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ABSTRACT. We study a Bernoulli type free boundary problem with two phases
Jju] = / IVu(@)[? de + & (M_(u), My (w), u—ae Wh2(Q),
Q

where @ € W12(Q) is a given boundary datum. Here, M1 and M3 are weighted volumes of {u < 0} N Q and {u > 0} N 2,
respectively, and ® is a nonnegative function of two real variables.

We show that, for this problem, the Bernoulli constant, which determines the gradient jump condition across the free boundary, is
of global type and it is indeed determined by the weighted volumes of the phases.

In particular, the Bernoulli condition that we obtain can be seen as a pressure prescription in terms of the volume of the two phases
of the minimizer itself (and therefore it depends on the minimizer itself and not only on the structural constants of the problem).

Another property of this type of problems is that the minimizer in €2 is not necessarily a minimizer in a smaller subdomain, due to
the nonlinear structure of the problem.

Due to these features, this problem is highly unstable as opposed to the classical case studied by Alt, Caffarelli and Friedman. It
also interpolates the classical case, in the sense that the blow-up limits of w are minimizers of the Alt-Caffarelli-Friedman functional.
Namely, the energy of the problem somehow linearizes in the blow-up limit.

n—1
As a special case, we can deal with the energy levels generated by the volume term & (0, 7"2) =715 ™ , which interpolates the
Athanasopoulos-Caffarelli-Kenig-Salsa energy, thanks to the isoperimetric inequality.

In particular, we develop a detailed optimal regularity theory for the minimizers and for their free boundaries.
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After [1, 2], a classical problem in the free boundary theory consists in studying the minimizers of an energy functional which is

the linear superposition of a Dirichlet energy and a volume term. In this case, minimizers are proved to be harmonic away from

the free boundary. Also, minimizers naturally enjoy a free boundary condition which can be seen as a balance of the normal

derivatives across the interface.

This type of problems has a natural interpretation in terms of two dimensional flows of two irrotational, incompressible and

inviscid fluids. Indeed, if the fluids have velocities v = V¢, for some potential functions ¢*, it holds that ApT = 0

whenever ¢ # 0. In addition, the Bernoulli law states that

(1.1)

o) v
= C
p* y T

p




along every streamline, i.e. lines for which the tangent is in the direction of the velocity (in other words the level sets of the
harmonic conjugate wi of d)i). Here C'. are constants depending on the streamline and pjE is the pressure from either
side. If the free boundary is smooth then the pressure pﬂE is continuous and therefore from Cauchy-Riemann equations, after
normalization, we get that (assuming that the densities pjE are constant)

+ |v¢:|:|2 _ +12 —2
(1.2) PR+ 5= =0 = [VYT" = [VoT[T =2(Cy — ).

In this interpretation, we see that the free boundary condition in [1, 2] is a variational version of the classical Bernoulli law (and
in fact it justifies the validity of a weak version of this law at points where the free boundary is not regular).

In this paper, we consider the case in which the energy functional is a nonlinear superposition of a Dirichlet energy and a
volume term.

We will show that general nonlinearities may produce pathologic examples, in which minimizers may not exist, or in which the
free boundary of the minimizers is not smooth. Nevertheless, under suitable structural assumptions on the nonlinearity, we will
show that a sufficiently strong existence and regularity theory holds true.

In addition, we will obtain a new version of the free boundary condition, which, in our case, turns out to be of “global” type. As
a matter of fact, in our case, the free boundary condition may still be seen as a balance between the normal derivatives from
the two sides of the free boundary, but, differently from the classical case, this balance changes from point to point of the free
boundary and the change takes into account quantities that are defined globally, and not only locally (e.g., they include the
nonlinearity itself and the weighted volumes of the phases of the minimizers).

Roughly speaking, in this new free boundary condition, the quantities C'y. in (1.1) are not constant anymore and they are not
locally determined. In other words, they depend not only on the streamline but also on the weighted volumes that the streamline
separates, and, above all, on the minimizers themselves: for this reason, we named this type of condition self-driven.

An explicit geometric example related to our problem can be given in terms of the isoperimetric inequality
Area(0QT) - Area(S"1)

1—1 = 1—1 _'C’VH

[cr(@9) (B

that is .
Area(d0F) > ¢, [L7(QT)] 7.
Consequently,
(1.3) Jackslu] == / |Vul|? + Area(0QT) > / |Vl 4 cp [E”(QJF)]P% =: J[u].
Q Q

In this sense, the energy functional Jacks studied in [4] provides an upper bound for the energy functional J. Notice
that Jacks is a linear interpolation of energies (the second one being an area), while .J is a nonlinear interpolation of energies
(the second one being of volume type, but scaling like an area). The functional .J in (1.3) is indeed a particular case of the
ones that we study in the present paper.

We observe that this type of problems is related to the Ginzburg-Landau model with three competing rates which balance each
other for a suitable choice of the structural parameter. The exact choice of the rate gives, in the limit, the energy Jacks- Thus,
in this spirit, the functional .J in (1.3) describes a model in which the equilibrium is reached in terms of the best approximation
of isoperimetric inequality under given constraints.

In the following subsections, we will describe the formal mathematical setting of the problem, the main results and the organi-

zation of this paper.

1.1. Problem set-up. Let {2 C R™ be an open and bounded set. In what follows, A\; > 0 and Ay > 0 are given constants.
For a given measurable function ) : 2 — R, bounded by two positive numbers

(1.4) 0< Q1 <Qz) < Q2 <o,

we define the weighted partial volumes

M (u) = Ay /Q Q) X{ucop (@) dz and  Ma(u) = Ay /Q Q@) Xqusoy (¢) dz



and the total volume

Aq = / Q(x) dx.

Q
It is easy to see that
(1.5) Miy(u) =M\ ()\Q - / Q(2) X{u>0} (2) dm) = A1 (Aa = Ay ' Ma(u)).
Q
Letalso R} := {z € R:z > 0}. Foragiven ® € C°(R; x Ry, Ry) NCH(Ry x Ry, Ry) suchthat ®(0,0) = 0,
we consider
(1.6) Dy (r) 1= <I>()\1 (Ao — A7 '), r)
and suppose that
(1.7) O (r) = 0forany r € (0, A2 A\q).
In view of (1.5),
(I)(./\/h(u),./\/lg(u)) = <I>0(M2(u)).
In this paper we study the minimization problem of the energy functional
Tu] = / Vu(a)? de + (M (u), Ma(u))
(1.8) 2
= / |Vu(z)|? do + ®g (Mg(’d))
Q

in the admissible class

(1.9) A= {ue WH(Q), withu — @ € W, *(Q)},
where 4 € W12(Q).

For a given minimizer u of (1.8) the free boundary of u is denoted by I" := 9 (u), where
(1.10) Ot (u) == {z € st u(x) > 0}.

This problem can be viewed as an extrapolation of the classical free boundary problem of Alt and Caffarelli [1], where the
authors studied the local minimizers of the energy

(111 Tolu)i= | (I9u@) + Qo) Xm0 2)) d
Q
Indeed, the functional in (1.8) reduces to that in (1.11) with the choices A1 := 0, Ay := 1 and ®(r1,7r2) := T2.

More generally, the functional in (1.8) is also an extrapolation of the two-phase free boundary problem in [2], in which, instead
of the functional in (1.8), the minimization problem dealt with the energy

(112) Jnoeu] := /Q (IVu(@)P + X Q(#) X(uso) (2) + X2 Q@) x(uz0} (2) ) da,

since the functional in (1.8) reduces to that in (1.12) with the choice <I>(r1, 7’2) := 11+ 749 (in this case, condition (1.7) reduces
to Ay = A1, compare with the assumptions of Theorem 2.3 in [2]).

In this sense, the energy functional in (1.8) provides a free boundary problem that is either one-phase (when Ay = 0) or
two-phase (when A; # 0) and in which the interfacial energy depends on the volume of the phases in a possibly nonlinear
way, which is described by the function ®. The principal difference from the classical case is that the free boundary condition
is determined by the weighted volumes of the phases and hence its Bernoulli constant is of global type and varies from one
minimizer to another.

More precisely, if the free boundary I" := 3{u > 0} is a smooth hypersurface then
(1.13) IVut (p)]* = [Vu™ (p)]* = A(p), peT,

where
(1.14)

A(p) == [)\25’1«2@ <)‘1/QQX{u<O}7 /\2/QQX{u>0}> - M0, @ <)‘1/QQX{u<O}7 /\2/QQX{u>0}>] Q(p)-



In the classical case A is a prescribed function and only depends on the ambient space at a given point. Conversely, since in
our setting A depends in a nonlinear fashion on global quantities such as M7 and M, which in turn depend on the solution,
it is natural to expect that the problem is going to be highly unstable (other global free boundary conditions arise in unstable
free boundary problems as the one dealt with in formula (1.12) in [10]). In particular, comparing (1.2) with (1.13) and (1.14),
we may consider the free boundary condition of our problem as a nonlinear prescription of the pressure in terms of the volume
of the two phases of the minimizer.

In our framework, the instability produced by the nonlinear superposition of energies may be, in general, quite severe, and, in
fact, the minimizers do not always exist, as we will see in Section 3. Thus some structural assumptions are needed in order to
develop a meaningful theory.

n—1
Interesting examples of nonlinearities that we can take into account are given by ®(ry,72) = ry™ and <I>(r1,r2) =
(r1 + 7’2)%. We notice that this type of nnonlinearities provides a scaling which is naturally induced by the isoperimetric
inequality. For instance, the minimizers of the Athanasopoulos-Caffarelli-Kenig-Salsa functional [4]

|Vu|? + Perg({u > 0})
Q

generate energy levels that are above the ones of our functional. If the phases have isoperimetric property then this levels
coincide. In this sense, the main difference between the energy functionals in (1.8) and (1.11)—(1.12) lies in the different scaling
of the volume term. This can be seen, as a paradigmatic example, by looking at the functional
n—1
/ IVul2 + (L£"({u >0} NQ) ™ .
Q

We remark that different scalings in perimeter/volume terms may cause instability phenomena in the corresponding minimiza-
tion arguments, namely a minimizer in a given domain is not necessarily a minimizer in a smaller domain, see [10].

Other cases of interest for the nonlinearity are the following ones:

B D only depends on the sum of the masses of the two phases, namely when ®(ry,79) = ®(r; + r2) (notice that in
this case, condition (1.7) is implied by the two conditions Ao > \; and (f)’(r) > Oforany r > 0).
B ® only depends on the the sum of different powers of the masses of the two phases, namely
1+a 1-8
T T
B(ry,ry) 1= — + 2
(rire)i= 0+ 125

with & > 0 and 8 > 0. Notice that in this case condition (1.7) is satisfied if A1 is sufficiently small (possibly in

dependence of Ay and Aq).

1.2. Main results. The main results of this paper deal with the regularity of the minimizers and of their free boundary. We
stress that, in general, minimizers may not exist and, when minimizers exist, their free boundary may be irregular. We will
present some explicit examples of these pathologies in Sections 3 and 4.

In spite of these examples, under suitable structural assumptions, a good regularity theory holds true.

To this aim, the assumption that we take is that

(1.15) (1.7) holds true and that ® is concave.

Recalling the notation in (1.10), we will also suppose that, for a given minimizer w,
(1.16) L2 (w) = @ > 0.

We will see that this assumption is not restrictive and it is satisfied in all nontrivial cases (a precise statement will be given in
Lemma 5.1). Then, our first result deals with the regularity of the gradient of the minimizers in BMO spaces, and it goes as
follows:



Theorem 1.1. Letu be a minimizer in §) for the functional .J in (1.8). Assume that (1.15) and (1.16) hold true.

Then Vu € BMO1,.(2, R™). More precisely, for any D € €2, there exists C' > 0, possibly depending on w, Q, 2 and D,
such that

sup ][ [Vu(z) — (V) go.r| de < C.
B7("IU)§D BT(J;O)

As a consequence of Theorem 1.1, we also obtain the following result:

Corollary 1.2. Letu be a minimizer in § for the functional J in (1.8). Assume that (1.15) and (1.16) hold true. Then:

B« is locally log-Lipschitz continuous, namely it is continuous, with modulus of continuity bounded by o (t) = t|log t|.
B is harmonic in the set Q™ (u).
B Forany D € Q, there exists C' > 0, possibly depending on w, Q, Q2 and D, such that

] /
u
! OB, (z0)

The regularity of the minimizers can also be improved, to reach the optimal Lipschitz regularity, as given by the following result:

(1.17) <Cr,

forany xg € T', as long as B, (xq) C D.

Theorem 1.3. Let u be a minimizer in ) for the functional J in (1.8). Assume that (1.15) and (1.16) hold true. Then u €
oY),

loc

We also deal with the geometric properties of the minimizers, obtaining optimal quantitative results. In particular, we prove
nondegeneracy of minimizers and linear growth from the free boundary, as stated in the next result:

Theorem 1.4. Let u be a minimizer in ) of the energy functional .J in (1.8), Qa“ a connected component of the positivity
set 2t (u), and xg € 9.

Assume that (1.15) and (1.16) hold true. Suppose thatr > 0 is small enough such that B,.(x¢) € €2 and
w
(1.18) L"(QF (u) \ Br(z0)) = 5

Then, for any k € (0, 1) there exists a positive constant ¢, depending only on @,  and Q, such that if

][ u? < er?,
B'r (Q:O)OQS—

thenut = 0in B,,-(0) N Q.

In particular, for any domain D & ) there exists a positive constant ¢, depending only on wo, Q, Q and dist(D, 0S2), such
that

(1.19) ][ u? > C’I“Q,
B (z0)NQF

forany xo € 9Qd N D andr > 0, such that B,.(x) € D.

Interestingly, the result in Theorem 1.4 holds true in any connected component of the positivity set of the minimizers.

In this paper, we also establish several density results for minimizers, that can be of independent interest as well, and that can
be used to establish the minimizing properties of the blow-up limits of the minimizers, which indeed turn out to be minimizers
of more classical free boundary problems. In this setting, the result that we obtain is the following:

Theorem 1.5. Letu be a minimizer in Q) for the functional in (1.8) and let uq be the blow-up limit'. Assume that Q is continuous
at 0 and that (1.15) and (1.16) hold true.

