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ABSTRACT

In this paper, we study a model for phase segregation taking place in a spa-
tial domain that was introduced by Podio-Guidugli in Ric. Mat. 55 (2006),
pp. 105-118. The model consists of a strongly coupled system of nonlinear
parabolic differential equations, in which products between the unknown func-
tions and their time derivatives occur that are difficult to handle analytically.
In contrast to the existing literature about this PDE system, we consider here
a dynamic boundary condition involving the Laplace-Beltrami operator for
the order parameter. This boundary condition models an additional noncon-
serving phase transition occurring on the surface of the domain. Different
well-posedness results are shown, depending on the smoothness properties of
the involved bulk and surface free energies.

1 Introduction

Let © C R3 be a bounded and connected open set with a smooth boundary I, as well
as @ == Q x (0,7) and X :=T x (0,7). We denote by 0,, Vr, Ar, the outward normal
derivative, the tangential gradient, and the Laplace-Beltrami operator on I', in this order.
We then consider the initial-boundary value problem

(1+29(p)) Ot + 1 g'(p) Op — Ap =0 in Q,

Onpt =0 on X,

Op —Ap+E+m(p)=pg(p) inQ,

€ pBp) ae inQ,

Onp + Oipr + & + mr(pr) — Arpr = ur, pr=pg, on,
{r € Br(pr) a.e. on X,

1(0) = po,  p(0) =po, inQ, pr(0)=py. onl. (

N N N N N /N
e e e e
N O O W NN =

)
)
)
)
)
)
)

We point out that 5 and fr denote two maximal monotone graphs, with domains D(3) 2

D(fr) that are intervals containing 0; § and (r fulfill suitable properties (cf. the later
(A3) and (A7)) about their values and growths; m and 7 denote two Lipschitz continuous
perturbations; ¢ is a smooth nonnegative and concave function defined on D(f3); ur is a
boundary datum.

The system (1.1)—(1.7) is related to a model for phase segregation through atom re-
arrangement on a lattice that has been proposed in [44]. This model (see also [14] for a
detailed derivation) is a modification of the Fried—Gurtin approach to phase segregation
processes (cf. [31,38]). The order parameter p, which in many cases represents the (nor-
malized) density of one of the phases, and the chemical potential p are the unknowns of
the system.

Let us note at once that, in our present contribution, the Neumann homogeneous
boundary condition (1.2) is considered for u, while, differently from previous analyses
[11,14-20], the dynamic boundary condition (1.5) is assumed for pr, the trace of p on the
boundary.



2 NONSTANDARD CAHN—HILLIARD SYSTEM WITH DYNAMIC BOUNDARY CONDITION

The approach by Podio-Guidugli [44] is based on a local free energy density (in the
bulk) of the form

V(p, Vp,p) = —pp+Wi(p) + % Vol (1.8)

where W is a double-well potential, whose derivative (in the differentiable case) plays as
the sum 4 7 in (1.3) (see also (1.4)). By (1.8), one arrives at the evolutionary system

200+ pop — Ap =0 (1.9)
—Ap+W'p)=p. (1.10)

The above equations are assumed to hold in ) and must be complemented with boundary
and initial conditions. The typical example for a smooth double-well potential W is
1

W(r) = Z(r2—1)2, r € R, (1.11)

while another smooth potential, but defined on a bounded interval, is given by
Wr)y=0+rhdl+r)+ (1 —r)In(l—r)—c?, re(-11), (1.12)

where the coefficient c is taken greater than 1 in order that W be nonconvex. The poten-
tials (1.11) and (1.12) are usually referred to as the classical regular and the logarithmic
double-well potential, respectively. Observe that the derivative of the logarithmic po-
tential becomes singular at +1. However, one can consider nondifferentiable potentials,
where an important example is given by the so-called double-obstacle potential

W(r) = I-1q(r) — cr?, reR, (1.13)

where ¢ > 0 is a positive constant and I;_1 1 : R — [0, +-00] denotes the indicator function
of [-1,1], i.e., we have I;_y y(r) = 0if || < 1 and Ij_y,1)(r) = +o0o otherwise. In this case,
the order parameter is subjected to the unilateral constraint |p| < 1, and (1.10) should
be read as a differential inclusion where W'(p) = ((p) + m(p), with 5 representing the
subdifferential 0Ij_ 1 of I|_1,1) and 7(p) = —2cp.

