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ABSTRACT. Using Lyapunov functionals the global behaviour of the solutions of a
reaction—diffusion system modelling chemotaxis is studied for bounded piecewise smooth
domains in the plane. Geometric criteria can be given that this dynamical system tends
to a (not necessarily trivial) stationary state.






1. Introduction

Chemotaxis is the oriented migration of organisms under the influence of chemical sub-
stances (see [Ha], [Mu] for the biological background). Mathematical n.odels of such
processes are given by partial differential equations of reaction—diffusion type ([KS]) . As
a prototype we take from [JL] the system for U = U(t,z),V = V (¢, z)

L = AU ~xV-(UVV)

%‘szaAV—ﬁV+5U

on R, x , (1.1)
where R are the positive reals and 2 is a bounded domain in RY, N > 2, with piecewise
smooth boundary I' = 0f). For the system are given initial values and no—flux boundary
conditions ( homogeneous Neumann conditions )

U(O:) = UO; V(O,)=% on Q’ UOZ()’ %207
v.-VU = v-VV =0 on R, xT.

Here a, 8, d, x are positive constants, v is the outer unit normal on I' . System (1.1)
models the dynamics of a population ( concentration U ) moving in §2 driven by the gra-
dient of a chemotactic agens (concentration V' ) produced by the population. There is
some similarity between the model (1.1) and the drift—diffusion models of microelectron-
ics (|GG]). But whereas equally charged particles in microelectronics repulse each other,
chemotaxis has an attractive effect which leads to agglomeration of particles. This causes
mathematical difficulties, and one cannot expect that (1.1) has global solutions for arbi-
trary parameters o, 3, d, x and arbitrary initial values.

For a reduced variant of (1.1) where the second equation is the stationary equation

aAV — BV +46U =0

the problem has been considered recently by [DN]. They show local (in time) existence
of a solution under homogeneous Dirichlet boundary conditions for the component U for
bounded domains in RY with smooth boundaries. If a certain (smallness) condition on
the initial values Uj is satisfied, they prove global (in time) existence and decay to the
trivial stationary solution (0,0) for ¢t — oco.

For the same reduced variant of (1.1) on a disk in IR? it has been proved by [JL] that
under homogeneous Neumann boundary conditions there are initial values Up, V; for
which U explodes in finite time in the center of the disc. A refined study of the blow—up
mechanism has been given by [HV1] for the disk starting from radially symmetric initial
values. The same authors also considered the blow—up for the full chemotactic system
(1.1) in the case of radial symmetry ([HV2], [HV3]).

This paper is devoted mainly to the study of the global behaviour of solutions to the
dynamical system (1.1) in generally nonsmooth domains  C R%. Our interest in this
topic originates in numerical experiments ([GJK]) showing the strong influence of the
geometry of Q. As an example we mention that initial values concentrated around the
centre of a square may cause blow—up in a corner. Our main point is the observation
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that the system (1.1) possesses Lyapunov functionals, i.e., functionals decreasing along
solutions as time increases. Using this tool we formulate in the case N = 2 a condition
involving the data of the system and the geometry of the domain ensuring decay to a
homogeneous state (Theorem 4.2) and a weaker condition excluding blow—up in finite
time (Theorem 4.3). This condition, which numerical evidence suggests to be sharp,
allows non-trivial stationary states. In fact, we prove (Theorem 5.2) that the solutions to
(a transformed version (1.4), (1.5) of) (1.1) asymptotically approximate the (generally)
non-trivial solutions (u*,v*) of the problem _

* v
—aAv* + fv* =y(u* —1) on Q, o 0 on 90, u'= [2le

v [ e"an
‘ Q

where v = x0U, with U, the spatial mean of the initial value Uj .
Stationary problems of this type were studied in [Sch] and appear also in other fields
(e.g. [Mol]). As can be seen from (1.2) there is a hidden exponential nonlinearity in
the system (1.1). This is the reason why our considerations are restricted essentially to
the two—dimensional case N = 2 where the Orlicz norm associated to the exponential
function is controlled by the Dirichlet integral.
- As to the case N = 3, it should be possible to prove some of our results for somewhat
relaxed chemotaxis models (comp. [Sch]) where VV 'in (1.4) is replaced by V(®(V))
with a ”sensitivity function” & like

log(V +¢); V/(L+cV), or V/(1+cV?)

; (1.2)

which leads to exp(®(v*)) instead of exp(v*) in (1.2).

It is convenient to transform the system (1.1) in the following manner. Introducing
the spatial mean of a function A on Ry X by

h(t) = I_Sll_lfnh(t’ z)dz, | 1| = meas (),

we obtain by integration in (1.1)

Tt) =T, ‘il—‘t/ + AV = dT;, V(0) =
We introduce new unknown functions u, v by )
Utz | o
ut2) = T, oft,2) = x(Vt2) - V(0)
and a new constant vy by . ‘ o ‘
7 =x8Us | ‘ . | (1.3)
and arrive at the transformed system of (1.1) to be studied in the following:
=Au— V- (uVv)
on ]R+ X Q, (14)
v = alAv— Bv+y(u—1) :
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completed by the initial and boundary conditions

u(0,-) = ug, v(0,")=1v, on ,
v-Vu=v-Vv =0 on Ry xT, (1)
where
0 —,
Up = D.——O, vo = x(Vo — Vo) (1-6)
with

U0=1, ’U—0_=0

Obviously, @(t) =1, 9(t) =0 for ¢> 0. The first component u of the solution (u,v),
should be positive (being a normed concentration) whereas the second component v as
the deviation from a spatial mean may change sign.

2. Preliminaries

We consider the two—-dimensional case N = 2 and assume that & C R? is a bounded,
finitely connected domain with closure Q and boundary T' = 8Q which we assume as
piecewise smooth, more exactly as piecewise C? with a finite number of vertices with
non-vanishing interior angles. We denote by C* = C*(Q) (k% >0 an integer , C°=C)
the usual spaces of continuously differentiable functions. By L, = L,(Q?), HF = H¥(Q)

for p > 1 we denote the Lebesgue spaces and Sobolev spaces of functions on Q with the
usual norms |-, || llep |-l = |- | and we write H(2) = H3(®) ([A},[KIF}[GT)).
For the space Lo, (f2) we denote by L} (Q) the cone of non-negative elements. For a
Banach space X we denote its dual by X*, the dual pairing between f € X* ge X

will be denoted by (f,g) . If X is a Banach space with norm | - |x , we denote
for T >0 by L,(0,T;X) (1 < p <o) the Banach space of all (equivalence classes
of) Bochner measurable functions » : (0,T) — X such that ||u(-)||x € L,(0,T) .
Correspondingly, if S is an interval of the reals, we denote by C(S;X) the space of
continuous functions on S with valuesin X , especially, C([0,T]; X) is a Banach space.
Occasionally we (ab)use the notation L,(0,7;X™) to denote the set of L,-Bochner—
integrable functions on (0,7") with values in the positive cone X™* of a Banach space
X . We have the continuous and dense imbeddings

X=H1CL2C(H1)*___X*

and identify Ly(0,T;Ls) = L2(Q7), Qr = (0,T) x Q. For functions u € Ly(0,T; X)
with time derivative u' € L9(0,T; X*) (understood in the sense of distributions from
(0,T) with values in (H')*) we have the imbedding

W3(0,T; X) = {u:u € Ly(0,T; X), v € Ly(0,T; X*)} C C([0,T); L2)
and the rule of partial integration ([LM],(GGZ])

> (@I - IuE)P) = [ @), umdr, tseT
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Lemma 2.1. Let h€ H*, h=0. Then there is a constant A\ > 0 such that
ARl < (VAP (2.1)
Let h € A}, h=0. Then there is a constant u > 0 such that

pllBl? < (IRl - (2.2)
Proof. This is a simple consequence of the Sobolev imbedding theorem. O

Remark 2.1.  In (2.2) we take

1Al1Z1 = 11l + Iy -

Weput W={h€ Hj :h=0}, H={h€ H':h=0}. Obviously # C W and for
the best imbedding constants A i , defined by
2
S\ S |

heHh#0 ||h|2 hEW,hz0 ||h||2 "

holds 2 < |2]A by the Schwarz inequality.

