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Abstract
We show that all Lindblad operators (i.e. generators of quantum semi-
groups) on a finite-dimensional Hilbert space satisfying the detailed balance
condition with respect to the thermal equilibrium state can be written as a
gradient system with respect to the relative entropy. We discuss also ther-
modynamically consistent couplings to macroscopic systems, either as damped
Hamiltonian systems with constant temperature or as GENERIC systems.

1 Introduction

In many situations the evolution of quantum systems is dictated not only by the
system Hamiltonian but also by dissipative effects, i.e. the time-dependent density
matrix p(t) satisfies a dissipative evolution equation of the form

i
ok
where we will set & = 1 in the sequel. The dissipative part £ of this Lindblad equation
has to be a completely positive operator, which is enforced by the structure of quantum
mechanics. In this work we additionally ask for the condition of detailed balance
with respect to the equilibrium state pg in the sense of Alicki [Ali76] and [KF*77], by
which we mean that Lpz = 0 and that £* is symmetric with respect to the weighted
operator scalar product (A, B) — Tr(A*Bpg), see (2.4). We call such £ shortly DBC
Lindbladians with respect to pg. Equations like (1.1) where already derived in [Dav74]
as the weak coupling limit of a given quantum system with a large heat bath. It was
observed in [Spo78] that this class of models satisfies the detailed-balance condition
(DBC) and that the relative entropy (also called free energy)

F(p) =Tr (p(logp —log ps)) = Tr (p (log p + BH)) + log Zg

is a Liapunov function, i.e. it decays along solutions. Here 8 > 0 is a suitable inverse
temperature and

p [p. H] + Lp, (1.1)

1
ﬁg = — e_ﬁH with Zﬂ =T1r (e_ﬂH)
Zp
is the thermal equilibrium.
The aim of this work is to show that (1.1) can be written as a damped Hamiltonian

system, namely

p=(J(p) —K(p))DF(p), (1.2)
where the operator J(p) : £ — }B[p, ¢] generates a Poisson bracket, while the operator
K(p) should be purely dissipative, i.e. K(p) = K(p)* > 0. We will call such dissipative
operators simply Onsager operators, because of Onsager’s fundamental work in
[Ons31].

Thus, our aim is the construction of an Onsager operator K which generalizes the
Wasserstein operator Kyass(u) : g — —div (pVp) for the Fokker-Planck equation
and the Markov operator Ky, (p) for jump processes constructed in [Miellb, Maall,
ErM12; Miel3b], cf. Section 3.1. The crucial point is that K(p) has to depend on p
in a very specific way to obtain the relation

—K(p)(logp+ BH) = Lp,
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where the right-hand side is linear in p. In the Fokker-Plank equation this is achieved
by the chain rule uV(log u+V) = Vu+uVV, and for jump processes it follows from
A(a,b)(loga — logb) = a — b, see Section 3.1.

For quantum systems first steps in this direction were done in [Otth, Ott11,
Miel3a, CaM14, Miel5|. They involve the use of the Kubo-Mori operator

1
C,: L(h) = L(h); A C,A ::/ A pl=ds,
0

which satisfies for all @ € L(§) the fundamental relation

C, [Q.logp] = [Q,p], (1.3)

which we will call the miracle relation. Obviously, we need a generalization allowing
for commutators of the form [@,logp + SH]|, which is nontrivial if SH # aly. In
[CaM14] the infinite-temperature case SH = 0 is treated, while in [Ott10, Ott11,
Miel3a, Miel5] the nonlinear terms p — C,[Q, H| are admitted.

Here, we show that in the general case with DBC it is possible to find a suitable
K in a rather natural way. The starting point is a tensor-product representation of
Lindblad operators. We set §; = bh and choose an arbitrary second Hilbert space
h, and assume that §,; and b, are finite-dimensional. For an arbitrary Hermitian
Q € L(h,®b,) and a 0 € L(h,) with ¢ =7* > 0 one sees that

Lp=—Try, ([Q, Q, p®3H) (1.4)

is indeed a Lindblad operator. Moreover, it can be shown easily that this £ satisfies
the DBC with respect to pg if the commutation relation

(Q,ps®3] =0

holds, see Section 2.3. Under this condition it is now straightforward to show the
following generalization of the miracle identity:

Cozz | Q, (logp+BH) ® 1y, ] = [Q, p27 .

Indeed, it suffices to use the fact that Q also commutes with log(ps®0) = —FH®1y, +
1y, ®log & and then apply the classical miracle identity (1.3), see Theorem 3.4 for the
details. Now we can define the Onsager operator

K(p)¢ = Try, ([Q.Cpes[Q, €014, ]) (L5)

which is a symmetric and positive semidefinite operator and satisfies the desired re-
lation

—K(p)(logp+ BH) = —Try, ([Q, Q. 5] ) = Lp. (1.6)

In Theorem 2.7 we show that every DBC Lindbladian with respect to psz can be
written in the form (1.4) with h, = h = B, and either 7 = pz or 7 = ﬁ;l. Here we
rely on the classical characterization of DBC Lindblad operators in [Ali76, KE*77].

In Sections 4 and 5 we consider a few applications and discuss the general prob-
lem of modeling the interaction of a macroscopic system described by a state variable
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2z € Z. We show that it is possible to set up a coupled system in the framework
of GENERIC, which is an acronym for “General Equations for Non-Equilibrium Re-
versible and Irreversible Coupling”. This framework is based on an energy functional
&, an entropy functional S, a Poisson operator J, and an Onsager operator K such
that the evolution is

p D,E(p, 2) D,S(p, 2)
= Jcou 5 Kcou ) .
(£) = 0.2 (s ) + Km0 (507
This is complemented by the fundamental non-interaction conditions JDS =0 =

KDE that defines a thermodynamically consistent system with energy conservation
and entropy production. The typical choice for the functionals is

E(p,z) =Tr(pH) + E(z) and S(p,z) = —kg Tr (plog p) + S(2).

To describe the coupling of the quantum system with the variable z it is essential
to model the different dissipation mechanisms separately, which we do by the minimal
building blocks Sy and /\/lf2 for Lindblad operators, where @) must satisfy [Q, H] =

w( for some w € R. The associated Onsager operators ICg can then be obtained from
the construction (1.5) by choosing

(01 00 (e 0
Q=0 ®(0 0>+Q®<1 0) and o= ( 0 o)
With the above choice for £ we have D,E(p, z) = H, which forces us to use fixed
eigenpairs (w, Q)). However, we may assume that the effective coupling temperature
may depend on z and may differ for different coupling mechanisms. Hence, a typical
Onsager operator for the coupled system may have the form

Keoupi(p, 2) = i K (o) (O, b (2)) 2K () H
coupl\ P ot <K§Tn(z) (p)D |H>bm(z) <’Cg:,;(z) (p)H ’H>bm(2)®bm(z)

For an application to the thermodynamically consistent modeling of the Maxwell-
Bloch system as considered in [JMR00, Dum05] we refer to Section 5.4, where the
macroscopical variable z = (E, H) contains the electric and the magnetic field. For
more applications, also involving the coupling to drift-diffusion equations we refer to
[Miel5, Sec.5].

For the sake of notational simplicity and to avoid technical complications, we have
restricted ourselves to the finite-dimensional case dim ) < oco. Many results have an
immediate generalization to the infinite-dimensional case, e.g. the relations (1.3) to
(1.6). However, the full characterization of all DBC Lindbladians, which is given in
Theorem 2.7 or Proposition 2.2, would require much more delicate considerations and
thus remains an open question.

2 Dissipative quantum mechanics

2.1 General notations and setup

Here we recall the standard theory and introduce our notation. The quantum mechan-
ical system is described by states in a complex Hilbert space § with scalar product
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(a|b). For a Hamiltonian operator H € Herm(h) (the set of Hermitian operators
on b) the associated Hamiltonian dynamics is given via the Schrodinger equation
) = —iH1p, which has the solution ¢(t) = e *H4(0).