The system (1.9)—(1.10) is a variation of the Cahn—Hilliard system originally intro-
duced in [4] and first studied mathematically in the seminal paper [30] (for an updated list
of references on the Cahn—Hilliard system, see [39]). An initial-boundary value problem
for (1.9)—(1.10) is in general ill-posed: indeed, as it was pointed out in [17], when assuming
Neumann homogeneous boundary conditions for both p and pu, the related problem may
have infinitely many smooth and even nonsmooth solutions. Then, two small regularizing
parameters € > 0 and § > 0 were considered in [14], which led to the regularized model
equations

(5 + 2p) Oipe + 1 0p — Ap =0, (1.14)
dOp—Ap+F'(p) =p. (1.15)

The system (1.14)—(1.15) constitutes a modification of the so-called viscous Cahn—Hilliard
system (see [43] and the recent papers [6,22,24] along with their references). We point
out that (1.14)—(1.15) was analyzed, in the case of no-flux boundary conditions for both
p and p, in the papers [14, 16,18, 20] concerning well-posedness, regularity, asymptotics
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as € \, 0, and optimal control. Later, the local free energy density (1.8) was generalized
to the form

Vo, Vo.1) = ~19(p) + W) + 3 V0l (1.16)

with a function ¢ having suitable properties. If one puts, without loss of generality,
€ = 0 = 1, then one obtains the more general system

(1+29(p)) Qg+ g (p) Brp — Ap = 0, (1.17)
Op —Ap+W'(p) =g (p), (1.18)

which was investigated in the contributions [11,15,17,19], still for no-flux boundary con-
ditions, also from the side of the numerical approximation. The related phase relaxation
system (in which the diffusive term —Ap disappears from (1.18)), has been dealt with
in [12,13,21]. We also mention the recent article [25], where a nonlocal version of (1.17)-
(1.18) — based on the replacement of the diffusive term of (1.18) with a nonlocal operator
acting on p — has been largely investigated.

In the present paper, we consider a total free energy of the system which also includes
a contribution on the boundary; in fact, we postulate that a phase transition phenomenon
is occurring as well on the boundary, and the physical variable on the boundary is just
the trace of the phase variable in the bulk. Then, we choose a total free energy functional
of the form

Blu(t), plt). pr(t)] = /

[~19(0) + W (o) + 5 VP (1)
Q

i / (e pr+ Wilpr) + 5 [VeorP](6) dT, te[0,7], (119)

where Wr denotes a double-well potential having more or less the same behavior as W,
and ur is a source term that may exert a (boundary) control on the system. From this
expression of the total free energy, one recovers the PDE system resulting in (1.1)—(1.7);
in particular, we point out that the derivative or subdifferential of Wr is expressed by the
sum fr + 7 in (1.5)—(1.6).

Our aim here is to prove the well-posedness of (1.1)—(1.7) as well as regularity proper-
ties of the solution, like the L*°-boundedness of both variables i and p, and consequently
of pr on the boundary, and the so-called strict separation property, in the case when W
and Wr behave like (1.12), which means to show that p and pr are uniformly bounded
away from —1 and +1. We employ certain techniques which combine some key ideas
essentially from the papers [14] and [19] together with the treatment of dynamic bound-
ary conditions devised in [5] and exploited in other solvability studies and optimal control
theories, namely, [8-10,22-24,26]. For these reasons, we often refer to the abovementioned
papers in running the proofs.

About dynamic boundary conditions, let us notice that there has been a recent growing
interest about the justification and the study of phase field models, as well as systems
of Allen-Cahn and Cahn—Hilliard type, including dynamic boundary conditions. Without
trying to be exhaustive, we mention at least the papers [7,27,28,32-37,40-42].