Remark2.2. In the special case of a rectangular domain Q = (0,a)x(0,b) the following
estimate can be proved for h € Hi (see Appendix): )

IR7 < 2{121(R)* + (I} + [IAy[IT)}, - (23)

A= i(g+%+\l(g—%)2+16). | (2.4)

Lemma 2.2. Let h€ Hl, h=1, h>0 a.e.. Then

where

Ih = 1|* < 4k[|VR2|2, & = |Q|/p. (2:5)

Proof. From (2.2) we get

pllh = RlP < IRl + NIy lIF = 4[R2 (R2)a]1} + [IBH2(AY2)y]17)
< 4fhllulIvRt)?

and with A =1 the assertion follows. O

We need some elementary facts about Orlicz spaces (see e.g. [A],[KJF]). For the
couple of complementary Young functions (or N—functlons)

P(s) =(s+1) log(s+1)—s, \If(s)—exp(s)—s—l s >0,
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holds Young’s inequality
st < B(s)+ (), s>0,0. (2.6)
We define the corresponding Orlicz spaces by
Le={9€Lr:|glle <o}, Ly={h€Ls:|glly <o},

where

lglls = sup {Ifﬂghdm : /Q\If(lh|)dﬂ< 1},

Ihlle =iﬁ{c>OiLW(%gdﬂ<l}

Lg and Lg are Banach spaces. Since @ satisfies the so—called As—condition, i.e., there
exists a positive constant k£ > 0 (in our case k =4 ) such that for every s> 0

®(2s) < k®(s), (2.7)

we have the following

Lemma 2.3. A sequence h, C Ls convergesto h € Lg if and only if

lim | ®(|hn—hl)d2 = 0.

n—oo

Proof. See [A], Section 8.13 , or [KJF], Section 3.10. O

Lemma 2.4. There ezists the imbedding H' C Ly .

Proof. This is a special case of a more general result of Trudinger [T] on the limiting
case of the Sobolev imbedding theorem. See also [Mo2], [A], Section 8.25 , or [KJF],
Section 7.2. O '

Lemma 2.5. Suppose that Q C R? is a piecewise C? , bounded, finitely connected
domain with finite number of vertices. Let © be the minimum interior angle at the
vertices of 0. Then there exists a constant cq such that for all h € H' with

fQ|Vh|2dQ§1, =0,

we have \
/ e29h* 4O < eq. (2.8)
Q



Proof. We quote here Proposition 2.3. of [ChY], formulated there for A € C(Q) . By
the usual density arguments the assertion can be extended to h € H! . For a similar
result in the case of Dirichlet boundary conditions see [Mol]. O

Corollary 2.6. For arbitrary h € H* one has

1 —
Ik el 2 :
/Qe dQ < cq exp [8(—3 fQ |Vh|*dQ + |h|] . (2.9)

Proof. From
— = 20 — a -
h < h—Fl+ Bl < 2 h—Rh2+ -+ R, =/Vh2d§2,'
B < [h =B+ (Bl < = =B+ S+ Rl a= [ VA

the assertion follows by (2.8). Another proof is given in [KW], formula (3.5). O

3. Local existence in time, uniqueness

In this paper we are interested mainly in the global behaviour of solutions to (1.4), (1.5) in
nonsmooth domains. To this end we need adequate local existence results. Unfortunately,
we could not find in the literature the results on parabolic systems we need. Hence, for
the sake of completeness, we sketch in the following a proof of the existence of (weak)
solutions. e ’

Definition 3.1. A pair of functions (u,v) with

u € Loo(0,T; L) N Ly(0,T; HY), wu;, € Ly(0,T; (HY)*),
v € Lo(0,T; L) NC(0,T; HY), w; € Ly(0,T; L)

is called a weak solution of (1.4), (1.5) if Vh € Ly(0,T; H) the following identities hold:
/T (uz, ) dt+/T/(Vu — V) - Vthdt’ = 0,
0 o Jo '

T T
| whydt+ [ [ {aVo-Vh+(By—y(u-1)h}ddt = o.

Remark 3.1.  This definition is equivalent with
(ug, g) + fﬁ(vu ~uVo)-VgdQ = 0,
(ve, 9) + /Q{aVv\- Vg+(Bv—(u—1)g}d2 = 0

for almost all ¢ € (0,7) and Vg€ H'.



Theorem 3.2. For ug € LY, and v € H;, P > 2 and appropriate T > 0 there is a
unique weak solution of (1.4), (1.5) with u(0) = u, v(0) = vy . Moreover, for 0 <t < T
holds t — u(t) € L, and the function t — ||[Vu(t)||? is absolutely continuous on
[0,T7].

Proof. 1. Existence. Function arguments are sometimes omitted.

(1) We introduce a new unknown function w by
w=e"u

and transform (1.4), (1.5) into

v — @A + Bu = y(e’w — 1)
on (0,T) x 0, 3.1
(e*w)y — V- (e’Vw) =0 ©.1) (3:1)
with the iﬁitial and boundary conditions
v v Ow
v(0) = vy, w(0)=wp=e""uy on Q, ol 0 on (0,7) x I (3.2)

(i) We want to apply Schauder’s fixed point theorem. To this end we define for
appropriate K > 0,7 > 0 the map

Ak € (X ——)X)a X =L2(OaT;L;-)a p>2, by f—w:=Axf
where w is the solution of \

v — alv+ fu=(e"* f — 1), v(0) =, vx = sgn(v) min(|v|, K), 3.3
(e*®w); — V - (e’sVw) =0, w(0) = e~Youy,. (33)

In the spirit of [LSU], Chap.IIl, Chap.V there exists for given f € X a solution v of
the first equation with

v E Lz(O,T; Hl), v € LQ(O,T; Lz), ie. v € Lg(QT)
and a solution w of the second equation with
‘ eXw S Lg(O,T, H1 N L;), (6”K'U))t < L2(QT)
So the map Ag is well defined. Moreover (see e.g. [B]), the function ¢ — ||Vu(¢)|? is
absolutely continuous on [0,7] .
We have only to add the proof of the non—negativity of w . Testing the second equation
of (3.3) with w~ = max(—w,0) we find by the rules of calculus in Sobolev spaces
/(e”Kw)tw‘dQ + /Qe”KV'w -Vw ™ dQ = /Q(e“"w)tw‘dﬂ + /9 ¥ |Vw™|2dQ = 0.
Q
With the identity '
d : v -\2 —v _ v - v -\2 —v
EE./Q (e K ) e KdQ,—-Q/Q(e Kw)w dQ—/Q(e Kw ) e "% (vk),dS
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we find
d v —\2 _q o \2 _y _ »
E/S; (e fw ) € KdQ""/Q(e Kw ) e K(vx)tdﬂ+2</ge"“|Vw |2dQ =0.
Integration on [0, ], taking into account that w~(0) = 0, gives

2 i i 2
v - v —12 . v -
/ﬂe" (w ) dQ+2/0 /QeKIVw | desS/o fgex(w ),](vK)tldchs. (3.4)
By Gagliardo—Nirenberg’s inequality (for a proof see e.g. [He])
w1z < ellw [l lw|| < e(IVw™ || +llwDllw|l
and with ||(vk):|| < ||v¢|| we estimate on the right handt side of (3.4)

2 ' _ _
[ (@) o)l a2 < ceXlier)ll w1 < ceX ol (1wl + D]
< C(K, ) (Il + 1) [lw |2 + 8] Ve~ |?

and get
-K -2 ¢ -2 ) t 2 —q12
e ( /Q (w=(®) da+2 /0 [Vw~|?ds) < C(K,d) /o..(””’f” +1) [l ds
t
46 ||Vw||%ds.
| +5 [ [V |Pds
With the choice § < 2¢=X we obtain the Gronwall-type estimate

[~ < o) [ (Il +1) o Pds

from which follows |jw=(¢)]| =0Vt €[0,T),ie. w(t)e LT .