To couple a quantum system to a macroscopic one we need to describe it in sta-
tistical terms using the density matrices

peERy:={pely)|p=p">0 Trp=1}

Each p € Ry has the representation

N
p=> 1y @1y, (2.1)
j=1
N : : .
where r; >0, > 'r; =1,and {¢; |j=1,..., N } is an orthonormal set. Note that in

our notation (1) ® @) a := (pla)yy and (Y @ ¢)A = ¢ @ (A*¢).
On operators we define the Hilbert-Schmidt scalar product (A ‘B> = Tr(A*B)
satisfying the following identities, which will be used below without further notice:

(4]B) = (Br|4") = (B|4), (AA|uB) = Au(A|B),
(A|BC) = (AC*|B) = (B*A|C), (A|[B,C])=(B*|[C,A*]) =(C"

[A*aBDa

where A\, u € C and A, B,C € L(h).

2.2 The Lindblad equations

Using the Schrodinger equation the evolution of p is given via the Liouville-von Neu-
mann equation
p = —i[H,p|], where [p, H] := pH—Hp. (2.2)

For open systems, dissipative versions of the Hamiltonian Liouville-von Neumann
equation are used. The most general linear master equation preserving complete
positivity is the well-known Lindblad equation

N2-1
p=—ilH pl+Lp with LA=" ym([Qn, AQ}] + [QnA, Q]). (2.3)
n,m=1
where (@),, are arbitrary operators in L(h) := Lin(h, ), and (a,,,) is a Hermitian

positive semi-definite matrix. Note that £ in the Lindblad equation is evaluated only
on p € R, while we prefer to define £ as an operator mapping from all of L(h)
into L(h). It is easily seen that every L is a x-operator, i.e. it satisfies L£(A*) =
(LA)*. The set of all Lindblad operators forms a cone of real dimension (N?—1)?
in the set of linear operators from L(H) into itself. Characterizing the steady states
and the dynamics of a general Lindblad operator remains a field of ongoing research
[BNTO08, BaN08, BaN12].

In this work we are mainly interested in Lindblad operators satisfying the detailed

balance condition (DBC), shortly called DBC Lindbladians. We follow the definition
in [Ali76, KF*77] and refer to [AJ*06] for a discussion of other versions of the DBC.
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Let £* denote the adjoint of £ defined via <£*A |B> = <A |£B>. The condition of
detailed balance with respect to the equilibrium state ps is defined via the relation

Lps =0,

(L*(A)|Bps) = (A|L*(B)ps) for all A, B € L(b), (2.4)

(DBQ) {

i.e. £* is symmetric with respect to the weighted scalar product (A4, B) — <A ‘B,(75>.
The characterization of all operators lying in the class of DBC Lindbladians for a
fixed pp is given in [Ali76, Eqn. (20)]. See also [JPW14] for a modern characterization
of DBC Lindblad operators, while there the main goal is a large deviations theory
for the asymptotics for ¢ — co. We will derive a new and compact representation of
these operators in Section 2.3. Clearly, the DBC is equivalent to

L(Aps) = L*(A)ps for all A € L(h). (2.5)

Before discussing the general form of all DBC Lindbladians, we will construct
minimal building blocks. They are useful in their own right for the modeling of
dissipative couplings as discussed in Sections 4 and 5. The main observation is that
the property of detailed balance with respect to pg = Ziﬁe_ﬁH involves operators ()

having the property psQ(pg)~* = p@, which can be characterized by the following
elementary result.

Lemma 2.1 Forw € R, H € Herm(h) and Q € L(h) we have the equivalences:

(i) [QH =wQ <= (i) 3#0: QM =e™Q

2.6
— (i) VyeR: e Qe = (. (2:6)

We note that operators with the commutator property (i) can easily be constructed
when using the spectral representation of the Hamiltonian H, namely

N N N
_ 1 _
H= E enhy @ hy,,  and hence pg = 7 E e P h, @ h, with Zg = E e Pen,
B n=1 n=1

n=1

For a given eigenvalue ¢,, we define the spectral projector P, via

P,= > h®h, giving P, =P}=P;and P,H = HP, =¢,P,.

kiep=en

Now we can take any operator V' € L() and choose spectral projectors P, and F,,.
Then
Q = P, VP, satisfies [Q,H]|= (,—¢,)Q.

We emphasize that this relation is linear in @), so that a general @ satisfying [Q, H] =
w@ may have the form

Q= Y. PVamPu,

(n,m): em—en=w

thus possibly more than two energy levels €, may be involved. This is trivial for the
case w = 0 but may also occur in the case w # 0, see Example 2.4.2.
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We introduce the spectrum Q(H) of the map A — [A, H] and the set €(H) of
eigenpairs via
Q(H) = spec([-, H]) = { em—¢en | €n, €m € spec(H) },
¢(H) = {(w,Q) ERx L(h) [ [Q. H] =wQ }.

Let us further define the multiplicities of the eigenspaces via

d, =dim{Q € L(h) | [Q, H] = wQ }.

If H has only one-dimensional eigenspaces and no pairs of eigenvalues €,,, &, (m # n)
have equal differences ¢,,—¢, = €,v—€,, then d, = 1 for w # 0 and dy = N.
However, in the most degenerate case H = 0 we find dy = N? and d, = 0 for all
w. The following result provides the building blocks for all DBC Lindbladians with
respect to pg = —e —AH,

Proposition 2.2 (Building blocks Sy and ./\/lg) Let H and pg be given as above.
(a) Consider any W € Herm(b) with [W, H| = 0, then the operator Sy defined by

SwA = W, AW]+ [WA,W] = [W,[A,W]]

is a Lindblad operator satisfying Sw = Sy, and the DBC for pg.
(b) Consider any pair (w, Q) € €(H), then the operator Mg defined via

MGA = ™2([Q, AQ"] + [QA, Q") + e ™/2([Q", AQ] + [Q" A, Q))

is a DBC Lindbladian for ps.
(c) Every Lindbladian L satisfying the DBC (2.4) can be written in the form

m=1

W; = I/VJT", (0,W;) € €(H), and
, where ,
(Wi, Qm) € E(H) with w,, > 0.

The numbers J and M of necessary terms is bounded by J < dy—1 and M <
2 wea(i oy b

Proof. Part (a): Obviously, Sy is a special case of £ in (2.3) by choosing a;; = 1
and Q1 = W and a,,, = 0 for (n,m) # (1,1), so it is a Lindblad operator. We also

see that the DBC S} = Sy holds, since f)\lgWZ)El = W by using Lemma 2.1.
Part (b): It is obvious that ./\/lg has the form of £ in (2.3) with Q1 = @, Q2 = QF,

s
ayq = ePv/2 and az9 = e~Pw/2 while all other terms are 0. Moreover, (Mg) can be

calculated explicitly by using Lemma 2.1 and ,?)\BQ*,?)EI = e P*Q*, so the DBC follows.
Part (c): From [KF*77, Eqn. (2.16)-(2.20)] (where L4 corresponds to our £*) we
know that every DBC Lindbladian with respect to pg can be written as

N
LA= )" Diy([XiA, Xij] + [Xiy, AXG)), (2.7)

k,j=1



where Dy; > 0 and Xj; € CV*N satisfy the conditions (with 7; = e 775 /Z5 > 0)

(1) ij%\] = D]k?k and X;:] = Xjk fOI" ?’j 7é ?k; (11) <Xk] |le> = 5kzl5jm;
(iil) X7y = Xi, for 7; =7 (iv) P X (05) ' = %ij-
j
We decompose the set I = {1,..,N}? into I, := {(k,j) € {1,..,N}? | 7; # 7% } and
I_:={(k,j) €{1,..,N}?|r; =7 }. For (j,k) € I, the second condition in (i) gives
Xjr = X}, while (iv) and Lemma 2.1 imply (ex—¢;, Xz;) € €(H). Using now the
first condition in (i) as well and setting Q; = e’+=51)/4 X, we find the relation

Dy ([Xij A, X5 + [Xog, AXG5)) + D ([XrA, X5 + [Xje, AXGL]) = MgwA.
For (k,j) € I= conditions (iii) and (iv) yield X; = Xj; and [X};, H] = 0. Thus,
Dk]([XkJA,XZJ] + [ij, AX;;]]) = SWk]A with ij = 1/ ijij.

