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Abstract

In this article a topological sensitivity framework for far field detection of a diamet-
rically small electromagnetic inclusion is established. The cases of single and multiple
measurements of the electric far field scattering amplitude at a fixed frequency are taken
into account. The performance of the algorithm is analyzed theoretically in terms of its
resolution and sensitivity for locating an inclusion. The stability of the framework with
respect to measurement and medium noises is discussed. Moreover, the quantitative results
for signal-to-noise ratio are presented. A few numerical results are presented to illustrate
the detection capabilities of the proposed framework with single and multiple measure-
ments.

1 Introduction

A thriving interest has been shown in topological sensitivity frameworks to procure solutions of
assorted inverse problems, especially for detecting small inhomogeneities and cracks embedded
in homogeneous media [2-5, 10, 13, 16-18, 21, 22, 26, 29-34]. The impetus behind this curiosity
is the appositeness and simplicity of these algorithms. Notwithstanding their utility, the use
of topological sensitivity based algorithms and their stability with respect to medium and
measurement noises is more often heuristic and lacks rigorous quantitative analysis of resolution
and signal-to-noise ratio.



Ammari et al [5] used asymptotic analysis to substantiate that the detection of small acous-
tic inclusions embedded in a bounded domain cannot be guaranteed without pre-processing the
measurements using a Calderdn preconditioner based on Neumann-Poincaré operator associ-
ated with the domain. Further, the detection of small inclusions nearly touching the bound-
ary cannot be guaranteed. In [2], they established for linear isotropic elastic media that the
mode-conversion and non-linear coupling of the wave modes at the boundary degenerate the
localization and resolution of the classical imaging framework. Therefore, a weighted topolog-
ical derivative based sensitivity framework was designed and debated for guaranteed inclusion
detection. The stability and robustness of the acoustic and elastic algorithms were also de-
bated in [2, 5]. In particular, it was proved for acoustic inclusion detection using multiple
measurements that the topological derivative based imaging functions are more stable than
contemporary techniques such as multiple signal classification (MUSIC), back-propagation and
Kirchhoff migration. However, its computational complexity is relatively higher than the listed
techniques. The analysis was further extended to the case of electromagnetic inclusion detec-
tion in [32] wherein the tangential components of the scattered magnetic field at the surface
of a bounded domain were used. The results in [32] compliment those provided by Masmoudi
et al [26], wherein an adjoint field based approach is used to procure solutions of some in-
verse problems in non-destructive evaluation. The far field imaging of acoustic inhomogeneities
using topological sensitivity was discussed by Bellis et al [10] using a factorization of the far
field operator. The case of elastic inclusion detection using topological derivatives in half and
full spaces were discussed by Bonnet and Guzina [12]. The topological sensitivity frameworks
have been also developed to ascertain the morphology (shape, size, and material properties)
of small inclusions and cracks. The interested readers are referred, for instance, to [9, 11, 21].
Moreover, a level set theory for a variety of location indicator functions was developed in [14]
and [19]. The partial aperture problems and the computational aspects were addressed using
multi-frequency approaches, for example, in [1, 20]. Finally, we precise that the topological
sensitivity framework is primarily a single-short method and the multi-static configuration is
generally used to enhance its performance in terms of stability. We refer, for instance, to [23-25]
for other asymptotic frameworks for detection of multiple multiscale electromagnetic inclusions
using single-short algorithms.

The goal in this investigation is to perform a quantitative analysis of a topological sensi-
tivity functional to locate an electromagnetic inclusion of vanishing characteristic size using
measurements of the far field scattering amplitude of the electric field. The general case of an
electric field satisfying full Maxwell equations is considered and the arguments are constructed
using asymptotic analysis by Ammari and Volkov [8]. The stability with respect to medium
and measurement noises is discussed and the estimates for signal-to-noise ratio are furnished.
The stability and sensitivity analysis for topological derivative based detection functions for
electromagnetic inclusions using far field amplitude is not available in the literature, specially
in the context of full Maxwell equations, at least not up to the knowledge of the authors.

First of all, the underlying medium containing an electromagnetic inhomogeneity is probed
with an electric incident field and the far field amplitude of the scattered electric field is recorded
at the unit sphere. Then, a trial inhomogeneity is created at a search point in the background
medium (without any inclusion) and is probed with the same incident field, rendering another
far field amplitude due to the trial inclusion. A discrepancy functional is then constructed and
its minimizer is sought. The point relative to which the far field amplitude of the trial inclusion
minimizes the discrepancy is a potential candidate for the location of the true inclusion. Since
the optimization problem is difficult to handle directly, the discrepancy is expanded using
asymptotic expansion of the far field amplitude versus scale factor of the inclusion [8]. The



leading order term in the expansion of the discrepancy is coined as its topological derivative. By
definition, topological derivative synthesizes the sensitivity of the discrepancy relative to the
insertion of an inclusion at a search point. A point relative to which the topological derivative
attains its most pronounced negative value is the strongest candidate for the true location as
the discrepancy admits its most pronounced decrease at that point, given that the contrasts of
true and trail inclusions have same signs. The interested readers are referred, for instance, to
[10, 13] for further details on sign heuristic.

The inverse problem of inclusion detection is of great importance in diverse domains of
science and engineering, especially in bio-medical imaging of cancerous tissues [35]. Moreover,
these problems lend importance from the non-destructive testing of material impurities and
buried objects such as in-service pipelines and anti-personal land mines [17].

The rest of this article is organized in the following manner. In Section 2, some notation and
key results are collected and the inverse problem of anomaly detection is formulated mathemat-
ically. Section 3 deals with an L?—discrepancy functional and the topological sensitivity based
indicator function resulting therefrom. The sensitivity and resolution analysis of the location
indicator function is performed in Section 4. The stability with respect to measurement and
medium noises is debated respectively in Section 5 and Section 6. Finally, the important results
of the paper are summarized in Section 7.

2 Mathematical formulation

Let R? be loaded with an electromagnetic material (hereafter called the background medium)
having permittivity ¢ € Ry and permeability o € R4. Let the speed of light and wave-number
in background medium be defined by ¢y :=1/,/€ofio and K := w/cy respectively, where w € R
is the angular frequency.

Let D = pBp + zp C R? be a bounded inclusion with a smooth and simply connected
boundary 9D, permittivity ¢; € R, and permeability u; € Ry, where zp € R? is the vector
position of its center, Bp C R? is a regular enough bounded domain containing origin and
representing the volume of the inclusion, and p € R, is the scale factor.

Let 0 € S? = {x € R®|z-x = 1} and 6+ € R? be any vector orthogonal to 6. Consider an
incident time-harmonic electric field Eq of the form

Eo(z) = Vg x (0-e? ) = ik x 0Le™0'® Vg eR3, (2.1)
satisfying the equation
V x V x Eo(z) — k*Eg(x) = 0, Vz e R (2.2)

Then the total time harmonic electric field E, in R? in the presence of inclusion D is the solution
to

V X (5()_1XR3\B + el_lxD) V x E,(x) — w? (NOXW\B + u1XD> E,(z)=0, VzcR® (2.3)
subject to the Silver-Miiller radiation condition

lim |z| {v % (E, — Eo) x & — ir (E, — EO)} —o, (2.4)

|| —o00

where for any vector v € R3\ {0}, Vv := v/|v| and xp is the characteristic function of D. The
existence of a unique weak solution to (2.3)-(2.4) is established, for example, in [15, 27].



