastest) rate of decay of
0 = p(n) to zero as n — oo for which a nontrivial testing is still possible. It turned out
that the optimal rate depends critically on the smoothness degree s, the norm power r
in which we measure the distance between the null and the alternative set and the norm
power p in which we measure smoothness properties of the function f.

The reader is referred to Ingster, 1993; Lepski and Spokoiny, 1995 and Spokoiny, 1995
for more detailed historical background. We mention here only_a few results closely
related to the problem under consideration.

The first results concerning the problem of minimax nonparametric hypothesis testing
were obtained for the case when the distance between the null and the alternative set
and smoothness properties of the function f are measured in the same norm L, (i.e.
r = p=2), see Ingster, 1982; Ingster, 1986; Ermakov, 1990. In this case, the optimal rate
is o(n) = n~ 747 . Note that this rate differs from the rate P(n) = n” 7T of estimation
of the function f under the same smoothness assumptions (more precisely, the rate of
testing is better and it corresponds to the rate of estimation with smoothness parameter
2s). Next, Ingster, 1986; Ingster, 1993 evaluated the rate of testing if p = r and arbitrary
r > 1. It appeared to be p(n) = n”EAE i ¢ > 2 and again p(n) = nTTE i
1 < r < 2. Such a behavior differs essentially from that of for the estimation problem
where, say, for any p > r, the rate of estimation is the same, namely nTEA . It was
shown also in Ingster, 1986 that for the case with p > 2 and r < 2, the rate of testing
is the same asfor p=r=2.

Note, however, that the case of p < r was not considered in that papers. But the
recent progress in the estimation theory, see Nemirovski, 1985; Donoho and Johnstone,
1995; Donoho et al., 1995; Lepski et al., 1994 stressed importance, both for theory and
practice, of considering the situation with p < r corresponding to functions f from (1.1)
with inhomogeneous smoothness properties.

The hypothesis testing problem for the case with p < 7 = 2 was studied in Lepski and
Spokoiny, 1995. The corresponding rate was found to be of the form g(n) = n_%—g%%% .
Note, see Donoho and Johnstone, 1995, that, for the estimation problem, the correspond-
ing rate does not depend on p in the domain sp > 1.

A variety of different tests was proposed in the papers cited above. But among all
these test procedures, the crucial problem for their practical applications is dependence
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of their structure on the smoothness parameters s, p, g, M which are typically unknown
a’priori.

The problem of adaptive (assumption free) testing for the same nonparametric set-up
was considered in Spokoiny, 1995 for the case of Lj-distance (r = 2). It was shown that
adaptive testing is impossible without loss of efficiency. The optimal adaptive rate was
also evaluated there. It occured to be worse than the minimax rate within a loglogn
factor. '

Below we continue studying this problem for the case of an arbitrary integral norm L, .
We are aiming, firstly, to evaluate the 6ptimal rate of testing and secondly, to propose an
adaptive test which achieves this rate (probably with extra loglog-factor). The results
of the paper show- that rates of testing differ essentially in three domains described by
relations between smoothness parameters s, p, M and the norm power r. Informally one
may classify these three domains as follows: the first domain corresponds to function of
high regularity with homogeneous smoothness properties; the next domain, on the con-
trary, corresponds to functions with very poor (inhomogeneous) smoothness properties,
particularly, to functions with jumps; finally, the last case can be placed between the ex-
treme two: functions from this domain have again inhomogeneous smoothness properties
but of moderate degree.

These three domains can be described also in term of the corresi)onding least favorable
priors. For the first case, the hardest for detection function (signal) is uniformly small
and, particularly, signal-to-noise ratio tends to zero. For the second (opposite) case, the
" hardest for detection signal is zero almost everywhere except one peak at a random place
with the altitude which exceeds the noise level within some log-factor. In the last case,
the corresponding signal contains polynomial number of peaks with the altitude of the
noise level.

Then we propose three kinds of test procedure and show that for each domain, one
may show one of these three which is critical for providing the optimal rate of testing.
The first procedure corresponds to testing in Ly-norm and it achieves the minimax rate
of testing in the first domain. (Note that both r and p may differ from 2 there.) The
corresponding rate is n~ 4T and the test is very powerful (in the sense of the rate of
testing) but it “works” only for very regular function.

The second procedure corresponds to testing in sup-norm. One could say that this
method “works” for any alternative (of course, some minimal smoothness is required)
but it leads to relatively poor rate coinciding with the rate of estimation for the same
value of smoothness parameters.

The last test procedure, in analogy with the estimation theory, might be called “spa-
tially adaptive”. It is based on thresholded empirical wavelet coefficients.

In the case when no information about smoothness properties of the function f is

available a’priori, our recommendation is extremely simple and natural: let apply all these
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procedures simultaneously. We show that a proper combination of the indicated above
tests can be taken to provide prescribed error probabilities. Of course, the sensitivity of
such a test still depends on the smoothness properties of the underlying function but the
proposed goodness-of-fit procedure is “assumption free”.

Resuming, let us highlight one more important benefit of considering arbitrary p,r >
1. This enables us to observe how quantitative change of smoothness parameters leads
to qualitative change of the structure of least favorable priors and the corresponding
optimal test structure.

The paper is organized as follows. In the next section we formulate the problem and
state the results. The proposed test procedure is discussed in Section 3. The proofs are

postponed to Section 4 and Appendix.

9. Model and hypothesis testing problem

Assume we are given by the data X (t), 0 < ¢ < 1, obeying the following stochastic
differential equation

dX (t) = ft)dt+n~2dW(t), 0<t<1,X(0)=0. (2.1)

The function f(-) is unknown and the following statistical problem is considered: to test
the null hypothesis Hy that the function f is identically zero,

Hy: f=0.

We wish to test this hypothesis against as large class of alternatives as possible. That is
why we do not assume any special (parametric) structure for the alternative set. This
leads to considering a nonparametric alternative set. Following to Ingster, 1982; Ing-
ster, 1993; Lepski and Spokoiny, 1995 we assume only that the function f obeys some

smoothness conditions. More precisely, the function f is supposed to lie in some Besov
ball B, q(M),

Biogg(M) = {F : |fl|.,q < M}

The definition of the Besov norm || - ||s,,, can be found, e.g., in Triebel, 1992. For
the discussion of this notion in statistical context, see Donoho and Johnstone, 1995 or
Donoho et al., 1995. Note that the definition of a Besov space can be done also in terms
of the wavelet decomposition, see the property ISO2 below.