(i43) Next we show that the map Ag sends the ball B = {f: ||f|lx < R} into itself
for appropriate R >0 and sufficiently small T > 0. We test the first equation of (3.3)
with v; on Q; = (0,%) x Q and obtain '

= 7 [ [(e=f~1udads.

Ilvtllé,+%(l!Vv(t)ll”—lle(O)llz) + §(||v<t)||2—n‘v(0)n2)

We estimate the right hand side by

[} s = mdds] < v (Il + 101767) [l

and get with an appropriate constant O(K , R)

llvell%, +§]u713] IVo(®)|? < C(K,R). - (3.5)
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Testing the second equation of (3.3) with w gives

‘/Qw(e""w)tdﬂ'—%—/ge”KIVdeQ =0

or, after some calculation,

G vk/2,, |2 v 279 — [ v 2
o e’x w“ +2/QeK|Vw| dQ—/neK('uK)tw dQ.

By arguments similar to those used in (i) we obtain

[ e (w)utde) < O, 8) (ol + 1) 1wl + 6| Tl

We take 6 = e % and get
2
w42 [ & [Vultdn < OWK) (Jul? + 1) ful? + e [Vul?,

dt
from which we find (by integrating and multiplying with ¢ ) the Gronwall-type estimate

@I+ [ I1VwE)ds < e (O + [ (ul? +1)u]ds)

and, with Gronwall’s lemma and (3.5)
2 i 2 K 2 t 2
w1+ [ Iv(s)iPds < <) exp (COK) [ (o +1)ds) < Cu(K, B).

This implies (by the Gagliardo—Nirenberg and Hélder inequality)

2(p—2

[ o)zds < [ (et lu(s))eds

lwl% =

< o[ ) - ([ 1atoPas)” < catic, s

Now, choosing T > 0 sufficiently small, we can assure that |w|x < R.
(i) In order to show compactness of the map Ag it will be sufficient to have a

bound for |jwi||y , where Y = Ly(0,T; (H')*) .
For h € Ly(0,T; Hy) we have with the second equation (3.3)
(e"Kwt, e_”xh) = ((e"K'w)‘t, e—th) - ((’UK)t'w, h)

(wt’ h’) =
— (e Vw, V(e™*h)) — ((v)ew, ) = —(Vw, Vh — hVuk) — ((vk)ew, h)

which we estimate as
 (we M| < N[Vl[ (VR + Al V[]) + [[ozl [[w]] Al



By Schwarz’s inequality

T
[ 1) lI7A(s)ds < ol Al

and, similarly,
T
/0 IVw(s)[[[[A()lleoll Vo(8)llds < IV0]| soomsza 1@l oo zszy 1ol 2ato7sE o)

T
/0 [[vs($) [~ (s) loollw(s)llds < l[w| 2o,z sl 2o (@) 1Pl] o 0.1120)

we get

[ Ve m)lds < (wllzaozirsy (ellaozss + IAllzaozsse IV lnmioricn)
+ l[vtll 22 (@) 1w | Lo (0,7520) 1Bl 220,71 L) -
For p>2 and Q C R? we have the imbeddings ,
Ls(0, T; HY) C Ly(0, T; HY);  Lo(0,T; HY) C Ly(0, T; Leo)

and get with the estimates proved in (i)

T
| 1w )lds < Clbllsaormy o llwdly < C.

(v) For 1 < p < oo we have the imbedding H; C L, C (H})* with compact
imbedding H} C L, . Then (as a consequence of Theorem 5.1 in [L]) the imbedding
of W= {w:we Ly(0,T; H'), w; € L2(0,T; (H)*)} in Ly(0,T;L,) is compact. This
implies that Ag(B) is a precompact set of Ly(0,T;L,) . By similar arguments as
before one can show that Ay : Ly(0,T;L,) — L2(0,T;L,) is continuous. Therefore
Schauder’s fixed point theorem guarantees the existence of a fixed point w € L»(0,T; L)
such that Agw=w.

To get ride of the cutoff introduced in (3.3) we denote by v the solution of the first
equation (3.3) with f =w and by z the solution of

z — @Az + Bz = y(eFw — 1), 2(0) = vg.

Standard regularity results on linear parabolic equations ([LSU], Chap. III, Theorem 7.1)
show that v,z € Loo(Qr) . The difference g = z — v satisfies a.e. on (0,7

(90, k) + (Vg, VR) + B(g, h) = 7 (¥ — e"*)w,h) Vh € H*, g(0) =0.
Testing with h = —g~ = min(0,g) and taking into account that w > 0 , we obtain
1d
2dt

The usual argumentation yields g~ =0, i.e., g > 0. Choosing now K > ||[vg]|e , We
have for sufficiently small ¢, > 0 ‘

Al + | VR|? + BlIR]? < 0, A(0) =0.

lv@)lleo < l2(E)]leo < K, 0<t <ty
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This implies vx = v on [0,%] . This means that v,w is a solution of (3.1) for
sufficiently small T =%, > 0.

(vi) From u € Ly(0,T;Ly) and v € Ly(0,T;Ls) it follows that the function
t — |[Vo(t)||* is absolutely continuous on [0,T]. (See [B], Lemme 3.3, p. 73.)

(vid) It remains to show that

u=e"w € Ly(Qr).
By the arguments of [LSU], Chap.III, §7 this holds if

2
|Vu| € Ly,(0,T; L), p>2, ¢ > E—LQ . (3.6)

In order to prove (3.6) we test the second equation of (3.1) by w?! for p € [2,00) and
obtain after some calculation

ev/2wp/2”2+4(p; 1)‘/961)

il 12\ 4oy = —(p — / VP
o w )l dQ (p—1) Qvtewdﬂ.

We estimate the right hand side similarly to (i) using ||v||z.(r) < K and the
Gagliardo-Nirenberg inequality ||f||? < C||fllm||f]| as follows

H

1/2 o
v, P 2v, 2p K /2 K /2
/Q'ute wPdQ < ||vg| (/Qe w dQ) < e’ vl ”w “4 < Ce® v Hw" -

and get
gl + S o v an <ot o, o
< OBl (V@™ + [ur?]) [
< G) (I + 1) o + L e v

This shows that

d
dt

and by Gronwall’s lemma we obtain

2
ev/pr/le

Pl < Go (1) [ < Coe™” (Jud? +1)

sup [ wP(t,-)dQ < C, ie., w€ L(0,T; Ly).
te[0,T] /@

Now, by a result of [Gr], for some p > 2 the mapping f — 2z defined by
2 — alz +B8z=f, 2(0)=mw

is continuous from L,(0,T;L,) to L,(0,T;H;) and hence, by a result of [D] on L,-
regularity of evolution equations, continuous also from L,(0,T;L,) to L,(0,T; H}) for

11



g € [p,0) . Applying this result with f = y(u— 1) = y(e'w—1) ylelds v € L,(0,T; Hy})
which implies (3.6) for suitably chosen g¢.

2. Uniqueness. Let (u;,v;), (¢ = 1,2) be solutions to (1.4), (1.5) with the same initial
values (u;(0),v;(0)) = (uo,vo) - From

% {ul(logul — 1) +up(logug — 1) — (uy + ug) (log (UI ‘;‘“2> B 1)}

2U2

= uy¢ log + uy log

Uy + Usg ‘ Uy + us

we obtain with the help of the equations for u;

/Q {ul(logul —1) + ug(logug — 1) — (ug + uz) [log (EI;—UE> — 1]} (t)dQ

t 2’1.1,1 2U2 . ‘
= Qd

/o /Q [ultlog Uy + uy T uaelog Uz] dfdds
t 1

= “A /(; - T U {(Vul - u1Vvl_) . ( Vu1 VU2)

(Vuz — uaVy) - (%Vuz - Vul) ]des

2

- [ L o (e m) - o) e

We estimate the left hand side by Lemma 6.5 (Appendix) and the right hand side by the
Schwarz inequality and the arithmetic—geometric mean inequality:

os ()]

1 t ‘
< gl +uzliaen [ V(0 —va)|Pds.

fva-vaer < -1 [ [ llo

Uy + Us

— |V (v1 — v2)] } dQds

On the other hand we have (using the absolute contmulty of t — ||Vv @)
/0 [I(v1 = va)ellds + -2-|1V(111 — )OI+ —Il(vl —uw)®)* =
t ' L
= ’)’A ./Q(UI — ’U,z)('vl — ’Ug)tdeS

< [ (B =l + o - )
< /(—nfw—w IV = Rl )
< Ll +alsaan [ I - yalPds + [ i —va)ilPds.
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- Combining this with the estimate above we get
1V = V)OI + 1V (o1 = v2) @)
2
71 t
< max (L, 2 o + valcian | (I - VI + 19~ ) @1F) ds.