The Silver-Miiller condition (2.4) guarantees the existence of a vector field E>® € L7.(S?)
coined as far-field scattering amplitude or far-field scattering pattern of the electric field, which
is analytic on S? and is characterized by the far-field expansion

e'm|w| 1

——EX (#;0,0%,5) + O (IwIQ) (2.5)

||

E)(z) - Eo(z) =

as |z| — oo [15]. Here L2(S?) is the space of all square-integrable tangential vector fields on
the unit sphere, that is,

L3(S%) = {v € L*(S*C®) | v(z) -2 =0, V& eS*}.
Since the wave-number is assumed fixed in this investigation, the dependence of E7° on £ is
suppressed henceforth. Following problems are dealt with in this article.

Inverse problems

1. Let € S? and Eg(x) be the incident field in (2.2) associated with 6 and 6+. Given the
measurements {Ego(dc; 0,04), V& € Sz}, find the position zp of the inclusion D.

2. Let 01,65,---,0, € S? for some n € N and Eg,e be the incident fields of the form (2.2)

associated with 6; and GjL’[ where ¢ € {1,2} and {ej,aj*l,ejﬂ} forms an orthonormal

basis of R3. Given the measurements {EX (@50, 9;7’2), VeeS?t (=12, j=1,---,n},
find the position zp of the inclusion D.

Remark that the measurements are assumed to be available on the entire unit sphere S2.
Since E7° is analytic on S2, the knowledge of EJ° on any open subset of it furnishes the mea-
surements on entire S? thanks to analytic continuation and consequently the limited aperture
case can be dealt with.

2.1 Preliminaries and notation

Before proceeding any further, let us fix some notation and recall a few important results. Let
the outgoing fundamental solution of the Helmholtz operator —(A + x2) in R? be denoted by
g. It is well known (see, for instance, [27]) that

cirlz—y|

g(x,y) = ey x#y, zyckR’

By virtue of fundamental solution g, the dyadic fundamental solution I' is constructed as
1
L(z,y) := —€o {13 + HQV.»NI] g(x,y), z#y, zyeR’

where I3 € R3*3 is the identity matrix. Recall that T'(z,y) is the solution to
Va % Vg x T(z,y) — K°T(z,y) = —eody (z)13, x,y € R?

subject to the Silver-Muiller condition

lim |z —y||Ve xT(x,y) X Ty — ik (z,y)| = 0.

|—y| 00 |z — y|



Here §,(-) = do(- — a) is the Dirac mass at a and the operator x acts column-wise on T', that
is, for any smooth vector field u € R? — R3

[uxT]p=ux[p], VpecR:

It is worthwhile precising that T' is symmetric and possesses the following reciprocity properties
in isotropic materials (see, for instance, [6]),

IP(z,y) =T(y,xz) and Vg xT(x,y)=[Vy x I‘(y,w)]T

Let us define the electric Herglotz wave operator Hg by
Hl®](2) = / B@)"® *ds(d), Ve LA(S?), z € RY. (2.6)
SZ

It can be easily verified that for any tangential field ® € LZ(S?) the Herglotz function Hg[®] is
an entire solution to (2.2). Refer to [15, Chapter 6] for detailed discussion on Herglotz waves.

Let vo € {€0, p0}, 71 € {€1, 11} and v; be the scalar potential defined as the solution to the
transmission problem

Am:O IRd\aBD
v - = dBp
> (5 (%) - m
z( ) —x; =0, || — co.

Then the polarization tensor Mg, (y0/71) == (m;)3 associated with inclusion D and de-

5,J=1
pending on the contrast 7o /71, is defined by

(’70) ! v;

mey; | — | == — dx.

7 Y0 JB, 0x;

Lemma 2.1 (See [7]). The tensor Mp, (70/71) is real symmetric positive definite if (yo/v1) €
R.. Moreover, when D is a sphere

3
Msg, <%) = i|BD|I3

7 2% +m

Finally, for A,B € R3*3, with components (a;;) and (b;;) respectively, the contraction
operator (denoted by ‘:’) and the Frobenius norm (denoted by || - ||) are defined by

3
A:B:= > ajb; and [|A]:=VA:A

i,j=1

3 Location indicator function

The aim in this article is to recast the aforementioned inverse problems as optimization problems
for some L?-discrepancy functionals and debate the performance of the topological sensitivity
based location indicator functions resulting therefrom. In order to do so, choose a search point
zg € R3 and create an inclusion Dg = §Bg + zg inside the background R?, having permittivity



€2 € R, and permeability up € Ry with & priori known bounded smooth domain Bg C R3. Let
E; be the electric field in R? in the presence of inclusion Dg subject to incident field Ey and
satisfying equations analogous to those described in (2.3)-(2.4) with (e1, p1, Xp, D) replaced by
(627/L27XDS7D5>'

Let E° be the far field scattering amplitude associated with the electric field Es. Consider
the L2?—cost functional

J[Eo](zs) := %/S [EX(#:0,0) — E§°(@;9,9¢)|2ds(53). (3.1)

Then, by construction, the search point zg € R? relative to which E§° minimizes the functional
J[Eo] is a potential candidate for zp. In order to address the optimization problem (3.1), the
topological derivative of the functional 7 is defined as follows.

Definition 3.1 (Topological derivative). For any zs € R® and incident electric field Eq the
topological derivative of J[Eq] at point zs € R3, denoted by drJ[Eo](zs), is defined by

87 [Eo]
a((s); N

87\7[]30](25) =

The topological sensitivity based location indicator function Ztp[Eg] defined by
Irp[Eo](zs) := —0rJ [Eo](zs) (32)

will be considered in this article for inclusion detection. In the sequel, the shorthand notation

M}, := My, @‘z) . M= My, (Z‘;) . a) = <7° = 1) (3.3)

is used, where ¢ € {1,2} and 7, = €, or uy, for m € {0,1,2}.

The following asymptotic expansion of the far field scattering amplitude versus scale factor p
is the key ingredient to explicitly express the indicator function Zrp[Eg] in terms of the incident
electric field Eg, Herglotz field Hg[Eg] and the polarization tensors associated with Dg. Refer
to [8, Theorem 1.1] for further details on the proof of the asymptotic expansion.

Theorem 3.2. Let 6 € S? and D = pBp + zp such that px < 1. Then for all x € R® far from
zp with respect to the operating wavelength,

Z‘HSPS
4

EX(30,0") = [ Mt (0% (0% 0*))} x &
+af (I;— @2 ) M5, (0 x 0%) } " 0= =0 L O(pt).  (3.4)
The term O(p*) is bounded by Cp* uniformly on x, where constant C is independent of zp.

By virtue of Theorem 3.2, for all € R? far from zg

ik363

B (&;0,00) = b {ME (0% (0% 04))} x &
+ag (I = 87) Mg (0 x 04) [=C-27 =5 L O(%).  (3.5)

Using asymptotic expansions (3.4)-(3.5), the explicit expression for the location indicator func-
tion Zp[Eg] can be given in terms of the Herglotz field. Precisely, the following result holds.



Theorem 3.3. Consider the incident electric field Eg satisfying (2.2), contrasts a$ and ab
defined in (3.3) and the Herglotz operator Hg defined in (2.6) and suppose that the condition
pk < 1 is satisfied. Then the location indicator function Itp[Eq] at a search point zg € R? is
given by

ITD[EO](ZS> = —i%e{ag‘MgV X Eo(ZS) -V x HE[ESO(,H,QL)](Zs)

+ K2agHulB (56,07)](z5) - M5Eo(2s) |, (3.6)

where a superposed bar reflects a complex conjugate.