To be able to test the null against the alternative, we assume also that the alternative
set is separated away from the null in some integral L,-norm where the number r > 1

is specified. Hence we arrive at the following alternative

Hi: For(0) ={f € Bspa(M) : ||fll- > e}
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Now we define the hypothesis testing problem. A (non-randomized) test ¢ is a mea-
surable function of the observation X(-) with two values {0,1}. As usual, the event
{¢ = 0} is treated as accepting the null hypothesis, and {¢ = 1} means that the null is
rejected. To simplify the exposition, we do not consider randomized tests. All the results
can be extended on the case of randomized tests in a standard way, see e.g. Lehmann,
1959 or Ingster, 1993. '

Let Pg be the distribution of the process X(-) under the null i.e. if we observe the
only noise, and let P; means the distribution of the process X under f due to (2.1),
Py =L(XI|f)-

The quality of any test ¢ is measured by the corresponding error probabilities of the
first and the second kinds. For the case under consideration with a simple hypothesis,
the error probability of the first kind is A

a(¢) =Po(¢=1).

CIff is a point from the alternative set, f € F,.(g), then the error probability of the
second kind at f is defined as usual by B(f) =Py(¢ = 0). The value 1— B(f) is called
the power of the test ¢ at f. :

We consider further the minimax set-up which leads to the following criteria

Bor($30)= sup Pr(gp=0). (2.2)

fe}-a,r(g)

2.1. Minimax rate of testing

Below we are focusing on the asymptotic hypothesis testing problem as the noise level
tends to zero (n — o0). We are interested in evaluating the optimal (fastest) rate of
decay of the radius p as a function of n to zero as » — oo for which testing with
prescribed error probabilities is still possible. The following definition of the minimax
rate o(n) was proposed in Ingster, 1993.

Definition 2.1. A sequence g(n) is called the minimaz rate of testing if p(n) — 0 as

n — oo and the following two conditions hold:

(5)  For any sequence o'(n) such that
2'(n)/e(n) = 0n(1)
one has
inf [Po(¢n) + for (én; £'(n))] = 1 — 0n(1).
(47) For any «,3 > 0 there exist a constant C > 0 and tests ¢}, such that
Po(¢n) < a+ton(1)
Bor($7:Ce(n)) < B+ o0a(1),



6 SPOKOINY, V.G.

Here and below we denote by 0,(1) any sequence tending to zero as n — co.

Remark 2.1. The first condition of the above definition means that testing with the rate
faster than g(n) is impossible i.e. if the distance between the null and the alternative
set is less in order than p(n), then any test has asymptotically trivial power in the sense
that the sum of the error probabilities of the first and second kinds is close to 1. The
second condition means roughly that, on the contrary, if the distance is of the order p(n)

then testing could be done with prescribed error probabilities.

It turns out that the rate p(n) depends on the smoothness parameters o = (s, p, g, M)
and the norm 7 in which we measure the distance between the null and the alternative.

We present below without proof the result about the rate g(n). This result is par-
tially (for particular values of p,r) proved by different authors, see the remark after the
statement of the result. '

It is useful to introduce the folowing three numbers

1 B "

W - 1 .
7 ds+ 1’ (2:3)

@ - _1-1r 5
7 2s+1-1/p’ (24)

@ - _1=2/r - 9
7 25+1-2/p (2:5)

Denote also

Aoz = 7@ -4®= 2sp —(r—p) (2.6)

pr(2s+1-1/p)(2s+1—2/p)’
_ ) _ (2 __ p—r=2sp(r—2)
B2 = T S T s+ 1= 1/p) (21)

The following technical statements are straightforward.

Lemma 2.1. Let sp > 1. If v > 4| then also v > 4B, On the contrary,
7@ < vB) implies vy < 4(2)

The proof is left to the reader.’

Now we are ready to formulate the result. We consider only the domain sp > 1
(this constrains comes from the approximation theory) and we exclude the points with
Ay =10 or Az3=0. The latter special cases are more involved and they require special

consideration.

Theorem 2.1. Given r and o = (s,p,q, M) with sp > 1, let

o (m) = MY = if 7\ > 4@,
—~(2)
ga,,.(n) = Q((,.Z’T).(n) = M’Y(z)'n,—l 2 zf 7(2) > 7(1) and 7(2) > 7(3)7 (2.8)
(3) 1=

o3 m) = MY (n/logn)™ T if v® <40
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If Ql(n)/ga,r(n) = On(l) ; then
inf [Po(¢n) + fo,r (#n; €'(m)] = 1 = 0n (1)

Remark 2.2. Such kind of results is called typically “a lower bound of the rate of conver-
gence”. It means that testing with a faster rate than g, ,(n) is impossible.

We do not state a precise “upper bound” result i.e. we do not present a test which
achives exactly the rate shown in (2.8). Instead we propose later on a test which achives
(and even adaptively) this lower bounds up to extra loglog-term. But the following
conjecture can be formulated: let o = (s,p,q,M) and r be given with sp > 1 and
A £ @ 4@ £ 4B Then g,,(n) is just the minimax rate of testing. This
conjecture is proved for some particular cases, see the remarks below.

Remark 2.3. In view of Lemma 2.1, one may say that up to log term g, (n) < M7n~(1=7)/2
where v = max{y(1),y(2) y(3)}

Remark 2.4. The rate oW(n) = M Tl 1T appeared first in Ingster, 1982 for the
case p = r = 2 and was extended to the case p > 2, r < 2 in Ingster, 1986. The
expression for g(z)(n) in the particular case of p = r > 2 was found in Ingster, 1986;
Ingster, 1993 and for the case »r =2, p < r in Lepski and Spokoiny, 1995.

Remark 2.5. To compare the results on the rate of testing with the similar results for the
estimation problem, we recall first the expression for the rate v, .(n) of estimation of
the function f over the Besov ball B, ,,(M) for the global error measure in L, -norm,
see Nemirovski, 1985; Donoho et al., 1995; Lepski et al., 1994:
MY -1 if sp> (r—p)/2,
Yo r(n) = © ® (2.9)
‘ M7 (n/logn)” 2 if sp< (r—p)/2.
Here v(9 =1/(25s+1) and 7® is from (2.5).

First we observe that expression (2.8) for the rate of testing 0,.(n) differs essentially
in three different domains whereas there are only two cases for the estimation problem.
But the last case and the corresponding rate ¢(®)(n) are common for both problems. The
related domain (with sp < (r—p)/2) corresponds to functions with very inhomogeneous
smoothness characteristics, see Donoho et al., 1995.

Coincideness of the rates for the testing and estimation problems leads to the following
conclusion: the test of the form ||f%||» > C%,-(n) is rate minimax where f is any rate
optimal estimator and C' is a proper constant. Note that this conclusion is not true for
the remaining cases where sp > (r —p)/2 and where the rate of tesing is better than the

rate of estimation (since v(® > y(1) and 7© > 4()).

Now we turn to the problem of adaptive testing.
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2.2. Adaptive testing

Let the smoothness parameters ¢ = (s,p,q, M) be unknown. We assume only that
these parameters belong to some prescibed set 7. We say that the set 7 is nontrivial
if there are numbers p, M and Smin < Smax such that o = (s,p,q,M) € T for any
Smin < § < Smax -

The problem of adaptive testing for a nontrivial set 7 was considered for r = 2 in
Spokoiny, 1995. It was shown that an adaptive testing without loss of efficiency (i.e.
with the same rate g, (n)) is impossible. Moreover, the optimal “adaptive” rate was
evaluated, it appeared to be (for r = p = 2) §,,(n) = go-(n/+/loglogn). and an
adaptive test ¢} was constructed based on the wavelet decomposition. The stricture of
this test depends inessentially on the range of adaptation 7 but not on the particular
value ¢ from this domain.