The paper is organized as follows: in Section 2, we formulate the relevant assumptions
on the data of system (1.1)—(1.7), and we state the main results of this paper. Section 3
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then brings a detailed proof of the existence result stated in Theorem 2.1, while Section
4 deals with the proofs of Theorem 2.2 and Theorem 2.4.

Throughout the paper, for a general Banach space X, we denote by || - || x its norm and
by X’ its dual space. The only exemption from this convention are the norms of the L”
spaces and of their powers, which we often denote by || - ||,, for 1 < p < +00. Moreover,
we often utilize the continuity of the embedding H'(Q) C LP(Q) for 1 < p < 6 and the
related Sobolev inequality

vll, < Callv]lgr) for every v € H'(Q2) and 1 < p < 6, (1.20)

where Cq depends only on €2. Notice that these embeddings are compact for 1 < p < 6.
We also use the corresponding compactness inequality

[olls < 0]|Volla + Csllv]ls for every v € HY(2) and 6 > 0, (1.21)

where Cs depends only on © and 4, and recall that the embedding H2(Q) C C°(Q) is
compact. Furthermore, we make repeated use of the notation

t = QO x (O,t>, Et =1 X (O,t), for t e (O,T], (122)

as well as of Holder’s inequality and of the elementary Young inequalities

lab| < 2 i 2 P e
<7la"+ —[b]" and [ab] < —lal” + —[b]7,
4y p q

for every a,b € R, v > 0, and 1 < p,q < +00 with % + é =1. (1.23)

2 General assumptions and main results

In this section, we formulate the general assumptions for the data of the system (1.1)—
(1.7), and we state the main results of this paper. To begin with, we introduce some
denotations. We set

H:=L*Q), V:i=H(Q), W:={weH*Q): dyw=0 on T},
Hr = LXT), Vp:= HY(D),

and endow these spaces with their standard norms. Notice that we have V. H C V'
and Vi C Hr C V{ with dense, continuous and compact embeddings. Moreover, for every
proper, convex and lower semicontinuous function & : R — [0, +00] satisfying a(0) = 0,
we denote by « := da its subdifferential, which is known to be a maximal monotone
graph in R x R satisfying 0 € a(0). We denote its effective domain by D(«), and, for
r € D(«), by a°(r) the element of «(r) having minimal modulus. Moreover, for any
e > 0, we denote by «of the Yosida approximation of o at the level ¢ > 0. As is well
known (see, e.g, [2, p. 28]), a§ is a monotone and Lipschitz continuous function on R,
and we have that

a5 (r)] < |a°(r)] Ve>0, aswellas 11{1(1) ay(r) =a’(r), forall re D(3). (2.1)
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Moreover, the antiderivative

& (r) = / ol (s)ds, rER, (2.2)
0
is a convex function on R that satisfies

0<ay(r) <alr), ay(r) /" a(r) as e\, 0, foral reR. (2.3)
We make the following general assumptions:

(A1) po €W, po>0ae inQ, py€ H*(Q), pop:=po, € H(T).
(A2) ur € H1<O,T, HF)

(A3) (= 03, Or = 8BF, where B\, B\F : R — [0, +00] are proper, convex, and lower
semicontinuous functions satisfying 5(0) = G(0) = 0.

We remark that (A3) entails that 5 and fr are maximal monotone graphs in R x R, with
0 € 8(0) and 0 € Br(0), whose Yosida approximations 5 and ff satisfy the conditions
(2.1)-(2.3). In particular, we have §5(0) = 3¢, (0) = 0.

(A4) The functions m, 7 : R — R are Lipschitz continuous.

(A5) The function g: D(3) — [0, 400) belongs to C?, is bounded and concave, and
¢’ is bounded and Lipschitz continuous.

(A6) B(Po) € LNQ), Br(/?()r) e LNT'), B°(po) € H, BR(po,) € Hr.

Finally, we need a compatibility condition, which essentially means that the graph in the
bulk is dominated by the graph on the boundary:

(A7) D(fr) C D(B), and there are constants 7 > 0 and Cr > 0 such that
16°(r)l < nlBp(r)| + Cr V7 e D(Br). (2.4)

We now state the main results of this paper. Concerning well-posedness, we have the
following result.