In summary, we find that £ in (2.7) can be written in the form

L= Y Sw,+ >, MG,

(k,g)el= (kj)els,j<k

which is the desired result. n

Note that the representation of £ in terms of the Kraus operators @, in (2.3) is not
unique. Correspondingly, our representation in terms of Sy, and Mg, is not unique.
Moreover, for a minimal representation one may ask for additional orthogonality con-
ditions. We also remark that the operators Sy can be obtained from My, as a special
case allowing w = 0 and asking for @ = Q*. More precisely, if (0,Q) € &(H) then
also (0,Q*) and (0, 3(Q+Q*)) lie in €(H). In particular, we have

0,Q) € €H)and Q = Q" = M} =2850=35; 50
Moreover, (w,Q) € &(H) if and only if (—w,Q*) € €(H) and M? = /\/lg Thus,
Proposition 2.2(c) tells us that all DBC Lindbladians can be written in the form

N
Lp= Z./\/lgn,o where (wy,, Q) € €(H) and w; € Q(H). (2.9)

We will see specific examples in Sections 2.4 and 5. The above representation in terms
of the building blocks is especially useful for modeling, while the next section provides
a form that is more elegant and compact.

2.3 A compact form of all DBC Lindblad operators

In this section we will write Lindblad operators and our building blocks 2.2 in another
way. The basic idea is to write them as the partial trace of a double commutator on a
larger space. This will prove useful in Section 3 when writing down entropic gradient
structures for the Lindblad equations with DBC. In what follows b, and b, denote
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finite-dimensional Hilbert spaces, and for A € L(,) and B € L(h,) we denote the
tensor product by A®B € L(h,)®L(bh,) = L(h,®p,). We also introduce the notion
of a partial trace

Try, : L(h,)QL(by) — L(bh,) defined via Try, (A®B) = Try(B)A

on direct products and extended by linearity to the whole space L(h,®8,). Here Try
is the trace in L(B,).

The next result shows that all Lindblad operators on L(f;) can be written in a
compact form by a double commutator on L(h,)®L(h,) and a partial trace. Moreover,
this form allows for a simple criterion for the DBC with respect to the equilibrium pg.

Proposition 2.3 (Compact representation for £) Consider two finite dimensio-
nal Hilbert spaces B, and §,. Assume that Q € Herm(h,®b,), ¢ € Herm(h,) and
o >0. Then

£(p) = — Ty, ([@,[@, p5]) ) (2.10)

is a Lindblad operator in L(H,), i.e. the generator of a completely positive semigroup.
If in addition Q and T satisfy the commutator relation

[Q, ps®5] =0, (2.11)
then L satisfies the DBC with respect to pg.

. ~ Lo~ J
Proof. Since o > 0 we can write 0 = 23:1

Qr = (e |Q| €l>b2 = Try, (1, ®(e;®e)Q) giving Q = Z Qr ® (e,®ey).
k)l

oje;®e; with o; > 0. Let us define

Then Qu = @}, and using Try, (B ® ((ek®él)®(em®én))) = 0O B we find

J J

Lp = Z (20lelPQlk - Uk{kaQlk,p}) = Z Ul([le% QZ[] + [le,PQZlD- (2-12)

k=1 k=1

which is clearly of Lindblad form.

The commutation relation (2.11) immediately implies £pz = 0, which is the first
relation in the DBC (2.4). The second relation is written in terms of the dual operator
L* that takes the form

L(A) = Ty, (15,07 Q. [Q, A®1Ly,]]).

We have to show Tr ((£*A)*Bps)) = Tr(A*L*(B)ps). Using (L*A)* = L*(A*) the
left hand side is equivalent to

Try, (L*(A*)Bpg) = Try,en, (15, ®0 [Q, [Q, A*®@1y,]] (Bps)@1,)
= Tr‘]1®h2( [Q’ [Q’ A*®1’]2H (B®1‘12)ﬁ5®8)'

Again using the commutator condition (2.11) we obtain, for all A, the identity

[Q, A(pp0)] = +[Q, Al pp®0 + A[Q, ps0] = [Q, A] pp®0,



which we use twice, namely once with A = B®1y, and once with A = [Q, B®1[,2}.
Thus, we can move the Q operators to the right and obtain

Try, (L*(A*)Bpg) = Try,ep, (A*®1y, [Q, [Q, (B®1y,)]] ps20)
= Try, (A" Ty, ([Q, [Q, (B®1y,)]] 107)55)
= Trhl(A*ﬁ*(B)ﬁB),
which is the desired DBC. m

The above result shows that the commutator relation (2.11) is crucial for the study
of DBC Lindbladians. In the following lemma we give an alternative characterization
which will be useful later, when studying the associated gradient structures.

Lemma 2.4 (Equivalent commutation relation) Consider Q € Herm(h,®b,),
p € Herm(b,), and ¢ € Herm(b,) with p,c > 0. Then we have

Q785 =0 < [Qlogp®ly,] +[Q 1y,®logd] =0.  (213)

Proof. We simply note that a Hermitian operator Q commutes with a Hermitian
operator B > 0 if and only if it commutes with its logarithm logB. We apply this to
B = p®o, for which we have

log(p®o) =logp ® 1y, + 1y, ®loga.

This gives the desired result. n

The above proposition demonstrates that the definition (2.10) together with (2.11)
generates DBC Lindbladians. The following corollary shows that the building blocks
Sy and Mg from Proposition 2.2 can be written in the compact form (2.10) as well.

Corollary 2.5 (Building blocks in compact form) Consider ps = Ziﬁe_ﬁH with

H € Herm(h,).
(1) Choosing h, = C and Qw = W for W € Herm(b,) we have the identity

SwA =W, AW] + [WA, W] = — [W, W, AH = [QWa [Qw, AH

The commutator relation (2.13) for Qu is simply [H, W] = 0.
(2) Choosing h, = C? and (w,Q) € €(H) we define

(0 QY . (™0
(5 9) (o)

Then, the commutation relation (2.13) holds and we have

2.14
= ™2([Q, pQ"] + [Qp, Q7)) + ¢ /(1Q", Q) + [Q"p, Q). -



Proof. (1) is trivial. For (2) the relation (2.14) follows from a direct calculation of
the partial trace. In order to check the commutation condition (2.11) we observe

B B
P 0 e 2 Qs — ez paQ”
[Qq,Ps®0s0) = | so g -
ez Qps—e 2 ppQ 0
By Lemma 2.1 the relation [Q, H] = w@ is equivalent to e’*/255Q = e #/2Qpp, so
indeed the commutator [Qg, ps®0s.,] vanishes. u

As a last step we want to show that all DBC Lindbladians can be written in
the form (2.10) with a particular choice of o, namely either ¢ = ps or 0 = ,/ogl.
Therefore, we introduce a partial transpose on L(h,®b,) that acts on the b, part
and is associated with a fixed ¢ = * > 0, namely

Tz - L(h,®b,) — L(h,®b,) is defined via T3(A®B) := A®B'? (2.15)

and by linearity on the whole space L(h;®b,). To define the G-transpose B's we

write 0 = ijl oje;Qe;, where {e; € hy|j = 1,..,J} is an orthonormal basis in

bh,, set P, = e;®¢, and set P;,;E = Py;, which defines B'# by linearity. Clearly,
7%(7}@) = Q and 7;Q is Hermitian if and only if Q is Hermitian.
Moreover, we define a o-related operator Vs from L(h,®b,) into itself via

V5Q = (15, ®5"?) (TQ) (145, ®5"?), (2.16)

With Pj, = e;®€; from above, every Q € L(h,®b,) has the unique representation
Q= ij:l Q;k®Pji, and we obtain the formulas

J
T:Q = Z Qrj®@Pj, and V5;Q = Z éjk@)ij with @jk = (Ujak)l/szj- (2.17)

Jk=1 J.k=1

The following result indicates how the partial o-transpose interacts with the com-
mutator of two Hermitian operators. It shows that a representation (2.10) for £ in
terms of Q and @ is equivalent to a representation in terms of Y5Q and 77!.