Below we present a slightly different test based again on wavelet decomposition and
show that it “works” for any norm L, and for any compact range of adaptation 7 . The
structure of this test is described in the next section. Now we state the result describing
its asymptotic performance.

Denote for o = (s,p,q, M)

KD = (MPn)7EE - (2.10)
RO = (MPn) (2.11)
RS = (M2n/logn)—2‘_‘“1:'2w. (2.12)

Theorem 2.2. Let a set T be such that its projection T, , = Is,T on the plane (s,p)
is a compact set non-intersecting with the curves Y1) =2 and 42 = ~0) | see (2.6),
(2.7). Particularly, one has

inf 17§ -8 >0,
inf |7 =51 >0,

whehe v = 75,’2 is due to (2.3) - (2.5), i =1,2,3. Let also there be a constant 6 > 0
such that

n—5/2 < hc(rz) < n-(l—&)/Z’ 1=1,2,3,

for any o € T. Then there is a constant C = C(T;p,r) and tests ¢y, (see the next

section) such that
Po(#; = 0) = oa(1) (2.13)
and uniformly in 0 € T and f € B,y (M) with ||f|lr > Cbsr(n) one has

P (¢ =0) = o0n(1)
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where
MY == (oglog n) =2 if /() > 4@,
Gor (@) = { MY 0= 52 (loglog ) 555 if 7@ > 70 and 4@ > /G (2.14)
MY (n/ log n)~ 5 if 73 > y2),

Remark 2.6. Easy to see that the condition of the theorem related to hf,l) , ht(,z) or hf,3)
is fulfilled if the parameter M belongs to some compact set that is M € [Mpin, Mmax]
for all o € 7. But the presented condition is much weaker and it allows parameter M

to be close to zero or infinity for s inside the interval [Smin,Smax] -

Remark 2.7. We see that §,r(n) = gor(n) = 93?2 (n) if sp < (r—p)/2. This means that
the test ¢} is adaptive and minimax simultaneously in this domain.

The possibility of adaptive testing for this case could be explained also by the fact that
the rates of testing and estimation coincide and that an adaptive estimation is possible,
see Juditsky, 1995, Donoho et al., 1995, Lepski et al., 1994.

Remark 2.8. The factor loglogn in the domain Ag3 > 0 can be viewed as “payment
for adaptation”. It was shown in Spokoiny, 1995 for » = p = 2 that this factor can be
neither removed nor improved.

3. Test procedure

In this section we describe the structure of the adaptive test ¢ declared in Theorem 2.2.

The whole construction uses only two external parameters smaxy and & where Smay
has the meaning of the upper considered value of the smoothness degree s (recall that
s belongs to a compact set on the real line). The knowledge of the norm L, in which
we measure the distance between the null and the alternative set, is also important. The
construction of the test makes heavy use of the wavelet decomposition. We proceed as
in Spokoiny, 1995.

3.1. Wavelet transform

Assume we are given an orthonormal basis of compactly supported wavelets of L3[0,1].
One may use the construction from Meyer, 1990 or Cohen et al., 1993b. Let ¢; x, ¥; i be
a system of compactly supported orthogonal wavelets (suppé C [-0, A] and suppy C
[-0, A]). We suppose that ¢ and ¢ € C™, where m is the maximal integer smaller than
Smax - This implies (cf. Daubechies, 1992[Ch.7]) that < (z) has at least m vanishing
moments.

Let jo be such that 27° > A 4 1. It has been shown in Cohen et al., 1993b and Cohen
et al., 1993a that an orthogonal wavelet basis on [0, 1] can be constructed by retaining
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Y;x and ¢;r as the interiour wavelets and scaling functions and adding adapted edge
wavelets and scaling functions. These edge elements are tailored so that the total number
is exactly 27 at resolution j. For the sake of simplicity we use the same notation for the
edge corrected and original functions. This construction provides an unconditional basis
for the B;p 4[0, 1] space for s > m, sp > 1.

It is useful to use for ¢;; 1 also the notation ¢, k=1,... ,2%. Denote also by J the

set of resolution levels for the considered wavelet basis,
J =172 jo}
and let Z; be the index set for jth level,
T, = {k:k=1,...,2°H J(o, k) : k=1,...,2°},
Z; = {(,k):k=1,...,27}
One has obviously‘ for the number of elements N; = #(Z;) in jth level

2j0+1 ] = j07
Ni=#(I;)=1q _ o
27 7> Jo.
By I we denote the global index set for the considered basis, 7 = {Z;, 7 € J}. Now

the wavelet decomposition of a function f can be represented in the form

&= 0rpr(t) =3 > 6r9u(t)

IeT JET I€L;

where 6y is Ith wavelet coefficient,

1
6 = /0 f@)yertyds, Iel.

Let now Xy, I € Z be empirical wavelet coefficients for the model (2.1),

Xi= [ wiix.

The model equation (2.1) yields

1
Xr=0;+n"1? / Y1) dW (t)
0
and the original functional model (2.1) is translated into the sequence space model
Xr=6;+n"Y2%;, IeI, (3.1)

where &7 = [47dW are standard normal and independent for different I .
Given j, denote by D; the projector on the function subspace corresponding to jth
level,

D;f(t) = 61¢1(t)

IeT;
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and by E; the projector on the first levels till j,
J
Eif®)=Y_ > 0rr(2).

jl=j0 IGIJI

The wavelet transform is justified by the following (isometric) properties, cf. Triebel,
1992[p.240]:

(ISO1) for any function f € L;[0,1]
AP = 11817 =D 63, (3.2)
I
(ISO2) there are two constants C; and C, such that

Cull11Bss,g < Blles,pe < CollfllBapye

where
(T, e
;:‘ gi(st3-3 (;WII") , g< oo,
Jz2J0 ]
181l 0 = N (3.3)
sup § 2/+577) (Elfw) } =
\.72]0 Ij

(ISO3) For any r > 1 there exists a constant C' depending only on r and the considered
basis {zbj(t),.f € I} such that for any j > jo and any f

i/r
ID;fll- < C2G~+ (Z lefr) :

IeT;

For the technical reason, we suppose that the initial level jo of the considered wavelet
basis {¢1(t),I € I} is chosen depending on 7 in such a way that jo — co as n — oo
and

270 > nd/2, (3.4)

Here ¢ is from the theorem conditions.

3.2. Test procedure. Preliminaries

The presented test is essentially levelwise. This means that all the considered statistics
are based on empirical wavelet coefficients within a certain wavelet level. In the other
words, we test each wavelet level independently and the resulting test rejects the null if
at least one level test does.