THEOREM 2.1: Suppose that the assumptions (A1)—(AT) are fulfilled. Then the
system (1.1)—(1.7) admits a unique solution (u,p, pr,&,&r) such that p > 0 almost ev-
erywhere in Q) and

p € WhH(0,T; HYN C°([0,T); V) N LP(0, T; W) N L=(Q) for every p € [1,+o0), (
p € WhH>(0,T; H)n H(0,T; V)N L>(0,T; H*()), (
pr € WH(0,T, Hr) N H*(0, T, Vy) N L>(0,T; H*(T)), (
e L>™(0,T;H), &€ L™(0,T;Hr). (

REMARK 2.2: Observe that it follows from standard embedding results (see, e. g., [éf),
Sect. 8, Cor. 4]) that p € C°([0,T]; H*(Q)) for 0 < s < 2. In particular, p € C°(Q),
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which entails that pr = p)s € C°(X). Notice also that it follows from (2.5) and (2.6) that
both |Vu| and |Vp| belong to L*(0,T; L%(2)).

Under somewhat stronger assumptions, we can prove that the solution enjoys a better
regularity. More precisely, we have the following result.

THEOREM 2.3:  Suppose that (A1)—(AT) hold true, and let
up € L*(X),  B°(po) € L=(Q) and 3 (por) € L=(T). (2.9)

Then, the unique solution (p,p, pr,&,&r) to (1.1)—(1.7) established in Theorem 2.1 also
satisfies & € L™(Q).

The above theorems hold for every pair of potentials B and Br satisfying assumptions
(A3) and (AT). In our last result, we reinforce the compatibility condition a little and
consider a more restricted class of potentials which does not include potentials of obstacle
type, while potentials of logarithmic type are still admitted. Namely, we assume that

(A8) —oco<r_<ry<+4oc0 and D(B)=D(fr)=(r_,r4)

and prove a uniform separation property. We observe that such an assumption allows
multi-valued subdifferentials. A stability estimate holds if in addition the potentials are
smooth.

THEOREM 2.4: Assume that (A1)—(A8) and (2.9) are fulfilled. Then, the unique
solution (u, p, pr, &, &r) to (1.1)~(1.7) established in Theorem 2.1 satisfies the uniform
separation property B

re < p(x,t) <r* for every (z,t)€ Q, (2.10)
with constants r.,r* € (r_,ry) that depend only on the data of the system, and we

also have & € L™(X). Moreover, assume that ﬁ and 51“ are functions of class C? i
(r_,ry) and let u;. € H'(0,T; Hr) N L=(X) be given. Then, the corresponding solutwns
(i, pis Pir» &y &ir) satisfy the stability estimate

Hﬂl HzHLoo (0,t:F)NL2([0,4];V) T+ le ﬂzHHl(o,t;H)mCO([0,t];V)mL2(o,t;H2(Q))
+ || p1r — PQFHHl(O,t;Hp)ﬂCO ([0,8);Vi)NL2 (0,6 H2(T))
S C HulF — u21“HL2(0,t;Hr) s Vt € (0, T], (211)

with a finite constant C >0 that depends only on the data of the system.

REMARK 2.5:  If (r_,r;) is bounded (but a similar remark holds in the case of a half
line), then both B and fr become singular at r due to maximal monotonicity. However,
such a singularity never becomes active thanks to (2.10).