Lemma 2.6 Consider 6 € Herm(bh,) with ¢ > 0. For Q € L(h,®b,) we have
T3 ([Q, A®5]) = (14, ®5"?) [V5Q, A5 '] (15,®5"/%) for all A€ L(b,). (2.18)
In particular, we have an equivalence between the commutation relations
Q. ps25] =0 <= [V:Q,p505 '] =0 (2.19)
and the dual representations of the compact representation of Lindblad operators:

Try, [Q, [Q, A®o]] = Try, [V5Q, [V5Q, AR5 ]]. (2.20)

Proof. To simplify the notation we abbreviate Mz := 1 ®0*/2.

For establishing (2.18), we can use linearity such that it is sufficient to consider
the case Q = Q. ® Py, which gives

T5|Q, A®0| = 01(QuA)®@Pi — 0 (AQr)® P

10



Moreover, using Y5Q = (0,0))?Qu® Py, we find
(V5Q, 425 "] = (01/0%)*(QuA)® Py — (/1) (AQu)® Py,

Since multiplying this expression from the left and from the right by M; reduces to
multiplying by (or07)'/2, we see that identity (2.18) is established.

Clearly, (2.19) follows from (2.18) by choosing A = pg and using that M is
invertible.

Identity (2.20) follows by recalling the relation (2.12), which gives

~ Ty, [Q,[Q, Azo]) = 37 oi([QuA, Qi + [Qu, AQ).

Applying the same formula but with Q and o replaced by V;Q and o' we simply
have to replace Qi by Qun = (0101) Qi and the eigenvalues o; by 1/0;. We then
find the same result, and (2.20) is proved. n

We now come to our representation of DBC Lindbladians with the choice & = pp or
o= Z)El, which are both useful and have a natural interpretation. In the first case, we
can use the fact that for all p € )8 C L(h) the tensor product p®pg is again a density
matrix, but now on the Hilbert space h®b. In the second case the matrix p®b}1 can
be seen as a non-commutative counterpart of the relative density o(z) = u(x)/U(x)
in the Fokker-Planck equation or of the relative density (p,/wS?),—1,  n for discrete
Markov processes, see Section 3.1. Note also that the two commutator relations

Q 5s®05) =0 and  [Q,ps®p5"] =0

look quite different, since pg®@pp has the eigenvalues %ﬁe”ﬁﬁfk) while ﬁg@fozl has

the eigenvalues ——e #(i—2%) So the latter appears closer to the relevant eigenpairs
Zg

(w,Q) € €(H). However, we will see in the following theorem that there is a one-to-

one correspondence between all possible Q and @ Its proof is based on the previous
lemma.

Theorem 2.7 (Compact representation of £ with DBC) Let £ be a DBC' Lind-
blad operator with respect to ps € L(b). Then, there exists Q € Herm(h®b,) with
b, = b satisfying the commutator relation [Q, ps®ps| = 0 such that the representation

Lo =T, ([Q. 1@, p27]))

holds.  Moreover, choosing @ = V;,Q as in Lemma 2.6, we have the alternative
representation

‘Cp = = Tr[)g <[@7 [@7 p®bzl]] ) .
Proof. By [KF*77] every DBC Lindblad operator can be written in the form

L(p) =Y Mijmn([Pip, Pp) + [Py, pPri])

ij,mn

11



with P; = hi®ﬁj, where h; are the eigenvectors of pg, and M;; ., satisfy
(1) an,ij = Mij,mny (11) €5 —&; 7& En —&Em — Mij,mn = 07
(iil) Mym ji = e‘ﬁ‘”M,j’mn withw =¢; —¢g; =€, —en.

We construct the Hermitian operator Q in the form Q = ).

Z7j7m7n

Aij’klPij@)P,:fl. Hence,
Q,pp®ps] =0 <= (Aim = 0 whenever ¢;,—¢; # 51—5k>,
QP=Q = Zij,kl = Aji 1.

To this end we define
Mj mn ZQ 6(€2+€m)/2Mz] mn-

Then MZ] —— Mnm jz = M ji;mn- This symmetry property remains true for all powers

of M and thus for M7 as well. Define Apig =P E (M iik- Then,
7, 7

1= —~—1

it RS i - R
Ajgre =72 (M2) =72 (M2)ja

g]—¢ =
,3l2k B]l

w—w
=¢€ Aijr = e’ Aij i

Thus the corresponding Q is Hermitian and A;j = 0 if ¢; — g; # & — € follows
from condition (2) on M;; . Finally

Ek 57, 1 Eg—Efm ,——1
ZAmklAmn e P = Z # M2)jp0 €772 (M2)n e "
»3 kil
7ﬁ5 item ]_ 1 —1 IBE item ].
Z2 Z(M2>ij,kl(M2)kl,mn =€ Z_MZ] mn — H’L’j,mn
B ki B

which means that

Lp =" Mijmn([Pyp, Phal + [Pij, pPyy,]) = — Try, ([Q, Q, P®ﬁﬁ]])-

17,mn

This establishes the first representation based on Q and pg. The second representation
involving Qj, and ﬁ;l follows simply by applying (2.20) to the case o = pg. n

2.4 Examples of Lindblad operators and equations

Here we give two elementary examples to highlight the structures and to come back
to them in later sections.

2.4.1 The Bloch sphere for the case N =2

For the case h = C? and H = diag(e;,ey) with &1 # &, we characterize all DBC
Lindbladians £ with respect to pg. For this we use the Pauli matrices

(01 (0 —i (10
1=\10) 27 \i o) P \o -1/
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and the operators o4 = %(01 + 05). Then, all £ satisfying the DBC have the form

L) = 3 (e ([o2p, 01+ [0 p0-]) + e #2 ([0 p, o] [0, po4] ) )
+ g( [o3p, 03] + |03, pos] ), (2.21)

which are simply two building blocks with Q@ = o,, Q* =0o_, and W = o3.

It is more convenient to write the above generator in terms of real-valued Bloch
coordinates a € R? via p(a) = 1id + 3 Zle a; - 0;. The positivity p > 0 is equivalent
to |a| < 1. The Lindblad equation p = L4(p) reads & = Ra + k in Bloch coordinates
with

—(y+29) 0 0 0
R= 0 —(v420) 0 |, k=1| 0 (2.22)
0 0 —2y 29w

and with wy = e 791 — e #%2. This is the dissipative part of the well-known phe-
nomenological Bloch equations. The longitudinal and transverse relaxation times 773
and Ty are given by T} = % and Ty = ﬁ. They satisfy the inequality T7 > %Tg.

2.4.2 A nontrivial case

In this example we give a case where an eigenvalue w # 0 of A — [A, H] is not simple,
which allows for a nontrivial coupling between four energy levels.