Note that a test procedure presented in Spokoiny, 1995 used “global” test statistics

depending on coefficients from a number of levels.
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Let the empirical wavelet coefficients X be defined by (3.1). Denote also
Yr = n1/2X1 = n1/201 +&;.

Given j < jo, set
S; = ZYIQ:?ZZX%'
Iez; IeZ;
For r > 2 set also
Sir= Vil =n7/2 3 |X4l".
IeT; IeZ;

It was shown in Ingster, 1982; Ingster, 1986; Ingster, 1993 that a rate optimal test for
the case with p=r can be based on the sum Tj,) = Sj, + ...+ Sj(n) where the index
j(n) is to be chosen depending on s,p. More precisely, determine the level j(n) for
p=r=2 by

. 4
21(") oy p T,

Then the rate optimal test could be taken in the form

¢n2 =1 (Mj(n) > Xo) _

where 7; = w, Eon and Dgn mean the expectation and the variance of a random
1/D0Tj
variable ¢ under the measure Py and x, is (1 — a)-quantile of the standard normal
low.
For the case with r = p > 2, see Ingster, 1993, a rate optimal test can be constructed

in the similar way with S;, in place of §;,

¢’n,r = 1 (nj:r > Xa) *

Here n;, = Hx=Bolir 7. —g. 4 ... 4+5;, and the level j(n) is to be taken by

T /DT,

. 2
2.7("‘) ~ n2stl-1/p,

Note that the prober choice of the level j(n) is crucial here and above for r=2.

In the case of adaptive testing, when s and p are unknown, such a test could not be
implemented. It was proposed in Spokoiny, 1995 to use for testing the supremum value
of n; or 7;, over all feasible levels j. Below we proceed in the similar way but the test
is based directly on S; (resp. Sj, ) in place of T; (resp. T}, )-

As it was pointed out in Spokoiny, 1995, tests based on S; or S;, allow to test with
the optimal rate for the case with p > r. If the norm L, for the distance is stronger
than the norm L, in which we measure smoothness properties of f, then such tests do
not provide the optimal rate. The situation here is similar to that of in the estimation

problem when linear methods are rate optimal only for r < p. For the case p < r,
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similarly to the estimation problem, see Donoho and Johnstone, 1995 or Donoho et al.,

1995, we involve the idea of thresholding of empirical wavelet coeflicients.

3.2.1. An adaptive test

The test proposed below can be viewed as combination of four different tests each of them
is in its turn composite and operates levelwise. The first test corresponds to testing in
L3 -norm, the second one (to be apply only for r > 2) testsin L, norm, and the third one
does the same but for thresholded empirical wavelet coefficients. Finally, the last subtest
analyses each empirical wavelet coefficient separately and it corresponds to testing in
sup-norm.

To begin with, we restrict the number of considered wavelet levels. Let jo be taken

due to (3.4). Define also the highest considered level jmax in such a way that
n1—5/2 < 2jma.x <n
where § is shown in the theorem conditions. Denote

jnz{j:jOSijmax}-

= 17, _

jegn
Note that
m, = #(J") < logan < 2logn (3.5)
and
#(I") < 2n. (3.6)

For each j € J", state

Sj = ZYI27 (37)

IeZ;
S; — EoS;

G = Des,

(3-8)

The first test, which we introduce, is based on (; for j € J7,

Gro2=1 { sup (; > 24/log logn} . (3.9)
jegn

Remark 3.1. Now we are in a position to explain the nature of the loglog-factor en-
tering in the adaptive rate of testing. Obviously, S; and thus (; are independent for
different j. This follows directly from the definition and from independence of empirical

wavelet coefficients. Easy to observe also that each (; is under the null asymptotically
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(as m — o) standard normal. Hence our test statistic in (3.9) is supremum of m, in-

dependent asymptotically Gaussian random variables and its distribution is degenerate

around /2log m, ~ +/2loglogn. This explains the choice of the testing level in (3.9).

Similarly we define the test ¢,, for r > 2. Set

Sir = Y I, (3.10)
IeI;
G = Sir ~ Bodir (3.11)

1/ DOS],r
Gy = 1 { sup (jr > 24/log logn} . (3.12)

jeJg"
The similar test with thresholding is defined as follows. Denote
r = max{r,2}
and, given A >0, j € J" set
Six(N =D VFL(Y2l > 3) = o*2 31X 1(1X1] > M), (313)
IeI; IeZ;
—_— Sj1r(A) — EOS "r(A) -

Gr(A) = SRINEY (3.14)

Define also the set A; by

Aj={\=+/2rklog2,k=1,2,...,A < +/0.5log N;}
where recall Nj = #(Z;) =2 for j > jo, Nj, = 2%*!. Now state
bprp=1 { sup sup (jr(A) > 3+/log logn} . (3.15)
JET™ AEA;

Finally set

stoo = Sup IYII7
IeI;

Pno =1 { sup Gjeo > 2\/IogNj} .
JjeEIT™
The whole test ¢}, rejects the null if at least one of these four does:

¢: = max{¢n,2a ¢'n,r7 ¢n,r,tv ¢n,oo} (316)

where ¢,, =0 for r < 2.

Note that the values EoS;, DoS;, EoSjr, DoS;, and even EgS;,(A),DoS;-(A) are
easy to calculate, see Lemmas 4.2 - 4.4 below, that simplifies the implementation of the
test ¢}, .
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4. Proofs

In this section we prove Theorem 2.2. The proof can be informally split into three parts.
First we study the behavior of the test statistics (j, (jr, (jr(A), oo under the null
and show that Pgo(¢} = 1) = 0,(1). Next we analyse what sort of information about
the function f can be extracted from the statistical fact that ¢} = 0. Finally we show
that this information and smoothness properties of the function f enable us to prove
the desired assertion (2.14).

4.1. Error probability of the first kind

In the next lemmas we collect some information about the distrubution of all introduced
statistics under the null i.e. if f =0 and hence 6; =0, I e€Z.

Denote
tn = /loglog n.
Lemma 4.1. For each j€ J" and I €Z;
Po(|¥i] > 21/log ;) < 2N}
and
Po (G0 > 2y/l0g ;) < 217,

Lemma 4.2. The following assertions hold uniformly in j € J": for n large enough

() EoS;=Nj

(i) DoS; =2N; =diN; with do=+2.
(i)  Po(S;—EoS; > 242,Fthn) < 2exp{—22} = 2(log n) 2.

The similar assertions are valid for for Sj. .

Lemma 4.3. Let » > 2. For n large enough, uniformly in j € J"
i) EoS;,="b.N; with b, =E[¢|", £~ N(0,1),

b, = (2m)/2 / |7 e~ *dz.

(i) DoS;, = d2N; with d, = DI¢|" = by, — 2.
() Po(Sir — EoSir > 2d,,/thn) < 2exp{—2t2} = 2(logn) 2.