Then, for any fixed r > 0, we have that ug is a minimizer of the functional

Jo[u] ;/B( [Tl 420 £ (B 1 > ),

"A standard, explicit definition of the blow-up limit and the existence of such limit is given in Proposition 10.1.



where

Ao := A2 Q(0) @ <)\2/B ( )Q(x) X{u>0} (%) dx) :

We also obtain partial regularity results (valid in any dimension) for free boundary points, as stated in the following result:

Theorem 1.6. Letu be a minimizer in ) for the functional .J in (1.8). Assume that (1.15) and (1.16) are satisfied.

Then, the following statements hold true:

() Au™ is a Radon measure and, for any x € T and any r > 0 such that Bo,(z) C Q and L™ (" (u) \ B,(z)) >

w /2, we have that
1
/ Aut < f/ |Vut].
B,.(z) T J B, (2)

(i) For any subdomain D & ) there exists rq > 0 such that

/ Aut > ™! ,
B, (x)

foranyr € (0,79), x € T and such that B, (x) C D, for a suitable ¢ > 0.
iy If B, C ), then

(1.20) H" N (Br N {u > 0}) < 400
(1.21) and  H""! (B, N 0{u > 0})\ Grea{u > 0}) = 0.

In dimension 2, we also obtain a complete regularity theory for the minimizers. This result goes as follows:

Theorem 1.7. Letn = 2 and assume that (1.15) and (1.16) are satisfied. Then each free boundary point is critically flat and
hence 0{u > 0} is continuously differentiable.

We stress that, in this paper, the techniques that we develop are strong enough to allow a unified treatment of the one and two
phase cases simultaneously.

Furthermore, all the results of this paper are valid in any dimension (with the only exception of Lemmata 12.7 and 12.8, and
Theorem 1.7).

1.3. Organization of the paper. The paper is organized as follows. In Section 2 we prove the existence of minimizers. The
proof is standard and is based on a semicontinuity argument and on a refinement of Egoroff’s theorem for Sobolev functions.

In Section 3, an explicit example of volumetric function ® for which no solution exists is constructed. While ®q(r) suffers a
jump at 7 = 1, the non-existence is still surprising because it shows that, for such ®¢, the set of admissible functions is not
empty. In Section 4 we construct another explicit example of ® that does not satisfy the structural assumption in (1.7): in this
case, minimizers do exist, but their free boundary is irregular.

That done, we begin to establish the basic properties of the minimizers in Section 5. First a lower bound for the positivity
set 27 (u) is proved for a suitable boundary condition. Then we show that the gradients of minimizers are locally BMO
functions, that is we prove Theorem 1.1. This, in turn, implies that u is locally log-Lipschitz continuous, as given by Corollary 1.2.
For the one-phase problem this immediately implies the linear growth of u away from free boundary. One of the by-products of
the local BMO estimate is the coherent growth estimate (1.17). Using this and the Alt-Caffarelli-Friedman monotonicity theorem
we prove the local Lipschitz regularity for the minimizers of the two-phase problem, as stated in Theorem 1.3.

Then, we use a domain variation argument, to derive the nonlocal Bernoulli condition in Section 6.
The non-degeneracy of minimizers given by Theorem 1.4 is proved in Section 7.

In Section 8 we show that for every ball B centered at the free boundary there exists a smaller ball B” C Q1 (u) N B such
that L™(B’) > ¢L™(B), for some universal constant ¢ > 0. Moreover, in Section 9 we show the slightly weaker statement
that the non-positivity set {u < 0} has locally uniformly positive Lebesgue density at the free boundary points.



Section 10 is devoted to the study of the properties of the blow-up limits and to the proof of Theorem 1.5. In particular, we
show that the blow-up limits of the minimizers become global solutions for the Alt-Caffarelli-Friedman functional provided that
@ is continuous.

In Section 11 we prove the partial regularity of the free boundary, as given by Theorem 1.6, namely, that the 8{u > 0} is
of locally finite perimeter and the reduced boundary has full H"~! measure in {u > 0}. In particular, we show that the
measure theoretic normal exists at %"~ ! a.e. point of 9{u > 0}.

In Section 12 we prove that at the flat free boundary points the free boundary is regular and establish the full regularity of the
free boundary in two dimensions, as stated in Theorem 1.7.

NOTATION

Let us fix some notation.

B L™ is the n dimensional Lebesgue measure.

B " 'isthe n — 1 dimensional Hausdorff measure.

B u'(z) := max{u(z),0} and u~ (x) := — min{u(x), 0} are the positive and the negative parts of u, respectively,
sothatu = ut —u™.

B )\; > 0and Ay > 0 are given constants.

B QO (u):={xeQ:ulx)>0}and Q (u) := {z € Q: u(z) < 0} are the positivity and the negativity sets of v,
respectively,

B w > 0 is the constant providing a lower bound for the weighted volume of Q+(u)

B ' = 9{u > 0} is the free boundary.

B The open balls are denoted by B, (zg) := {x € R" s.t. |x — 29| < r} and B, := B,(0).

] C’loo’i (€2) is the class of locally Lipschitz continuous functions in §2.

B The mean value integral is f,, f = %(E) I -

B Various universal constants are often denoted by C, for simplicity.

2. EXISTENCE AND BASIC PROPERTIES OF MINIMIZERS

In this section we prove that there exists u € A minimizing (1.8), where A is defined in (1.9). We also show that under the
condition (1.7), u is globally subharmonic in 2.

2.1. Existence of minimizers.

Lemma 2.1. Fixu € W12(Q). Then, there exists u € A such that
Ju] < Jv]

foranyv € A.

Proof. The proof is a standard lower semicontinuity argument (we give the details for the facility of the reader). We notice that
M(Uo) < ()\1 + )\2) Q2 ﬁn(Q) < 400

and so J[u] < 4o00. Now, let uy, € A be a minimizing sequence. We observe that @ € A, hence for sufficiently large k we
may suppose that

(2.1) Jug] < J[@] < 4o0.

Setvg :=up —u € Wol’Q(Q). As a consequence of (2.1), we have that
sup || Vo z2(o,rn) < +00,
kEN

and so, by Poincaré inequality, also

sup ||vk||L2(Q) < +o00.
keN



8

Therefore, up to a subsequence, v, converges weakly to some v € WOI’Q(Q), strongly in L?(Q2) and a.e. in Q. Then, Vuy,
converges weakly to Vo in L2(£2, R™). So, if we set u := v + i, we have that u € A, u;, — uin L*(Q) and a.e. in (2,
and Vuy, — Vu weakly in L2(£2,R™). In particular,

(2.2) 1iminf/ |Vug|? > / |Vul?.

Now we observe that

(2.3) lim inf/ AQ(2) X{up >0y () do > / A2 Q(x) X {u>0y () dx.
k——+oo Q Q\E.

For this, let € > 0 be fixed. Using the refinement of Egoroff’s theorem for w2 functions, it follows that there exists a subset
E. C Q such that uy, — u uniformly in Q \ E. and cap,(E.) < & where cap, is the 2-capacity. Thus

liminf/ A2 Q(T) X {uy, >0y (z) dx > / A2Q(T) X {u>0} () dz — A2 Q2| E|.
Q

k— o0 Q\Es
Sending € — 0 the result in (2.3) follows.
From (2.3), we deduce that
(2.4) lim inf Ms(ug) = lim inf/ A2Q(T) X{uy >0y (7) do > / A2Q(7) X {u>0) () dv = Ma(u).
k— o0 k— o0 Q Q

Furthermore, by (1.5),
0 < Mi(u) =M1 (Mg — A3 " Ma(w))
and therefore Mo (u) € [0, A2Aq] and, similarly, My (ux) € [0, A2Aq].

Therefore, since, by (1.7), the function @ is nondecreasing in [0, Ay Aq], we deduce from (2.4) that

1ki§}rnf Do (Ma(ur)) = o <1ki§}rnf/\/l2(“k)> > o (Ma(u)).

This and (2.2) give that
lim inf Jug] > J[u],

k—4o00
hence u is the desired minimizer. O

We remark that if Q := O and A" := {u € As.t. u > 0}, then the functional .J in (1.8) becomes J[u] := [, [Vu(z)|? dx,
and so the minimizer of .J in AT is the solution to the Dirichlet problem.

This means that the free boundary B{U > 0} arises only in the regions where ) > 0. Therefore, from now on we assume
that (1.4) holds true.

2.2. Euler-Lagrange equations. We now state the basic properties of the minimizers. The starting point is to derive the
differential inequalities that the minimizers satisfy in €2.

Lemma 2.2. Letu be a minimizer in ) for the functional J in (1.8) and suppose that (1.7) holds true. Then u is subharmonic.
Proof. We use some classical ideas in Lemma 2.2 of [1] and Theorem 2.3 in [2], combining them here with condition (1.7).

For this, we consider a ball B € 2 and the function v which is harmonic in B and coincides with u in © \ B. We also
take w := min{u, v}. Then, w is an admissible competitor for » and therefore J[u] < J[w], that is

(2.5) I:= /B |Vu(z)|? de — /B |Vw(z)|? dz < @o(Ma(w)) — Po(Ma(u)).

On the other hand, if we set z := max{u — v, 0}, we have that

I= /B (V(u - w)(x)) . (V(u + w)(:c)) dr = / (V(u - v)(x)) . (V(u + v)(x)) dz

Bn{u>v}

= / ‘V(u—v)(m)|2dm+2/ (V(u—v)(2)) - Vu(z) dz
Bn{u>v}

Bn{u>v}

:/BO{UM}‘V(u—v)(a:)‘ dm:/B|Vz(m)| dz.



Inserting this into (2.5), we obtain that
26) / IV2(@)[? do < Bo(Ma(w)) — Bo(Ma(u)).
B

Moreover, we have that w < u and therefore X (>0} < X{u>0}- Accordingly, Mz (w) < Ma(u) and then, in light of (1.7),
we obtain that ®o(Ma(w)) < Po(M2(u)). From this and (2.6) we deduce that z is constant in B. Since z vanishes
in \ B, we conclude that z vanishes in ) and therefore that « < v, which establishes the desired result. O

3. NON EXISTENCE OF MINIMIZERS FOR IRREGULAR NONLINEARITIES

In this section, we observe that when the regularity and the structural assumptions on ®( are violated, minimizers may not

exist. To exhibit this phenomenon in an explicit and concrete example, we consider the case in which  := (O, 1) C R,
Ao :=Q :=1,a(x) :=xforany z € [0, 1], and
T ifrge[O, %],
D(ry,ro) := —5*82” if ro € (%, 1),

1 ifro € [1, +00).
Notice that, with this setting,
r ifr € [O, %]

(3.1) Po(r) = ¢ 22 itre (s, 1),

1 ifre[l,4oo).
For this choice of @, there exists no minimizer v* for the energy functional in (1.8) with the condition that u* —u € Wol’z(ﬂ).
To see this, let us suppose, by contradiction, that such minimizer exists. Then,
62) / 2 < J[u'] < JJa] = 1+ Do(1) = 2.
Q

As a consequence,

1—-0=u"(1)—u*(0) :/(0 Dt *>O}u* < U/QM*P \/El((O,l)ﬂ{u* > 0}) < V2 Ma(ur)

and so

3) Mals?) > 5.

We claim that

(3.4) {u* = 0} has positive measure.

To check this, we argue by contradiction and assume that £1((0,1) N {u* = 0}) = 0, hence Mz (u*) = 1. Consequently,
since « is a minimizer for the Dirichlet energy in (0, 1), we find that

(3.5) /|u |2+1>/ [u]> +1=2.

Now we define, for any 4 € (0, 3),

0 ifxelo,d],

ug(x) =
=0 itz e (6, 1.

Then, there holds

1 2

1
"] < Jus] :/5 —

Accordingly, by taking § as small as we wish, we obtain

1 5—-2(1—-6
+@o(1—6) = T+ (1-9)

T < 1+ ;

This inequality is in contradiction with (3.5) and so it proves (3.4).
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In particular, from (3.4), we can take a Lebesgue point p € (0,1) for {u* = 0}. Thus, if & > 0 is sufficiently small, we have
that

(3.6) L ((p —e,pte)n{u* = 0}) >e.

For small € > 0, we can also suppose that (p — e, p+¢) C (0,1).

Now we take ¢ € C§°([—1,1]) with ¢ > 0in (—1,1) and |¢| < 1. Forany £ > 0, we define ¢.(z) := ¢ (*Z2) and we
remark that

pte ,
(3.7) / |oe]|” < —.
p—e €

Let also

[\

ue (1) := u*(z) + e*pe ().
Notice that u. > u*, and
Mo (ue) — Ma(u*) = El((O, 1) n{ue > 0}) —rt ((0, Hn{u" > 0})
=L'({ze(p—c, p+te)stu(z) =0}) € e, 2¢],
thanks to (3.6). Notice also that, in view of (3.3) and (3.4),

(3.8)

Ma(u*) € [; 1)

and so, if € > 0 is sufficiently small, we deduce from (3.8) that also

1
MQ(UE) S |:, 1) .
2
Therefore, by (3.1) and (3.8),

(3.9) (I)O(M2(Ue)) _ <I>0(/\/l2(u*)) _ _MQ(UE) - MQ(U*) < _E.

On the other hand, recalling (3.2) and (3.7),

p+e
/ e [2 / a2 = / (264 . + e[ ?)
pt+e pt+e B
\//Iu IQ\// | |2+f/ ¢el2<2e4¢§\/>+257<g3,
_ &

as soon as € > 0 is small enough. Using this and (3.9), we obtain that

Jlue] — Ju*] < _1 +e¥<0

if e > 0 is small enough, which is a contradiction with the minimality of «*. This shows that no minimizer exists in this case.

4. IRREGULAR FREE BOUNDARIES
In this section, we would like to remark that if ® is not monotone, then there may exist minimizers whose free boundary is not

regular, even in dimension 2 (therefore, the result in Theorem 1.7) cannot be generalized to nonlinear problems for which &
is not monotone).

To make an explicit example, we consider the case in which n = 2, Q := B; € R%, )\ := Xy := @Q := 1 and

c1 ::/ ﬂ+,
631
c —1
Cpi= — {/ Vu|2—|—l] ,
2 /g

m 01
and Cy = min Ve 203

() := x122. We also define
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We remark that ¢, < /2. We consider a smooth function ¢, : [0,400) — [0,+00) with ¢, (0) = 0, () > 0 for
any r > 0, ¢, (w/4) = 2 and

(4.1) 1=¢4(n/2) = min )gb*.