3 Existence and uniqueness

In this section, we prove the relevant well-posedness result.
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PrOOF OoF THEOREM 2.1: We employ an approximation scheme based on Yosida ap-
proximation and a time delay in the right-hand side of (1.3). To this end, let ¢ := 3§
and ff := fp. denote the Yosida approximations of # and fr at the levels ¢ > 0 and
en > 0, respectively, where 1 > 0 is the constant introduced in (2.4). Then (¢, (5§ satisfy
B%(0) = Bi(0) = 0 and the conditions (2.1)—(2.3) correspondingly. Moreover, we infer
from [5, Lemma 4.4] that

6°(r)] < nlBr(r)] + Cr VreR. (3.1)

Since, by virtue of their monotonicity, the functions 5° and S have equal sign, it follows
from (3.1) and Young’s inequality for all € R the estimate

1 Cr Ct
5 € — € £ > |3 2 e € 2 )
G0 B ) = 1FONIFON = IO = 0] = 5 IR -
We also temporarily extend the function ¢ to the whole real line R, still terming the
extended function ¢, in such a way that

(3.2)

g € CY(R), g and ¢’ are bounded and Lipschitz continuous on R, and
g(ry>-1/3 (i.e,142¢g(r)>1/3>0) VreR. (3.3)
To introduce the time delay, we define for every 7 € (0,7") the translation operator
T, :C°%[0,T]; H) — C°([0,T); H) by setting, for all v € C°([0,T]; H),
T (v)(t) :=v(t—7) if t>7 and T, (v)(t) :=v(0) if t<T. (3.4)
Notice that for every v € H'(0,T; H) it holds that

[v]172,y + Tl0(0)[|7  for all t € [r,T],

T.(v)|? L2(@Q0) 3.5

17 ()220 = { t||v(0)]|% for all t € [0, 7], (3:5)
H@{J’T(U)H%Q(Qt) < H@wH%Q(Qt) fora.e. t€(0,7), (3.6)

while for every v € C°([0,T]; V) we have
HV’UH%Q + 7||Vo(0)||3, for all t € [r,T],
VT, ) (@) 3.7
VT 0Nz < { t||Vo(0)||2, for all t € [0,7]. (3.7)

We then consider the problem (which in the following will be termed (P2)) of finding
a triple (45, p7, p5.) with
i € H'O,T; H) N OO0, T V) N 20, T W) N I¥(Q), 42 >0 ae.inQ,
€ Wh=(0,T; H) N HY(0,T;V) N L*(0,T; H*()),

ps. € Wh(0,T; Hp) N H'(0,T; Vr)) N L*(0,T; H*(I)), (3.8)
which solves the initial-boundary value problem

(1+29(05)) Oups + 9'(p5) Bup s — Aps =0 ave. in Q, (3.9)

Ot =0 a.e. on X, (3.10)

Owpz — Aps + B7(0%) +m(p%) = Tr(1z) g'(p7)  ace. in @, (3.11)

Onps + Oy + Bp(p5.) +70(ps) — Arph, =ur,  po =7, ae onk, (312

pz(0) =po and pi(0)=po a.e. in, p7 (0)=py. a.e onl. (3.13)
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For convenience, we allow 7 to attain just discrete values, namely, 7 = 7y := %, where N
is any positive integer. We now proceed in four steps: at first, we show that the problem
(Pg) is well posed for every 7 = 7, N € N, then we prove a number of a priori estimates,
followed by the limit processes as N — oo and then as € N\, 0. The limit processes use
standard compactness and monotonicity arguments. As a notational convention, in the
remainder of this proof we will denote by Kj;, i € N, positive constants that may depend
on the data of the system (1.1)—(1.7) but neither on 7 > 0 nor on € > 0.

STEP 1: We claim that, for every 7 = %, N € N, and every € > 0, the problem
(3.9)—(3.13) admits a unique solution triple (u_, oS, PiNF) satisfying (3.8).

To prove this claim, we set t,, :== n7y for n =0,..., N, and observe that the problem
of solving (3.9)-(3.13) becomes equivalent to a finite sequence of N problems that can be
solved inductively step by step. However, instead of considering the natural time intervals
[th_1,tn], n = 1,..., N and glueing the solutions together, we solve N problems on the
time intervals I,, = [0,¢,], n = 1,..., N, by constructing the solution directly on the
whole of I,, at each step. These problems read as follows:

(14 29(pn)) Oepin + G’ (n) Ot fn — Apty =0 and  p, >0 a.e.in Qx I, (3.14)