Lemma 4.4. For n large enough, uniformly in j € J™ and A € A;

() EoS;r(A) = be(A)N; with by = E[E[F1([¢] > A), £~ N(0,1),

be(A) = 2(271')_1/2/ xre"‘”z/zdm;
A
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(1)  DoSie(A) = RN with
@2 = DIEFL(IE] > ) = bax(A) — B2(N);

(i) Po (Sj,r()\) EoS;(A) > 3dr(A)+/Njt ) < 2exp{—9t2/2} = 2(log n)~%/%;
(iv) There are such C,C’ > 0 that for any A > 1 and r > 2 one has

Ce¥/* < d.(N) < C'are /4,

We defer the proof of these lemmas to the Appendix. Using these results, one can easily
prove that ¢} obeys (2.13). In fact, due to Lemma 4.2, (i) and (iii), one has

Po(pno=1) = Py (SUP G > 2ti) <

JET™
< Z Py (S EoS; > 2ds4/Njt ) Z (logm)~2
JET™ jegn
< 2#(J")(log n)"‘2 = 2mn(logn)_2 =0, ° n-— o0,

since m, < 2logn. Similarly one estimates the probabilities Po(¢,, = 1). Next, to
estimate Po(¢nr: = 1), we apply Lemma 4.4 in the same manner. One has

Po(bnrt=1)< > > PGr(N) >3d:(Ntn) < -
JET™ AEA;
Z #(A;) exp{—9t2/2} < C(logn)?(logn) %2 = 0, - m—oo.
JET™
The assertion of Lemma 4.1 implies obviously
Po(dneo=1)< D Nt <27%0%2 = 0,(1).
JET™
and the statement (2.13) follows.
At the next step of the proof, we study which functions f are detectable for the test

b -

4.2. Sensivity of the test ¢}

Let an arbitrary function f be observed with noise due to (2.1) and let {6;,I € Z} be
the corresponding'wavelet coefficients. Denote for j € J™ and A € A;

S; = Y Wnbil?,
IeZ;

gjar = ZI\/?_Z’QIY-’
Iei;

Sir) = S WAl L(vr8 > N).

Iez;
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Proposition 4.1. If for some j € J* and I € I; one has |07] > 4n~ /2, /log N; , then
P §(fn,c0 = 0) = 0n(1).
Proposition 4.2. If for some j € J"
S; > 4dy+/Nitn,
then
Py (¢n2 =0) = 0n(1).

The similar fact can be stated for ¢,, and ¢, ;. For technical reason, we formulate

these statements in combination with the result of Proposition 4.1.
Proposition 4.3. Let r > 2. If for some j € J™
Sir > 4d;+/Nit,

and |0;] < 4n‘1/2\/10g—Nj for all I €I;, then

Ps(dnr =0) = 0,(1).
Proposition 4.4. If for some 7 € J" and A € A;

55 (N) > 4de(N) /N,
and |8;] < 4n~Y2,/log N; for all I € I;, then

Py (¢n,r,t = 0) = On(l)-

Proof of these propositions can be found in the Appendix.

The results of Propositions 4.1 — 4.4 can be treated in the following way. Given function
f,if {¢% = 0}, then the following statements hold true simultaneosly for all j € J™
and A € A; with P;-probability close to 1

sup |07] < 4n~/2,/log V;, (4.1)
IeT;
> 161* < 407 day/Nita, (4.2)
IeZ;
> 162 < 4072/ Nit, (4.3)
IeT;
Z 107[F1(181] > An~Y2) < 4n7"/2dp (M) /Njt,. (4.4)

Iel;
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4.3. Rate of testing

To complete the proof of the theorem, it remains to show that the latter statements and
smoothness conditions f € B;, (M) imply the desired assertion (2.14).
The inclusion f € B;p (M) yields, see ISO2,

> l6rP < CupeEHE ), (4.5)
Iez;

Let D; and E; be the projector operators associated with the given wavelet transform.
By IS0O2, see also (4.5), and ISO3, for any function f € Bs,q(M)

ID;£ll, < C27. (4.6)
For r» < p, one has also
ID;fll- < 1D fll, < C277¢ (4.7)

and for 7 > p in view of (4.5) and Hélder inequality

r/p 11
STle < | Yo 1orP| < omremItET)
IeZ; IeT;
that implies by ISO3 )
ID; £l < C273¢5+). (4.8)

This statement is well known as the “embedding theorem for Besov classes”, see e.g.
Triebel (1992).

Note also that, 'using ISO1, ISO3 and the equality N; =27, j > jo, one can rewrite
the inequalities (4.2) and (4.3) in the following form: for each j € J™

|D; £} < Cn~121/2,,, (4.9)
| D; fIIE < CE/2=1)=r/29i/2y  — C9ilx/2-1/2)p—r/2; (4.10)

Here and in what follows, C' means a constant depending possibly on r,s,p but not on
f,7,n and bounded uniformly over the whole range of adaptation 7 .

Further we show that the above inequalities enable us to prove the result of the theo-
rem. We use the following fact which is a simple consequence of the triangle inequality

in the L,-norm:

“f”T l|f—E.7maxf+D.70f+ "‘+‘Djmaxf||r S

< Nf = BinarFlle + Y 1ID; £l (4.11)

jegn

In view of (4.7) and (4.8) one may conlude that

”f - Ejma.xf“T S C2‘jmaxsl S Cn—S,(l_J)/z << gayr(n)’
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with ¢ = min{s,s —1/p+ 1/r}. Therefore, it suffices to show that
> IDifll- < Céor(n)
JET™

with g, ,(n) from (2.14).

We are checking this statement separately for different domains of the parameters
p,7,s and for each case and each j, we pick one from the indicated above inequalities in
an optimal way. We separate between the following cases taking into account the value
of argmax{y™,y®, v} and the relation between p,r,2:

1) = max{y®), y() 4G} .

1. 7<p, r<2;
2. p<r<2;
3. 2< 7 <p;
~@) = max{,y(l‘), MO
1. 2<r < p;
2. p<r,r>2;
3. p<r<2.

@ = max{y1), v, 4}

In the last case, one has automatically p < r and r > 2. Using Lemma 2.1, it is not
hard to check that any point outside the curves y(1) = 4(?) and 7 = 3)  see (2.3) -
(2.5), belongs to one from the indicated above cases.

We start with the simplest case with p > r and r < 2 considered first in Ingster,
1982 (for p = r = 2) and Ingster, 1986. In this domain one has automatically y() =
max{y(),v3) 4}

4.3.1. The case of r<p,r <2

For this case, it suffices to use only (4.9) and (4.6) i.e. we use the information delivered
by the test ¢,2 and the smoothness properties of the function f. This means that the
Ly -test ¢, 2 provides the optimal rate of testing in this domain.

One has by (4.6)

ID;f|l- < ID;fllp < CM27%
and by (4.9)
1D;ll- < |1Djfllz < C(n2t,20/2)1 12 = Cn=2241/293/4,
The following technical statement is helpful.