[cx, +o0

Let also ®(r1,72) := ¢« (r2). In this way, we have that ®o(r) = ¢, (r) and we observe that all our structural assumptions
on ® are satisfied in this case, except the monotonicity.

We will show that

(4.2) Jla] = min J[u],
u—aeWy?(B1)

hence @ is a minimizer for J in By with respect to its own boundary values. Interestingly, the set {@ > 0} is in this case a
singular cone, which shows that the monotonicity assumption on ®( cannot be dropped if one wishes to prove that the free
boundary of minimizers in the plane is smooth.

To prove (4.2), we argue as follows. Let u be such that u—u € W(,I’Q(Bl) and setv := min{u, 1}. Then,v—u € WOI’Q(Bl),
therefore v = @ along 9B, and thus, if v is the exterior normal of By,

01:/ ﬂ+:/ v+:/ vt .v= div(v+x):/ (20T + Vol - 1)
8B1 (931 831 By B,

(4.3)
<2L2(Bin{v > 0}) +/ Vo).
By

Now we observe that

1 1
|Vot| =/ 2. —— .\ /Jea | Vvt < / <+02|Vv|2>
/Bl By 2 V€2 Bin{v>0} dco

1
< Z‘CQ(Bl N{v>0})+ cQ/ IVul? < (c3 —2) L2(By N {v > 0}) + ¢z J[u).
2 B,

By plugging this information into (4.3) and recalling that {v > 0} = {u > 0}, we obtain
c1 < ez L2(By N {u > 0}) + ¢ J[ul.

This implies that either

(4.4) cs L2(By N {u > 0}) > %1
or
(4.5) co Ju] = %1

If (4.4) is satisfied, then

>

Z Cy.

c
My(u) = L2(By N {u>0}) > —
203
Consequently, by (4.1) and using that 7 = £2(B; ), we have

<I>0(M2(u)) >1= @0(71’/2) = @o(Mg(ﬂ)).
Therefore, since u is harmonic, we conclude that J[u} > J[ﬂ] This proves (4.2) in this case, and we now consider the case
in which (4.5) holds true.
In this setting, we have that

Tz 5= [ vl e1= [ v+ a0/ =

262

This proves (4.2), as desired.
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5. BMO GRADIENT ESTIMATES AND LIPSCHITZ CONTINUITY OF THE MINIMIZERS

In this section, we will prove that minimizers have gradient which is locally in BMO and, as a consequence, we obtain an
estimate for the integral averages of the minimizers. This method is structurally quite different from the classical techniques
in [1, 2], which obtain Lipschitz estimates in the linear case without using BMO estimates on the gradient of the solution.

From now on we assume that (1.15) and (1.16) hold true.

We remark that condition (1.16) is satisfied in all nontrivial cases, and then it links wo to quantities only depending on €2 and w.

More precisely, condition (1.16) is satisfied provided that it = u has some positive mass along the boundary (and when

+
P
this does not happen, the positive phase of the minimizer is trivial). Indeed, we have the following observation:

Lemma 5.1. Letu be a minimizer in §) for the functional J in (1.8). Assume that ) has Lipschitz boundary and that i+ has
some positive mass along 0S). Then (1.16) is satisfied, with

2
w = 1 (/ ﬂ+> )
Co (CQ Ju +2|W+HL°°(39)/ U+) o0

o0

where Cq, > 0 is the trace constant for the domain §) for the embedding of W11 (€2) into L' (992).

Proof. First of all, Lemma 2.2 gives that u is subharmonic, hence so is u ™. Therefore

[t || Lo ) = lu™ || Lo a0y = 07 || Lo (002 -

/ |Vul?> < / |Vu|? < J[u] < J[a).
Q+ (u) Q

Now, let n > 0, to be chosen appropriately. By the trace inequality (see e.g. Theorem 1(ii) on page 258 of [11]) and the

Moreover, by the minimality of u,

observations above, we have that

/ & = u* |2 om) < Co ||U+||W1=1(Q)
o0
~Cof (Vil+u) < (n|w|2 1y ||u+||Loo<m)
Q+ (u)
1
< Cq {77 Jlu] + <477 + |ﬂ+||L°°(OQ)) ﬁ”(QJr(U))} .

[519)

T 900 I

Hence, we choose

and we obtain that

CoJla .
”[}nu*nmam £r(QF () >

[N
S~
2
|
DN | =
S
2
|
ot

which gives the desired result. O

For any x¢ € € and for any p > 0, we use the notation
(5.1) (V) gy,p i= ][ Vu(z) dx
By (x0)

and we establish the BMO estimate claimed in Theorem 1.1:

Proof of Theorem 1.1. Let B,.(zg) € D & £). Without loss of generality, we assume that u does not vanish identically,
hence L™ (2% (u)) > 0. We consider here the function v € W12(B,.(z¢)) which solves

{ Av =0 inBy(zo),

(5.2) v=u  ondB.(zo).



We also extend v to be equal to u in  \ B,.(x¢). Since v € A, we have that J[u] < J[v] and therefore

(5.3) /B( )(|VU|2—|VU|2) < @o(Ma(v)) — o (Ma(u))

= & >\2/ QX {u>0} +)\2/ QX{v>0}>
Q\BT(ZQ) BT(CE())

—®q >\2/ QX {u>0} +>\2/ QX{u>0}>~
Q\Br(zo) BT(I())

Now we claim that
(5.4) / (IVul]® = |Vo|*) < Cr™,
BT(IO)

for some C; > 0 (independent of 7). To prove this, we first assume that r > 0 is so small that
£ (92 (u)

(5.5) X{u>0} = — =! Cy.

O\ B;(20)

We stress that ¢, > 0 depends on w (but not on ). We also set

Cy = sup D (9).
£€[Xacy,A20q)

Letus fix a > Agcy and b, ¢ € [0, +00), with b > cand a + b < A2 \q, then observe that
b
®o(a+b) — Pola+c) :/ Dy(a+7)dr < Co(b—c) < Cyb.

On the other hand, if a > Aac, and b, ¢ € [0, +00), with b < cand a 4+ ¢ < A3 Aq, then we have that
Do(a+b) — Pola+c) <0,
due to (1.7). Therefore, for any a > Aacy and b, ¢ € [0, 400), with a + b, a + ¢ < A3 Aq, we get
Do(a+b) — Po(a+c) < Cob.

Utilizing this inequality with

0= o / Qxusors
Q\ B, (z0)

(5.6) b= Ao / QX {v>0}
BT(IO)

and c¢:= )\2/ QX{u>0}
Br(xﬂ)

yields

i /\2/ QX {u>0} +/\2/ QX{v>0y | — Po >\2/ QX {u>0} +>\2/ QX{u>0})
Q\BT(I()) Br(mo) Q\BT(:Eo) BT(I())

< Cp A2 / QXfv>0y < O™,
BT(.’L'O)

for some C, > 0 (possibly depending on = in (1.16)). Plugging this into (5.3) we see that (5.4) is satisfied if 7 is chosen so

small to fulfill (5.5) (say r € [0, rol).

Now we complete the proof of (5.4) when r > rq. In this case, we use the notation in (5.6) and we claim that

(5.7) Dola+b) < C(b+1),

for some C' > 0, possibly depending on g, @, A2 and 2. To this goal, we define

ao::)\g/ Q and byg:=a+b—ap.
Q\ By (0)

Notice that the condition r > 7o implies that ag > a and so by < b. We distinguish two cases, either by < 0 or by > 0.

If by < 0, we use (1.7) and we obtain
Po(a+b) = Po(ao + bo) < Po(ao).
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This implies (5.7) in this case. If instead by > 0, we have

bo
P (a+d) = Po(ao+bo) = / P4 (ao+7) dr+®o(ag) < sup  P(§) bo+Po(ag) < sup  Py(&) b+Po(ao),
0 56[@0,)\2)\9) 56[@0,/\2/\9)

which completes the proof of (5.7).

Now we observe that b < C’r™, for some C’ > 0. This fact, together with (5.7) and the assumption that r > 7, gives
that ®p(a + b) < C'r™. Using this and the estimate in (5.3), we find that

/ (IVul* = [Vol*) < @ /\2/ QX{u>0} + /\2/ QX{v>0} | = Po(a+b) < Crm,
B (wo) O\ B (20) B (z0)
which establishes (5.4) also when r > 7.

In addition, by (5.2),

/ (|Vul® — [Vo[?) :/ (IVul® — [Vo|* + 2Vv - V(v — u)) :/ |Vu — V2.
B, (x0) B, (x0) B, (zo)
This and (5.4) yield that
(5.8) / \VU—VU\Z <O, r".
By (z0)

Now we use some techniques developed in [9]. We recall the notation in (5.1) and we observe that, using Holder inequality,

2
1
WW—wW?:/ S / Vo — Vu
[ (0= sl = [ s ( o )

2

1 / / 2

5 Vv —Vu < Vv — Vul.
(B, (w0)) ( . ') . |

Furthermore, we recall the following Campanato growth type estimate (see e.g. Theorem 5.1 in [8]), valid forany 0 < r < R,

r

n+ao 2
(5.10) / Vo — (VU)o r|> < C (*) / [V — (V)R]
B,«(iEo) R BR(:Eo)

for suitable & € (0,1) and C' > 1.

Now, using (5.9) and possibly allowing C to be a universal constant varying from line to line, we have

/ IV — (Va)ay
B,-(Z[))

/ Vu— Vol? + / V0 — (Vo)aorl? + / |<w>mo,r—<w>m,r|ﬂ
BT(IO) B,«(Io) Br(Io)

/ |Vu — Vo|? +/ Vo — (VU)o |?
By (z0) By (z0)

2

< C

< C

So, using (5.10),

61 [ Vu-(Vun,. P <0
BT(CE())

r n+aoa
|Vu — Vo2 + (= / Vo — (V0)zo.r]?| -
/J;T(xo) (R) Br(zo) "

Now we remark that

/ |V’U— (VU)IO)RF
Br(zo)

< c / Vo — Vul? + / Vu — (Vit)ay 1l + / (V) 2 — (V0)ao 52
BR(I[)) BR(wo) BR(JZ())

/ |Vv — Vul? + / |Vu — (V). r|?
BR(ID)

BR(wo)

< C

bl

where (5.9) has been used once again.



Let us plug this into (5.11), and recall that » < R. We exploit (5.8), and conclude that

/ IVt — (Vit) g
BT(CE())

r\ nta r\nta

< C / |Vu — Vo2 + (= / Vv — Vul? + (= / IVu — (V) g r|?

By (z0) (R> Br(zo) (R) Br(zo)

n+ao

< C / |Vu — Vol? + + (1) / [V = (Vi) gy, r |

Br(zo) R Br(zo)

r n+a
< cr4+c (L / Vit — (Vi) el
(R) Br(zo)

Therefore, defining
2

)

P(r) = S1<lp / [Vu — (V) gt
t<r
Bt(ZL’(])

we have that
r n+a
W) <CR'+C(5) w(R).
Thus, by Lemma 2.1 in Chapter 3 of [12], we conclude that there exist ¢ > 0 and Ry > 0 such that

W(r) < Cr" (w}(ﬁ) + 1)

forallr < R < Ry, and hence
/ |Vu — (Vu)gcom\2 <COr®
Br(x'())

for some tame constant C' > 0.

Therefore, by Holder inequality,

f IV — (Vit)ay o] < \/ f IV — (Vat)ay o2 < C,
B,,,(a:g) B,,.(Lvo)

up to renaming constants, as desired. O

Exploiting Theorem 1.1, we can now prove Corollary 1.2, by arguing as follows:

q

1.(Q), forany 1 < ¢ < 400. Hence u is continuous. The

Proof of Corollary 1.2. By Theorem 1.1, we have that Vu € L
modulus of continuity o follows as in [14] and [2]. Therefore, Q™ () is open and thus, if zo € QT (u), there exists r > 0 such

that B,.(xg) C Q7 (u). Consequently,

m := min u > 0.
By-(z0)

Let now ¢ € C3°(Br(z0)), € € Rand u. :=u + €. If [¢] <

m H
Tl =y We have that ue > 0in B,.(z¢) and so

OF (ue) = QT (u).
This implies that, for small €,
0 < Ju.] — J[u] = / (IVuel? - [Vuf?)

Q
and therefore

/Vu-ng:Q
Q

which shows that u is harmonic in B,.(z), as desired.

Now we prove (1.17). For this we observe that, by the continuity of w, it follows that

lim u=0 foranyzxgeTl.
r—0 aBT(Qf())
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Therefore

1 " 1
71/ u = a4 71/ u(z) dH" " (x) | dt
1 JoB, (x0) dt \ "1 JoB,(ao)
"d
= — (/ u(zy + tw) d’;’-l”l(w)> dt
dt \ Jop,

3

/ Vu(zo + tw) .wd’Hnl(w)) dt
(5.12) 0B

3

1 / Vu(zo +v) - Vd’H"_l(z/)> dt
t" Jop,

3

o— o > > —

1
S/ N 7~ N7 N -7 N
5=
Q.‘g‘
7 N\
=
<
=
s
=)
+
S
N
S
X
3
|
—
—
R
N~—
N~~~
~_
QU
~

Now, we notice that

r—x
(5.13) / (Vi) gge - i dz = 0
B.(z0) |z — 2o
by odd symmetry, for any € > 0. In consequence of this, we have that
1 / T — o 1 / T — xg
—_— Vu(z)  ———dx| = |—— Vu(x) — (Vu - ———dx
€n—1 BE(JEO) ( ) |x—-’170| gn—l Bg(wo)( ( ) ( )ﬁo,e) |.17 —3?0\

1
€ 7/ [Vu(z) — (Vu)gy | do | — 0,
€ Be(zo)

N

as ¢ — 0, thanks to the BMO estimate in Theorem 1.1.