Onttn =0 a.e.onI'x [, and pu,(0)=puy a.e. in €, (3.15)
Ocpn = Bpn + B (pu) + m(pn) = Try (tin-1) g'(pn)  a.e.in Q x I, (3.16)
Onpn + Oupnr + Br(pnr) + 70 (pnr) = Arpar = ur,

Prr = Prpyr,s &€ on ' X I (3.17)
pn(0) =po a.e. in Q, pu(0) =po, a.e. onI. (3.18)

Their (unique) solutions (ttn, pn, pnye) are required to satisfy the regularity properties in-
ductively obtained by taking ¢, in place of 7" in (3.8). The operator T, appearing on
the right-hand side of (3.16) acts on functions that are not defined in the whole of (0,7);
however, its meaning is still given by (3.4) if n > 1, while for n = 1 we simply set
‘TTN (:un—l) = Ho-

Observe that the unique solvability of (3.14)—(3.18) for every n € {1,..., N} would
imply that

PNioxiy_, — PN=1, HNgyr, , = HN-1,

which would entail that

TTN(N'N—l)(x?t) - :LLN—l(xﬂt_ TN) - :uN(xvt - TN) = TTN(MN)(x7t)
for a.e. (x,t) € Q@ x Iy_;.

It then would follow that (un, pn, pay) is the unique solution to the system (3.9)—(3.13)
for 7 = 7. Consequently, it suffices to show that the system (3.14)—(3.18) enjoys for
every n € {1,..., N} a unique solution having the required regularity. To this end, we
argue by induction. Since the proof for n = 1 is similar to that used in the induction
step n — 1 — n (recall that we have set T, (1) = po on Q x (0,¢1)), we may confine
ourselves to just perform the latter.

So let 1 < n < N, and assume that, for 1 < k < n — 1, unique solutions (p, pr, Pkr)
to the system (3.14)—(3.18) have already been constructed that satisfy for 1 <k <n —1
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the conditions

pr € HY(L; HYNCO(L; VYN L2 (L, W) N L®(Q x 1), >0 ace. in Q x I,
pr € WH (I HY N H(Ii; V) N L (1y; H*(S2)),
pre € WE(I; Hp) N HY (I;; Vi) N L (I, HA(T)). (3.19)

Now observe that the system (3.16)—(3.18) is nothing but the strong formulation of
the variational problem [5, Eqs. (4.5)—(4.8)] (if one puts, in the notation used there,
fr :=ur, f = 0), with the only exception that the expression 7(p%) occurring there is in
our case replaced by 7(pf) — Try (tin—1) ¢'(p5). Now notice that the data of the system
satisfy all of the conditions imposed in [5]. In view of (3.3), and since T (1,,—1) obviously
belongs to L>(2 x I,), we can therefore adopt the arguments employed in [5, Sect. 4]
(see, in particular, [5, Prop. 4.1 and Rem. 4.5]) to conclude that (3.16)—(3.18) enjoys a
unique solution (py, pn,.) such that

pn € H (1,; H) N CO(1,; V) N L*(1,; H*(2)), (3.20)
Py € H'(I,; Hr) N C°(IL,; Vi) N LA(1,; HA(T)) (3.21)
3(pn) € L*(I; H),  Br(par) € L*(In; Hr). (3.22)

In order to recover the full regularity required in (3.8), we still need to show that
Oipn € L®(1;; HY N L*(1,; V), Oipnp € L®(1,; Hr) N L2 (1; Vi). (3.23)

To establish (3.23), we proceed formally, noting that the following arguments can be made
rigorous by applying, e.g., finite differences in time. We differentiate (3.16) (formally)
with respect to time, obtaining the identity

Opon — DOipy + (6°) (pn) Orpn
= (=7"(pn) + Tr, (ttn-1) 9" (pn)) Orpn + 0iT, (pin-1) g’ (pn)-

Multiplication by d;p,, integration over @y, where t € (0, 7], and (formal) integration by
parts, using (3.17), yields the identity