Uniqueness follows now by Gronwall’s lemma. O

4. Estimates of Lyapunov functionals

Let (u,v) be a solution of (1.4) with u > 0 . We introduce the two Lyapunov functionals:

G(u,v) = /Q :i;c—z—(u(logu C1)+1)+ % <oz|V'uI2 +5 (1 + %) vz)] a9, (41

F(u,v) = /Q :‘2% (oz}V'vl2 +,3v2) +u(logu—1)+1—(u— l)v] Q. (4.2)

Lemma 4.1. Let %1 <L k= J%—l and denote by A the smallest positive eigenvalue of

the operator h —+ —aAh + Bh under homogeneous Neumann conditions. Define

2
1. o' _ ky? _ Codky+ap
Co = Z min (2, (H) - 1) y 01 = o2 Co, Cg = o+ k’)’ .

Then the following estimate holds:

—j—tG(u,v) < —aG(u,v), where a=min(Cy, Cs). (4.3)

Proof. Because of u(logu—1)+1>0 for v >0 we have G(u,v) > 0. Differentiation
gives

d ad 2 / o? (e
J— = —_— — - ]_ e dQ-
dtG(u,v) 5 T IVv]” + A [k (us log w) —I—ﬁ‘( + k'y) 'uvt]
Using the first equation of the system (1.4) (in its weak form) we have
/‘ ug logudQ = ——/Q(Vu— (uVv)) - Vlog u dQ.
Q

With V(y/u) = ;77“; and V(logu) = lu“— we get

—_ 2 .
| /Qut logudQ = 4/9|V(\/E)I dQ+fQVu Vo dQ.

13



Using the second equation of the system (1.4) analogously we have

22NVl == [ ot B = ow = 1)) a0

- [(_ 2_[g,2 _
/Qv'utdﬂ—-/n( a|Vu|* = Bv* +vv (u—1))dQ,

hence, putting w=u—1,

(e
22 ol + LB+ ywvda

= / [—-’utz +ywu — —aﬂ(a|§7v|2 + Bv? — 'va)] Q.
Q - ky e
Testing appropriately (h =1, h =u ) we get

/Q(vt+,6v—’yw)d9=0
and
a/QVu-Vde=—/Qu(vt—i-ﬁv—"yw)dﬂ=/Qw(’yw—vt—ﬁv)dﬂ.

So we obtain
4 Y 2 4 (7= 2) vyw — v — 22 (V0P + Bo?
dtG(u-’ v) = /Q [k (7w 40|V (v/u)| ) + (fy k) VW — vy p (a]Vvl + B ) Q.

With the estimate

o 1

(r-F)wuf<gui+z (1-5) o and 29 IwlP <4IV/DIP

we find

i 2
%G(Ua”) < _/n %((%) —1)710 +;v +—( |V11|2+,3v)

r 2
1 a af
< — (I =2) - 2,2 2 2F 2 2
< /n > ((k"y> 1) Yw? + Covs? + o (a|V11| .+,8v)} df2

for 0 < Cy <1/2. The already used identity o Vuv||? +ﬂ|lv|]2 (yw — v, v) yields the
estimate "

al|Voll* + Bllv[|* < 5 ilvll2 +5 (”rzll'wll2 + [loel)

for any A > 0. We take for A the smallest positive eigenvalue of the elliptic opera-
tor h — —aAh + fh under homogeneous Neumann conditions. By the well-known
variational characterization of this value we have

Aol < el Vol + Bllo|)®

14



and from the foregoing estimate

2
o[ VoIl + Bllvl® < S (FPllwll® + [leel?)

This gives for the Lyapunov functional

oo o - (- 2]

With the choice

Cozlmin<2, (%) —1)’ Cl_—_k')' CO’ szw

4 o? o+ ky

and using the elementary inequality u(logu —1)+1 < (v —1)® = w? for u > 0 (see
Appendix, Lemma 6.3) we obtain

2
%G(u,v) < —/ﬂ [C’l% (u(logu—1)+1) + % (a|Vv|2, +B(1+ %)Uzﬂ 0.

Taking a = min(Cy,Cs) ends the proof.lj

Theorem 4.2. Under the conditions of Lemma 4.1 holds
G(u(t),v(t)) < e G(up, vo)- (4.4)
Moreover, ezponentially
u(t) — v* =1in Ls, v(t) — v* =04in H'NLy as t— co. (4.5)
Proof. The decay result follows directly from (4.3). A simple calculation shows that
[ @(tu—1)a2+loliE: < eGu,o).

Indeed,

2= Vul? +9%)dQ <
ol = [ (Vo +v7)d <

and, because of ®(ju—1|) < u(logu—1)+1 (see Appendix, Lemma 6.4),
k
fnq>(|u ~ 1)d2 < — G(u,v).

Hence (4.5) follows from Lemma 4.1 and Lemma 2.4.00

~ The following result states a sufficient condition for global boundedness of the trajecto-
ries ¢t — (u(t), v(t)) defined by the solutions of (1.4), (1.5) and excludes blow-up in
appropriate norms.

15



Theorem 4.3. Suppose
719

100 < 1. (4.6)

Then
Vo)l + [lu(®)lls < C < +oo forall t>0.
Moreover, for 1 <p < oo there are constants ¢; = ¢1(p), c2 = c2(p) such that
lu(®)|lp < c1exp(eat) forall t>0

and a nondecreasing finite function t — c(t) such that

[[u(®)lloo + llv(8)lleo < ().

Proof. 'This theorem is is a simple compilation of assertion (4.10) of Lemma 4.4 and
Lemma 4.5 — Lemma 4.8 proved below. O

Before proving these lemmas we give some comments on the réle of the conditions men-
tioned in Lemma 4.1 and Theorem 4.3.

Remark 4.1. The condition

; -
— =1 4.7
K1 o <1 ( )
of Lemma 4.1 and the condition 9l oo . _
vy
=2 1<1 4.8
K2 100 < (4.8)

of Theorem 4.3 are two smallness conditions to control the large time behaviour of the
dynamical system (1.4), (1.5). Both conditions can be satisfied if the initial value U
has a sufficiently small L;—norm (see (1.3)). For domains we consider one can show that
(see Appendix, Lemma 6.2)

K2 < K1,

hence the first condition (4.7) is more restrictive.

Remark 4.2.  Numerical experiments give some hints that the second condition (4.8)
may be sharp, i.e., violating this condition gives blow—up of the solution in finite time. In
the experiments we used the following construction. Let be 2 the rhombic domain with
an acute opening angle © < /2 defined by

_ el Wl [tan(©/2) 1
Q—-{(:c,y).—a—.+—b—<1,a— 5 ,b—m}.

We have |Q =1 and with R? =a®+4b® wefind R > 1 for the side length of the
rhombus. With a =8 =x =1 we get from (1.3) v =10 , hence c; = Uy/(4©) for
the left hand side of (4.8). We take the tip (0,b) as the origin for polar coordinates

16



(r,) with the ray {(z,y):2 =0, y <b} as polar axis ¢ = 0. For the initial element
uo = Uy /Uy of u in (1.4) we choose the radially symmetric function

Up = Up(r) = §(1_;tg) exp (—?) (4.9)

where 0 < o < 1. The corresponding initial vy of v is chosen as the solution of

Avg +v(up—1) =0 in Q, %’:—f—=0 on 09 .