In h = C* we choose H = Zle gih; with 4 = 10, e3 =9, 65 = 2, ¢y = 1, and
Q = hi®hy + hs®hy. Using e4—e3 = g9—e; = 1 we have (1,Q) € &(H). Then, by
Proposition 2.2(b) we see that

B B
2 2

([QA, QT+ 1@, AQT]) + e 2 ([Q"A, Q] + [Q7, AQ]) (2.23)

satisfies the DBC with respect to pg. Let us rewrite the above equation in coordinates.
The diagonal elements form a Markov chain

p=Mpp=e

) _B 8 ) _B 8
P11 = —€ 2p11 +€2 P P33 = —€ 2P33 +€2Pyy
) _B B8 ) _B 8
P22 = +€ 2p11 —€2pPg Pa4a = +€ 2P33 — €2 Pyy

and the evolution of the off-diagonal elements is given by

) _B8 B8 ) _B8 8
P13 = —€ 2pP13 T €2Pyy P24 = +€ 2p13 —€2P9y

and py = —coshgpkl for (k,1) ¢ {(1,3),(3,1),(2,4),(4,2)}. This example shows,
that non-diagonal elements (here p;3 and poy) can couple, if the energy differences are
the same. Note that pi; and pye are decoupled from ps3 and pss. Thus pp is not the
only equilibrium of (2.23). This is also the reason why p;3 and po4 do not decay to 0,
contrary to the other off-diagonal elements. See [BNT08, BaN08, BaN12] for a more
details.
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3 An entropic gradient structure for the Lindblad
equation

3.1 Entropic gradient structures for classical Markov pro-
cesses

The entropic gradient structure for master equations for classical Markov processes
goes back to the seminal work [JKO97, JKO98], where the Fokker-Planck equation

U = div (a(x)(vu + UVV@»)

for the probability density u(t,z) > 0 was written as a gradient system with respect
to the Wasserstein distance. Here a(z) € R¥? is a symmetric and positive definite
diffusion matrix. The gradient structure has the form

i = —Kw(u) DF(u),

where F is the free energy (or relative entropy with respect to the equilibrium density
Ue(z) = e7V®) and Ky is the Onsager operator associated with the Wasserstein
distance, namely

F(u) = /Rd (u(x) logu(z) + V(m)u(m)) dr = /Rd u(zx) log (u(x}/Ueq(x)) dux,
Kw (u)§ = —div (va(z) VE).

A related gradient structure for time-continuous Markov processes on a discrete
state space {1, ..., N} was found independently by the three groups [Maall, ErM12],
[CH*12], and [Miellb, Miel3b]. In this case the Kolmogorov forward equation for the
probability vector p(t) € { (p1,...,pn) € [0,1]V | 320, p, = 1} is the linear system

p= Lp, where L,,, >0 for n #m and LT(l, 1,.., 1)T = 0.
The detailed balance condition for L and the equilibrium w®? reads
Lw® =0 with w;* >0 and  Kpy = Lynwid = Ly,wsd for all n,m € {1,.., N}.

The entropic gradient structure is defined in terms of the relative entropy £(p) =
H(p|we?) and the Onsager operator Ky (p) with

N
50ﬂ==§:pnbg0%/w?)amiKMQﬂ==2:fwmA(g%,g%)Q%—emygﬁa—em)
n=1 m>n n m

where A(a,b) > 0 denotes the logarithmic mean of a and b:

a — b

_. 1
loga—logb (3.1)

1
A(a,b) :/ a*b' " *ds =
0

Note that using DE(p) = (logpn —log wgq) —1_ - the relation A(a, b) ( log a —log b) =
a—b, and the detailed balance condition easily yield the identity Lp = —Ky(p)DE(p).
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3.2 The Kubo-Mori operator C, and the generalization Dy

The development of an analogous gradient structure for the dissipative part of the
Lindblad equation was less successful. The attempts in [Ott10, Ott11, Miel3a, Miel5]
produced nonlinear terms, unless the Hamiltonian H is a multiple of 1y (as in [CaM14]
or more generally only the building blocks Sy, in Proposition 2.2 are used). All of
these works involve the Kubo-Mori operator C, : L(h) — L(h) as a generalization of

the multiplication with u in the Fokker-Planck equation and the logarithmic mean
A( L, o). Tt is defined via

c,A ;:/ P AP =3 Al ) (A v, 0 T

n,m=1

if p is given by (2.1).
One major property of C, is that it satisfies the analog of the identities

uVlog (u/e™) = Vu+uVV and A(a,b)(loga—logh) =a—b (3.2)

for the classical Markov setting. Note that the right-hand sides are linear in u and
(a,b), respectively. For all Q € L(b) the operator C, satisfies a similar “miracle
identity”, namely

ColQ. log p] = (@, pl, (3.3)

see [Otth, Ott11, Miel3a, Miel5]. We will provide a proof of a more general version
of this identity in Proposition 3.1.

This relation works well (see [CaM14]) if we are using the total entropy Sp(p) =
— Tr(plog p) which has the derivative DS(p) = —logp (up to an identity which
is irrelevant since Trp = 1). However, for relative entropies of the form Sz(p) =
—Tr(BHp + plog p) we have

DSs(p) = =pH =logp ~  C,[Q,DSs(p)] = =[Q, p] = C,|Q, H].

Thus, the right-hand side is no longer linear, unless () commutes with H. The Fokker—
Planck equation studied in [CaM14] has H = 0 and hence falls into this class, i.e. the
Fokker-Planck equation is indeed a linear Lindblad equation. However, the models
studied in [Ott10, Ott11, Miel3a, Miel5] include the nonsmooth term C,|Q, H], which
is continuous but not Hoélder continuous, so the existence theory developed in [Miel3a,
Sec. 21.6] is nontrivial and uniqueness of solutions couldn’t be established.

We now show that it is possible to use variants of C, such that for (w,Q) € €(H)
we obtain a suitable counterpart of (3.2). Indeed we will be able to show that all
DBC Lindbladians can be written in terms of these variants of C,. The variant of C,
we are using is defined in terms of the tilted operator Dy, where a € R will be related
to an energy difference:

1 N
DIA 1= e o/ / P AP T s = Y APy, o7 Pry) (al Alhr) Un @y, (34)
0 n,k=1

if p is given by (2.1). Again the logarithmic mean A(a,b) from (3.1) is involved, but
now weighted with e*®/2.
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The generalized miracle identity is given in the following result (3.7), which again
shows that applying D to a commutator with log p plus a suitable correction provides
a linear expression, i.e. the nonlinearities involved in log p and Dj cancel each other.

Proposition 3.1 For alla € R, A,Q € L(§), and p € Ry we have the identities

(D) =D and (DSA*) =D, %A, (3.5)
(A[DpA) 2 0,
D2 ([Q,log p] — aQ) = e > Qp — **pQ.

Proof. The relations in (3.5) follow directly from the definition. For (3.6) we use

1
(A|DA) = e/ / **(A|p*Ap'~*)ds
0
_ /1 e(s=1/2) . (( 5/2Aps/2)* 5/2Aps/2 1— 25) ds >0,
0

since the integrand is non-negative for all s € [0, 1].

For (3.7), we generalize the simple proof of (3.3) from [Miel3a, Prop. 21.1], write
A =log p, and use the fact that the integrand defining Dy can be written as a total
derivative with respect to s € [0, 1]:

1
D;([Q,log p] — aQ) = e/ /0 216 (QA — AQ — ah)el 1 ds
1
_e—a/Q/ ( as SA(A—I—O{I)QG(I s) +easeSAQ(—A) (1— s)A) ds
0

1

_ _ea/2/ i(e(A+aI)SQe(ls)A) ds = efa/2 (QGA . eA+aIQ)
o ds

— efa/QQp . ea/ZPQ.

This is the desired result. n

The following result follows immediately from the above proposition by setting a =
—pw. It will be the basis for our construction of the entropic gradient structure.

Corollary 3.2 Assume > 0 and that (w, H) € €(H), that is [Q, H|] = wQ, then
D, [ Q,logp+pH]| = e™?Qp—e™pQ. (3.8)

The next lemma shows that D appears naturally if we tensorize p with a diagonal
matrix, and thus connects our construction with that in Section 2.3.

Lemma 3.3 For all p € R and all o € R we have

; A B\ a/ZCA DoB
(ea/zp 0 ) C D) "C e_o‘/éCD

0 efa/2p
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Proof. This follows simply by using the identity (for a,b > 0)

ap 0 ’ _(ap® 0
0 bp) \ 0 bp°
and the definitions of C(pl 0) and D;Y from above. n
0 p2

As was pointed out in Section 2.3 every Lindblad operator can be written as the
sum of partial traces of double commutators on a larger tensor product space. This
enlarged space has the advantage, that the miracle identity (3.7) becomes very elegant
and more transparent, when taking the original miracle identity for granted.