Lemma 4.5. Let {d;,j € J"} be a sequence such that for some positive b, by, €o, €1

one has

d; < min{bo279% by271},
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Then
’ —j*€o 2 ﬁq bﬁo_:?q
Z dJ S 0(60,61)()02 = mbo 1 .
JjeEI™
Here j* is determined by the equality
bo2 9" = py 29" (4.12)

and C/(eo, €1) is uniformly bounded if € and €, are separated away from zero.

Proof. The proof is obvious. One applies d; < 5p2~7% for j < j* and d; < 512/ for
J < 7%. One may also use for C(eg, €1) an estimate
2

0(607 61) S 1 — 2_50/\51

and the assertion follows. [
We apply now this lemma with d; = ||D;f||, €c = s in (4.7) and ¢, =1/4 in (4.9)

> dj < Cleo, ) M2797
JET™
where 7* is due to
M27I"s = /212077 /4, (4.13)

By the condition of the theorem, the values ¢g = s and €; = 1/4 are separated away
from zero in the whole range of adaptation. This implies

sup Cleo, 1) < sup(1— 27%4)"1 < C < 0. (4.14)
aeT g€T
The relation (4.13) is equivalent to
97" = (M?n/t,) .
With this choice

> IDifll- < CM2I"E = CMTH (n/t,) 541 = CM"™ (n/t,)~-7)/2
JjET™

and the theorem follows in the considered case.

4.3.2. The case of p<r<2, y1) > 4

We apply again only (4.9) and (4.6) hence L,-test ¢, 2 provides again rate optimality.
The relation p < r < 2 allows to estimate ||D;f|| for each j € J™ with the help of
Minkovskii’s inequality

ID; £II7 < 11D; FI3° N1 D; 1150
where p= (p—r)/(p—2). By (4.6), (4.9) we get for any j € J"
ID;fIIE < C (n_l thzf/2)” (M273°)P09) — Cpgr(i=o)p=s g 9ile/2=201-0] (415
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Denote

_P[2=sp(1—p) _p—r—2sp(r—2)
r 2r(p — 2) )

and under the case into consideration one has, see (2.7),

€ (4.16)

sign €= — slgn(f)/(l) — 7(2)) = —1.
This allows to apply Lemma 4.5 with €y = —¢ in (4.15) and €; = 1/4 in (4.9). One gets
> IDsfll- < Cn=1/243/223" /1

JeEIT™
where j* is determined by the equation
(n=Y/2¢L/293" /4y = pp(1=p)p=r 4p 93%lp/2=sp(1=p)] (4.17)
The definition of p yields the identity p(1 — p) = r — 2p and thus (4.17) leads again to
the selection rule for j* in the form

21" = (M2n/t,) %
This implies similarly to the above

S D7l < OM ()01
JjeI"

4.3.3. The case of 2<r<p, v >+

We proceed similarly to the preceding case and again the Lj-test ¢, 2 provides the
optimal rate. v

The Minkovskii inequality allows to get (4.15) but now ¢ from (4.16) is positive (since
p > 2). We apply Lemma 4.5 with ¢; = ¢ in (4.15) and €y = s in (4.7). One obtains

> IDifll- < CM27Ie
JeET™
where j* is determined by the equation

(Mz—j*S)r = pP=p)p—r te 93le/2—sp(1-p)]
Using again the identity p(l1 —p) =r —2p we get
;% 2 _
20" = (M*n/t,)T+1.
This implies similarly to the above

> I1Diflle < M (o)==
JjeTm

We resume that for all cases where v(1) = max{y(1), 42 v} the L,-test ¢y 2

provides the optimal rate of testing.
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4.3.4. The case of 2<r < p, Y1) <4

In this case, we apply (4.9) (more precisely (4.15) which is based on (4.9) and (4.6))
and (4.10). This means that the optimal rate is obtained by a combination of testing in

Lo-norm and in L,-norm.

In the considered case of Y1) < 4(2), one has ¢ < 0 in (4.16). Now we apply
Lemma 4.5 for (4.15) with ¢y = —e and for (4.10) with ¢ =1/2 —1/(2r). We get

Y- IDsfll- < Cn=¥/2gkfraie
JjET™
where j* is determined by

MP(=3)=pyp 93*[p/2=sp(1=P)] = p=r/24, 9i*lr/2-1/2)]
or
1 ——2
—_ (Mzn)mtn p(2s—1/p+1) .
Substituting in (4.18), we obtain

S Difll, < CamMPglfredtr/En) <
iern ]

—1 r—1 ——r—l
= C’M2r(28r—1/p+1) n—1/2+2r(23—llp+1) ti/r pr(2s=1/p+1) _

cM® p= (=) 24171 [p
and the assertion follows.

Now we consider the case with v(®) = max{y(1), y() (3},

4.3.5. The case of sp < (r—p)/2

(4.18)

(4.19)

In this case, the inequality sp > 1 implies p < 7 and r > 2. We will apply now (4.6),

(4.8) and (4.1). This means that in this domain the test ¢, provides the optimal rate

of testing.
By (4.1) and (4.5), one has for each j € J"

IeT; IeZ;

In view of ISO3 this implies

s
llefH?sCTj(%—l) (logan> * ppoirle—i+)

logN (r=p_ logn\ 7 (=B
=C MPQ.'I( 32—5P) < O MPoi(F5E=sp)
= n

S 161" < (ng ) S 16 lp<c(1°gN ) T e (g0)
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Now we use the latter inequality, (4.8) and Lemma 4.5 with ¢ = (r — p — 2sp)/(2r)
and ¢ =s—1/p+1/r. We get

> ID;fll- < CM2T(smtpHi/n)
JET™

where j* is due to

r—p
Mr2—j‘r(s—l/p+1/r) — (Eg_ﬁ) z Mp2j(r-—p-—25;p)/2

n
or
i* (M%) Zo—2/pF1
logn
With this choice, one gets
Z I1D; fll- < CM (M_%)ﬁ% —om® (L) —(1-+®)/2
: logn oz

JET™
and the assertion follows.
It remains to consider the cases with v(2) = max{fy(l),7(2),7(3)} and r > p. The
calculations differ slightly for » > 2 and r < 2.

4.3.6. Thecaseof r>p,r>2,2sp>r—p

Here we apply the statements (4.3) and (4.4) based on the tests ¢,, and ¢, ;. First
we note that by (4.4) for each j € J" and any X € A;

Soled = D 16am 1162 > Avm)+ > 161171(101] < A//m) <

IeT; IeZ; IeT;

4024, (N2t + (MR Y 101 (4.21)
Iez;

IA

Since f € Bspq(M), we get using ISO2 and ISO3

Z |671P < CMP2-ir(s+1/2-1/p)
IeZ;

Let us fix now some j* € J" and state for j > j*
Aj =+/2r(j — 5*) log2.