Thus, an integration by parts gives that

(1 d / T — T -1
—_— Vu(z)  ——dH" " (x dt
/(; <tn1 dt ( Bu(o) ( ) |£C—(E0‘ ( )>>
T

1 / T — Tg o1 /T 1 / — Zo -1
= Vu(z)  ———dH" () +(n—1 — Vu(x) - ————— dH" " (x) dt.
1 B, (z0) (=) |z — 2o () +( ) o t" JB,(z0) (@) |z — 0] (=)

So, recalling (5.12) and using again (5.13), we obtain that

=, =, e
— u = Vu(z) — (Vi) ger) - —— dH" ()
1 J9B, (w0) T I B, (w0) ( o) |z — o
T 1 _
+(n — 1)/ —n/ (Vu(z) = (Vi)so,t) - LR dH" ! (z) dt
o " JBi(wo) |z — o
Therefore, the BMO estimate in Theorem 1.1 yields the desired result in (1.17). 0

As customary, one can deduce from the integral estimate in (1.17) a linear growth from the free boundary. We give the details
for convenience, starting from the one-phase case:

Corollary 5.2. Let u > 0 be a minimizer in Q) for the functional J in (1.8) and let D € 2. Let w > 0 and assume
that L™ (0 (uv)) > .

Then, there exists C' > 0, possibly depending onw, @, 2 and D, such that
u(z) < Cdist(z, T),

for any x € D for which Bagist(e,ry(2) C D.

Proof. Let d be the distance of z to I'. Let 2y € By(x) N T. Then, we can use (1.17) and obtain that, for any p € (0, 2d)

/ u < Cp'rl’
3Bp(330)



for some C' > 0. So, we integrate this inequality in p € (0, 2d) and we find that
(5.14) / u < Cd™Y
Baa(zo)

up to renaming C' > 0.

On the other hand, since u is harmonic in By(x), thanks to Corollary 1.2, we have that

(5.15) u(z) = ][ u.
Bd(x)

Notice now that By(x) C Bag(xo), hence we deduce from (5.14) and (5.15) that u(x) < Cd, as desired. O

From Corollary 5.2 one can deduce that that w is Lipschitz continuous, as stated in the next result for completeness:

Corollary 5.3. Let u > 0 be a minimizer in S for the functional J in (1.8) and let D & €). Let w > 0 and assume
that L™ (0 (uv)) > .

Then, there exists C' > 0, possibly depending on wo, @), {2 and D, such that

sup |Vu(x)| < C.
xeD

The proof of Corollary 5.3 is by now standard (see e.g. Theorem 5.3 in [2]).

The Lipschitz estimate in Corollary 5.3 is optimal, since the solutions have linear growth from the free boundary, as stated in
the following result:

Lemma 5.4. Letu be a minimizer in ) for the functional J in (1.8) and let D € Q.
Letd > 0 and suppose that By C Q7 (u).

Letw > w > 0 and assume that

(5.16) L (v)) € [w,].
Assume also that

(5.17) T = Dy (r) > 0.

inf
reX2Q1w/2, 2A2Q2@]

Then, there exist dy, ¢ > 0, possibly depending onw, w, Q, A1, A2 and (), such that ifd € (0, dy) we have that

u(0) = o Y d.

Proof. We let
Coi=de [ Quuuso
Q\Bg/2

We take dy > 0 small enough such that

w
Co = X201 >

In addition, we have that
Co < A2 Q200

Then, for any a, b € [0, A\2Q2&], with a > b, we have that

(5.18) ®o(Co +a) — Po(Co +b) > T (a—b),

thanks to (5.17).
Also, from Corollary 1.2, we know that w is harmonic in B; and so, by Harnack inequality,

(5.19) sup u < C inf u < Cu(0),
By Baya

for some C' > 0.
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We take g € C°°(IR™), such that )9 = 0in By /4,19 = 1 0n 0B /5 and [Vho| < 10. We also set

¥(@) = 2Cu(0) o (5)-
Notice that
20C u(0)

(5.20) [Vl < =

If z € By/2, we define
v(x) := min{u(z), Y(x)}.
Notice that if x € OBg/2, then
¥(z) = 2Cu(0) = u(z),
thanks to (5.19), hence v = u on OBy /5. Therefore, we extend v(x) := u(x) for any x outside B;/2, and we have that
0< il = Tl = [ Vo = [ Va4 @(Ma(0) = Bo(Ma(w)

(5.21)
- / vyl / IVul? + Bo(Ma(v)) — Bo(Ma(u)).
Baan{y>u} Baan{y>u}

Now, from (5.20), we have that

400C? £™(B 2(0
(5.22) / \WJIQ—/ [Vul? </ V| < (2””2)“ ©
By {p>u} By {p>u} By d

On the other hand

Po(Mz(u)) — Po(M2(v)) = & ()\2/QQX{u>0}) — & ()‘2/QQX{v>0})

@ (Co + A2 QX{u>o}> — (Co + A2 QX{wo}) .
Bg/o

Bg/a
Notice that the quantity

Az/ QX {u>0} +/\2/ QX {v>0}
Bd/2 Bd/z

is small if d is small enough, and so we can apply (5.18) with a := Cp+ A2 de/2 QX{u>0} andb := Co+A; de/z QX{v>0}-
In this way, we find that

Bo(Ma(u) — Do(Ma(v)) > Ty /B Q (Xuso} — X{os0})
d/2

= )\z/ Q (X{u>0} — X{u>0})-
BasM{u>vy}

Notice also that in B4 we have that ) = 0 < u, hence we conclude that

Po(Maz(u)) — ®o(Ma(v)) = /\2/ Q (X{u>0} — X{w>0}) = X2 Q1 L (Byya).

Baya
Now, plugging this and (5.22) into (5.21) we infer

400C2 L™(Bg/5) u%(0
Epdﬂ) © > A2 Q1 L"(Baya),

which implies the desired result. O

The Lipschitz regularity for the pure two-phase problem, as stated in Theorem 1.3, can be deduced from the BMO estimate,
giving coherent growth for u™ and ©~, and the classical Alt-Caffarelli-Friedman monotonicity formula. The details go as follows:

Proof of Theorem 1.3. First we observe that, from (1.17), it follows that

1 1
n—1 / U+ T =1 / u
r OB, (z) r OB, (z)

forany € I" and r > 0 such that B, (z) C D € Q.

(5.23)

<G,
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We recall now the Alt-Caffarelli-Friedman monotonicity formula [2]: Let w™, w™ be two continuous, nonnegative subharmonic
functions in By, with wywg = 0, w1(0) = w2 (0) = 0. Then, for any o € T,

2 2
P(r, wi, we) = i/ @)l dw/ Nws(@)l” dx
B B

B, (2o) ¥ — x| 72 (o) [T = To|" 2

is 2 monotone increasing function of ~ € (0, 1), and

(5.24) O(1,wy, wy) <C(1+/ w%+/ w%),
B1 B1

with some universal constant C' > 0.
In what follows, we will apply this theorem with wy 1= u™, wy := u ™.

To fix the ideas we assume that By C D. Moreover, we take zo € D such that u(zg) > Oand letz € I' = 9{u > 0} be
the closest point to xg, that is dist(xg, I') = |zo — z|.

Setting p := |z — SL’()|, we suppose that u(xo) > Mp > 0, for some large M > 0. Hence, applying the Harnack’s inequality,
we infer that

(5.25) u>coMp inBsp(xg) C D,

4

for some ¢y > 0. Therefore, setting also

we conclude that

][ ut > 01][ ut > coc1Mp,
OB, (x) by

o
where ¢; > 0 depends only on the dimension n.

From this and (5.23), we obtain that
_ N M
(5.26) uo > um —Cp = (coaaM —C)p>—p
JoB,(x) JoB,(z) 2

if M is large enough.

Lety € dBs (o) N [, zo] be the mid-point of the segment [, z]. Then, by construction, we have that
(5.27) ut > coMp in Bs (y),

where cg is the constant in (5.25).

For our next computation, it is convenient to switch to polar coordinates (r, o) centered at x. Let L, bethesetofo € gn-l
such that u(z+ po) < 0. Letalso I, be the ray that connects y and x + po. In what follows, we parameterize I, in arc-length
by the parameter > 0, with » = 0 corresponding to the point y. The function u evaluated at the point of I, parameterized
by r will be denoted by u(r).

In this notation, formula (5.27) says that u™ (r) = O forany r € (0, £), and so

Vu~(r)=0 foranyr € (0, g) .
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Then, recalling (5.26), we have that

M 1
—gf][ u_:g/ u” (z + po) dH™H( / / Dyu™(r)dr dH" (o)
2 " pJeB,(x) P JE 1,NB (;c)

< 9 (p'Hnil(Ep))% ( / |Dru7(r)|2dr d’H"l(J)>
p B, JI1,0B,(z)
C n— % n ’
(5.26) < S (omr1(8,) (/ / Dy ()2 dr ar" = >>
P Sn=1 JI,n{re(p/4,2p]}
C . 1 Vu~ (2)|? ?
< - (pH 1(EP)) / | (n)—|1 dZ
p Bap(w)\B,a() |7 — VI

< & (1)} (1 / V“ﬁ”d) |

P Bapw)\B,alw) 12— ¥

up to renaming C > 0 from line to line, where the Hélder’s inequality was also used.
Now we observe that, if z € Ba,(y) \ B, 4(y), we have that
|z -zl <lz—yl+|r—y| <3

and so

|z =yl >

»-lk\b
?
8

Thus, renaming constants in (5.28), we obtain that

M _C _ 1 (1 Vu= ()2 \°
= <= (pHNE,))? f/ L
9 P (P ( p)) <p Bs,(2) |z — a2

C 1 Vu= ()2, \°
H ! ’ / g dz |
=5 (WTE) (mw e a2

In order to estimate the integral average of u™, we use (5.27) and we obtain that (up to renaming constants)

"< O ut = Cp"_l/ ut (y + Bw) dH"Hw)
9B (v) 9B, 4
=Cpnt /613 [UJF (y—|— gw) —u+(sc)} dH"H(w)
1
- p P -1
< Cp" 1/ [/ Vut (z4+r(y—z+Sw)) - (y—2+tw dr] dH" N (w)
o Ly [ (a7 (v =2+ 3)) - (=2 + o)
1
P -1
SC’p"/ {/ ‘Vu+ r4rly—z+-w dr} dH" ™ (w)
oo Ly [0 (e (3 =2+ )
2p
< Cp"_1/ l/ ‘VuJr (x-i—h@)] dr
831 p/4
2p mn—1 + =
:Cp"_l/ V 7 [Vt o+ 7)) dr] )
0B, p/4 r
+
o[ e,
Bay(2)\B,4(x) |z — x|
2 3
no14n [Vu™ (2)]
<Cprire / e
Bap(@)\B, () |2 =

1
) 1
<o (] v,
Bap(2)\B,,a() |z — z[n—2

(5.29)

dH" 1 (@)
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Combining this with (5.29), and renaming constants, we conclude that

. — )2 + ()% 3
wo< Soewyt ([ T (f V)
P Bay(a) |2 — 2l Bap(2)\B,a(x) 12 — 2]

IR IR
¢ / Vu (Z)7|2 & / |Vu (ﬁQ &
P \JBs, ) |z — " Ba,(z) 12 — |

= C(®(p, u+,u_))%.

W=

N

Hence, from the monotonicity formula and (5.24), we get that

1
2

M?<C <1+/ (u+)2+/ (u‘)2> ,
B (x) By (x)

which bounds M, as desired. |

6. FREE BOUNDARY CONDITION

In this section, we will assume that the function () introduced in (1.4) is continuous.

Next result shows that, at points p of the free boundary, the following condition holds true in the sense of distributions:

(05 u(p)® — (97 up)®
= [/\2&2(1) <)\1/QQX{u<O}7 )\z/QQX{u>o}) - M0, @ </\1/QQX{u<O}7 AQ/QQX{WO})] Q(p),

where v is the normal vector exterior to 9{u > 0} (and thus pointing towards {u < 0}) and we set

6.1) Ot u(z) = lim L)~ u(@)

- lim u(x + tv) — u(x) .
t—0 t

t—0 t

and 0, u(z) :=
More precisely, we have that:

Lemma 6.1. Letu be a minimizer of J as in (1.8) and suppose that Q € C*(2). Assume also that

(6.2) the set {u = 0} N Q has zero measure.

Then

lim / T8 (u, ) V(x) - voF () dH"(z) + / 5 (u, ) V(z) - v& (z)dH" (z) p =0
eNo {u>e}InNQ {u<—e}NQ

for any vector field V € C§° (€, R™), where we have denoted by v and v~ the exterior normals of {u > ¢} and {u <
—c}, respectively, and

I (u, 1) o= |0 u(@)]? — Aoy, ® (Al [ @@ xuea©1de 22 [ @O (© df) Q)
(6.3) @ @

and T° (u,z) := |0, u(x)|* — \10,, ® <)\1 /Q Q&) X{u<—e1(§) dE, o /Q Q&) X{u>e} (€) dﬁ) Q(z).

Proof. The argument is a (not completely straightforward) modification of the classical domain variations in Theorem 2.5
in [1] and in Theorem 2.4 of [2]. We provide full details for the facility of the reader. For small ¢ € R, we consider the ODE
flow y = y(¢; ) given by the Cauchy problem

{c’%gy(t; x) = V(y(t; z)),
y(0;x) = .

The map R™ 2 x +— y(t; x) is invertible for small ¢, i.e. we can consider the inverse diffeomorphism x(¢; y) and we define
u(y) = u(z(t;y))-
We remark that, in light of (6.2),

(6.4) the set {u; = 0} N has zero measure.
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Given ¢ > 0, we define E= := {u > e} NQ, E5~ := {u < £} N Qand ES'F := y(t; E5%). Notice that

(6.5)

{ur >e}NQ=E" and {us <e}nNQ=E".

One can check (see e.g. formulas (4.5), (4.13) and (4.22) in [10]) that

(6.6) y(t;Q2) = Q,
(6.7) det Dyy(t;z) = 1+ tdivV(z) + o(t)
(6.8) and

s 0wV

By (6.6) and (6.7), we have that

/Q Y) X (y

/QQ(y(t;z)) Xge+(z) (1

/ Vu(z)|? de — / |V (y)|* dy = lim ¢ / O u(y) 2V (y) - voF (y) dH (y)
Q Q N0 Jope+na
v (y

YdH" () + o(t).

+tdivV(z) + o(t)) dz

_ /Q (Qz) + 1VQ() - V(@) + ot)) xpes (2) (1 + LdivV (x) + o(t)) da

Consequently, we can linearize ® and obtain

(6.9)

? (Al/ Q(Y) xps- () dy, Az/ QY) Xp=+ () dy)

+ o(t).