Theorem 3.4 (Generalized miracle identity) Consider Q € Herm(h,®¥b,), p €
Herm(h,) and & € Herm(h,) with p,o > 0 satisfying the commutator relation (2.11),
i.e. [Q,pp®0| =0. Then, for all p € R we have the identity

CP@& [@) (logp— logﬁﬁ)@)lbz] - [Q7P®8] : (39>
Proof. Using Lemma 2.4 in “=” below we obtain the following chain of identities:
Cp®3[@7 (log pP— lOg ﬁ)®1h2] = Cp®3[@7 (log p)®1bz] - Cﬂ®3[@7 (lOg ﬁ>®1f)2]
= Coz [Q, (log p)®1y,] + Cpe5[Q, 15, @(log 7)]
= Cyaz[Q. (log p) @1y, +15, ®(log 7)] = Cpes [Q, log(p®7)] = [Q, p&7],

«O»

where uses the classical miracle identity (3.3). n

We note that relation (3.8) in Corollary 3.2 is a direct consequence of Theorem

3.4 by setting
0 Q* ~ eful2
o=(o %) 7= (" hn).

3.3 Dissipation potential and Onsager operator

We now complete the task of writing the dissipative part £ of any DBC Lindblad
operator with respect to pg as a gradient of the relative entropy, namely

F(p) = H(plps) :=Tr (p (log p — log ) ) = Tr (plog p + p BH) + log Zs.
The aim is to construct an Onsager operator K(p) such that
Lp = —K(p)DF(p) = —K(p)(logp + SH).

The symmetric and positive definite Onsager operator K(p) is most easily defined
in terms of a non-negative and quadratic dual dissipation potential

1

R*(p,€) = (¢ [K(p)¢)-

Such a structure is conveniently written down in the compact tensor product formu-
lation for Lindblad operators £ as developed in Section 2.3, namely

Lp=—Tr, ([Q, Q, p®3H>. (3.10)
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As a corollary we will also obtain the corresponding gradient structures for the building
blocks of Proposition 2.2, namely

J
Lp = ZM%J p where (w;,Q;) € €(H).
j=1

Indeed, each building block can be expressed in tensor form with 5; = 1 or o,, €
R?**2. If we construct a suitable K;(p) for each of the building blocks, we can use
the additivity principle for Onsager operators, i.e. the sum K(p) := Z}]:1 IC;(p) is the
desired total Onsager operator.

The tensorial representation (3.10) for DBC Lindblad operators with respect to
ps and the tensorial miracle identity (3.9) lead us to the following general result.

Proposition 3.5 (Onsager operators and dissipation potentials) For given Q,
ps, and & satisfying the commutation relation |Q,pp®Rc] = 0, we define the On-
sager operator K(p) : Herm(h,) — Herm(h,) and the dual dissipation potential
R*(p,-) : Herm(h;) — R wvia

K(p)¢ := Try, <[Q’CP®E[Q,§®1‘JQH)
R(p,€) = %< [Q,£®14,],Coes [Q, 1, ] >

Then,
K(p)(log p —log ps) = Try, ([Q, [Q, p&7]]) (3.11)

as well as

K(p) =K(p)* >0, K(p)§=D¢R*(p,§), (§K(p)§) =2R"(p,§) > 0.

Proof. We first observe that relation (3.11) follows by employing Theorem 3.4. The
positivity of R* is a special case of Proposition 3.1 for ae = 0, i.e. C,g5 > 0. Finally,
we obtain K(p)§ = D¢R*(p,§) by noting that Try, is adjoint to A — A®1y,. This
then shows K = K* > 0. =

Note that the operators Q and ¢ strongly depend on H and [ since they have
to satisfy the commutation relation [Q, ps®0c] = 0. The relation (3.11) shows that
the above gradient structure leads indeed to DBC Lindbladians. A direct corollary of
the above gradient structure are the Onsager operators for the building blocks Mg
introduced in Proposition 2.2.

Corollary 3.6 (Simple Onsager operators) For H and pg as above and (w, Q) €
E(H), we define ICg(p) : Herm(h) — Herm(h) and R}, : Herm(h) — [0,00[ as
follows:

Ko(p)é = [Q°,D,™[Q,€]] + [@ Dy [Q",¢]]

Then ng 1s an Onsager operator as in Proposition 3.5 and satisfies the identity

Mp ==K} (p)(log p + BH) (3.12)
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Proof. Choose 52
(0 QF e 0
o-(39) o= 22)

Then equation (3.12) follows directly from (3.11) and Lemma 3.3. =

Our main result concerning the representation of general DBC Lindbladians is
now simply stated by collecting the previous results. We have two forms, the first is
based on the compact tensor representation and the second is based on the additive
form £ = 2%21 M’gm in terms of the building blocks M2 _, which will be reflected
in an additive structure for the Onsager operator K, whereas the relative entropy as
the driving functional is independent of the M different dissipative mechanisms.

Theorem 3.7 (Gradient structure for £ with DBC) Consider H € Herm(b)
and pg as above. Then, for any Lindblad operator L satisfying the DBC (2.4) there
exists an Onsager operator K such that L can be written as K-gradient of the relative
entropy Fz = H(-|pp). o N

(1) If £p = —Try, (1Q. [Q p275]) = — Ty, (10, [, p2755"]] with @ = ¥5,Q, we can

choose
K(p)€ = Try, ([Q Cos[Q 6015, ]]) = Trv, ([Q.C051[Q €814,]] ).

(2) If L = Zn]\le Mgm with (W, Qm) € €(H), we can choose K(p) = Zn]\le ICgm (p).

Proof. The result (1) follows by combining the tensor representation in Theorem 2.7
and Proposition 3.5. The result (2) follows by combining the additive representation
in Proposition 2.2(c) and Corollary 3.6. n

4 Dissipative quantum mechanics via GENERIC

GENERIC is an acronym for General Equations for Non-Equilibrium Reversible Irre-
versible Coupling, which was introduced by Ottinger and Grmela in [Gro97, OtGQ?].
It describes a thermodynamically consistent way of coupling Hamiltonian (=reversible)
dynamics with gradient-flow (irreversible) dynamics. It is a variant of metriplectic
systems introduced in [Mor84, Mor86], see also [Mor09]. We refer to [MiT16] for an
introductory survey of this framework and applications in a large variety of appli-
cations. After our general introduction in Section 4.1 we will mainly dwell on the
quantum mechanical papers [Ott10, Ott11, Miel3a].

4.1 General setup of GENERIC

A GENERIC system is defined in terms of a quintuple (Q,&,S,J,K), where the
smooth functionals £ and S on the state space @ denote the total energy and the total
entropy, respectively. Moreover, @ carries two geometric structure, namely a Poisson
structure J and a dissipative structure K i.e., for each ¢ € @Q the operators J(¢) and
K(g) map the cotangent space T;Q into the tangent space T,Q. The evolution of the
system is given by the differential equation

¢ = J(¢)DE(q) + K(q)DS(q), (4.1)
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where DE and DS are the differentials taking values in the cotangent space.
The basic conditions on the geometric structures J and K are the symmetries

J(q) = =J(q)" and K(q) = K(q)* (4.2a)
and the structural properties

J satisfies Jacobi’s identity,

4.2b
K(q) is positive semi-definite, i.e., (£, K(q)&) > 0. ( )

Thus, the triples (Q, £,J) and (Q, S, K) form a Hamiltonian and an Onsager or gradi-
ent system, respectively, with evolution equations ¢ = J(¢)DE(¢) and ¢ = K(¢)DS(q),
respectively. Finally, the central condition states that the energy functional does not
contribute to dissipative mechanisms and that the entropy functional does not con-
tribute to reversible dynamics, which is the following non-interaction condition
(NIC):

VgeQ: J(@DS(q) =0 and K(q)DE(q) = 0. (4.2¢)

A first observation is that (4.2) implies energy conservation and entropy increase:

%E(q(t)) — (DE(q), d) = (DE(q), IDE +KDS) = 0+ 0 = 0, (4.3)

%S(q(t)) = (DS(q),q) = (DS(q),JDE + KDS) = 0 + (DS, KDS) > 0. (4.4)
Note that we would need much less than the three conditions (4.2) to guarantee these
two properties. However, the next property needs (4.2¢) in its full strength.