1 t t
(10Ol + 1w, ) + [ [ IVopuPazds + [ [ 1900, aras
0/ 0JI

+/Ozl(ﬁ5)’(pn)|6tpn|2dfds +/t/(5§)’(pnr)I(?tpnr|2drds

1
= 5 (1O + 10O ) + [ [ 7 00) + T () o) [0 it

// 0T, (tn-1) ¢'(pn) atpndxds+//(8tuF—W'F(pnr)ﬁtpnr)atpnr d'ds. (3.24)

0Jr
By the monotonicity of 3° and ff, all of the terms on the left-hand side are nonnegative,
and, invoking (A2), (3.6), the boundedness of 7', 7., ¢', 9", pin—1, and Young’s inequality,

we readily conclude from (3.20) and the first (3.19) with £ = n—1 that the three integrals
on the right-hand side are finite.
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Moreover, by (A1), (A4), (A5) and (A6), we have po g (po) + Apo—m(po) € H, and
it follows from (2.1) that, for every ¢ > 0,

1850l < 5%l and  |[5E(por) || < (155 (0o ) |y - (3.25)

We thus can infer from (A6) that

10:pn (0) | = |10 9" (p0) + Apo — 7(po) — B (po)|lr < K. (3.26)

Likewise, using (A1), (A2), (A4), (A6), and (2.1), we conclude that

10epnr (0)|| 5 = [|ur(0) = Onpo + Arpo, — 7r(por) — Be(por) ||y < K. (3.27)

In conclusion, the expression on the right-hand side of (3.24) is finite, which proves the
additional regularity (3.23).

Now that the existence of a unique solution p, to the system (3.16)—(3.18) with
the required regularity is established, we substitute it in (3.14) and study the resulting
initial-boundary value problem (3.14)—(3.15). Recalling the continuity of the embedding

(L=(0,t; H) N L*(0,;V)) € (L'(Q) N L73(0,4; L"*3(Q))) Vte (0,T7], (3.28)

we have that
Dipn € LY3(Qp,) N LT3(0, t,; LM3(Q)). (3.29)

We now recall the form (3.3) of the extension of g to the whole real line. Using this, we may
argue as in [25, pp. 7953-7956] to conclude that, with p,, fixed, the problem (3.14)—(3.15)
has a unique nonnegative solution p,, € H*(I,;; H) N L=(L,; V) N L?(I1,; W*3/2(Q2)). But
since 0;p, € L*(I,;V), it follows from the continuity of the embedding V' C L%(Q) that
G (pn) Ospn ptn, € L*(I,; H), and comparison in (3.14) shows that Ap,, € L?(1,,; H), whence,
by standard elliptic estimates, also p,, € L*(I,; ). The continuity of the embedding
(HY(I,; H) N L2(I,; H*(Q))) C C°(1,; V) yields that then also yu, € C°(I,; V).

Finally, we have 0,p, € L7/3(I,; L'*/3(Q)), by (3.29). Therefore, we may repeat the
argument from the proof of [14, Thm. 2.3], which was based on this regularity, to conclude
that p, € L>®(Q2 x I,,). Here, we remark that the quoted proof was performed only for the
special case g(r) = r; however, the argument extends with only minor modifications to
the present situation (see also the analogous [19, Thm. 3.7]). With this, the above claim
is completely proved.

STEP 2: Let € > 0 and N € N be arbitrary but fixed, and let (piN, J piNF) be the

unique solution to (P:,) having the regularity properties (3.8), which was constructed
in Step 1. We are now going to show a number of a priori estimates for these solutions
which are uniform with respect to N and £ > 0. In performing these estimates, for the
sake of a better readability we will omit both the subscript 75 and the superscript e,
writing them only at the end of each estimate. We also recall that K;, i € N, denote
positive constants which are independent of both £ and N. We remark that the following
chain of estimates combines ideas from [19] and [5], where in [19] a more general version
of Eq. (1.1) was investigated. Since, however, in [19] the simpler case of a zero Neumann
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boundary condition for p was assumed in place of the dynamic boundary condition (1.5),
we have chosen to include these estimates for the reader’s convenience.