Proof. In order to derive expression (3.6) the cost functional J[Eg] is expanded as
T[Eo](25) / B (@0, 6%)| ds(@) — Re {/ EX(3:0,0%) ~Eg°(§;6,9i)ds(:f)}

+3 /|E°° 5| ds(@)

The last term on the right hand side (RHS) is of the order O(8%) since the leading order term
in (3.5) is of the order O(62). Moreover, on substituting the expression (3.5) in the second term
on the RHS, one can see that

T Eol(zs) — /|E°‘> :0,00)|” ds(@)

3 oy
j%e{m?’aé /s2 {Mg (0 x (0 x 61)) } X I Ego(i;H,HL)e“{(e*m) #Sds(T)

™
+ m%g/ (Is — 22 ") Mg (0 x 0+) - Ex (=39, el)eM@*ﬁ)%ds(ﬁ)} + 0(6%)
S2
:ﬁ%e{aw (25) + aSTa(z )} +O®Y (3.7)
A 2 L1\{<S 21+2\<S ) .
where T; and Y5 are defined by
T1(2) ;:mi”/ {Mg (0 % (6 x 04)) } x & - B (@;0,01)e ) 2 dy(3),
SZ
Ty (z) ;:m?’/ (I3 — 22 ") Mg (0 x 0) - Ex(;0,05)e" 0~ )"z 4s(z).
SQ
Let us analyze Y1 and Y individually. Recall that

V x Eo(2) = —120 x (0 x §1)ei?" =, (3.8)
T

V. x (D(@)eir® %) = —in@ x D(z)e "* =, (3.9)

for all z € R3, z,0 € S? and ® € L%(S?). Consequently

Ty (z) = / MAY x Bo(2) - Vs x (B (@,6,00)n@ =) ds(2)
82

— MLV x Eo(2) - V x Hu[E3 (- 6,00)](2). (3.10)



On the other hand, for all ¢, z,u,v € R3, A € R3*3 and ® € LZ(S?)

Au-v= ATv.u, (3.11)
(I; -2z )u=-2 x (Z x u), (3.12)
B\ irm 2 25 5w ) ik 2
V. x V, x (@(a:)em z) = k% x (zc x @(m)) e . (3.13)

Therefore, successive use of (3.11)-(3.13) renders

To(z) = in’ / (T — 287 ) B (@ 0,0 )e"® =ds(&) - M (0 x 04) ¢ =
S2

— K2 / & (& x By (@:0.07)e "% *) ds(&) - M5 (2)
s2

V. XV, X (Ego(fc\;e,m)emm) ds(F) - MSEo ()
S2

— VXV x Hp[EX(6,60)](2) - M5Eo(2).

Since H[®] is an entire solution to (2.2) for all ® € L2(S?), it immediately follows that

Ta(2) = K*He[EX(:;0,01)](z) - MEq(2). (3.14)

Finally, the proof is completed by substituting the expressions (3.10) and (3.14) back in (3.7),
taking the limit 63 — 0 and using the definition (3.2) of Zrp.
O

4 Sensitivity and resolution analysis

This section is dedicated to substantiating that the indicator function Zrp is felicitous to detect
the true location of the inclusion D. Precisely, the aim is to establish that the function Ztp
admits a sharp peak with focal spot size of the order of half the operating wavelength at search
points zg approaching zp. A location indicator function dealing with multiple measurements
will also be constructed using Ztp in this section.

4.1 Inclusion detection using single measurement

In order to analyze the performance of the indicator function Ztp, two types of inclusions are
considered for brevity. It is assumed that the contrast of the inclusion D from the background
material is defined either by the permittivity parameter only (uo = p1, €g 7 €1) or the perme-
ablility parameter only (e9 = €1, po # p1). The general case can be dealt with analogously,
but the analysis would be more involved. Moreover, additional information about the contrast
parameters may be required for guaranteed localization. Refer, for instance, to [32, Section
4.1.1] for detailed discussion.

4.1.1 Permittivity contrast

Let the permeability of D be indifferent from the background medium, that is, ;1 = po and the
contrast of the inclusion be described by the permittivity e; which is different from e3. Then a
trial inclusion is also nucleated with permeability pus = g whereas its permittivity is assumed



to be different from the background. As a result, the first term in explicit form (3.6) of the

location indicator function vanishes. Therefore
K2a$
47

Zrp[Eo)(zs) = —

Re {HuE(56,00)](2s) - M5Eo(2s) } (4.1)
where the asymptotic expansion of the Herglotz field H E[Eg"] versus scale factor p is given by

L ip*rSag aT 1) oik(0-2) " zp ikd 2 g (2 4
He[EX(;0,07)|(2) = —T/ (Is —zz ") Mp (0 x 6+)e™ pet® Zds(x) + O(p*)
S2
for all z € R? by virtue of expansion (3.4) together with the assumption g3 = po. On substi-
tuting the expression (2.1) the above expansion can be written as

00 1 pgﬁza’i ~SaT ik® | (z—zp) N\ fe o 4
HE[EX(0,01))(z) = - T/ (Is—zz')e bPIMGEg(zp)ds(x) + O(p®),
S2
3.2, €
pR7a 1 ik@ | (z—zp = €
== L [(ngﬁvzv}) /826 (==20) ds(z) | M$Eq(zp)
+0(p").

Recall that 4
/ @ (2=20) 45(3) = " Sm{g(z, zp)},
S2 v

and consequently

1 . 4
(13 . 2Vzv;—> / ezmpT(z—zD)ds(fE) — —i%m{F(Z,ZD>} (42)
KR S2

R€Q
Therefore the Herglotz field in the case of a dielectric inclusion can be expressed as

3, q€
_ PTRay

Hu[EX(6,00)](2) %m{I‘(z,zD)}MEDEo(zD) +O(pY). (4.3)

€0

Finally the asymptotic expansion

TrolEal(zs) = =2 SR {Sm{D(zs, 20) JMGBole0) - MEEo(zs)} +0(0"), (4.

of the indicator function for a dielectric inclusion is obtained by injecting back the expansion
(4.3) of the Herglotz field in (4.1).
4.1.2 Permeability contrast

Suppose that the contrast of D is defined by the permeability 1 which is different from back-
ground permeability pg whereas €; = €y. As in the previous case, the trial inclusion is created
with the background permittivity eg, that is, e = €. Therefore (3.6) reduces to

Trp[Eo](2s) = —%S‘Ee {Mgv x Eo(zs) - V x HE[EZO(~,9,QL)](zS)} . (4.5)



By virtue of Theorem 3.2 and expression (3.8) the asymptotic expansion of H E[Ego] versus p
for a permeable inclusion turns out to be

HE[EX(+0,01))(2)
: 3.3 [ e T
== L [ (M (0 (0% 04) e =) x @S < ds(@) 4 O(p)
i 2
C 3 P
- 7 / (MY x Eo(zp)) x 3" *-2P)ds(3) + O(pY),  z € R%
I8 S2

Consequently, by invoking identities (3.12) and (4.2), V x Hg[ESX] can be calculated as

V x Hp[EX(+0,01))(2)

PRt [ — R
=— Tl/ Z x {(M{V x Eg(zp)) x 2} e*® (#720) 4s(z) + O(p*)
7 S2
3,201 R
= / (Is — @3 ") e™® =20 )MYV x Eo(2p)ds(z) + O(p*)
7l S2
3.2 M 1 o
_ prK7ay / I; — 7vzv;— emwT(zsz)M%v x EO(ZD)dS(i) + O(p4)
A Jse K2
Pt ) 4
- . Sm{T'(z,zp)} MLV x Eo(zp) + O(p*). (4.6)