Then, using againl ISO3 and Lemma 4.4,iv, one has for 7 > j* and 2r(j — 7*)log2 <
0.5log N;

ID; fllr < CPG0n="/2d,(33)29/ %, + (A/v/m) P MP2™PE+375) <

< " G=Bp=r/2, (5 — ) 29=G=12 4 O(j — )~ n— T Mr2—iertE—E),
If 2r(j—7*)log2 > 0.5log N;, then ||D;f||. can be estimated even better (with the only
second term) using (4.20).
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Easy to check that the last inequality yields

Jmax s 1 — . ) 1
S 104 <€ [27 G Pn20, ]y 0 [nm R w39
Jj=i*+1

Next, for j < j* we use (4.10) which gives

jll
> IDjl-<C [n'” 2,29 (5%

J=jo

]1/,».

Let us take level j* due to

n=r/24, 99" G-8) = =52 peg=i" (-5

or
2" = (MPnts2le) G1-1/0)
We get now
jma.x - 1 r
Z ID;ll- < C [n'r/zt,ﬂ’ (5-3% } r_ cm™® n—(l—*/(2))/2t711/r—“r(2)/p
J=jo -
as required.

4.3.7. The case of p<r < 2, y() < 4(2)

We proceed as above but with 2 in place of r (since r < 2).
For each j € J" and any A € A;

Yol = D 18:1(6r > A/V/m) + Y 161171(161] < A//).

IeT; IeT; IeT;

Let again some j* € J" be fixed. We set for j > j*
X = /4G = 77) og .
Now by (4.4), using then Holder inequality and Lemma 4.4, iv, one gets.

> 18:71(182] > Aj/v/m) <

IeZ;
< [0 t,4:0)277] " < € [nit,2902 [T 2] 2.

Since f € B;pq(M), we get using ISO2 and ISO3

r/2
S 6061 > ,\j/\/;g} <

IeZ;

Z 16717 < CMpQ—jp(s+1/2—1/p)__
IeT;

(4.22)
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Now we obtain as above

.'ima-x jma.x 1/r
il < ¢ Y [2j(§_1)2|9zlr} <

J=3*+1 F=5*+1 IeT;
jma.x
< C > [zi*(%—l)n-rlzt;/z i j*z—(j—j~)(§+%)]1/" n
j=3*+1 .
jma-x — — .
C Y G-y T MrarilriE-D)]
g=itt

1/r
<

< C [Qj*(i—r—l)n—r/%;/?.] ir +C [n—'r—;‘aMPQ"—j'(sp+§—§- ]l/r )
Here we have used that 2sp—r+p> 0.
Next, for j < j* we use (4.15) which gives

3%

Z D]l <C [Mp (=) =0 ¢ 23l 2—p(1—p)]] v <C [Mp(l‘p)n“"t,’;_Qj'[P/ 2-2’(1—9)]] M
i=jo '
since p/2—p(1—p) >0 for p=(r—p)/(2~p) if Y™ <~+? and p < 2, see (2.7) and
(4.16). |

Let us take the level j* again due to (4.22). We get now -
nr/2¢ 95" (5=%) = p= 5 ppo—i*(p+§-5) = pyr(l-p)y—rp t£ 97" lp/2=p(1=p)] =

= [M’Y(z) n—(l—v‘z))/%?lz/r—'v(” /p] r

Since 3r/4—1>r/2—1/2 for r > 2, we obtain

s
S UID; - € CMYD =D 24l r =B e,
I=jo

This completes the proof of the theorem.

Appendix

4.4. Proof of Theorem 2.1

The proof follows to Ingster, 1993 and we indicate below only the main points. Given
o= (s,p,q, M), let p(n) = 0,r(n) be from (2.8) and let o'(n) be such that ¢, =
0'(n)/e(n) = 0 as n — co. To simplify the notation, we will write g}, instead of ¢'(n).
We have to show that for any tests ¢,

lim inf [(¢n) + Bo,r (n: 00)] 2 L. (4.23)

Here, recall, 85r(¢n,0) = suPser, (o) Ps(#n = 0) and For(0) = {f € Bspo(M) :
lI7]l- > o} . Au usual, proving such sort of results, one changes the minimax problem by
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a proper Bayes one. Due to Ingster, 1993, it suffices to construct such measures 7, on
the space B;p, that

Tn(For(oh)) =1 = 0,(1) (4.24)
and
Zn. = dPy. /dPy — 1. (4.25)

Here P, is the Bayes measure corresponding to the prior 7, , see e.g. Lehmann, 1959,
and the last convergence is treated in probability under the measure Pq.

For the proof of these statements, we pass to the sequence space model and identify
the function f with the set of the corresponding wavelet coefficients 8 = {0r,7 € Z}.
Under the Bayes approach, these coefficients are random and the measure 7, describes
their joint distribution.

Below we consider priors with a special levelwise structure. “More precisely, given
j € J" and two numbers g € [0,1] and v > 0, introduce a prior 7j,, such that
6r =0 forall I ¢Z; and {6;,] € Z;} are iid with the three-points distribution of the

form
Tiup@1=0)=1=p,  mu(Br=%v)=p/2, €I (4.26)

Further we are constructing a sequence (jn, i, vn) in such a way that the corresponding
priors T, = 7j, 4, . Obey (4.24) and (4.25). Following to Ingster, 1993, we use the
following three families of priors 7, 4, v,

wMop =1, o) = nml2emi/40)?

71.7(12): Mg) = 9=in/2 ,07(12) — n‘1/2c,1./2;

71-7(?) : ,LL7(7,3) = 2'Tj", 07(?) = (n/ ].Og n)-1/2c711/2 -

Here ¢, = g}, /0,-(n) = 0,(1).

Lemma 4.6 (Ingster, 1993). Let j, — oo and ¢, — 0. Then (4.25) holds true for each

from three indicated above families of priors w, = 777(3) ,1=1,2,3.

Next, it is easy to observe using ISO2 and ISO3 that the condition (4.24) for the priors
(@)

T, 1=1,2,3 can be represented in the form

7n (|| Dj 6l < CM2™I(EH271E)y = 1 — o, (1),
71'n(”-Djne”r > C2~jn(1/2_1/r)giz) =1- On(l)’

where D;0 = {01,I € Z;} means the subvector of ¢ corresponding to jth level. Since

fr are iid within the level 7, one gets

Er,|Dj0llr = Njupintl = 2%p,05, 5> jo,
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and similarly for ||D;,0||, . Using these equalities and again the iid structure of {87, €
Z;} , one can reduce the above statements to the following conditions, see Ingster, 1993,

M —Poin(sp+p/2) pnv?c?? < C, (4.27)
2972 e > Cloh)” (4.28)

It remains to show that these conditions are fulfilled under a proper choice of j, . Define
j,(j) for ¢ =1,2,3 by the relations

2

L A— (Mzn) 4T,
2In — (M n) 2s+1-1/p

(3) 2 i
2" = (M*n/logn)z+1-277.