Moreover, by inspection and recalling (6.5), one sees that

h{r(l)XE + = hm X{ut>

for any small ¢ > 0. Similarly, and using (6.4),

gl\rj% Xpe— = X{u, <0} =

/Q (Q(ac) + tdiv (Q(m)V(ac

/Q (Q(z) +tVQ(z) - V(z) + tQ(z) divV (z) + o(t)) X e+ (2) dz

)) +o(t)) Xpe.= () da.

e} = X{us>0}>

X{ue<0}

a.e. in €). As a consequence, by the Dominated Convergence Theorem,

My (ug) = il\r% A1 /Q Q(z) XEtg,_(m) dr and Ma(u) = g% A2 /Q Q(z) Xpge+ (z) dz,
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for any small £ > 0. So, we can take the limit with respect to ¢ in formula (6.9) and obtain that
<I>(M1(ut)7 MQ(Ut)) - <I>(M1(u), MQ(’LL))
= li\r‘% tA10,, ® ()\1/ Q(z) xge.- (x) dz, )\2/ Q(z) xpe+ () dx) / Q(2)V(x) - v& (z) dH" (x)
€ Q Q b3}

Es:—NQ

Es+NQ

HAsD,, @ (Al /QQ(J;) o () dz, Mg /Q Q) Yo s () dx) /a Q)V (2) - vo+ () dH™(2)
+o(t).

From this and (6.8), we have that
Tu] = Jud]
= [ e~ | [Ty
+O (M (u), Ma(u)) — (M (ur), Ma(uy))

_ : + 2 L6t n—1 — 2 L E— n—1
= e [ RVt ) [ )P V) ) )
_t,\187.1<1> (/\1 / Q(JZ) XEs — (.23) dx, )\2/ Q(JJ) XEe.+ (a?) d,l‘) / Q($)V($) . 1/677(.1‘) danfl(x)
Q Q dE=—NQ
—tA20,, P <)\1/ Q(z) xge.- (x) dz, )\2/ Q(w) X et (1) dx)/ Qz)V (z) - vo+ (z) dH"(z)
Q Q OE=+NQ
+o(t).
Dividing by ¢ and then letting ¢ — 0, we obtain the desired result. (|

We observe that when ®(r1,72) := 1 + 72, then (6.3) reduces to Z= T (u, ) := |9, u(x)|? — A2 Q(z) and T~ (u, x) :=
|05 u(x)|? — A1 Q(z). Hence, in this particular case, our Lemma 6.1 boils down to Theorem 2.4 in [2]. If also \; := 0, then
Lemma 6.1 boils down to Theorem 2.5 in [1].

Next we show that 9{u > 0} contains {u < 0} under the condition (1.7). Thus one has sharp separation of phases.
Lemma 6.2. Letw be a minimizer in §) of the functional in (1.8). Then 9{u < 0} \ d{u > 0} = @.
Proof. Let E := 0{u < 0} \ {u > 0}. We want to show that E is empty and suppose by contradiction that £ # &. Then,

there exist p € Q and r > 0 such that u < 0 in B,.(p), with u(p) = 0 and L™ (B, (p) N {u < 0}) > 0. Then, we use
that u is subharmonic, in view of Lemma 2.2, and we obtain that

u(p) < / u <0,
B7‘(P)

which is a contradiction. O

7. NONDEGENERACY OF MINIMIZERS

One of the fundamental properties of the minimizers is a linear lower bound. In other words, the minimizers grow at least
linearly away from the free boundary. This is the content of Theorem 1.4, that we now prove:

Proof of Theorem 1.4. Let k € (0, 1). Without loss of generality we assume that zg = 0.

Notice that the critical points of a non-constant harmonic function have Hausdorff dimension less than n — 2. From Sard’s
theorem it follows that the one dimensional Lebesgue measure of the critical values of u is zero. Consequently, O{u > £} is
a regular surface for a.e. ¢ > 0. In particular, one can choose £ > 0 small enough to ensure that B, N {u > e} # 0.
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Now take any such small € > 0, and consider the problem

ve=u  ondB,,

Ve =1 inBTﬂ({u<E}U({u>5}\Qar)),
ve=¢ inBgN{u>elnQf,

Av. =0 inDZ,

(7.1)

where
(7.2) DF = (B, \ Ber) N{u>e}n Q.

Observe that v can be obtained by minimizing the Dirichlet integral over B,. subject to the constraints in (7.1). In fact, the
function
u in{u<e}
we =14 ¢ in{u>e}NQf N By,
u elsewhere

satisfies the boundary constraints in (7.1), and hence
79 [ vep< [ wups<e
B, B,

for some tame constant C' > 0 independent of . Also, v, is continuous at {u = €} N (B, \ B, ). We claim that

(7.4) ve < u in DT
Indeed, by inspection we see that v. < w on BDj. Moreover, Dj - {u > E} and so u is harmonic there, thanks to

Corollary 1.2. Hence, we obtain (7.4) from the comparison principle.

Now, formulas (7.3) and (7.4) imply that v. — v weakly in WLQ(BT), as € — 0, and v < u. Furthermore, v is continuous
in B, and solves

v=u on dB,.,

v=u inBrﬂ({ugO}U({u>0}\Qa')),

v=0 in B, N Qg,

Av=0 inDT,

where
(7.5) Dt = (B, \ Bur) N Q.
The former follows from a customary approximation argument as on page 437 of [2], and hence omitted here.

Now we extend v to be equal to u in 2 \ B, and we compare J[u] with J[v] in 2. Accordingly, the minimality of u gives that

/ [Vul? + @ ()\2/ QX{u>o}> </ [Vol* + @ (/\2/ QX{’U>O})'

Q Q Q Q

This implies that

(7.6) / [Vul® */ Vo|? :/ Vul? */ [Vol* < @0 <)\2/ QX{1;>0}> — @ (M/ QX{u>o}>-
B, B. Q Q Q Q

On the other hand, recalling that v = w in B,. \ Qf and v = 0in B, N, we see that

/ Vul? — |Vof? = / Vul? — [Vof?
B, B,.NQT

4 0

- / Vul? — Vol + / VP,
D+ B,..nQt

KT 0

(7.7)

where (7.5) was also used. This and (7.6) give that

(7.8) / |Vu|? — |Vo|? +/ Vul? < & (Az/ QX{U>0}> — %o <>\2/ QX{u>0}) ~
D+ B.-nQf Q Q
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Now we write

D ()\2/QQX{u>0}> — @ ()\2/QQX{@>0}>

(7.9)
=®g <)\2/ QX{u>0} + )\2/ QX{u>(]}> - <)\2/ QX{v>0) T )\2/ QX{u>o}> .
Q\B By Q\Bpr By

Notice that v = 0'in B, N Qf and v = u in By, \ €, hence

KT

(7.10) / QX{v>0} =/ QX {u>0}-
Bir B \QF

4]

Moreover, v = win Q\ B, andin (B, \ By,) \ Q. Also, in (B, \ By,) N Qf = D%, we have that u > 0, by definition
of O, and therefore

X{u>0} = X{vso0} inDT.

This implies that

(7.11) / QX{v>0} < / QX{u>0}-
Q\B,.r Q\B

KT

Plugging (7.10) and (7.11) into (7.9), and using (1.7), we obtain that

D (Az/ngX{wo}) - @ ()\2/QQX{u>0})

= ® (/\2/ QX {u>0} T >\2/ QX{u>O}> — g (/\2/ QX {u>0} T >\2/ QX{u>O}> :
Q\B B N\ Bir B \QF

Therefore, from the Mean Value Theorem we get

g (AQ/QQX{u>O}> — P ()\Q/QQX{U>O}>

>0 (/\2/ QX{u>0} — )\2/ QX{u>O}> = 9)\2/ QX {u>0}s
By B \QF BrNQF

KT \S40 K~ ]

KT

where

0= inf D,
[A2Q1w/2, A2 Xq]

and (1.18) has been used to estimate the interval in the definition of ©.

So, from (7.8) and (7.12) we deduce that

/ |Vul? — |Vo]? —I—/ Vaul? < —@/\2/ QX {u>0}-
D+ B.rNQF B..nQf

Using this, we obtain that

(7.13) min {1, ©} / (IVul* + 22Qx {u>0) g/ |Vol? — |Vul?.
BrNQ D+

Now we observe that
/ Vo2 — |Vu|? = / (Vv —Vu) - (Vu— Vv +2Vo)
D+ D+

=—/ |Vu — Vo|? +2 V- (Vo —Vu) <2 V- (Vv —Vu).
D+ D+ D+
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Plugging this into (7.13), recalling that v, is a solution of (7.1) and using the Divergence Theorem, we obtain

min {1, ©} / (IVul® + X2Qx{u>0})
BN
<2/ Vo (Vv —Vu)
D+

< 2liminf Ve - (Ve — Vu)

e—=0 DF
(7.14)

= 2lim inf [/ div (Voe (ve —u)) — Av(ve — u)}
e—0 D+ D;*'
. Ov.

= 2lim inf (ve — u)
e—0 ap+ v
. v,

< 2liminf (u—e).
=0 B, N{u>e}NQT ov

Notice that we have performed an integration by parts, which actually needs a justification, since Dj has not smooth boundary.
This can be done using an approximation of Dj by domains whose boundaries are C'*° curves, as in [2] (see in particular
page 437 there).

Our next goal is to estimate the quantity
ov,
ov

2 lim inf

(u—e¢).
=0 6B,‘-,«ﬁ{u>a}ﬁﬂoJr

For this, we set k' := (x + 1)/2 and we introduce the barrier b as follows:

b=e+ sup v ondBu.,
dB,.,,.NOT
(7.15) b=c¢ on 0B,
Ab=0 in By \ B

Notice that b > € on 9 (B, \ Bur) and so, by comparison principle, we have that
(7.16) b>ein By \ B

Recalling (7.2), we set
DI, =D} N By = (Buy \ Ber) N {u>e}NQF

and we claim that

(7.17) ve <bondDT,.

For this, we use the elementary formula, given sets A and B,

(7.18) I(ANB) C (8Am§) U (8BOZ>.
This gives that

oD}, € Dy U D,
with
Dy := (8B, UdB,,) N{z € Of st u(z) > e} N DI

and Dy := (B \ Bir) N (0{z € QF st u(z) > e}) nDZ.
Now, in light of (7.15) and (7.1), if x € D1, we have that either z € OBy N{u = e} N F and then b(z) >
SUDyp , naf Ve = ve(z), orx € OBy, N{u >} NQF and b(x) = & = v. (). Accordingly,
(7.19) b>wv.inDq.
On the other hand, using again (7.18), one sees that

oz € Qf stou(z) >e} C (00F) U (0{u>e}) C (02) U (0{u > 0}) U (0{u > ¢})

and so L
Dy C (B \ Byy) N ({u:O}U{uzs}) nDF.
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As a consequence, if ¢ € Da, then € By, \ By and u(z) < . This and (7.16) give that u < bin Ds. Hence, in view
of (7.4), we find that v. < bin Ds. This, together with (7.19), proves (7.17).

Now, by (7.1), (7.15), (7.17) and the comparison principle, we conclude that v. < b in D;f*. Therefore, since v, = ¢ = b
on OB, N {u > e} NQ, we find that

(7.20) |Vue| < |Vb|on B, N{u>e}NQd.

As a matter of fact, we can explicitly solve b in (7.15), and we have that

SUPsp,, nat Ve

"= ) - wem)

(U(s'r) = (ja])) +e+ sup v,
4B,/ ,.NQ¢

where U is the radially decreasing fundamental solution of the Laplace operator in R™ (up to normalizing constants, ¥ (p) =
p?>~"ifn > 3and ¥U(p) = —logpifn = 2).
Consequently, recalling also (7.4),

SUPsp,, nat Ve SUPsp,, not ¥
KT V\IJ < C KT 8]
U(kr) — W(k'r) V& (sr)] < r ’

for some C' > 0 possibly depending on « and different from step to step.

(7.21) sup |Vb| =C

KT

Now, we observe that, extending u by zero outside Q7 , we obtain a nonnegative subharmonic function. More precisely, if we
set := uXgy+, given any nonnegative ¢ € C§°(9), we have that

/ @A = lim uwA¢ = lim (¢ Au + div (uVé — ¢Vu))
Q =0 Jad n{u>e} 20 Jatn{u>e}
=0+ lim [ ua—d)— @:—limi @20,
=0 JaFno{u>e} ov ov €0 JoFno{u>e} ov

and so u is subharmonic. Hence the weak maximum principle can be applied to the function %, and so we conclude that, for
any o € (0,1) and any x € By,

: 1
1 2
uxx+x:ﬁx<][ u < ][ @2 <(/ QQ)
(@) QO( ) ( ) B _oyr(x) ( B o) (2) En(B(l—U)T) B,

1

n + % n . 2
< [£1B-N) ][ 2 o< ]l 2
L"(B(i-oyr) JB,nat (I —o)"r™ [, ot

Thus,
1
1 ? Ty
(7.22) Sup U< T—— = ][ u? =@
BorNQ (1-0)2 BNy (1-o0)2
where we have set
1
1 2
Y=1=3 ][ u’
™ JB.nQf
From this and (7.21) we conclude that
(7.23) sup |Vb| < C.
OB
From (7.20) and (7.23), it follows that
v
/ E’(u—e)g/ Vo] (u—e)
B ,rN{u>ernNQf ov OB ,rN{u>ernQf
</ Vil (-2 <y | (u—-c)
OB N{u>e}NQY OB ,rN{u>ernNQy

< Cvy / u.
BN
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So, making use of (7.14), we obtain

(7.24) / (IVul® + X2Qx{u>0y) < C / u.
B.rnQd

BN

Now we recall the elementary trace inequality for nonnegative functions f, see e.g. Theorem 1(ii) on page 258 of [11], namely

/BPIVfH;/BPf]-

We apply (7.25) to f := UX ot and p := kr. Then, since u vanishes along BQSF,

1
/ ug C / [Vu|+ - ul,
9B,.rNQ B.-nQY " JB..nQ

where C' > (0 now may also depend on k.