By substituting the expansion (4.6) into (4.5) the asymptotic expansion of the indicator
function Zrp for a permeable inclusion is obtained by

3. B
Ra7a
_p 1 2§R6

Zrp[Eol(zs) = o

{%m{r(zs,zD)}M’,gv X Bo(zp) - MLV x Eo(zg)} +0(pY).
(4.7)

4.1.3 Decay and sign heuristics for location indicator function

In order to determine the ability of Zrp to locate an inclusion, it is important to debate its
decay and sign characteristics. It is evident from expansions (4.4) and (4.7) and the expression
for the imaginary part of the fundamental solution that

Zrp[Eol(zs) < Sm{T(zs,2p)}P} Py

kK [2 . . PR 1 —
= _ ﬁ gjo(li?“)]:g + Ja(kT) <I‘I‘T — 313>} Ph- p%j v € {p, €},

for a search point zg € R? where

ri=z5—2zp, r:=|r|, T= ;, p; = MSEo(z;), p!=MIV xEy(z), ie{D,S}.
The function j, represents an order n spherical Bessel function of first kind. Recall that j, (kr)
behaves like O(1/kr) when kr — oo, and like O((kr)™) when kr — 0 (see, for instance, [28,
10.52.3]). Therefore, the indicator function zg — Z1p[Eo|(zs) rapidly decays for zg away from

zp and has a sharp peak with a focal spot size of the order of half the operating wavelength
when zg — zp.

10



Heuristically, if the contrasts af and a§ have the same signs as af and a§ respectively,
then J[Eo](zs) will observe the most pronounced decrease at the potential candidate zg of
the true location zp. In other words, the indicator function zg — Zrp[Eg](zs) should attain
its most pronounced positive value (being defined as the negative of the topological derivative
of J[Eo](zs)) when zs — zp. Refer, for instance, to [10, 13] for detailed discussions on sign
heuristic.

Remark that if the contrasts of true and trial inclusions have same signs then p2a/'al > 0 and
plasa$ > 0 regardless of whether D has only permeability contrast or only permittivity contrast.
Thus zg — Z1p[Eo|(zs) indeed achieves its maximum positive value when zg — zp due to its
decay properties. Therefore, it synthesizes the sensitivity of cost functional J[Eg](zgs) relative
to the insertion of an inclusion at search point zg € R3. In a nutshell, Zrp [Eo] is felicitous to
detect zp with Rayleigh’s resolution.

In order to back our theoretical findings, we perform a few numerical experiments for the
detection of spherical inclusions with only permittivity contrast and permeability contrast. The
inclusions are assumed to be centered at the origin with p = 0.01. The incident fields are excited
at wave-numbers x = 47 and x = 87 with incident direction # = (1,0,0)T and corresponding
perpendicular 6§+ = (0,1,0)T. Figures 1 and 2 illustrate the maps of zs +— Zrp[Eo(2s)
over [—1,1] x [=1,1] x {0} for an inclusion having permittivity contrast with and without
deterministic measurement noise respectively. In Figures 3 and 4 we present similar results for
permeability contrast case. In both cases we use 201 x 201 sampling points. A sharp peak can
be observed in all cases indicating the locations of the inclusions. Moreover, the focal spot size
of the location indicator function clearly decreases with an increase in the excitation frequency
in both permittivity and permeability contrast cases as per Rayleigh resolution criterion. In
order to see the effects of noise on the detection capabilities of the location indicator function
we choose 10% and 20% deterministic noise corrupting the measurements when the incident
waves are excited at wave-number x = 4. The effect of a more general Gaussian random noise
will be quantitatively discussed in detail in Section 5.

4.2 Inclusion detection using multiple measurements

The analysis in the previous section elucidates the appositeness of the topological derivative
based indicator function Ztp with a single measurement. In this section an indicator function
is built from Zpp for the case of multiple measurements. Practically, the enriched data set
with multiple measurements is expected to enhance the performance of the detection function
in terms of stability and signal-to-noise ratio.

Let 61,05, - ,0, € S? be n equi-distributed directions for some n € N and Hjl’e (£ =1,2) be
such that {6;, Hj-"l, 9;7’2} forms an orthonormal basis of R? for each j € {1,--- ,n}. Consider n
incident electric fields satisfying (2.2) by

B (@) = inb; x 0" ", Vo e R, (4.8)

and construct the topological sensitivity based multi-measurement location indicator function

by
2

1 n .
Tip(zs) =~ S>> Irp[EY)(2s),  zs €R® (4.9)
(=1 j=1

Before further discussion, note that

) ) =), e
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Figure 1: Detection of a spherical inclusion with permittivity contrast (e =1, e, =2, pg =1
and pp = 1). Left: k = 4w, Right: k = 8. Top: zg — Zrp[E¢](zs). Bottom: Focal spot.

since {Gj, 9;"1, 0;.,2} is a basis of R3. Moreover, for n sufficiently large
1 n . T 47T
E Zezn9j (@=v) ~ jU(M’|m - y|) = ?Sm{g(m,y)}, Vway € R37 T 7é Y.
j=1

Thus

2 n

%Z Z ein@;(m—y)gj_,l (gjl,é>T _

(=1 j=1

(Is — ;0] ) e (==v)

<
I
—

SIII'—‘ S|

<I3 - izvmvl> ity (@=v)
K

j=1

1 1 & T
=(I; - —vavl) =3 el @)
< K n =

A — :—;C\‘ym{r(m,y)}. (4.10)
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Figure 2: Detection of a spherical inclusion with permittivity contrast (e =1, e, =2, pg =1
and pp = 1) at k = 4m. Left: 10% noise. Right: 20% noise. Top: zs — Z1p[Eo](zs). Bottom:

Focal spot.

2 T
Similarly, as Z (Gj X 9]4_,4) <0j X Gj"e) = (I3 — 0j0;r) forall j =1,---,n, we have
(=1

2
L T 4

3OS et @) (9]» x aj’f) (9j x 0;") ~——9m{T(@y)}, zyecR oty
0

=1 j=1
(4.11)

S|

The following result holds.
Theorem 4.1. Let zg € R3, n € N be sufficiently large and px < 1. Then

1. for permittivity contrast only (1o = p1 = p2)

n p3H4aia§ € € 4
Tip(zs) = AR R S (D (25, 2p)} M - M§Sm T (25, 2p)} | +0(p), (4.12)
0

2. for a permeability contrast only (g = €1 = €3)

n pPrtaay N 4
Iipn(zs) ~ 6—2%6{%771 {T'(zs,2p)} MY, : MsSm {T'(z5,2p)} } +0(p*). (4.13)
0
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Figure 3: Detection of spherical inclusion with permeability contrast (g =1 = €1, up = 1 and
1 = 2). Left: k = 47. Right: k = 8. Top: zgs — Zrp[E]p(zs). Bottom: Focal spot.