Simple estimates show that

0/2 o oo
_ 8(1+ o) r?
= < - —_— - —
U, /;ZUO dQ ___@//2 b/Uo(r)rdrd(p = GO/exp( 0) rdr = 40(1+ o)

and
©/2 R

05 > / / Us(r)rdrde = 40(1 + o) [1 _exp (_-%f)] .

-0/2 0

With the obvious inequalities

R? 1 1
l—exp|——)>1—exp(—=)>
o () 21-e0(-7) 2 1

we obtain for the positive sign in (4.9) a violation of condition (4.8):

Uo
= — 1
whereas for the negative sign we have
Uo
= — < L
"2 = 0

The numerical experiments show that even for quite small values of o the switching
between the signs in (4.9) leads to a dramatic change in the behaviour of the solutions.
For the positive sign we make the observation that

F(u(t),v(t)) — —oo as well as /{; u(t) log u(t) dQ — oo in finite time,

whereas for the negative sign the same quantities remain bounded.

Compared with rigorous results condition (4.8) is sharp at least up to a factor 2 . In fact,
it has been proved recently ([HV2]) that radially symmetric solutions to (1.4), (1.5) in a
disk blow up in finite time if kg > 2. :

As the following Lemma 4.4 shows, the functional F decreases with increasing
time for any positive constants «, 3,y and remains bounded from below for constants

satisfying the conditions of Lemma 4.1.

17



Lemma 4.4. We habe

d
a—iF(u,v) = — D(u,v) < 0, (4.10)
“where e ‘
— 1" _ )2
D(u,v) = " +/Qu|\7(log u — v)[“df. (4.11)

For k_o'lZ <1 there is a constant C > 0 such that

F(u(t),v(t)) > —-C forall t>0.
Proof. Differentiation gives

F(u v) = 2 pn H ks +/ [—vvt (u—1) v+ (log u— v)ut]
Since (see the proof of Lemma 4.1)

o d 2 | o

5 7 VoI == [ ve (v + Bv = 9w - 1)) e
we obtain .

ﬁF(u v)=/ —lv2+(logu—v)u g

dt al 7" |
Using the first equation of the system (1.4) (in weak form)

—_— - [— . —_— = — - 2
/Q (log u — v) ud = /ﬂ V(log u — v) - (Vu — uVv)dR /Q u|V (log u — v)|%dQ2

proves the first part of the lemma.

To prove the second part, we use Young’s 1nequahty (2 6) and an estimate from the
Appendix (Lemma 6.4) to get’

lu — 1] o] <Y(|o]) +@(Ju - 1) < ¥(Jv]) +v(logu — 1) + 1.
Inserted into (4.2) this gives
> 2 )| do > [ (- de.
)2 [, |5 (@190 + 07) ~ w(up | 0 2 [ (- (o)
From Corollary 2.6 follows
2
/ﬂexp(]v(t, ))dR < cq exp (8 / ]V'v(t I dQ) :
By Lemma 4.1 we have _ i
G(u(t),v(t)) < G(ug,v) = A for t > 0,
hence ' |
A
f [Vu(t,-)[2dQ < —é and consequently / exp(|v(t, -)])dQ < eq exp <4 9)

It follows the assertion F(u(t),v(t)) 2 —C forall ¢ > 0. O

18



Lemma 4.5. For t > 0 we have

Fo(8) < F(u(t),v(t)), (4.12)

where

1 e’ dQ)
flv) = —2—;/9(01|Vv|2 + Bv?) dQ — || log /QIQI . (4.13)

Proof. For w € HY(), v € HY(Q) with w >0, =1, ¥ =0 we consider the
functional

g(w,v) =/Q[w(10gw——1)+1— (w—1)v]dQ.

We take w* = exp(v —¢) and with w* =1 we obtain

/ e’ dQQ
Q

2]

c = log and g(w*,v) =—cl|Q|.- - -~

For this element w* we can show the minimum property g(u,v) > g(w*,v). Indeed, we
have

g(u,v) — g(w*,v) = /Q[u logu — w* logw* — (u — w*)v]dQ
= /Q [/i logsds — (u — w*)(logw* + A)| dQ
u s
- /Q( Wlog;ﬂ—;ds) 0 >0
which proves the Lemma. O

Remark 4.3.  Assertion (4.10), (4.11) of Lemma 4.4 and Lemma 4.5 hold independently
of the dimension N . ‘

Q
Lemma 4.6. If %@I <1, then

IVo)l| + [u(e)ls + [ " D(u(s),v(s))ds < C < +c0 forall t>0.

Proof. From (4.10), (4.12) follows

fl(®) < F(u(t),v(t)) = F(up, v) + /Ot Eldg F(u(s),v(s))ds

= Fluow) - | D(u(s), 0(s)) ds < Flug, ) = C1.

19



By estimate (2.9) we have
1

log (/Qe”(t) dQ) < logeq -|-8—@H\7'u(t)||2

and with (4.13)
o 1
Cr = f(u(t) 2 §;||Vv(t)||2-lﬂl{10g6sz + 5511V @) +log 10}

and, collecting constants

Gz 100) > (5 - 53 IVsGIP -
With (4.6) we find
IVv@)|*<C. (4.14)

Moreover, from (4.10) — (4.12) we have
_/:D(u(s), v(s)) ds = F'(up, vo) — F(u(t),v(t)) < F(ug,vo) — f(v(t)) < 2Cs.
From the definition (4.2) we conclude |
/Q [u(t)(logu(t) — 1) +1]dQ < F(u(t), v(£)) + /Q (ult) — 1)(t) d2
< Plug,w) + [ Slult) — 1j20(2)] 0.
Using Lemma 6.4, Young’s inequality (2.6), (2.9),~ and (4.14) we can estimate
[a(u)-1)d < ¢+ [ [aGlue) - 1)+ ¥(20))] do

1 : ' ‘
§/Q<I>(lu(t) ~1))dQ2+Cy, hence

IN

/ﬂ &(|u(t) — 1))dQ < 2C..
The monotonicity and convexity of ® and the Aj—condition (2.7) give
1 1
< - - <z _
[euhde < [ o(5en® -11+2)d < [@eu@ -1 + @)
k
<z /QfI)(!u(t) ~ 1)) d2 + Cs < kCy + Cs.

With the estimate (see [KJF], Section 3.6)
Hle < | @(u(t))d2+1
le@lle < | @(u@))da+

we finish the proof. O

In the following we use the properties of the Lyapunov functional to find growth estimates
(with respect to time) of integral norms of the solution (u,v) with » > 0. We assume
B =0 - to simplify the calculations.
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Lemma 4.7. Let
t
le@®lle + [ les)Pds < Co < +o0 forall 20
Then there is a constant C; such that

t
[P < Gi+9) forall t20.

Proof. We multiply the equation for » by logu and integrate over Q. A calculation
as in the proof of Lemma 4.1 and integration by parts gives

d 2
‘/Qut\logudﬂ = E/Qu(logu - 1)dQ = —/Q(4|V(\/ﬂ)| + Vu - Vv) dQ.
Using the equation for v we get the identity (written as scalar product)
d, s 1
= (u,logu = 1) + 4 IV =< (v (w—1) - y,)
and, since u > 0, the estimate
d 2 o 1 2 ] 2
Z(wlogu—1) +4[[V(Va)Il* < = (vu = v, u) < C (Jlull® + [|vl*) (4.15)

with an appropriate constant C (which, like ¢, may change during the proof).

Put w=u+1, 2, =w(logw)”. Then

w i (loi;w)”

v=0

Jull? < [Jwll? = [[w exp (logw)]; = ‘
) 1

For the indices v = 0,1 we obviously have (see the proof of Lemma 4.6)

lwli <e |wlogw|y < /Q‘P(u) dQ+c¢ < C and consequently

2 < ooi 1/4)14
lull* < €+ 3 a4l

v=2""

To estimate the Ls—norm we use again the Gagliardo—Nirenberg inequality, i.e., for
f € HY(Q) and 4 > g > 1 there is a constant ¢ =c(g,Q) such that

I£11E < cllFla2 AN

So we can continue by estimating

lull® < C + 3 elg, Q) 12l 121, (4.16)

v=2
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We use Poincaré’s inequality
124l < CUIV M+ [124]])
and remark that, by definition,

v—a\ 1/4 v—4\ 1/4
o) e v = 3 (SR s og

(log w
w?