(7.25) f<cC
aB,

Hence, in light of (7.24), we find that

1
(7.26) / (|Vu|2 + )\QQX{H>O}) < Cv / |Vu| + f/ ul .
B.nQF B.NQS " JBe.nQf

Now we point out that, by the Cauchy-Schwarz inequality,

2/ IVl </ (IVul? + 1).
B.-nQd BerNQg

This and (7.26) give that

/ (IVul* + X2Qx{u>0})
B.-nQf

N X{u>0}

mrﬂQO

Cvy
< Cv/ (IVul* + X{us0y) + — sup u/
BrNQT r B

0 BN

1
< Cymax<l, ——
7 { Q1>\2}

In consequence of this and (7.22), we obtain that

/B o (IVul® + X2Qx{us0y) < Cy(1+ 7)/ (IVul® + X2Qx{u>0})-
krM8g

B Q7

1
/ (IVul® + X2Qx{u>0y) + = sup U/ QX{u>O}] :
BN BorNQT

r B.-nQf

If v is sufficiently small we conclude that u vanishes identically in B,- N QF, as desired. O

8. DENSITY THEOREMS AND CLEAN BALL CONDITIONS

In this section we prove that the positive phase {u > O} occupies a positive density near the free boundary points.

Theorem 8.1. Assume that u is a minimizer of J as in (1.8). Letw > 0 and assume that L™ (" (u)) > w@. Let D € €.
Assume that zg € T' = Q™ (u) and letr > 0 be such that B,.(xq) C D.

Then, there exist c; € (0, 1), possibly depending onw, Q, 2 and D, and yo € B,.(x¢) such that
(8.1) Be,r(y0) € By (o) N (u).
Moreover, there exists co > 0, possibly depending on w, Q, 2 and D, such that

(8.2) L™ (By(w0) NQF (1)) = cor™.

Proof. Obviously, we have that (8.2) is a direct consequence of (8.1), so we focus on the proof of (8.1). To this aim, we recall
that w is continuous, thanks to Corollary 1.2, hence we can take yo € BT/Q(xo) such that

(8.3) u(yo) = max _wu.
By./2(z0)
We take d := dist(yo, ") and zp € T' N dBy4(yo). Notice that, since z¢ € T, we have that
T
(8.4) d<|zo—yol < 5.

2
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Hence, we are in the position of applying Corollary 5.2, and we obtain that
(8.5) u(yo) < Cd,

for some C' > 0. On the other hand, from Theorem 1.4 and (8.3),
r? < 7[ u? < v (o),
J Bys2(z0)

for some ¢ > 0. Comparing this with (8.5), we conclude that

d>u(y0) 2@:
C C

for some ¢; > 0. As a matter of fact, by (8.4), we have that ¢; € (0, 1/2). This construction establishes (8.1). O

T,

9. DENSITY THEOREMS FROM ABOVE

The goal of this section is to establish a counterpart of the density estimate in (8.2), by proving that the phase {u < 0} also
occupies a positive density near the free boundary points. This will be accomplished in Theorem 9.2. To this aim, we will also
rely on a concavity assumption on the nonlinearity (recall (1.15)).

We need first the following auxiliary result:

Lemma 9.1. Assume that u is a minimizer in €} of J as in (1.8). Let vy be such thatvy > u on Of.

Then, there exists a minimizer v of the functional J with v = vg on 0S) and such thatv > wu in ).

Proof. We take w to be a minimizer in §2 of the functional J with w = v on 92, whose existence is guaranteed by Lemma 2.1.
We set m(x) := min{u(z), w(z)} and M (z) := max{u(z), w(x)}. We want to show that also M is a minimizer of .J
in €, with respect to its own boundary data along 9€). Once we check this, we can take v := M and the desired result is
established.

For this, we observe that, for any a, b, a, 8 > 0, we have that
(9.1) Po(a+a)+ Po(a+B) 2 Po(a+ a+ B)+ Pola).

Indeed, if we set
U(B) :=@o(a+ ) + Pola+ ) — Po(a+a+ B) — Po(a),
we have that ¥'(0) = 0 and
V'(B) = Bh(a+B) — Pyla+a+p) =0,
because <I>6 is decreasing (due to the concavity assumption on ®g). Consequently, for any 8 > 0, we have that \II(B) >

U(0) = 0, and this proves (9.1).

Now, using the minimality of v and w, we have that J[u] < J[m] and J[w] < J[M]. Since we want to prove the minimality
of M, our goal is to check that J[w] = J[M]. So we argue by contradiction and we suppose that J[w] + § < J[M], for
some § > 0. Then, we have

/Q |VU|2 + |Vw|2 + & (Mg(u)) + & (Mg(w))

Ju] + J[w]

< Jm]+ J[M] -6

‘/Q |V7?”L|2 + |V]\4|2 + (P()(Mz(m)) + fI’o(MQ(M)) -9

/ [Vul® + [Vw]? + @ (Mz(m)) + $o(Ma(M)) — 6,
Q
that is

(9.2) § < By (Ma(m)) + g (Mz(M)) — Bo(Ma(u)) — Po(Ma(w)).
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Now we set
a = Ms(m),
@ = Ma(u) = a = Mafu) - Ma(m) =2 | Qx(usozu)
Q

and B = Ma(w) — a = Ma(w) — Ma(m) = Ay /Q Q X {w>0>u}-
Notice that
ata+ =N /Q Q (X{m>0} + X{u>03w} T X{w>03u}) = A2 /Q Q X{m>0y = Ma(M).
Consequently, (9.1) gives that
Po(Mz(u)) + Po(Ma(w)) = Bo(Ma2(M)) + o(Mz(m)).
By inserting this into (9.2), we obtain that § < 0, which is a contradiction. 0
Theorem 9.2. Assume that u is a minimizer in ) for the functional J in (1.8). Let

(9.3) S = sup Py (r) < +oo.
r€[0,22Q2L" ()]

Let D @ Q. Assume thatzg € T' = QT (u) and letr > 0 be such that B,(xo) C D. Then, there exists ¢ > 0, possibly
depending on S, Q, Q) and D, such that

(9.4) L"(By(w0) N {u < 0}) = cr™

Proof. First of all, we prove the desired result under the additional assumption that
(9.5) u > 0in Q.

In this case, we take w to be the harmonic function in B,.(x) such that w = win Q \ B,.(z¢). Then, we set

a .= )\2/ QX{u>O} = /\2/ QX{w>O}
Q\Br(zo) Q\BT(IO)

and b:= )\2/ Q,
Br(x())

and we have

0 < Jw - Ju

v =19+ 2, (AQ / QX{w>0}) ~a, <>\2 / QX{u>O})
Q Q Q

/BM) ( —|V(w —u)]* = 2Vw - V(u - w))

+®, <a + )\2/ QX{w>0}> — @ <CL + /\2/ QX{u>O}>
B..(x0) Br(z0)

—/ IV (w —u)* + @0 <a+b—/\2/ QX{w<0}> -9 <a+b—/\2/ QX@go})
BT(IU) Br(xﬂ) BT(IU)

and so, by Poincaré inequality,

Dy (a+b) — Dy <CL +b— A / QX{u<O}>
BT(CD())
> ®q (a +b— )\2/ QX{w<0}> - (a +b— )\2/ QX{u<0}>
(9.6) By (z0) By (o)
> [ Fw-wp
BT(I())
2 % |w - ’LL|2,
r Br(x())

for some ¢ > 0.
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On the other hand,

(9.7) @0 (a+b)—Pg (a +b— )\2/ QX{u<0}> < Sx\z/ QX {u<or < SA2Q2 L7 (B (z0)N{u < 0}).
By (z0) By-(z0)

Also, since u is subharmonic (by Lemma 2.2), we have that w > w in B,.(xo). We now fix £ > 0, to be taken suitably small

in the sequel. By Corollary 5.2, we have that supg _ (,,) v < Ckr, for some C' > 0.

r(xo

In addition, by (8.1), we have that there exists 5o € B, /2(o) such that

Be,r(y0) € {u > 0},

for some ¢; > 0, hence the distance of y from the free boundary is at least ¢ 7. This and Lemma 5.4 give that u(yo) > cor,
for some co > 0.

By Corollary 1.2, u is harmonic in B, (o), thus the Harnack inequality implies that u. > c37in B., . /2(y0), for some ¢z > 0.
Hence, by the harmonicity of w,

1
w(wo):][ w>][ u>7/ U = cyqr,
By (o) By (o) L£(Br) Beyr/2(yo)

for some ¢4 > 0. Consequently, by Harnack inequality, we obtain that

inf w>er,
Byr(z0)

for some ¢ > 0.

From these considerations, we obtain that, in By, (o),

|w—u|:w—u>(E—Cﬂ)r>%,

as long as « is small enough. Accordingly,

/ |w—u|2>/ w - uf? > &,
BT(ZE()) BKT‘(IO)

for some ¢ > 0.

We insert this and (9.7) into (9.6) and we conclude that
SA2Q2 L™ (By(z0) N {u < 0}) > e,
for some ¢ > 0. This proves the desired result under the additional assumption in (9.5).
To deal with the general case, we use Lemma 9.1: namely, we take v which is a minimizer in € for the functional .J in (1.8),
with v = ut on O and such that v > w in . From the fact that v > 0 on 952, we deduce that v = 0 in Q (see e.g.
Lemma 2.3 in [1]). Thus, since (9.4) has been established for nonnegative minimizers, we know that
L"(By(z0) N{v <0}) = cr™.

Moreover, since v > u, we have that {u < 0} D {v < 0}, and so (9.4) follows for w. O

10. BLOW-UP LIMITS

In this section, we consider the blow-up of a minimizer at a free boundary point. We will show that, in the limit, we obtain a
minimizer for the Alt-Caffarelli problem in (1.11). This phenomenon plays an important role in our analysis, since it transforms
the original nonlinear free boundary problem into a linear one, in the blow-up limit: that is, in our framework, the blow-up
possesses an additional linearization feature.

To this extent, for any ¢ € I" we consider the blow-up sequence of u at xg, that is
u(zo + prx)

10.1 =——,
(10.1) ug () o

where p, — 0as k — 4o0.

We have the following convergence result (see e.g. Proposition 8.1 in [9] for the proof):
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Proposition 10.1. Letxg € I' and uy, a the blow-up sequence, as introduced in (10.1).

Then there exists a blow-up limitug : R™ — R, which is continuous and with linear growth, such that, up to a subsequence,
ask — +oo,

B u, — ugin C (R™) forany o € (0,1),

loc

B Vuy, — Vug weakly in L}, (R™) forany q > 1,

B O{uy > 0} — 9{uo > 0} locally in Hausdorff distance,
B X{u,>0) = X{uo>0} in L (R™).

The statement above can be also enhanced, giving the pointwise convergence of the gradients, as given by the next result:

Lemma 10.2. Let ¢y € I'. Let u; be the blow-up sequence, as introduced in (10.1), and ug the blow-up limit given by
Proposition 10.1. Then Vuy, — Vug a.e. inR™, as k — +o00.

In addition, ifp € {ug # 0}, we have that Vuy, — Vug as k — +oo uniformly in a neighborhood of p.

Proof. The proof is an appropriate modification (and actually a simplification) of some arguments also exploited in [1]. We
let <7 be the set of the Lebesgue density points of {ug = 0}. We show that Vuy, — Vug in & U {ug # 0}, as k — +oo,
with locally uniform convergence in {ug # 0} (with this, since the complement of &7 U{ug # 0} has zero Lebesgue measure,
the desired result is established).

To this aim, we observe that if p € {ug # 0} we know from Proposition 10.1 that there exists g > 0 such that ug(x) # 0
for any z € B, (p), as long as k is large enough. Then, by Corollary 1.2, we have that uy, is harmonic in B, (p) and so it
has second derivatives estimates in B, /2(p). This implies that Vus, — Vug uniformly in B, />(p) and so, in particular,
that Vuy (p) — Vuo(p), as k — +o0.

Now, let us take ¢ € 7. Then,
o LB 0) N i = 0))
1m
™0 L(Br(q))
and therefore for any 1 > 0 there exists 7(n) > 0 such that if r € (0, 7(n)] then
L"(Br(q) N {uo = 0})
L"(B,(q))
In particular L™(B,-(q) N {ug # 0}) < n L™(B-(g)) and so, in light of the Lipschitz regularity obtained in Theorem 1.3, we
have that

=1

z1-n

2 _ 1 2 o L"(Br(g) N {uo # 0})
][BT(q) o= L"(B-(q)) /B,r(q)n{uo;éo} up < Or L"(B(q))

up to renaming C > 0 and taking 7 suitably small, where ¢ > 0 is the one given in Theorem 1.4. Consequently

][ ui <er?
B(q)

if k is large enough, and so, by Theorem 1.4, we have that uj, < 0in B,.(¢), and so ug < 0in B;.(q).

c
< Cnr2 < 57“2,

We also know that uy, is subharmonic, thanks to Lemma 2.2, and thus also 1 is subharmonic. Accordingly, for small » > 0,
O:u0(q)<][ up < 0,
B (q)

which implies that ug vanishes identically in Br(q). Similarly, uy, vanishes identically in Br(q). These considerations imply
that Vuy(¢) = 0 = Vuo(q). O

Next result shows that the blow-up limit uq is always a minimizer of the Alt-Caffarelli functional in (1.11) (for a suitable choice
of Q, which turns out to be constant). That is, the blow-up limit has the additional, and somehow unexpected advantage, to
linearize the interfacial energy. The precise result, which was stated in Theorem 1.5, is proved by the following argument:
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Proof of Theorem 1.5. The result in Theorem 1.5 can be seen as a nonlinear counterpart of Lemma 5.4 in [1]. Up to a
translation, we take xg := 0 in (10.1). We take a competitor v for g, i.e. we suppose that vog — ug € WOI’Q(BT). We also
take n € C§°(B,, [0, 1]) and we define

v, =9 + (1 —n)(u, — uo).

We observe that

(10.2) v, — up = (Vo — ug) — N(u, — uo)
and so

(10.3) v, — u, = 0 outside B,

In addition,

{v, >0} C{vo >0}U{n <1}
and therefore
(10.4) X{v,>0} S X{vo>0} T X{n<1}-

We also define v(x) := pv,(x/p). We remark that

(0 —u)(x) = p <v,, <“Z) —u, ("Z)) =0 foranyz € R"\ B,

thanks to (10.1) and (10.3). Since B, C Q when p is sufficiently small (possibly in dependence of the fixed r > 0), we obtain
that v — u = 0 outside €.