Proof. By definition of the multi-measurement location indicator function and the asymptotic
expansion (4.4) of Zrp we have

pir3asas 2 e miliL 1\ € il
722%6{&71@(@,@)}1\4 B}’ (2p) - MSE} (25) | + O(")

/=1 j=1

=77 ZZ%e{\sm {T(zs,2p)} M5 (0; x HJ_ e)

=1 j=1

n _
Tp(2s) = dreon

o

Ut
)
3

M (6; x 07 )ei™ (5700} 4 ()

for all search points zg € R3 when the inclusion has only permittivity contrast. Since Af-60 =
A : 007 for any matrix A € R**3 and 6 € S?, the approximation (4.11) yields

p k2a$as
Tip(zs) = — L2

ZZ %e{dm {T(zs5,2zp)} M}

47T6(]n
=1j5=1

M5 (6 x 07°)(6; x 0,7 Te (=200 1 0(p)

3,4 € €
~ %%e{%m{P(zs,zD)}ME: ggm{r(zSazD)}}+O(p4),
0
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, ko = 1 and

Figure 4: Detection of spherical inclusion with permeability contrast (g =1 =
[Elo ( s). Bottom:

uy = 2) at k = 4mw. Left: 10% noise. Right: 20% noise. Top: zgs — Zrp
Focal spot.

Therefore, the first assertion is proved.
In order to prove the second assertion note that by virtue of expansion (4.7) for a permeable
inclusion and by the fact that §; L ", the function Z7 (zs) takes on the form

pPrallaly

2 n
3 e {S‘sm{l‘(z&zD)}M’l‘)V < B} (zp) - MLV x E{;f(zs)}
=1 j—1

ZZ@?e{\sm {T'(zs,zp)} MY, (gj x (6 x ej_,e)>_

(=1 j=1

n
z
7 (2s) 4megn

P K pr°alay

dmegn

Mg (0] % (03 < GJJ_,Z)) em@;(zsfzp)} + O(p4)

14
P r°ayay

ZZ%e{Jm{r(zs,zD)}Mﬂau Mo, et 5200 Ly o).

degn
(=1 j=1
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The use of identity Af -0 = A : 007 once again, together with approximation (4.10), leads to

pirSalaly

4megn
+0(p")
T

~ m?ﬁe{%m{l"(z 2p)} MY - MESmM{T (25, 2 )}}+0( 4
- 68 Sy ~D D - S Sy #~D P ).

2 n
Irp(zs) = — Z Z %e{%m {T(zs,zp)} MY, : Mg@j"e (9;-7£)T 6159;(zs—ZD)}

=1 j=1

This completes the prove. O
As an immediate consequence of Theorem 4.1 and Lemma 2.1, the following result is evident.

Corollary 4.2. Let zg € R3, D = pBp + zp be a spherical inclusion with only permittivity
contrast or permeability contrast, n € N be sufficiently large and px < 1. Then

2
Tip(zs) =p*k'C, ||Sm{T(zs, 20) } ||+ OG"),
where

C’y — 9(’70 - 71)(70 B 72) |BD| |BS|

6(2)(2’}’0 +71) (27 + 72)

and 7y denotes € (resp. p) for an inclusion with only permittivity (resp. permeability) contrast.

Theorem 4.1 and Corollary 4.2 substantiate that Z%(zs) < ||Sm{T'(2zs,2p)} ||?. In view
of the decay properties of imaginary part of the fundamental solution it is evident that Z%p has
a peak sharper than that of Zrp when zg — zp. Moreover, Zi, admits its most pronounced
positive value if the contrasts of true and trial inclusions have same signs as the constant C,
is positive in this case. In order to further elaborate our findings a numerical experiment for
the detection of a spherical inclusion, centered at origin and having radius p = 0.01 with only
permittivity contrast, is presented in Figure 5. We choose

0; = (sin(ém) cos(¥n), sin(¢m) sin(n), cos(dm)) ",

where
(m — ].)7'(' 2(77, — ].)ﬂ' 1.1 9] X Rﬁj 1.2 11
m = , n = ————, 0,’:7, 0,’:0,’ 9
¢ M w N J |03 X R9]| J J <Y
Here R is a rotation defined by
1 0 O
R=10 0 1
0 -1 0

We choose 9 = 1 = p11, ¢ = 1, 1 = 2, k = 8m, and plot zg — Zhp(zg) for all zg €
[—1,1] x [-1,1] x {0} using 101 x 101 sampling points. The numerical results in Figure 5 clearly
show a significant increase in the amplitude of the peak of zg — Z%(zg) with an increase in
the number of incident fields. Moreover, a stabilization effect in terms of the ripples around
the main peak is visible.

In the rest of this article, the stability of the multi-measurement location indicator function
Tip(zs) with respect to medium and measurement noises is investigated.
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Figure 5: Detection of a spherical inclusion with permittivity contrast. Left: 50 incident fields
(N = M =5). Right: 200 incident fields (N = M = 10). Top: zg — Z}(zs). Bottom: Focal
spot.

5 Statistical stability with respect to measurement noise

The aim in this section is to prove the statistical stability of the function Z}(zg) with respect
to additive measurement noise. The simplest model of measurement noise is taken into account.
Precisely, it is assumed that the measurements of the far field amplitude are corrupted by a
mean-zero circular Gaussian noise £ : S — C3, that is,

EX(@):=Er @) +¢@), zeS

where E5° represents the corrupted far field data and E%(@) indicates true data without noise
corruption. Let o¢? be the noise covariance of € such that for all y,y’ € S?

E[6@)EF) | =020 and E[#@@EF) | =005 0L, (5.1)

where j and j' indicate the j-th and j’-th measurements and d;; is Kronecker’s delta function.
Here E denotes the expectation with respect to the statistics of noise. By (5.1) following
assumptions are actually made.

i. £(¥) and £(3') are uncorrelated for all y,y’ € S? whenever y # y'.
ii. Sm{&(y)} and Re{&(y)} are uncorrelated for all y € S?.
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iii. The components of £ are uncorrelated.

iv. &7 and &7 " are uncorrelated but have common noise covariance 052 forall j,5/ € {1,--- ,n}
whenever 7 # j'.

It is interesting to note that, in view of Theorem 3.3 and definition (4.9), the noise affects
IR through Herglotz wave. In fact, by linearity of the Herglotz operator

Hp[EX] = HpESX] + HilE), (5.2)

where the first term on the RHS, H E[]/*]\gg], is independent of noise and renders the principle
peak of Z¢,, which is discussed earlier in Section 4. On the other hand, the second term on
the RHS, Hg[€], is a circular Gaussian random process with mean-zero by linearity and by
definition of ¢€. Furthermore, since by construction & € L (S?), for all 2,2’ € R?

B[l (=) | 2| [ e@EETe e as@asts)|

_E { //S B (@) E)ﬁ(w—ei”aTze_i”§Tzlds(ﬁ)ds(?)} .

Then, by virtue of identities (3.12) and (4.2), and subsequently using assumptions in (5.1) on
additive noise &, one gets for all z, 2’ € R?

B[ @) | <5 | [ - s @@ T e as(@yis(s)|

=0¢” (13— -V VT) / e (== ()
S2

= dmoe’ Sm{T(z,2")}. (5.3)

KE€Q

The covariance of the Herglotz field Hg[€] shows that it precipitates a speckle pattern, that
is, a random cloud of hot spots which have typical diameters of the order of the operating
wavelength and amplitudes of the order of o¢/+/k.

In the sequel, let us again stick to the cases of inclusions with only permittivity or perme-
ability contrast. In order to understand the effect of noise on location detection capabilities of
topological sensitivity functional, the covariance of indicator function Z7., and the signal-to-
noise ratios are derived in the following subsections.