Straightforward calculation shows that with these choice, one gets for each of priors
) = (G0, w2, 00), i=1,2,3,
M—pzjr(f)(sp+z>/2)ﬂn[v7(zi)|p =1,
i 3 i) |r : r
2+ )" = |oO(m)|".

this implies (4.27) and (4.28) since ¢, — 0 as n — oo and the theorem follows.

4.5. Proof of Lemmas 4.1-4.4

First we recall that all the statement of these lemmas relate to the case of null hypothesis
that is we observe a pure noise and all the considered statistics are sums of iid random
variables.

The statements of Lemma 4.1 are obvious since the normalized empirical wavelet
coefficients Y7 coincides with Gaussian errors &r. Statements (i) and (ii) of Lemmas 4.2
through 4.4 are also straightforward. To prove assertion (iii) of these lemmas we use the

following general technical assertion.

Lemma 4.7. Let random variables 1;,, i = 1,...,n, be independent identically dis-
tributed and bounded,

[7in] < Ca(logn)* (4.29)
with some positive k and Cy. If also
d2 > Con~Y4 (4.30)

where d2 = Dn1,n , then for any constant C3 > 0, one has for n large enough and any

a < Cslogn

P <Z(m,n —Enipn) > adn\/ﬁ> < 27712,

=1
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Proof. Denote

bn = Enl,m
_ a
ko= dp/n

We apply the Chebyshev exponential inequality

n n
P (Z Nipn > nb, + adnﬁ) < eXP{—#(nbn + adn\/_ﬁ)} Eexp {Z ﬂm,n} =

i=1 =1

= exp{—punby — a® +nl(u)}
where
I(p) = log Ee#™m,

By Taylor’ expansion

I(6) = 10) + 12'0) + £1"(0) + £ (0w

with some [@] < 1. Easy to check using (4.29) that

10) = o,
') = by, -
I”(O) = dzn

I"(@p) < 6(Cylogn)®*

and therefore by (4.30)

a®(Cylogn)3*  C3(Cslogn)3k+3
B ST P

Since a < Czlogn, this yields for » large enough

P (Z(Ui,n - bn) > adn\/ﬁ) < e_“2/2+0n(1) < 26_02/2,

The lemma is proved. [J

3 !
n%|[”’(0u)| < =0, n—oo.

Now we show how e.g. statement (iii) of Lemma 4.4 can be proved with the help of this
result. Let A, =2+/logn. Given j,set for I € Z; and X € A;

nr = &1 1(A < [€1] < An).
Denote b, = Eny, d2 = Dny. Straightforward calculation show that
[br = b (M) < EIEI"1(€] > 4n) < Cn7,
|7, — dZ()] < Cn™

Since obviously 3 rez; M < S;jr(A), then in view of Lemma 4.4,iv, the desirable assertion

follows directly from Lemma 4.7.
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The statement (iii) of Lemma 4.3 is a particular case of this result with A = 0. The

same is true for Lemma 4.2,iii, where, moreover, r = 2.

4.6. Proof of Prbpositions 4.1 — 4.4

We start with Proposition 4.1. Let +/n|fr| > 4,/log N; for some j € J™ and I € Z;.
Then

Pf(fn,c0 = 0) < Ps(lvnbr +&1] < 24/log N;) < Ps([&1] > 24/log N;) = 0,(1)

and the assertion follows.

4.6.1. Proof of Proposition 4.2
Let S; > 4dsty,+/N; for some j € J™. Obviously

P;(¢nz2 = 0) < P(S; < Nj + 2datn+/N;)
and using the Cauchy-Schwarz inequality

Pi(fn2=0) = Pg(=(S; —EfS;) > EfS; — Nj — 2datn+/N;) <
(EfS; — N; — 2d2tn1/Nj)2.

Since &; are independent for different I, one gets easily

EiS; = Y Eslvabr+&P=Y (n62+1)=5;+ N,

<

IeZ; IeZ;
D;S; = Y Dslvafr+&l* =Y (4n? +2) = 45; +2N;.
IeZ; IeT;

Now the above estimate can be rewritten in the form
45j + 2N;
(Sj — 2datp A /N]')2 '
Since the function g(z) = r%_%’g is for any positive a,b,c monotonously decreasing for
z > ¢, one gets by S; > 4dat,/N;
' 4-4dotn /NG +2N; 1+ 04(1)
P =0)< < = 1).
f(qsnﬂ ) —= (2d2tn\/7—\7;)2 - 42?7% On( )

Here we have used that ¢, — o0 as n — .

Pf(¢n,2 = O) S

-4.6.2. Proof of Proposition 4.4

Let r > 2 and let-for some j € J” and A € A;,

Sir(A) > 4tad-(A)/N;. (4.31)
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Recall also that |\/nf;| < 44/log N; for all T € Z; due to the conditions of the proposi-
tion. One gets similarly to the above

Pi($nrs = 0) S Ps(Sjr(N) < br(A)N; +3dr(N)tny/N;) =

=P (=(S5r(X) = E£S;r(N) > EfSjr (A) = br(A)N; = 3dr(A)tn/ N;) <
D;Sir(A)

E; S5 (V) = b ()N; — 36 (N tny/ N3

To estimate E;S;,()A) and DS;-()), we use the following technical statements.

<
~

Lemma 4.8. Let A > +/r and let £ be standard normal. Then there are some positive
constants Cy,Cy such that

(?) for any z
Diz+&1(Jz 4+ £ > X\) < CL [NElz + £ 1(|lz + £ > A) + |27 1(|jz] > A)];
(i) for any z ‘
Ele +£"1(lz +¢| > A) > El§"1(I] > A);
(#13) if |z| > X, then
Elz +£"1(|lz +¢| > A) > |=]" + E[E["1([¢] > A);
) DIEI"L(|E] > A) > CAE™L([¢] > A) .
Proof of statements (i), (iii), (iv) is straightforward and left to the reader. Statement (ii)

follows from Andersen’s lemma, see Ibragimov and Khasminskii, 1981[Lemma 2.12.1].
Using Lemma 4.8, i, and the condition |/nf;| < 4,/log N; we have

D;S; () < C1AE;S;-(A) + Ci(4log N;)™/25; . (V).

E185r(X) 2 br (A N; + 85- (A) 2 br (AN + 4d, (N)tn/N;.
Hence as above in the proof of Proposition 4.3

C1N b, (A)N; + AC1[\ + (4log N;)/21dy (N)tnr/N;

Fi(Bnre =0) < ENEN;

1/4

To complete the proof we note that by Lemma 4.4,iv, d.(A) > N; /" and by definition

A < 4/0.5logN; for A € A;. Using also Lemma 4.8,iv, we get
C1Ab.(N) | 5C1(4log N;)7/2 on(D)
ENE T dWVtayN;
Proposition 4.3 can be proved in the same line with inessential modifications. We omit
the details. '

Pf(¢n,r,t = 0) <
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