Consequently, we can use the minimality of u in € and find that

O é J[’U] - J[u} = /Q (|V1)|2 — |VU‘2) + (I)O <)‘2/QQX{U>O}> — @0 <)\2/QQX{U>O}>

= / (IVo]* = [Vul?) + @0 (Az/ QX{v>0} +5p> — dg (/\2/ QX{u>0} + 5p> ,
B By, By,

(10.5)

pr

where

Ep = /\2/ QX{u>0}
Q

P

We point out that

10.6 lim=,=52 ::)\/ w>0Y -
(10.6) =y 0 2 QQX{ >0}

Now we scale the quantities in (10.5), using the substitution y := x/p. In this way, we find that

| we@la= [ Vo ampa= V) dy

pr By

and / Q)X vs0y () di = / Q@)X (0,50 (z/p) dz = o" / QPy)x1o,50) () dy,
Bpr By B,

and similar expressions hold true with u replacing v. Substituting these identities into (10.5), we conclude that

(10.7)
0< / (|va\2 - |V’U’P‘2)

1 _ " _
w o0 (e [ QEonien@ s +2,) a0 (e [ Qo @an+s,)].
B, B
Now, from (10.2), we have that

v, +u, =v9 — ug — (U, — o) + 2u, = (vo + uo) + (2 —n)(u, — uo).
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This and (10.2) give that
|va|2 - \Vup|2 = V(v, +up) - (v, — up)
= V((vo +uo) + (2 = n)(up — uo)) - V((vo — uo) = n(up — up))
= V(vg + up) - V(vo — uo) —nV (vo + o) - V(up — uo) — (up, — uo) V(v +ug) - Vn
—(up —uo)Vn - V(vo — ug) + (2 = n)V(u, —uo) - V(vo — o)
Hup — uo* [V +n(u, — o)V - V(u, — uo)
—(2 = n)(up —u0)V(uy = uo) - Vi = (2 = 1)1 |V (u, — uo)[*.

We remark that the latter term has a sign. So, recalling Proposition 10.1, we obtain that

(10.8) lim/ (IVo,)? — |V, ?) < / V(vo + up) - V(vg — ug) = / ([Vol® — |Vuo|?).
O J B, B,

r

Now we set

ap = )\Q/B Q)X {vo>01 (%) dm—l-)\g/B Qp)xn<ry(r) da

and Bp = )\g/B Q(p:c)x{up>0}(a;) dx.
We observe that

lim @, = ag = As / QO)X (w03 (2) dz + Ao / QO)x (1} () dx
PO B, B,

and lim g, = By == /\2/ Q(0)X fue>0} () du,
PN\O B,
thanks to Proposition 10.1.

Then, recalling (10.4) and the monotonicity of ®(, and exploiting also (10.6), we have that

lim — {@o <9”A2 /B Q(px)X (v, >0 () dx + Ep) — P (p”/\z /B Q)X {u,>0}(x) dx + Epﬂ

N0 P
1 L W
< ll)l\r% 97 {(I)O(p ap+E,) — Po(p" By + :p):|
1
— ey~ 5,) [ S5, + 19", — 6,) + 5,)de
PO 0

= (a0 — o) 4(Z0)-
So, we insert this inequality and (10.8) into (10.7) and we obtain

0 < [ (90l =~ 1Vuol) + (a0 — ) B(E)

7

= / (|V”0|2*|Vu0|2)+)\2Q(0)‘1’6(50)/BX{vo>0}(9€)dl’

1 A2Q(0) ) (E0) /B Ninety (@) dz — AaQ(0) ) (Zo) /B Ntugoo} (@) da.

This estimate is valid for any choice of the function 7); therefore, letting {77 = 1} invade the whole of B,., we deduce that the
term fB X{n<1} (2) dx can be made as small as we wish. As a consequence,

0 < / (IV00l? — [V [2) + 22Q(0) ) (Zo) / Ntons03(2) dz — A2Q(0) ) (o) / Ntuasoy (@) d,
B, B,

r

which establishes the desired minimality property for u. O

11. PARTIAL REGULARITY OF THE FREE BOUNDARY

Using the subharmonicity property of the minimizers and their Lipschitz regularity (recall Lemma 2.2 and Theorem 1.3), we
are now in the position to exploit standard techniques from geometric measure theory and conclude a partial regularity of the
free boundary, as claimed in Theorem 1.6:
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Proof of Theorem 1.6. The proof of (i) in Theorem 1.6 follows by a standard integration by parts (combined with the subhar-
monicity property of Lemma 2.2, see e.g. the proof of formula (8.1) in [9] for details).

To prove (i) in Theorem 1.6, we argue by contradiction and we suppose that there exist r; \, 0 and z; € I such
that By, (z;) C Q and

1

(11.1) / Aut < 1
Brj(mj) ‘7

Up to subsequences, we may suppose that x; — T € D C . We define

u(x; + rjz)

vj(z) = ————.

Tj

Notice that, in the light of Corollary 5.3, for any , y € B, we have

\u(z; + rj@) — ulz; + ;)| < Cllj +rjx) = (x) +1r5y)|
7“]‘ = ’I“]‘

|vj () = v;(y)] < < Clz—yl.

So v; (and hence v;-r) is Lipschitz in B; uniformly in j and thus we may suppose that v;“ converges to some ¥ uniformly
in E

Now, let ¢ € C§° (Bl, [0, +oo)). Notice that, by Lemma 2.2, we know that u is subharmonic, hence sois u™ and Au™ > 0.
Hence, recalling (11.1), we have

/ 7t A¢p = lim v/ A= lim rjfl/ ut(zj +rjz) Ag(x) do
By

Jj—+oo B Jj—+oo B,

Jj—+oo B, Jj—+oo

= lim r; [ Au'(x; +rj2) (r)dr = lim T;_TL/B ( .)Au+(£)¢(§;fj> d¢

J

1
<sup¢ lim T;_”/ Aut(€)dé <supg lim = =0.
Rn Jj—+oo B‘r'j (z;) Rn j—+o0 j

Accordingly, 7T is superharmonic in B;. By construction, we also have that 7+ > 0 and

. oulxy . 0

ot(0) = lim (]):_hm — =0.
JoAeo Ty J=too Ty

As a consequence

(11.2) ot vanishes identically in B;.

On the other hand, by (1.19),

cr? < ][ u? < sup u? < rjz- sup UJQ»,
B, (z)NQF B, (z;) B

for some ¢ > 0. So, simplifying r; on both sides of the inequality and taking the limit in j, we find that

c < sup v2.
B,

This is in contradiction with (11.2) and so the proof of (ii) is complete.

Then, (1.20) follows from point (ii) and suitable geometric measure theory arguments (see e.g. the proof of Corollary 8.2 in [9]
for full details). For the proof of (1.21), see e.g. the proof of Theorem B in [9]. O

12. REGULARITY OF THE FREE BOUNDARY
In this section we show that at flat points the free boundary is a regular smooth surface. In particular, in two spatial dimensions
the free boundary is a continuously differentiable curve.

Our approach differs from the one in [1, 2] as we avoid using the flatness classes. Instead, we use the free boundary regularity
theory for the viscosity solutions from [9].



36

12.1. Viscosity solutions. Recall the definitions of 2 (u) and Q™ (u) given in the section with the notation.

If the free boundary is C' smooth, then

Gut,uy) = (uh)? — (u,)> = A

v v

is the flux balance across the free boundary, where u;} and u;, are the normal derivatives in the inward direction to 9Q™ (u)
and 9~ (u), respectively, and A is defined in (1.14).

With this notation, we give the definition of viscosity solution:

Definition 12.1. Let ) be a bounded domain of R™ and let u be a continuous function in €2. We say that « is a viscosity
solution in € if

) Au=0in Q" (u)and QO (u),
ii) along the free boundary I', u satisfies the free boundary condition, in the sense that:
a) if at xo € I there exists a ball B C Q7 (u) such that o € B and

u(z) > a{z — x0,v)" + o]z — 30|), forz € B,

u”(x) < Bz —xo,v)” + 0|z — xo|), forz e B,

for some o« > 0 and 8 > 0, with equality along every non-tangential domain, then the free boundary condition
is satisfied

G(O[,ﬂ) = 07

b) if at xg € T there exists a ball B C Q™ (u) such that o € 9B and

u”(x) = Blx — xo,v)” + o(|lz — x0]), forz € B,

ut(2) < alz — 20, v)" + o]z — x¢|), forx € OB,
for some a > 0 and 8 > 0, with equality along every non-tangential domain, then

G(a,8) =0.

Lemma 12.2. Let u be a minimizer in ) for the functional J in (1.8). Then, u is also a viscosity solution in the sense of
Definition 12.1.

Proof. See Lemma 11.17 in [7] or Theorem 4.2 in [9] for the proof. O

Notice that, if g € 8md{u > 0}, then I' is flat near x. Therefore, since a minimizer w is also a viscosity solution, according
to Lemma 12.2, we can use the Harnack inequality approach to u, and obtain that I" is C'™*® in some neighborhood of zg.

We next show that in two dimensions the free boundary is a continuously differentiable curve.

12.2. The case in which u~ is degenerate. In this section we show that near the points zo € I" where ©~ is degenerate,
the minimizer u behaves essentially as a solution to the one-phase problem. Recall that we say that u™ is degenerate at x if

1
(12.1) liminf — u~ =0.
r—0 r Br(xﬂ)

We stress that u™ (in contrast to © ™) is always nondegenerate, according to the following observation:

Lemma 12.3. Letu be a minimizer in € for the functional J in (1.8), with 0 € 9{u > 0}. Assume that (5.16) and (5.17) are
satisfied. Then

1
liminff][ ut > 0.
B,

r—=0 1
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Proof. By the clean ball condition in Theorem 8.1, we have that B, ,(yo) C B, N Q" (u), for a suitable point yo € B, and
a constant ¢; > 0.

Thus, from Lemma 5.4, we have that u(y) > cor forany y € BclT/Q(yo) for some co > 0. As a consequence,

/ / > eor £7(Bayr 2(u0)),
Ll’f‘/?(yo)

which gives the desired result. O

Next, we show that if ™ is degenerate then so is the gradient of «~ in the following sense:

Lemma 12.4. Letu be a minimizer in ) for the functional J in (1.8). Letzo € O{u > 0}, and suppose that v~ is degenerate
at xq. Then

lim sup |Vu (z)|=0.
r—0 zE€B,(z0)

Proof. We argue by contradiction and we suppose that the conclusion of the lemma fails. Then, there exists a sequence
r; — 0,as j — 400, such that

1
(12.2) lim —][ u- =0
i=+o0 15 B, (w0)
(12.3) and lim sup |Vu~|>0.

j—o+oop ( 0)

u(zo+r;
T

Consider the scaled functions u,; () := *)From Theorem 1.3 we obtain that |Vu;| is bounded uniformly in j in By.

J
Then, up to a subsequence, we have that u; — ug as j — +oo uniformly in By, for some function . Moreover, by (12.2),

0= lim l][ uw- = lim u]_:][ Ug -
J+o0 T B, (x0) J=too /By B
This implies that
(12.4) ug = 0in B;.
In addition, by (12.3) and Lemma 10.2,

0< lim sup |[Vu|= lim sup|Vu;|=sup|Vug],
J7+09 B, (wo) J=+© By By

which is in contradiction with (12.4). 0

From Lemmata 12.3 and 12.4 it follows that, near a degenerate point ¢y € I', u behaves almost like a minimizer of a one-
phase functional. It is well-known that for the one-phase the gradient |Vu| is upper semicontinuous. The aim of the next two
lemmata is to establish this property of the gradient near degenerate points.

First we recall the Bernoulli constant
(12.5)

A(wo) == [/\237»2(5 (/\1/ Q X{u<0} Az/ QX{u>0}) - M0 @ (/\1/ Q X{u<0}, A2 /QQX{u>0})] Q(o)
Q Q Q

measuring the gradient jump across the free boundary. We observe that, in view of Lemma 6.1 and using the notation in (6.1),
if 2o is a smooth point of d{u > 0}, we know that

2 _ 2
(12.6) (O u(zo))” — (0, u(mo)) = A(zp).
Furthermore, from Lemma 12.4 we should get that (9, u™ (x))? = A(zg) + o(1) as & — x¢. The next lemma makes this

statement precise.

Lemma 12.5. Letu be a minimizer in §) for the functional J in (1.8). Let xg € O{u > 0}, and suppose that u™ is degenerate
atxqg. Then,

(12.7) limsup |Vu(z)]? = A(zo).

T—T0o
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Proof. Let us denote by

(12.8) v = limsup |[Vu(z)]|.

T—T0o
By Lemma 12.4,
v = limsup |Vu™ ()],

T—rT0o
hence, in order to prove (12.7), one has to show that

(12.9) 7 = A(=).
For this, we take a sequence x, — o such that z, € {u > 0} and |Vu™(z)| — v as k — +oc.

Let pr := dist(z, 0{u > 0}) and let y,, € O{u > 0} such that pr = |zr — yx|. Consider the blow-up sequence
ug(x) == W. From Proposition 10.1, up to a subsequence, we may assume that u, — ug as k — +oc locally
uniformly.

Without loss of generality we can also assume that
Tk — Yk

Pk
where e,, is the unit direction of the x,, axis. Thus we have that

— —en, ask — oo,

(12.10) Bl(fen) - {UO > 0}

This and Lemma 10.2 give that

. . Tk — Yk
12.11 =1 VuT(zg) = 1 Vul | Z2—22 )| = [Vug(—en)|.
( ) v kﬂu%l}oo | v (xk>| kﬁu}rloo ‘ uk Pk | 0( n)|
From (12.10), we also obtain that
(12.12) ug is harmonic in By (—ey,),

thanks to Lemma 2.2 and Proposition 10.1.

We also observe that

(12.13) [Vug| < vin Bi(—eyp).
Indeed, if T € Bi(—e,), we write T = —e,, + 2, with |z| < 1 and we set
- Yk — Tk
2k =Ykt PRT = Yk + PrZ — Pren = Pk <pk —en> + prz + T — T0,
as k — ~+oc. Thus, by (12.8),
(12.14) v = limsup [Vu(x)| > lim [Vu(z)].
T—x0 k—+oco

On the other hand,
Vu(Z) = Vu(yr + prT) = Vu(zg).
Hence, taking the limit as & — oo (and recalling (12.10) and Lemma 10.2), we see that
[Vuo(z)| = lim _[Vu(z).
This and (12.14) imply (12.13), as desired.

We also remark that

(12.15) v > 0.