2,Y* = wlogw <
w

For k>0, 8> 0 obviously holds

k
2 < (5 (10

and so we can estimate

—4 v—4
1/4)|. < (V )
I < | (%52

To estimate the gradient part in Poincaré’s inequality we remark that

IVw| = 2vu|Vva| < w'/? |Vy/ul

1/4

v/4 v/4 ‘
lwiogul <€ ()" (I8@lh+e) <0 ()" .

and obtain

IV(ZV1/4).| < 2|V\/’z—1,| (V (logw)u/4—1 + (logw)"/‘*) |

wilt wl/?

Generous use of estimate (4.17) gives

v/4 v/4
V<0 ()7 Ivval, hence ot lm <C (2) (IVVall + D).
In the same way we get |

(log w)¥a/4-1 (log w)*9/4~1

1/4)19 — vt T
||Z,, ”g - ||wlogw w]_._q/4 ||1 S ilgi ,wl_q/4

[lwlog wlx

and by (4.17)

vq/4~1 vg/4-1
Yaa < o (Z) ! 1 o
“zl’ ”q — e 4 —q .

We use these estimates in (4.16) and find

i< ¢+ Setwm o (4)7 () v+ 1

by e 4—gq
and, with the help of Stirling’s formula

1 /v\¥ 1 1 /v\v1 e
— (-] < Saiy G < —  f > 1
V! (e) ~ V2 o V! (e) ~ /2732 o=
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by absorbing the constant factor e/+/27 into the coefficients c(q, )

vg/4-1 4—q
ul2 < C + 2_; c(q,9) 05-4\}_ (4—%) (”V‘/‘—‘E“L Dy (4.18)

By Young’s inequality with o = 2/ (4 q), 8=2/(q—2) (A>0 will be chosen later)
we have

B 4—q
XY < (Z) and with x = UVVEI+ DT
14

we get \

IVvel 1 D7  2-a (A)z’(H) Ivval+ 12+ (52) 5

- 2 v 2 (-2)"

1
We put ¢ =2 (1 + ;) ,then 2<¢<3 for v>2 and from the foregoing estimate we

obtain

1 (4 ) (IIV\/—H+1)4‘
—q

< % (=)™ [(1 -4 (5) vVl + 2 L

\/17
<& [(5) TVl 1

=W

with an appropriate constant C . We can choose a common bound for ¢(g,Q)C®? and
eventually get from (4.18) (taking A <1 and again modifying the constant C')

Jul? < c{1+§ () wvar )}

v=2
Let 1> ¢ >0 be given. Split the right hand side a.ccordlng to |[uP<C+Ti+ T

where
vo—1 N .
n - ¥ (—) IVl +
v=2
A 2
n - o3 (=5 T vale+
v=ug
In the term T take A = N — ; an appropriaté choice for vy will be made
(C + 1)1/0

immediately. We obtain

n=o¥ 2 (s Iwvar+: (C2e)]
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which can be majorized by
T, < ellVVal? +C(e).
In the tAerm T, take A =1 and estimate

1

< OIIV«/_IPZ 7 T Z 3,2 - (4.19)
Now we choose 14 so that
o1

This is possible because

> 1 7T d 4 2\ /4
Z _/_ / 574 1/4 <4 (_) ’
” T (v —1) Y

vo—1

and (4.20) is satisfied for vy > 3;2—20 . Using this in (4.19) we find

1 ClIVVu|P & 1
T, < CIIV\/EIIZZ i TC < ”Vf//‘:” Zysm +C < gl|lVVa|?+C
0 Yo

and, finally, :
| lull® < 2&[|Vv/ul® + C(e). (4.21)

We use this estimate with an appropriate 1> & > 0 in (4.15) and by the assumptlon of
the Lemma we get

2 t
ds < C(1+1t) and with (4.21) /0 l[u(s)][2ds < C(1+1)

u(s)

which finishes the proof.C]

Lemma 4.8. Suppose
1]
/0 l7(u(s) — 1) — ve(s)|[?ds < C(1+t) forall ¢t>0.

Then there are constants c¢; = c1(p), ca = ca(p) and a nondecreasing finite function
t — c(t) such that '

[u@)ll, < crexp(eat) for 1<p<oo, [lu(t)le+ o)l < ct)-

Proof. We multiply the equation for u by pu?~! and integrate over 2 :

p(ug, WPt = —p (Vu” 1 Vu —uVv).
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Put w = u?/? and remark that
4(p —1
Pl ™) = Zlul?, oV, va) = L=
and

(VP uVv) = p(p — 1)(Vv, v~ V) = (p — 1)(Vu, Vu?).

With the equation for v we get

d 4(p — 1
2l + 2 vape = E- D 1) w00,
Weput z=7(u—1)—v, W= |Ql / wd) and estimate

di”wllz + 4(pp_ 1) ”vaZ = (p; 1) (z’wZ) - (P; 1) (z’ w2 _ wz)

(p‘—l) (2, (w — @)% + 2w(w — W))

(p (p-1) — _ _
< {Izlllw - Bl + 2wzl lw — ]|}
We use again Gagliardo’s and Poincaré’s 1nequality

lw -l < ClIVulllwl, llw-o| <C|Vu| and [@] < Cllwl|
and obtain with Young’s inequality
d s, 4p-1) 2 (p—1)
- — |V < —_—
el + 2= Vol < CE—= vl u] 2]

2(p—1

< ) [1Vwl2 + (o, @)llw]?12I1.

This leads to the typical constellation of Gronwall’s Lemma:

d t

Il < CllwlPll=l? or [lw@®|? < flw(0)]® +C/0 lw(s)[ll2(s)[I*ds
which gives

t
lo@I? < [w@|Pexp (C [ 12(s)]ds)
“and, with the assumption
t
/0 I12(s)|%ds < co(1+1)

the estimate

lu@)]f = lw®I* < [lw(0)]* exp (coC(1 +1)) = e1 exp (cat)-
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From this the L..—boundedness of v follows from standard results on linear parabolic
equations (see [LSU], Chap. III, Theorem 7.1). Moreover, by the same arguments as used
in the last part of the proof of the local existence theorem it follows the L.,—boundedness
of w. O '

The foregoing estimates give some hints concerning the blow-up behaviour for the
case that the Lyapunov functional F' has no lower bound.

Proposition 4.9. If there is a solution (u,v) such that

F(u(tn),v(tn)) — —0 as t, —to, then |u(t,)| — co.

Proof. Because of v(t) =0 we have by Poincaré’s inequality ||v(t)]| <cC ||Vv(t)|| and
consequently

[ wttyo(z)a > —%nv«)(t)uz ~ o) llu@IP.

Using this and

/Qu(t) log u(t)dQ > —% :

we get in (4.2)

Flu(ta), v(ta)) > ~C )Py ie. [u(ta)l? >~ F(uta), v(tn)) — oo.

C(v)

So we have blow—up of ||u(t,)|| as t, =% . O

5. Stationary states

The condition k; < 1 by Theorem 4.2 ensures the convergence of trajectories (u(t), v(t))
to the trivial (homogeneous) stationary state (u* =1, v* =0) as t — oo . In this
section we show that the condition k2 < 1 implies convergence of (at least) subsequences
(u(t), v(tx)) to in general non-trivial stationary states (u*,v*) as t; — oo . To this
we need the following result.