Namely we show that equilibria can be obtained by the maximum entropy
principle. If z., maximizes S under the constraint £(q) = Ep, then we obtain a
Lagrange multiplier Aeq € R such that DS(geq) = AeqDE(Geq). Assuming Aeq # 0 we
immediately find that z., is an equilibrium of (4.1). Indeed,

J(Geq) DE(Geq) = ALSqJ(Qeq)DS(Qeq) = 0 and K(geq)DS(Geq) = AeqK(Geq)DE(geq) = 0,

where we used the NIC (4.2¢).
Vice versa, for every steady state goq of (4.1) we must have

J(Qeq)Dg(Qeq) =0 and K(Qeq)D‘S(%q) =0. (4.5)

Thus, in a steady state there cannot be any balancing between reversible and irre-
versible forces, both have to vanish independently. To see this we recall the entropy
production relation (4.4), which implies (DS(geq), K(geq)DS(geq)) = 0 for any steady
state. Since K(geq) is positive semidefinite, this implies the second identity in (4.5).
The first identity then follows from ¢ = 0 in (4.1).

Very often one is only interested in isothermal systems with fixed temperature
0. > 0, where the free energy F(q) = £(q) — 0.S(q) is a Liapunov function. The
associated structure is then that of a damped Hamiltonian system, namely

i = (30) - 7 K@) DF@), (1.6
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where again J and K are Poisson and Onsager structures, respectively. However, there
are no longer any non-interaction conditions, since only one functional F is left.
As in [Miella, DPZ13] we note that (4.6) can be converted to a GENERIC system

€

by introducing a scalar slack variable e and defining £(q, €) = F(q) + ¢, S(q, €) = o

Ta.e) = (J(OQ) 8)) and K(q,e) = <_(KH]:<)JE)T <D}H§H€§f>)'

Clearly, the NIC (4.2¢) are satisfied. The variable e can be seen as the entropic part
of the energy. Of course, in concrete cases it is usually easy to find a physically more
reasonable splitting into entropy and energy.

4.2 Coupling a dissipative and a quantum system

Since GENERIC systems are closed systems with energy conservation and entropy in-
crease, we need to model all couplings to the quantum system by suitable macroscopic
variables. For this aim we introduce the macroscopic variables z lying in a Hilbert
space Z. The macro-variable z may include Hamiltonian parts (like the Maxwell
equations) as well as dissipative parts producing entropy. The important point of this
work is the thermodynamically consistent coupling of the macroscopic system to the
quantum system in such a way that energy can be exchanged via Lindblad-like terms.

Following [Otth, Ott11, Miel3a] we consider an energy and an entropy in the
decoupled form

E(p,z) =Tr(pH) + E(z) and S(p,z) = —kp Tr(plogp) + S(z). (4.7)

Whenever suitable we abbreviate the full state with ¢ = (p, z) and choose a Poisson
structure as follows. Consider a constant macroscopic Poisson operator J,(2) : Z* —
Z and a constant coupling operator I' : L(h) — Z, then

g0 = (59 5 el ) vt S =i, (48)

is a Poisson structure, which easily follows by transforming the decoupled structure
diag(Jqs, Jma) via the linear mapping (p, z) — (p, 2—Lp).

Using the relation DS(q) = (—kglogp,D,S(z)) and [p,logp] = 0, the first NIC
J(q)DS(q) = 0 follows by asking

Jua(2)D,S(z) =0 and T7D,S(z) = 0. (4.9)

The choice for the Onsager operator K is more delicate, since we do not want to
generate nonlinear (non-smooth) terms arising from —kg log p in the term K(¢)DS(q).
This will be achieved by using the theory from above concerning the gradient struc-
tures for the Lindblad equation for a fixed quantum Hamiltonian H and coupling
operators ()., where ¢ € C' is a finite set of couplings. Throughout we assume that
(we, Q) € E€(H) are fixed, while the inverse coupling temperatures (3.(z) may depend
on the state of the macroscopic system.
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More precisely we use the ansatz

P (p, 25 1, ¢) = 1(( Kma(Z)Oz
D5 L= (€ b H |Rol2) (5= (G, be(2)) H)).

ceC

(4.10)

for the dual entropy-production potential of the coupled system. Here K,,,(2) : Z* —
Z is a symmetric and positive semi-definite macroscopic Onsager operator. The cou-
pling vectors b.(z) € Z are chosen to satisfy the conditions

VeeCVzeZ: (D.E(z),b.(2))z =1and (D,S(2),b.(2))z >0 (4.11)

where the first ensures the NIC K(p, 2)DE(p, z) = 0 and the second the positivity of
the temperature. The Onsager operators K.(z), which couple the quantum system

via the vector b. to the macroscopic system, are constructed with the help of the
operators Kg(p) : L(h) — L(Bh) from Corollary 3.6 as follows:

Ro(2) = ke(2)KED (p),  where Bu(2) 1= —(D.S(2), ba(2)) 7 and ko) > 0. (4.12)

kB<
Hence, the full Onsager operator takes the form

€0 = (3 o) 2 (gl Wikwnes) 09

ceC

where [ indicates where the corresponding argument has to be inserted. Using the
definition of . in (4.12) we easily see that the NIC K(p, 2)DE(p, z) = 0 holds, if we
assume K,,.(z)D.E(z) = 0. We emphasize that K depends highly nonlinearly on p

through ICgCC( (p), which in turn depends on Dib’c(Z)wc

Proposition 4.1 (GENERIC structure) Let X = R x Z and let € and S be
given in the decoupled form (4.7). Moreover, consider the Poisson structure J de-
fined in (4.8) and the Onsager structure K defined in (4.13). Assuming additionally
(4.11), JpaDS =0, I"DS = 0, and K,,DE = 0 the quintuple (X,E,S,J,K) forms a
GENERIC system.

So far, we have not used the special form of K defined in terms of ICﬁ ;. The
advantage of this choice is of course dictated by the aim to obtain a linear Llndblad
equation for p. Indeed, using the relation (3.12) relating lCﬂ and ./\/lﬁ we see that the
equations obtained from the GENERIC system have the explicit form

<Z> = J(p, 2)DE(p, 2) + K(p, 2)DS(p, z)
- (5% Jm:f%jg(g;p) (o) (enicosis) 010
5 (o, R ) (k.
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Introducing the effective Hamiltonian H(z) through
H(z) = H —T*DE(2).

and using the construction of I[A{C(p, z) via ICZCC(Z) (p) we arrive at a coupled system for
p and z that is indeed linear in p, namely

(/z)) - (JmDEEB;’ HE[L] H(z )}) * (Kma(z()]DS(z)>

k?B/ic )Mﬁc(z)
+ ( Be(z )
]{TB/{C <H|M p>b

ceC

(4.15)

Moreover, the coupling of the linear quantum system for p with the macroscopic sys-
tem for z is given in a very particular manner reflecting the DBC, as the vectors b.(z)
occur twice, namely (i) in the definition of 8.(z) = (DS(z),b.(2))/kp in (4.12) and (ii)
in the equation for z, i.e. the second component of (4.15). The fact that this equation
is obtained from the GENERIC system (R x Z, £, S, J, K) implies energy conservation
and entropy production along solutions q(t) = (p(t), 2(t)), namely $&(q(t)) = 0 and

S S(a(t) = 2P*(4(1), DS (1)

— 2(DS, KaDS) 7 + 23 Y (log p+B.H | K (log p+-B.H)) = 0.

ceC

5 Examples and applications

We discuss the above construction and give a few examples and applications to high-
light the concept of the operators D and the relevance of the corresponding Lindblad
operators. From a modeling point of view we expect that the dissipative mechanics
in the macroscopic system and in the quantum system are given building blocks that
have to be combined in a suitable way to obtain thermodynamically correct system,
either a GENERIC system or a damped Hamiltonian system.