5.1 Permittivity contrast

Let us first entertain the case of an inclusion with permittivity contrast only when permeability
parameters of both D and Dg match pg, and Z7p is provided by (4.1). Then the covariance of
the corrupted location indicator function Zhp is given by

COV(I%D(Z) Tip(z /))

:ngzjw 1”2'21E[§R6 {HE[@ I(=) - M5By’ (= )}%e{w ESE%/’[(Z/)H
32w2n2;;%6 {MEEJ’ z) - E[W(Hd&j’é](z’))T}MgEJﬁz/)},
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for all z,2z’ € R3, where the fact that Hg[€7¢] and Hp[¢¥'] are uncorrelated for j # j/ and
¢ # {0 is used. By virtue of statistics (5.3) the covariance of Z7, turns out to be

Cov (T (2), Tip (2)) = — o’ r*(a5)® E:E:m { <E}(z anrxzzq}N@Engq}.

87m2e
0 =1 j=1

The above expression can be further simplified by substituting expression (4.8) for Eé’f and
using approximation (4.11) as

Cov(Zip(2), Itp(2"))

2.5 2 n
_ 0w (as)? c L c L6y ik (z—2'
- m;;m{l‘%(@j < 07 - Sm{T (2, 2) M 0 x 05 e ===
= M%e M¢< liig XHL@ 9 XQLZ)T ikd (z—2') . \Sm{rzz }Me
8mneg ni o
2,402
UE;#?]%{MESSm{F(z,z’)} : %m{F(z,z’)}Mg}, Vz,z' € R3. (5.4)
nEO

The covariance (5.4) of the perturbation in Z7, appears to be exactly of the form (4.12)
of indicator function in the absence of noise. However, it is modulated by the factor 052 /n.
Thus the hot spots in the speckle field generated by the propagation of noise through Z7
have shapes identical to that of actual peak procured by zs — Z}p(zs) subject to accurate
measurements. Nevertheless, the main spike of zg — Z}(zs) is not altered thanks to relation
(5.2). Further, the dependence of typical perturbation size on y/n suggests that the topological
derivative based location indicator functions are more stable when multiple measurements are
available at hand and increasing n further enhances the stability.

Now, assume for an instance that inclusions D and Dg are spherical. Then it can be readily
verified by virtue of Lemma 2.1 that

9(60

Cov (T (2). Zip(2)) ~ 052H4|BS|2W

|Sm{T (2,2’ }H (5.5)
It follows immediately from (5.5) that the variance of Z can be approximated by

Ve (T () ol Bs s 2| {D(z. )}

2ne3(2¢p +
3(co — €2)?

6 2
- B0 " €2
=0¢"x"|Bs| 8nm2(2eq + €2)2°

(5.6)

Consequently the signal-to-noise ratio (SNR), defined by

E [T3p(2p)]

SNR = ,
Var [Zip (2p)]

can be approximated by virtue of (5.6) and Corollary 4.2 as

V6 1
NR~———_,*|B — 3 —. .
SNR 27T(2€0+€1),0 | D||€O 61|l€ \/ﬁo_5 (5 7)
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Clearly SNR depends directly on contrast, volume of the inclusion, the operating frequency
and number of plane incident fields, and is inversely proportional to the noise covariance.
Specifically, the dependence of SNR on n shows that a better resolution can be achieved in the
presence of measurement noise by increasing the number of incident fields.

5.2 Permeability contrast

Let us now consider the case of an inclusion with permeability contrast only, pus = po and Zrp
is given by relation (4.5). In order to evaluate the covariance of the corrupted indicator function
the statistics

E[V x Hulé] (2)V x Hpl€](=) |

is required. Towards this end, note that
E[V x Hplé)(=)V x Hu () |
AT pann—— S N
—K?E { //S » (@ x g@)e="=| [§xE@)e ] ds(é?)ds(?)}
[ (0x@) [(@EF) ] (% 9)e e L as(@)is(d)
2 /S B (I x2) (@),

where the fact that AT (p x q) = (A x p)"q for all A € R3*3 p, q € R? is used together with
assumption (5.1). Finally, identity (3.12) is invoked to get

B[V x Hele) )V X Half®) | =oe? [ (1~ 38 7)== @)

s2
:0'€21‘€2 (:[3 _ v vT)/ mwT(z—z/)ds({L.‘)
s2
4 2
— 7% K%m{l"(z,z’)}. (5.8)
€o

Let us now evaluate the covariance of Z. By definition, for the case of only permeability
contrast,

Cov (Tip (2), Tip (=) 167T n2 Z Z E[Re {V x HuleH](2) - M4V x B}’ ()}

=13j,j'=1

?Re{v X Hpl€F](2) - MEV x B Y (z’)H.

The above expression can be simplified by using the statistics (5.8) together with the fact that
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V x Hp[€](z) and V x Hp[€7¥'](2') are uncorrelated for all j # ;' and £ # ', as

COV(I%D(Z) I%D( /)>

3271' n2 ZZ% {M#V < Ef'(2)

(=1 j=1

ST <) s )
= %gé% {MMV x EJf(z) - Sm{l (2,2 }M“VTM(z’)}

Finally, substituting the expression for V x E%’é from (3.8), using the orthogonality of #; and
Qj"e for all j =1,--- ,n, and invoking approximation (4.10), one arrives at

Cov (I{I‘D(Z)aﬂfD(z/))

2,50 H\2 2. n
_ O¢™R (G’Q) m 1 Ll gL \T ik (z—2") | . ’ m
__Wﬂ?e MY EZZ% (0;°°) e : Sm{T(z, ") } MY
=1 j=1
2,4

R Ugg#%e{Mg%m{I‘ (z,2")} : Sm{T(z, %' }M“} (5.9)

nes
As for the case of an inclusion with permittivity contrast, the statistics (5.9) suggests that
the speckle field generated by the noise £ is a random cloud of hot spots having the shapes
identical to that of the principle peak modulated by the factor 052 /n. Moreover, the actual
peak is not altered by the additive measurement noise. Further, when inclusions D and Dg are

spherical, by Lemma 2.1

9(po — p
Cov(Ztp(2), Itp(2)) ~ U£2K4|BS|22M(2M—0+2M [sm{T(z, 2}’ (5.10)

and consequently

2
(g ~ 020 B2 0 —12)® 5.11
ar(Zpp(2)) ~ o¢’s°| Bs| 8nm2 (2o + p2)? o1

Thus, by virtue of (5.11) and Corollary 4.2

V6 . ) 1
SNR~ ———— p®|Bp| |0 — p1| &3 v/n —. 5.12
S # 1B o RV (5.12)
The expressions (5.10)—-(5.12) for a permeable inclusion are very similar to (5.5)—(5.7) obtained
for the case of a dielectric inclusion. Therefore, the same conclusions can be drawn about the
statistics of noise perturbation in Z#, for an inclusion with permeability contrast as in the case
of permittivity contrast already discussed in Section 5.1.

6 Statistical stability with respect to medium noise

Let us now investigate the stability of detection functional Z} with respect to medium noise.
Assume for simplicity that only one of the permittivity or permeability fluctuates around the

21



background value at a time. In this section the homogeneous medium with parameters ¢y and
1o in the absence of any inclusion is termed as the reference medium and the quantities related
to the reference medium are distinguished by a superposed 0. The inhomogeneous random
medium without inclusion is termed as the background medium.

6.1 Random fluctuations in permeability

Let the electromagnetic material loaded in R3 be inhomogeneous such that its permeability
randomly fluctuates around pg. The fluctuating permeability is denoted by p and is modeled
as

w@) = po (1 +n(x)), T < RS’

where 7 : R? — R is the random fluctuation with typical size o, which is small enough so that
the Born approximation is valid.