Lemma 5.1. Suppose
lv@)|| <e¢  forall t>0.
Then

lexp(—v(¢))||lo < C forall t>0.
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Proof. We use the De Giorgi~technique. For k > ko > 0 with k¢ > ||lvg||ec We put
wg = (v+ k)™ = max(—(v + k), 0)
and denote by 2 the set :
Qe =W(t)={z€Q: —(v(t,z) +k) >0 ae. }={zcQ:v(t,z) < -k ae.}

Obviously, (t) C Qk(t) for 1>k andall £>0, hence | <[] <|Q, ie [
is a non—increasing function of k, V£ > 0. Testing the equation

—aAv+pv—v(u—1)=0
with h = —wj = min (v + k,0) we obtain
(ve, k) + &(Vv, Vh) + B(v, h) = (v — 1, h)

or, using well-known rules for calculus in Sobolev spaces (see e.g. [KSt],[LSU]),

2dt|lwkH2+aHVwk||2+,5/ (v +k)dQ = 7/ (1 = w)ws dO2.

Taking into account that by v >0, wr >0 we have
/ v(v + k) dQ > 0, / (1 — w)we dQ < / wi 9,
Qk Qk Q.

we estimate

> dt”“”“”z + o Vun|? < v / wy d92. (5.1)

By Holder’s inequality
1/4
[wedn < ([ wid) " IO < sl + OE) Il
k k

combined with Gagliardo—Nirenberg’s inequality
lwrllf < Cllwll llwellzr < 20 ([lwill® + [[Vwr]?)

we find (after the usual modification of constants)

2 lnl? + | V< el + V) + O, ) |94,

Again by Holder’s and Gagliardo—Nirenberg’s inequality we have

5 .
llwll? < llwwli3 [Q4*° and [fwllf < Clluwel 3 lwill 7, ie.

16/5
[wrll? < Cllwsllis lwell /5102,

and with Young’s inequality

1 ) 5
ab< 5 a+C(p )b for p=3, ¢=3, a=|lulm
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we obtain
Jwel* < ([ Vawl|? + Cllw||?| Q%[

On the set € obviously holds |wix| < |v| and consequently [lw| < |lv]] < C by
assumption. So we have
lwel® < Vel + C1Q | (5.2)

We use this estimate in (5.1) and choose & > 0 appropriately to get

d

S’ + el Va|* < Clu*?
or, again with (5.2), |

d 2 2 3/2

Sl + allwl < Clu”
From this differential inequality we obtain

i
NI < Jor(O)] exp(~at) + [ exp(~a(t - 5))I(s)[*2ds.

As assumed at the beginning of the proof we have ||wg(0)|| =0 for k > ko, so it follows
that ‘

@I < 2(1—e) sup [UWEOF2 < (1a) sup [BOP2  (53)
(a4 0<t<oo 0<t<oo
On the other hand, for [ > k > ky holds :
(= k2 Iu(@)] < w1 (5.4)

This can be seen as follow: We have €; C Q; and consequently

([ (8[| = /ﬂ (k= ( /Q + Q\Q) (v + k)2dQ2 > /Q (v+ K0,

Now on O(t) = {z € Q:v(t,z) < =l a.e. } wehave v+k <k —1<0 from which
(6.4) follows. From the estimates (5.3), (5.4) we obtain

(I—k)® sup |u(t)| < (1/@) sup |Q(t)[*?
0<t<oo 0<t<oo
or, putting
®(k) = sup |u(2)]V?
0<t<o0 )
the key estimate of the DeGiorgi-technique

1 «
—k)®(l) < —= ®%%(k I>k>k
(—k) (D‘\‘/E@ (k) f0r~>£_ 0
follows. Since the function k — ®(k), k > ko is obviously non—increasing, we conclude
(see e.g. Lemma B.1. in [KSt]) that there is a sufficiently large k; such that ®(k;) = 0.
This means that for all ¢ > 0 we have v(¢,:) > —k; ae. in @ and the Lemma is
proved. O
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Theorem 5.2. Let

79|
1o <L

Then there exist a sequence ty —» oo and functions u*,v* such that

u(ty) — v in Ly(Q), v(te) —v* in HY(Q), F(u(ty),v(t)) — F(u*,v*).

Moreover, it holds

*

e
/ e d0)
Q

and v* 1is the solution of the boundary value problem

—aAv*+ v =v(u*—=1) on Q, v-Vv = 0 on O9.

Proof. Function arguments are sometimes omitted.
(i) We define w = exp(—v)u . Note that by Lemma 5.1

u|V(logu — v)[? = 4¢| /] > CIVy/al.
(i5) For o >'0 we set
L,(t) = el + [IVV@l?) + [ (€ IVV/l + eu?)ag.
By Lemma 4.6, Lemma 4.7 and (5.6) we have
/ "I(s)ds < C,(1+1).
Hence there exists a sequence ty — co such that
I(t) < 2C,.
Indeed, the assumption I, o(t) >2C, Vt>t, implies the contradiction
Cy(l+1) > /t:Ie(s) ds > 20,(t—t)) Vi > to.
(747) Now we find
/9 e |Vvw?dQ = 2 /n {4Vl = 2Vu - Vo +u|Vo]*} d
> |VValR - (1/2) [ Vu-Vvde
= [VVaull® + (1/2) A{Ut + Bv — y(u — 1) }udf

(5.5)

(5.6)

(5.7)

> VAP~ oo (ellod? + Ol ~ =l + [ol?) ~ Ll
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We choose € = 2 and remark that by Lemma 4.6 ||Vu(t)|| < C and, using o(t) =0
and Poincaré’s inequality, also ||v(t)|| < C V¢ > 0. We conclude

I9Val? > < [ &'V vaPan + Ol 6,7) lull* +
and, taking o= C(e,5,7),
(¢ = 1)l + IV VI + VAP < L(8) +C.

By (5.7) we have along the sequence {¢;}

2 2
m—nmﬁmﬁ+qvlmg-wme)gc vk
and consequently
HMMWWWMM)—W as k —» 0o | (5.8)

and, again with Lemma 4.6

Bz

(iv) By the compactness of the imbedding of H() into L,(Q2) for 1 <p < oo we
can assume without loss of generality that

+[Vo@)l < C.

w(ty) — v in L,(Q), v(te)—v* in HY(Q) as k — oo (5.9)
which has the consequence that ’
w(ty) = exp(—v(te)) u(ty) — exp(ﬂ—v_*) v =w" in Ly(Q) as k — oo.
Indeed, we can estimate
lw(te) — w*|| < || exp(—v(tx)) (u(te) — w)|| + [|(exp(—v(te)) — exp(—v")) u”|.

By Lemma 5.1 and (5.9) the first term on the right hand side goes to zero as k — oo .
To show the same for the second term, we use an idea from [KW]. Put v = v(¢;) and
estimate

(exp(—v(te)) — exp(—v*)) w*|I* = /Q e — e[ |[u*]? d < [lu*|lf fle™™ — e |I3.
With |ef — 1] < |t| el we get from Holder’s inequality
lew ™3 = [l —efa= [ el )~ 1tan
Q Q

— * —y¥ e
< / e 4y e4|vk v II'Uk _ ,U*I4 dQ
Q

1/4 1/4 1/2
—16v* 16|vg —v*| *18
< (/Qe dQ) (/ﬂe dQ) (/Q|'uk——v|d9) .
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The first two factors on the right hand side are bounded by Corollary 2.6 and the last
one tends to zero by (5.9) and the compactness of the imbedding of H(Q) into Lg(() .
Another consequence of (5.8) is

Vvw*=0, ie. w* =exp(—v)u*=C
where the constant follows from w* =1 and gives
Qle”
L*—. (5.10)
/ e’ dQ
Q .

The Theorem follows now from (5.8), (5.10) by taking the limit k¥ — co in the (weak
form of the) v — equation. O

u* =

Proposition 5.3. Consider the rectangle Q = {(z,y):0<z < a,0 <y < b} with

2ma 2
b< — d a? .
ab < an a>2fy(log4—1)—-ﬂ>0

(5.11)

Let be (u(t),v(t)) the solution of (1.4) satisfying the initial condition
u(0,z) = uo(z) =1+ cos 7—?— ,  v(0,z) = vo(z) = cos 7;—:3.

Then there ezists a sequence t, —> 0o such that (u(ty),v(tr)) converges to a non—trivial
steady state (u*,v*) .