5.1 The isothermal, damped quantum system

For a general DBC Lindbladian £ with respect to pg —e —PH Proposition 2.2 shows

that it can be written as a sum of operators /\/l as defined in Proposition 2.2(b).
Indeed, we have

p=ilp, Hl+ Lp=ilp, H + Y _ M p, (5.1)

ceC

where the coupling operator Q. satisfy (w., Q.) € €(H).
We are now able to state that all dissipative quantum generators satisfying the
DBC can be written as a damped Hamiltonian system (R, F,J, K), namely

p=ilp, H + Lp = (Jos(p) — K(p))DF (p),
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where we can use the following choices

F(p) =Tr (BH + plogp), Jas(p) =i[p, 0], and K(p)=> KJ ().
ceC

For this we simply use that (w, Q) € €(H) implies ICg(log p+BH) = Mép, see (3.12).

5.2 Coupling to simple heat baths

We consider a quantum system coupled to a finite number of finite-energy heat baths
indexed by m = 1,.., M. We set Z = RM with elements z = 6 = (0,,,),n, where 6,, > 0
denotes the absolute temperature of the mth heat bath. We assume each heat bath
to have a constant specific heat ¢,,. Hence, we let

E0) = i Cmbm and  S(0) = i Cm 10g O,y
m=1 m—1
For the coupling vectors b,, we choose
b (0) = %e(m) e RM,  where e™ = (0,..,0,1,0,..,0)"
is the mth unit vector. Clearly we find

b (0)-DE@) =1 and [,(0) :ébm(e)-DS(e) _ k;Ble |

which is the usual inverse temperature of the mth heat bath.

Assuming J,, = 0 and I' = 0, we can choose a symmetric and positive semi-
definite matrix K,,, € RM*M guch that K,,¢ = 0, where ¢ is the constant vector
DE(6) = (1/¢m)m=1,..m- The construction in Section 4.2 provides a GENERIC system
for ¢ = (p, @) in the following form:

M
p=ilp. H] + Y Mg,
m=1
| u (5.2)
6 = KuaDS(0) + ) —(H Mg ™" p)e™.
m=1 ™

It is now easy to see that we may take the heat capacities very large, such that the
temperatures 6,, do not change any more, or at least not on the time scale where
the typical changes of p occur. Thus, it is possible to investigate in a natural way
non-equilibrium steady states where energy is exchanged between heat baths with
different temperatures.

5.3 An isothermally coupled system

Here we return to an isothermally system where the quantum state p is coupled to a
macroscopic variable z in such a way that we obtain a damped Hamiltonian system.
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In contrast to_the simple model in Section 5.1 we now allow the effective inverse
temperatures . to depend on the state z. However, for the definition of the free
energy J we choose the fixed equilibrium temperature 6, and obtain

F(p,2)

1
Elp,z) — —S(p,z) =Tr (plogp +

i pH) + F(z).

~ kg, kb,

We may take J as in (4.8) but need to choose a special K to obtain equations linear
in p, namely

K(p:2) = (8 ng(z)) * Cezc (<H|H%D>ac <§ID|§;;;>H§§£@C>

with coupling vectors a.(z) € Z and Onsager operators I[~<C(p, z) = nc(z)ngcc(z)(p),
where

1
kb,
Hence, the equations ¢ = (J(q)—K(q))DF(q) take the form

ke(2) >0 and Bu(2) +(DF(2),a,(2))7 > 0.

p=i[p, H-T*DF(2)] + 3 kMG,
ceC

5 = JuuDF(2) = il [p, H=T*DF(2)] + 3 ko(2) (H | MEP p)a ().
ceC

Again F(Z), a.(z), and B3.(z) are intrinsically linked to each other in order to generate
this evolutionary equation from the damped Hamiltonian system (RxZ, F,J, K).

5.4 Maxwell-Bloch model

In this section we discuss a nonlinear PDE model, where the Maxwell equations on R?
as the macroscopic Hamiltonian system are coupled to a spatially localized domain
Q C R3, where at each macroscopic point € ) there is a quantum system that is
coupled to the electromagnetic fields E and H, but not to the neighboring quantum
systems. Such models are called Maxwell-Bloch systems (cf. e.g. [JMR00, Dum05])
and are commonly used to model the interaction of light and matter. We refer to
[Miel5] where even the coupling to the drift-diffusion system for electrons and holes
is described in terms of the GENERIC framework.

The macroscopic system is described by z = (E, H) € Z := L*(R3;R3)? denoting
the electric and the magnetic fields. The optically active material is described by
a bounded Lipschitz domain  C R?, where the quantum state is described via p :
Q) — MRy C Herm(h). The quantum state determines the macroscopic polarization
P : Q — R3 via a polarization operator I' : L(h) — R? in the form P(x) = T'p(z).
The electric displacement field then is given by D = ¢y E 4+ P, and Maxwell equations
take the form

coE + P =curl H, MOH =—curl B, div (50E+P) =0, divH=0. (5.3
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The main difficulty is to model the coupling of the quantum systems p(t, ) € Ry
in a consistent way. We derive the system for ¢ := (p, E, H) in the form of a damped
Hamiltonian system with the free energy

1 1
Fla) = [ SIBE+ SIHPdr+ [ T (plogp+ SHap)
Rd 2 2 Q

where Hpy is called the Bloch Hamiltonian and where we have set the constants &,
and gy to 1 for notational simplicity. Moreover, we define a Poisson structure J and
an Onsager operator K in the form

l[pv D] —1 [pa F*D} 0 qu(Q) _qu<Q)F* 0
I(q) = |-iT[p,0) il[p,[*0] curl | and K(¢) = {-TKgs(q) TKgs(g)I* 0
0 —curl 0 0 0 0

The importance of this choice for J and K is that the first row of each of the block
operators is replicated in the second row, but premultiplied with —I". This is needed
to obtain the correct first equation in the Maxwell system (5.3), namely

E=culH—-P=culH —I'p.

By the symmetries J = —J* and K = K* this also implies that the first columns are
replicated in the second columns, but now post-multiplied by —I™.

We emphasize that the optically active material is restricted to the bounded do-
main €2, while the fields E and H are defined on all of R®. This is hidden in our
operator I', which should be understood as an operator that maps p defined on {2
to vector fields P = I'p that are defined not only in 2, but that are extended by 0
outside of 2. Similarly, the adjoint operator I'* acts on E by restricting it first to {2
and then applying the adjoint map of T'.

Thus, using [p, log p] = 0 the induced equation for p reads

p = i[p, BHy —T"E| — K(p, E,H)(logp+ SHg —T"E).

Having derived this structure it is now our task to choose K in such a way that the
equation for p is a Lindblad equation that is linear in p with coefficients depending on
E and H. For this, we assume that there exists a family (Q.).cc of couplings such
that

(we, Qc) € €(Hp)  and  [Qe, I"E] = w. (g--E) Qe (5.4)

for some vectors g. € R3. Note that this is a non-trivial condition, since it implies
that for all E € R? the matrix I*E € Herm(h) commutes with all matrices @ that
commute with f.

Based on the assumption (5.4) we are now able to choose K in the form

KQS(pv Ea H) = Z KC(E7 H) KgCC(E)<:0)7 where BC(E) = ﬁ - gc'E'

ceC

Since by construction we have [Q., SHg—I"E| = wcgc(E)Qc we can apply Proposition
3.6 (cf. (3.12)) and obtain the equation

p=ilp, BHs —T"E] + 3 s B, H)MS™),

ceC
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which is linear in p for fixed E and H. Note that for the above constructions it
is not necessary to have . > 0, since ICg and ./\/lg are well defined for all 5 € R.
Altogether we conclude that under the rather restrictive assumption (5.4) the damped
Hamiltonian system (L*(Q; Ry ) x Z, F,J, K) generates the following coupled Maxwell-

Bloch system

p= i[p, HB—F*E} + Z ﬁc(q)Mgcp,
ceC
E=cwlH - F<i [p, Hs—T"E] + Z HC(Q)MZCP>,
ceC
H = —culE.

It is easy to see that condition (5.4) holds, if ' has the form TE = S (b,-E) h,®h,,
for arbitrary polarization vectors b, € R?, where H = Ziv Enhn®@hy,. It remains open
to model the case of interaction between different energy levels, for which I'E needs
to contain terms like h,,®h,, with m #n.
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