Indeed, if v = 0, it follows from (12.13) that ug is constant in Bl(—en). Thus, since

(12.16) up(0) = lim wug(0) = lim M =0,
k—4o00 k—+oco  pg

we obtain that u( vanishes identically in By (—e,, ), in contradiction with (12.10), thus proving (12.15).
Now, we claim that

(12.17) uo(x) = —Vug(—ey) - zforany z € By(—ey).
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For this, we argue as follows: by (12.11) and (12.15), we can define
0= _VUO(_en) _ Vuo(—en)
g [Vuo(—en)|

Then, by (12.11) and (12.13), we find that
(12.18) Orug(—epn) = —vy and  Opup(x) = —vin Bi(—e,).

Furthermore, in light of (12.12), we know that O,ug is harmonic in Bl(—en). This, (12.18) and the strong maximum principle
imply that Gpug = —v in B1(—ey,,).

Then, we take a rotation R such that e; = R{ and we define vo(x) := ug(Rx). We have that
Ovo(x) = (RVUO(RJU)) cep = Vuo(Ra:)) b= —y

for any & such that Rx € Bi(—ey,).

Consequently, for any x such that Rz € By (—e,, ), we have that

(12.19) vo(x) = —yx1 + 0(z2, ..., ),

for some ¥ : R»~1 — R. In particular,
n
(12.20) [Vool? = [y> + > |0:5].
i=2

On the other hand, by (12.13), for any x such that Rx € Bi(—e,),
2
|V (x)]? = ’RVU()(R.Q?)’ < | Vug(R)|?> < 7.

Then we insert this into (12.20) and we obtain that ;0 vanishes identically for any i € {2,...,n}, hence ¥ is constant,
and (12.19) reduces to

vo(x) = —yx1 + ¢,

for some ¢ € R.

Now, we recall (12.16) and we obtain that
0 =up(0) = vo(0) = é.
As a consequence, we obtain that
vo(z) = —yx - ey = —yx - Rl = —y(Ra) - L.

Hence

uo(z) = vo(RYz) = =z - £,
thus completing the proof of (12.17).
Now, from (12.10) and (12.17), we deduce that ¢ = e,,, and therefore
(12.21) ug(x) = —ya, in By(—ep).
We claim that, in fact,
(12.22) uo(x) = —ya, in {z, < 0}.

To check this, we recall (12.10) and we denote by C the connected component of {ug > 0} that contains By(—e,,).
By Corollary 1.2, we know that wug is harmonic in C. Hence, by (12.21) and the unique continuation principle, we obtain
that ug(z) = —vyx, in C. As a consequence, since u vanishes along 9C, we have that

aC C {—yz, =0} = {x, = 0},
thanks to (12.15), and this establishes (12.22).
It remains to show that 9{ug > 0} = {y,, = 0}. To see this it is enough to show that there exists 6 > 0 such that

(12.23) uo = 0in{z, € (0,0)}.
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Suppose that

R uo(y', yn)
s = limsup ———"—=.
Yn 0, ayn
y/e]Rn—l7
uo (y',yn)>0
Note that ug is a minimizer of ACF functional, see Theorem 1.5. Taking a sequence % — 0 as hy, — 0 and using

the same argument above it follows that the second blow of ug, which we call ugg, with respect to the balls By, (y}., 0) is
of the form wgg = Syn, with y,, > 0. This is a contradiction, since the zero set of the minimizers of ACF functional has
nontrivial measure, see also Theorem 9.2. Thus it follows that s = 0 and consequently we have that ug = 0 in some strip
{0 < y,, < &}, for a suitable & > 0. This establishes (12.23).

Now, in light of (12.6), (12.22), and (12.23), we have that
A(zo) = (05 uo(0))? = (8, uo(0))* = 4* -0,

which proves (12.9), as desired. O

Having established the upper semicontinuity of |Vu/| at the free boundary points where u ™ is degenerate, we next establish
an estimate for the upper modulus of continuity. We recall that we are working under the assumptions in (1.15).

Lemma 12.6. Assume that u is a minimizer in §2 for the functional .J in (1.8). Let

S = sup D) (r) < +oc.
TG[O,/\QQQE"(Q)]

Letxg € O{u > 0}, and suppose that u™ is degenerate at xo. Then, there is R > 0 and « > 0 such that

)a +o(1), asr\(0,

r

sup | Vul® < A(wo) +C (&

B.,- (:E())

where o(1) = supp () |Vu~|*.

Proof. We adapt a method from the proof of Theorem 4.1 in [3]. By Corollary 1.2, we have that A[Vu[? = 23", u?, > 0in
{u > 0}. Thus w := |Vu|? is subharmonic in {u > 0}. Hence, it follows that

(12.24) U. := (w — A%(zg) — )T is subharmonic in {u > 0}.

From Lemma 12.5, we know that U, = 0 on 9{u > 0}. So, we extend U into {u < 0} by zero and we deduce from (12.24)
and the fact that U, > 0 that U, is subharmonic in the whole of €).

For any r > 0 (to be taken small in the sequel), we set

he(r) == BSl(lp)UE.
r\Zo

Then, we have that
(12.25) he(r) — U. is superharmonic in B,.(xz).

By construction, we have that

he(r) = Uz 20 in B.(x0),
and he(r) = Uz = he(r) in Br(z9) N{u < 0}.
Accordingly, forany p > 1,
1he(r) = Ul 5,y = (hetr) - v = | (he(r))?
(12.26) By (z0)N{u<0} By (z0)N{u<0}

= (he(r))? £*(Br(x0) N {u < 0}).

Now, by density estimates (recall Theorem 9.2), we have that L™ (B, (zo) N {u < 0}) > cr™, for some ¢ > 0, and so we
deduce from (12.26) that

(12.27) 1he(r) = Uello (B, (2g)) = € (he(r))P 1"
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n
n—2’°

Also, from (12.25) and the weak Harnack inequality for superharmonic functions, it follows that, forany 1 < p <

inf [he(r) = U] = Cr= % ||he(r) = Ucll o (B, (20)) -
B, /2(x0)

This and (12.27) imply that

inf  [he(r) — U] = ch(r),
B [he(r) = U] > che(r)

for some ¢ € (0, 1), and therefore
(12.28) (1 =¢)he(r) = Uc(x),

forany © € B,.(x¢). Thus, let us define

ho(r) == sup (w — A(zo)) ™
B (z0)

By construction, ho(r) > h.(r), hence we deduce from (12.28) that
(1= &) ho(r) > Ua(w) = (w(z) — Alzo) — )+
forany 2 € B, /2(x0). Thus, sending £ ™\, 0, we find that
(1 =) ho(r) = (w(z) — Alzo))*

forany € B, 2(x0), that is

(L= ho(r) > swp  (w(@) = Alwo)* = ho ().

z€B,/2(wo) 2
By iterating this inequality, it follows that, for small s > 0, we have from Lemma 8.23 in [13] that ho(s) < C (%)a, for
some C' > 0 and « € (0, 1). From this, the desired result follows. O

Now we are ready to show that in two dimensions the free boundary is a continuously differentiable curve. To do so we only
need to show that the free boundary is flat at each point. Then the result will follow from the viscosity regularity theory of
Caffarelli [5, 6] and Lemma 12.2.

We begin with showing that at the points where u~ is degenerate the free boundary is indeed flat. The case of nondegenerate
u~ will be studied in the next subsection.

Lemma 12.7. Letn = 2 and suppose that (9.3) holds true. Let u be a minimizer in ) for the functional J in (1.8). Let zy €
d{u > 0}, and suppose that u~ is degenerate at . Let also A be as in (12.5) and Q be continuous. Then,

(12.29) lim max{A(zq) — |Vul?,0} = 0.
=0 ) B, (z0)N{u>0}

Proof. This type of result was proved in Theorem 6.6 of [1] in the case ®o(r) := r and u > 0. We need to adapt their
strategy to the case under consideration. To this aim, for any ¢ > 0, let

ue = max{u —e¢, 0} —u~,

where ( € C§°(B,(z0), [0, 1]). Notice that we can also write u, = u — min{u,e(} —u™.
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Since u. = uwon Q\ B,(zo), from the minimality of v, it follows that J[u] < J[u.]. Also, the support of Au lies on the free
boundary, where u vanishes. Recalling also Lemma 12.4, we see that |[Vu~|?> < o(p) — 0 as p — 0, and therefore

Do (Ma(u)) — P (Mg(u — min{u,e(} — u*))

< / IV (u — minfu, eC} —u™ )2 —/ IVul?
Q Q
= / |V (min{u,eC} +u™))* — 2/ Vu - V(min{u,eC} +u7)
By (z0) By, (x0)
-/ Vi Hu)P+ [ vt
{u>e¢}NB,(z0) {u<eC}INB,(x0)
_2/ div ((min{u,eC} +u~)Vu) + 2/ Au (min{u,eC} +u7)
By(wo) By (xo)
< C (e2|V¢)? + |Vu ?) —|—/ |Vu|* — 2/ (min{u,eC} +u™)0u
{u>e¢INB,(z0) {uge¢INB,(20) 0B, (x0)
< Ce? / IVC2+Cp? sup |[Vu|? +/ |Vul|? — 2/ (u+u")0u
{u>=C}NB, (20) B, (20) {0<u<eC}N B, (20) {u<0}NOB, (20)
< e VCP + Cotolp) + | IVl
{u>e¢}NB,(z0) {0<u<eC}INB, (o)

Also, since P is concave (recall (1.15)),

P (Ma(u— min{u,e¢} —u™)) — g (Ma(u))

< By (Ma(u)) (Mg(u — min{u,eC} —u") — /\/lg(u))
= (I)f) (MQ(U‘)) A2 /QQ(iC) (X{u—min{u,a(}—u_>0} - X{u>0}>
= _(bé) (M2(u)) A2 /B 3 )Q(ﬂ?) X{0<u<min{u,eC}+u—}
< 0 (Ma()) da [ Q).
{0<u<e¢}NB,(x0)
From these observations, we find that
wesn [ ) (Ma(u)) 22 Q@) — [Vul?) < C=* [ IVC + Cpop),
{0<u<eC}NB,(x0) {u>e¢}NB,(z0)

In view of (1.6),
@6(7“) )\2 = —)\18T1<I>()\1 ()\Q — /\5%‘)7 7”) + )\2ar2(b<)\l ()\Q - )\glr)a T)a
and so

(12.31) D) (Ma(u)) X2 Q(z) = Ax).

Now we fix R > p > r and we choose € := Lr, where L > 0 is the Lipschitz constant of uw in Br(x¢) (recall Theorem 1.3).
We take

0 mGRQ\BP(xO)v
(o) ={ FELLESO) e B an) \ By (o).
x € B(xz).

We observe that, in B,.(x¢), it holds that u < Lr = € = &(. From this, (12.30) and (12.31) we infer that
/ (A@) = [vuf?) + / (A@) - [Vul?)
{u>0}NB,(z0) {0<u<rL{}IN(By(z0)\Br(z0))

<o [ el

{u>e¢}NB,(x0)
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or equivalently

[ (s@-1vap)”

{u>0}NB,(z0)
< / (vl -a@)+ [ (A= (vap)”
{u>0}N(B,(x0)\Br(x0)) {u>0}NB;(x0)
+CL*r? / IV¢|? + Cp2o(p)
{u>eC}NB,(x0)
< / (IVal? = A@) + / (IVul? - A@))
{u>0}N(B,(20)\Br (o)) {u>0}NB,(z0)N{|Vu2>A(z)}
sort [ vep s catolp)

{u>e¢}NB,(x0)

< o ((2)"+co)

CL?*r?
log (£)
where we have also used Lemma 12.6. After dividing both sides of the last identity by r? we get
1 + 2 a CL? 2
(12.32) = (A@) = 1vuP) < (B) (L) + s + O (2) alo).
12 J {u>0}nB, (o) r/ \R/J " log (%) r

Now we choose 7 := pa” (p), for some 3 € (0, 1), and R = —£— and we see that
o (p)

c(2) (5)"+ 1(;7) +(2) o) <o) + ngLz() 0o,

+ Cp*a(p),

Finally choose 3 := 1 to infer that

1 (Aw) - |vu|2)+ <Co

72 {u>0}NB,(zo)

3CL?
] — =0 a p—0,
98 5o

and the desired result follows. O

W=

(p) +

12.3. The case in which ©~ is nondegenerate. If u™ is nondegenerate then the Alt-Caffarelli-Friedman functional
1 Vut|? Vu~|?

(12.33) o(r, xo,u) = —4/ ‘7|2da:/ |7|2dx
4 B, (@o) [T = 20> VB, (o) [# — ol

has positive limit and therefore from Theorem 7.4 (i) in [2] when n. = 2 the blow-up ug must be a two-plane solution.

Lemma 12.8. Letu be a minimizer in S for the functional J in (1.8), with 0 € O{w > 0}. Assume that (5.16) and (5.17) are
satisfied.

Let {r;}en be a sequence of positive numbers such thatr; N\, 0 as j — +o0. Letzg € 0{u > 0} and set u;(z) =
w(zo+r;T)

at xqg then

such thatu; — ug as j — oo for some subsequence, still denoted by {rj}. Ifn = 2 andu™ is nondegenerate

lim ¢(r;,xo,u) =7 >0

Tj —0

and v is a two-plane solution, namely
ug(x) = pa (- 0)F — pa(x-0)~
for some unit direction ¢ and positive constants i1, fi2.

Proof. From the scale invariance of the Alt-Caffarelli-Friedman functional we have that

¢(7"]'8, Zo, u) = ¢(87 07 U’j)

Since, by Lemma 12.3, we have that u T is nondegenerate, and by assumption so is u~ at xg, then it follows that the limit

Jim 6(sr;, 0, u)
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exists and is independent of s > 0, because ¢ is monotone and bounded thanks to Lipschitz continuity of u. Therefore we
have that

@(s,0,up) = >0, Vs > 0,
which implies that ug must be a homogeneous function of degree 1 (by the nondegeneracy of uar and the Lipschitz regularity
of u, recall Theorem 1.4 and Corollary 5.3). Applying Lemma 6.6 in [2], the desired result follows. O

Summarizing Lemmata 12.7 and 12.8, we obtain the result in Theorem 1.7:

Proof of Theorem 1.7. By Lemma 12.2 we know that u is a viscosity solution. It follows from Lemmata 12.7 and 12.8 that the
free boundary d{u > 0} is flat at each point. Hence, the proof of the theorem follows from the regularity theory of Caffarelli
developed for the viscosity solutions [5, 6]. See also Proposition 6.1 in [9]. O
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