In order to fathom the role of medium noise in inclusion detection using Z7, one needs to
model the noisy measurements E5° and the back-propagator Hg[ES°]. Let us first consider Ef°
defined by

E,(z) - Ej(z) =

e -
E®(2;0,01)+0 | — x eR3 0 €S2 6.1
‘ | P ( ' Vs ) (l |2> ) ’ ( )

Note that the reference incident field EY is used since the differential measurements are with
respect to the reference solution and the background medium is randomly fluctuating. This
indicates that the far field scattering pattern is contaminated with clutter noise induced by
fluctuation 7. In order to separate noise from the original signal in ES°, the quantity E,(x) —
E{(x) is expressed as the sum of E,(x) — E(z) and Eq(x) — E}(z) which can be approximated
in Born regime. Indeed, under Born approximation,

HZ

Bo(@) = Bj(a) ~ = [ TSy + ofc,). (6:2)

Since the fundamental solution I'° can be expanded as

— ik Yy

leo(lg A

&
c o —
|| i <|93|2)

for a large £ € R3 and a fixed y € R3, therefore (6.2) can be expanded as

re =—
(z,y) pp

iK|x| K2 T 1
E _EO _ € 7/ I — aSaTy, —ikx yEO -
o(z) — Eq(z) el an Rg( 3 —TT e o(y)n(y)dy + o(oy) + O ]2
em\m| K2 1 T T 1
_ no o —ikx Y0 -
S o e e e +0{ )
(6.3)
Moreover, under Born approximation,
2
E,(x) — Eo(x) Z(Eg(w) - Eg(w)) s /RS I (x,y)n(y) (Ep(y) — E§(y)) dy + o(oy,). (6.4)
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The first term on the RHS of (6.4) is exactly the reference scattered field which is linked to the
reference far field scattering amplitude by relation (2.5). Further, Theorem 3.2 indicates that
the second term on the RHS is of order o(o,p?®). Therefore,

ein|w\
By (@) - Bale) = CBR@0.0%) + ol +olon) 10 (). (69)

|| |z

Combining (6.1), (6.3) and (6.5) the inhomogeneous far field scattering amplitude can be written
as

=~ 00,0/ K 1 —iRkE
EX(2,0,07) =E;°(2,0,0%) + - /]R [13 - ?vyv;]e VE( (y)n(y)dy

™

+ o(oy) + O(Unp3) + O(ﬁ)a

and consequently the Herglotz field due to ES° admits the expansion

Hp[EX(-,0,00)](2) =Hp[E;"(-,0,07)](2)

i _ i T in’w\—r(zfy) ~ 0

T e ([13 K2 vyvy} /Sz € ds(z) | Eq(y)n(y)dy
: 1

+ o(oy) + o(oyp®) + O(W>’

for all z € R3. Finally, by identity (4.2),
K
HE[E)(0,07)](2) =He[EF°(-0,07)](2) — — /R3 Sm{T(z, ) } Eo(y)n(y)dy

+o(e,) +olryp") +0( 1 ). (6.6)

The first term on the RHS of (6.6) is the Herglotz field in the reference medium and is
independent of random fluctuations 5. It produces the principle peak of Z7,, that is, without
medium noise. The second term corresponds to the error due to clutter and generates a speckle
pattern corrupting the location indicator function. Therefore, the expression (6.6) together
with Theorem 3.3 substantiates that the functional Z7 in the case of medium noise is the sum
of the reference detection functional (studied in Section 4), and the clutter error up to leading
order of approximation.

Before further discussion, let us introduce the clutter error operator HJ, for all incident
fields E and x € R? by

Bl (@) i= = | Sm{T(e,y)By)n(y)dy (67)

For ease of notation the clutter error associated to the reference incident field Eq” ' (and thereby

associated to E°(-, 0, Hj-"e)) will be denoted by H7* instead of H’[EY?*]. In the rest of this

subsection the speckle pattern generated by ’H%’j £ will be analyzed for inclusions with only
permittivity or permeability contrasts.
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6.1.1 Speckle field analysis for permittivity contrast

In order to understand the speckle field generated by H%’j *for ¢ = 1,2and j=1,--- ,n when
Lo = p1 = po let us calculate the covariance of the perturbation in function Z7 due to clutter
noise. Towards this end, first the quantity %Zgzl > HLIH(2) - MSEQY(2) is estimated
for all z € R3. Using (6.7), (4.8) and (4.11) respectively one can see that

1 2 n
é € N4
~ 2D ME(2) M5Eg ()
=1 j=1
[ » T
= 22 / n(y)Sm{T°(y. 2)} : MEE™ (2) |EG7 ()| dy
=1 j=1
=— ’ﬁ n(y)Sm {T0(y, z)} : M 1 XQ:XTL: Qlé [9' % aurema_j(zfy) dy
€ Jgs ’ n = J J
A .
~ 2 / 1(y)Qn[M5](y, 2)dy,
€ JR3

where Q,, is a real valued function defined by
O [Al(x,y) = %m{ro(w,y)} : A%m{l‘o(.’c,y)}, VA e R¥3 x, y € R3.
Therefore, the covariance of the speckle field can be approximated by
COV(I%D(Z)aI%D(z/))

SR S S e (M) - MSED () ) e {HETT () MSEY Y ()} ]

1672n2

®(a5)

=R ] o), M 2)Q, M3y, 2 dedy.
€o R3 xR3

for all z,2’ € R, where C,(z,y) = E[n(x)n(y)] is the two-point correlation function of the
fluctuations in permittivity. The kernel z — Q,[Mg](z,2’) for a fixed 2z’ € R? is maximal
when z — 2z’ and the focal spot of its peak is of the order of half the operating wavelength.

For simplicity assume that the inclusion D is spherical and note that Q,[Is](x,y) =
[Sm{T(z,y)}||*. Then, by Lemma 2.1,

2 n
; 12
Z ZHU e SSEgvM(z) ~ (QWET Bs| / y) 9, [Is](y, z)dy, (6.8)
=1 j=1 60 €0 62
Cov(Ztp(2), Iip(2)) =~ bfﬁg// Cy(z,y)Qy[Is](z, 2) Q) [13](y, 2')dzdy, (6.9)
R3 xRR3
where
3(60 — 62)
be = ———|Bg]|.
€2(2€0 + €2) |Bs|

The expression (6.8) elucidates that the speckle field in the image is essentially the medium
noise smoothed by an integral kernel of the form ||[Sm{IT°}||?. Similarly, (6.9) shows that
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the correlation structure of the speckle field is essentially that of the medium noise smoothed
by the same kernel. Since the typical width of Sm{I'°} is about half the wavelength, the
correlation length of the speckle field is roughly the maximum between the correlation length
of the medium noise and the wavelength, that is, of the same order as the main peak centered
at location zg =~ zp. Thus, there is no way to distinguish the main peak from the hot spots
of the speckle field based on their shapes. Only the height of the main peak can allow it to
be visible out of the speckle field. Unlike measurement noise case discussed in the previous
section, the factor y/n has disappeared. Consequently, no further stability enhancement is
possible. Therefore, Z7 is moderately stable with respect to medium noise. Moreover, the
main peak of 7 is affected by the clutter, unlike in the measurement noise case. Thus, Z{
is more efficient with respect to measurement noise than medium noise.