Proof. With the identity
f (1 4+ cosz)log(1 + cosz) dz = (1 — log 2)
0

and the conditions (5.11) (the first one comes from k3 < 1 (see (4.8)) for the rectangle
2] = ab, © = /2 ) we find

F(UQ,'U()) <0.
By Lemma 4.4 and Theorem 5.2 we have
F(u*,v*) < F(u(t),v(tr)) < F(uo,v) < 0 = F(1,0).

Consequently, the steady state (u*,v*) cannot be the trivial state (1,0). O

Remark 5.1.  This situation is quite different from the case of homogeneous Dirichlet
boundary conditions considered in [DN].
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Remark 5.2.  The nonlinear operator on the right hand side of (5.5)
2"

/Q e*dQ)

v — R(v) = -1

has at v = 0 the formal derivative
R(v)h = disR(v—i-sh)l,,:O = h,
so we obtain by formal linearization of (5.5) at v = 0 the linear boundary value problem
—aAh+ﬂh=;;/h on {}, g—’; =0 on I.

For the rectangle  the smallest non-trivial eigenvalue of the operator h —s» —aAh+0h
under homogeneous Neumann boundary conditions is

From the second condition (5.11) follows

ie., we are in a constellation where (5.5) may show bifurcation.

6. Appendix

Here we sketch the proofs of several estimates used above.

Lemma 6.1. Suppose Q = (0,a)x(0,b) . Then fo"r h € H} holds

IR < 2{IQI(R)? + A(l|ha|i} + [IRy]2)},  where
1/(b ’a | b a)’ -
A = Z(Z+3+\l(5_3) +16).

Proof. Since C'(%1) is dense in H! , we assume h € C'(Q) . There are mean values
0< zn(y) <a, 0< yn(z) <b such that

a

Men®)9) = > [ he9)ds, hoym(@) =7 [ b v)dy
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Now we get
1 [a z
hiz,y) = = [ h(s,y)d / .
(z,9) a/ﬂ (s,9) ds + z,,,(y)h (s,9)ds

1 rb y
= g/0 h(z,s)ds + )hy(a:,s)ds

ym(z

and consequently

Jo h2dQ = Jo h(z, y)h(z,y) dQ = L (Jo hdQ) +

1 re y 1 rb T z
+ [—/ hds [ hyds+ [hds [* hods+ | heds [* hyds| do.
alalo Ym(2) b Jo m(y) Zm(y) ym (@)

We estimate
Jo h2dQ < QIR+

n /QE/Oalhldwfoblhyldy+%/Oblhldy/:lhzldm+f0alhxldwfoblhyldy]dQ

—2 1 1

= 007+ [ [bldn S Il + 5 Iell] + el s
72 1 2, b 2,8 2 '

< QR+ 5 [RIE + —liAll + 3 l1Rallz + 4llhs]l1 1Ayl

o 1
< (R + IR + AdllRallE + [1Ryl12),
where A is an appropriate constant, and obtain
1 -2
S < 190"+ A ([1As 1} + [1Ay]17)

which proves the Lemma. To show that A can be chosen "optimal” as indicated, we put
X = ||hzll1, Y = ||hyll1, k¥ =a/b and take

kX2 + %Yz +4XY
A= sup

X>0,Y>0,X2+Y250 X24+Y?2

By homogeneity we have with X =cosa, ¥ =sina:
1 1
A= sup {kX2+—Y2+4XY} = sup {kcos2a+—sin2a+4cosasina}.
X24Y2=1 k 0<a<lr/2 k

A simple exercise in calculus gives the indicated value for A . O

Lemma 6.2. For the constants ki, k3 of Remark 4.1 holds

Ko S k1.
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Proof. For the rectangle and the disk the Lemma can be proved by elementary construc-
tions. For the general case we use ideas from [ChY], [Gi]. We have (see Remark 2.1) with
the best imbedding constant [ o Y

Ka ” “11
=16 S = 10][hiF (6.1)

for h € W, h # 0. We show that for any € > 0 we can construct a function A such

e Ihlg
1,1

=<1 . 2

1O]h|E = +e ) : o (6.2)

Let P € 0Q be a corner point where the interior angle © is minimal. For § > 0 denote

Bs={ze€Q:|z—P|<6}, As=B;nQ, L;=|04;n1Q)

If 6 > 0 is sufficiently small, Ls is the length of the circular arc belonging to
centered in P . We define :

hs = IIA II QpAs(m)

where

0 zeQ\A4A

is the characteristic function of A; . This function has bounded variation (see [Gi],
Example 1.4), i.e., hs € BV(Q) and ’ '

_ . _ |9 | 4s| QL5
/thQ 0, [hsll? = IAI( a /|Dh| A

where [, |Df| is the total variation of Df for the funct1on f . For sufficiently small
d >0 we have '

145] = %@52 +o(8?), Ls =06+ o(d).

Consequently, for € > 0' there is a d > 0 such that

2
(/ﬂthél) <20(1+5).
. 1+3)

On the other hand, we can for h; € BV(Q2) find a sequence {hgj} of smooth functions
in C*(Q) such that (see [Gi], Theorem 1.17)

hm/[h,;,—h,;|dQ—O hm/ |Dhs;| d = hm/ \grad ;| d2 = /th,;]
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We can assume [, hs;d€) = 0 and choose as the appropriate function A in (6.2) an
approximating function hg; for which

2
(/Q lgrad | dn)

IR]1*

<20(1+¢).

With the estimate ||hll11 < v/2 [, |grad h|dQ the Lemma is proved. O

Lemma 6.3. For u >0 holds u(logu—1)+1< (u—1)2.

’Proof. Consider the function
fw)=(u—-1)%—-ullogu—1)—1
for u > 0. Obviously,
£(1) =0, £(0) = lim f(u) =0, f'(u) = 2(u— 1) — logu.
For v > 1 we have
10gu=/1"£i; gAudt=u—1§2(u—1),

hence f'(u) >0 for wu>1,ie. f(u)> f(1)=0.
For 0 <4 <1 put u=1/w and consider

f1/w) = %(wlogw —w+1) on w>1.

Because of

wlogw—w-{—l:/; logsds >0 for w>0

the Lemma is proved. O

Lemma 6.4. The Young function ® : s — (s+ 1)log(s + 1) — s is monotone and
convez for s > 0 and satisfies ~

®(]s—1|) < s(logs —1)+1, ®(Xs) < AB(s) for s>0, 0<A<L

Proof. Monotonicity and convexity are obvious. Consider the function

h(s) = s(logs — 1)+ 1 —@(|s — 1}).
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For s > 1 we have h(s) =0 and the assertion is trivially correct.
For 0<s<1 wehave [s—1|=1-s and

h(s) =slogs+2—2s—(2—s)log(2—s), Hh'(s)=1log(s(2 - s)),

hence h'(s) <0 for 0<s <1 because of $(2—s) =1~ (1 - s)2 < 1. Consequently,
by the mean value theorem

h(s) —h(1) = K(n)(s—1) >0, O<s<n<L

So we get h(s) > h(1) =0 which proves the first estimate.
Consider

g(s) = A®(s) — ®(As) = A(s+1)log(s + 1) — (As + 1) log(As + 1).
We have
5(0)=0 and g'(5) =X [log (s+ 1) 1¢g (ig +1]>0

by the monotonicity of log which proves the second estlmate O

Lemma 6.5. The function f(z) = z(logz —1), z >0, satisfies

T+y

f) =21 (55Y) +40) > 3 (V- VAP, 20

Proof. We can assume z >y >0, put z/y=t. We have ¢t > 1 and, obviously,

(Vi-1) = (f+11> <G < GF=pf([w)e

t t
o[ ([ 225) s
1 1 T7+s

IA

~which gives the estimate
(VE—1)2 < 4{tlogt — (¢t +1)log(t + 1) + (¢ + 1) log 2}

equivalent to the assertion.O

Remark 6.1. A more subtle estimation shows that the factor 1 /4 in Lemma 6.5 can
be improved to the best possible factor log?2 .
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