6.1.2 Speckle field analysis for permeability contrast

Let us now consider the case of an inclusion with permeability contrast only when ey = €1 = €5.
For the purpose of evaluating covariance of the speckle field in this case we proceed in the
similar fashion as before. Note that

,ZZV fHUJZ MMVXEOJZ( )

=1 j=1

ne§:§:/‘ W)V x Sm {T%(y. 2)} Eg7 (y)dy - MGV x By (=)
0

=1 =1
, : T
=— 722/ Yy)V. X Sm {I‘O Y,z } M5V, x (Eg’]’g(z) ES’M(y)} ) dy,

ne
0 =17

for all z € R®. The above quantity can be approximated by using (4.8) and (4.11) as

2 n 3
ZZVXMN )-MEV x E$9(2) = — | n(y)Va x Sm {T%y, 2)} : MLV, x

=1 j=1 o Jge
2 n

ln ZZ 9, x GLE [9 % HL g}TemegT(zy)] dy
15=1

n M)(y, 2)dy,

where the real valued function én is defined by
O, [A](x,y) ==V, x S‘sm{f‘o(m,y)} : AV, X E‘sm{f‘o(m,y)}, A cR¥>3 gz y e RS
Therefore, the speckle field covariance in permeable contrast case can be approximated by

Z Z {a%e {v X HE (2) - MEV x Eg’j’f(z)}

0,0=145'=1

Re {v x HLT (2) MLV x Egﬂ'"@'(z’)”

COV(I’?’D (Z), %D (Z 167T27’l2

(2, y) Oy [ME](z, 2) Q) [MY](y, 2')dzdy,  (6.10)

R3xR3
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for all z,2" € R3. As in the previous case, the function z é,, [M{](z, 2') for a fixed 2’ € R3
is maximal when z — 2’ and the focal spot of its peak is of the order of half the operating
wavelength.

Since Q,[Is](z,y) = |V x Sm{T'(x,y)}||? it is evident that for a spherical inclusion

2 n
1 7 . i 127 pok?| Bg|
=~ D VX HE (2) MGV x BgP(2) ~ 0t )
=1 j=1 olatto T K2) JRrs

Cov (T (2), Tip(#')) = B2s* // Co (a0, 9) 3, Ts) (@, 2) 0, [Ts) (v, 2’ dxdly,

R3xR3

1(y) Qu[1s](y, 2)dy,

where

— 3(,&07#2) |B ‘
" (20 + p2)

The conclusions drawn in Section 6.1.1 still hold in this case, that is, Z}, is moderately stable.

6.2 Random fluctuations in permittivity

The aim in this section is to investigate the stability of the detection function Z7, with respect
to medium noise when the permittivity of the material loaded in R? is fluctuating. Assume
that the fluctuating background permittivity is given by

e Hx) = e 1+ o(x)],

where the random fluctuation ¢ : R?* — R is small so that the Born approximation is suitable.
As a result,

Eo(x) — Eg(a:) =_ % . Iz, y)V x (gp(y)V X Eg(y)) dy +o(oy),
E, () - Eo(e) =[ES(@) - B§(a)] - — / @,V x (e)V x [E)y) - ()] ) dy
+ O(Un)a

where o, is the amplitude of the fluctuation ¢. Expressing E,(z) — EJ(x) as the sum of
E,(z)—Eo(z) and Eo(x) —EJ(x) and defining the inhomogeneous far field scattering amplitude
E° as in (6.1) one gets

1 1 T
SN~ 1\ _goo,0/5 1 T| —ik® 0
EX(&.0,0%) =E"(2.0,0%) + - /R s — 5V, Vy |70 x (p(y)V x Ej(y)) dy
1
+o(oy) + o(oyp®) + O(W). (6.11)

Now following the analysis in Section 6.1, it is easy to note that the Herglotz field, generated
by the inhomogeneous far field scattering amplitude in (6.11), consists of two terms: first one
leading to the detection of true location of D whereas the second one generates a speckle pattern
due to clutter noise. The clutter error operator H% is now defined for all incident fields E and
x € R3 by

HEEl() = ——— [ Sm{T(@.y)}V x (eu)V x Ey))d. (612)
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6.2.1 Speckle field analysis for permittivity contrast
For permittivity contrast case the speckle field generated by Z%, at z € R? is given by

n

Z {Hsm@ MeEo,gé( )}

~ Lo { / Sm{r(y,2)} (V x p(y)V x Ef7 (y)) ~MgE8“<z>dy} .

nkKe
0 =1

Since %m{l“o(y, z)} is symmetric therefore

2 n .
a n;eo Z Z Re {/RB %m{I‘O(y, Z)}MgEg’j’e(Z) . (V x o(y)V x Eg’j’e(y)> dy} .
=1 j=1

Further assume that the fluctuation ¢ is compactly supported in R3, which is a valid assumption.
Then the above expression simplifies to

Ae) - — ZZ?R{ / Svyx%m{r%y,z)}MgES’”(z)-so(y)vxES’jﬁy)dy}‘

nkep

Ac(z)

1

Straight forward calculations and the approximation (4.11) show that

M) = re{ [ o) 0, M)y
where the real valued operator Q, is defined by
Qu[A](z,y) := Vg x Sm{T%(z,y)}A : Vo x Sm{T%(z,y)}, VA e R¥? z,yc R’
Consequently, the covariance of the speckle field turns out to be

3 n / K4 aE 2
Cov(Zin (), Tin(2)) =12

H4 CLS 2 € € /
=D ] a0 MS @ )0, My, 2 dedy. (613

Cov(Ac(2), Ac(2"))

where Cy(x,y) := E[p(x)p(y)] is the two point correlation of fluctuation . The expression
(6.13) is very similar to (6.10) studied in Section 6.1.2. As already pointed out in Section 6.1.2,
the speckle field is indeed the medium noise smoothed with an integral kernel whose width is of
the order of wavelength. The speckle pattern and its covariance for the case of a permittivity
contrast can be obtained using arguments similar to those in the previous section.

6.2.2 Speckle field analysis for permeability contrast
For a permeability contrast the speckle field generated by Z% at z € R? is given by

2 n
1 - ,
Au(z) = - E E V x 1P (z) - MEV x EY7(2)

3
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Since ¢ is assumed to have compact support, the above expression simplifies to

Au(z) =~ : ZZ%{ /R?’ Vy X Vy x S‘Sm{I‘O(y7z)}Mgv X Eg’j’z(z)
~p(y)V x Wdy}

- ii)ﬁe {/R Sm{T(y, 2) PM5 - o(1)V < EJ7 (y) (V Eg’j"](z)>T dy} _

ne 5=
Finally, by invoking approximation (4.10) one arrives at

4kt

Au(z) == /w(y)éw[Mg](y,z)dy,
0 R3

where écp is a real valued function defined by
O, [A](z,y) = %m{l"o(w,y)}A : %m{l"o(w,y)}, A cR¥3 z yc R

Consequently,

Ii4 an 2
Cov(Zin(2). Tin(=)) =22 Cov(Au(2), Au(=)

k3 (a2 _ B I
:(632) //R:;XR3 Cw(way)g@[Mg](iB,Z)QdM’é](y,z ) (6.14)

Once again it can be concluded from (6.14) that the functional Z7, is moderately stable with
respect to medium noise.

7 Conclusions

The topological sensitivity functions are presented for detecting an electromagnetic inclusion of
vanishing characteristic size using single or multiple measurements of electric far field scattering
amplitude. The proposed functions are very efficient in terms of resolution, stability and signal-
to-noise ratio. The resolution limit of the order of half the operating wavelength is achieved.
It is substantiated that the topological derivative based location indicator functions are very
stable with respect to measurement noise, especially when multiple measurements are available
at hand. Increasing the number n of the measurements enhances the stability of the indicator
functions with a rate of O(y/n). It is also observed that the indicator functions are more efficient
with respect to measurement noise than medium noise. Nevertheless, a moderate stability with
respect to medium noise is guaranteed under Born approximation.
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