FIRST ESTIMATE:

First observe that 9,((3+9(p))p?) = (1+29(p)) p O+ g'(p) Oyp . Hence, multiplying
(3.9) by p, and integrating over Q;, where t € (0,7, we find the identity

t
|G ato@) i@de+ [ [ 9uPazds = [ (& +g(m) o)
0
whence, using (A1), we easily conclude that

||/L€FNHL"O(O,T;H)QLQ((LT;V) g K37 (330)

which entails that also

H(ITN(ﬂ'iN)HL°°(0,T;H)|’7L2(O,T;V) S K4- (331)

SECOND ESTIMATE:

Next, we add p on both sides of (3.11), multiply by 0,p, and integrate over ();, where
t € (0,7]. Adding pr on both sides of (3.12), we then obtain the identity

! 1 e
| [t azds + 3ol + [ Flow)ds
0JQ Q
t 1 ~
+ [ 1o aras + 5 loe(o)l, + [ Forte ar
0
1 ~ 1 ~c
= Slel + [ oo + Sl + [ Belon)ar
Q T

t t
+ [ 0w @t o0) = (o) + p)dnds + [ [ 0upr (ur = (o) + pr) T s,
0/@ 0JT
(3.32)
From (2.3), we obtain that all of the expressions on the left-hand side are nonnegative,
and it follows from (A1), (2.3), and (A6), that the first four summands on the right-hand
side are bounded by a constant that neither depends on N € N nor on € > 0. The last

two integrals on the right-hand side, which we denote by I; and I5, respectively, can be
estimated as follows: we employ (3.3), (3.31), (A4), and Young’s inequality, to obtain

that
1 ! 2 ! 2
Lo<z/[[|opPdeds + K5(1 + [ [ 1ol dxds), (3.33)
2 0JQ 0J/Q

and invoke (A2), (A4), and Young’s inequality, to see that

1 t t
I < —//|8tpp|2dfds K1 +// el dr ). (3.34)
2 0JT 0JT

We thus can infer from Gronwall’s lemma that

< K. (3.35)

£
p
"Nl H1 (0,73 HR)NL> (0,73 Vr)

£
[ ————
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THIRD ESTIMATE:

Next, we multiply (3.11) by (3°(p) and integrate over @y, where 0 < ¢t < T. Then, we
integrate by parts and use (3.12)—(3.13) to obtain the identity

/ﬁ da:+/ﬁ pr(t dF+//|ﬁ£ )2 dz ds
+//WW@HMWM®+/JMW@ﬂNw$dMS
/ﬁpom+/hfmdr+// (1) 6/ (p) — 7(p)) () dz s

//w—mwf @wwm—/]mwrﬁmwwm (3.36)

In view of (2.3), and as ¢ is increasing, all of the terms on the left-hand side are non-
negative. About the last term, we exploit (3.2) to deduce that

o . L[ TC2
—/O/Fﬁp(pr)ﬁ (pr)dl'ds < _%/o/r 13°(pr) > dI ds + znr/rldf‘. (3.37)

Moreover, by (2.3) and (A6),

[F@ds+ [Fm)ar < [ Boas + [ B dr < K (3.39)
Q r Q r
Furthermore, thanks to the previous estimates and Young’s inequality,
1/t 9
[[@wso -tonsaas < 5 [ [ 18P + K. @)
as well as
t 1 t
//(uF — ar(pr) F(pr) AT ds < 4—// | (pr) P AT ds + Ko, (3.40)
0Jr nJoJr

with the constant > 0 introduced in (A7). Hence, we can infer from (3.36)—(3.40) that

Hﬁe pTN HLQ (0,T;H) < Kll) (341)

whence, by comparison in (3.11),

HApTNHLQ orm < Kz (3.42)

FOURTH ESTIMATE:

We now draw some consequences from (3.42). First, we invoke [3, Theorem 3.1, p. 1.79],
which yields the estimate

tAMUMmd“%h/NM@%HM®%Mt (3.43)
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whence we obtain that (cf. (3.35))

ol 20,7 m320)) < Kia (3.44)

By virtue of (3.42) and of [3, Theorem 2.27, p. 1.64], we can also conclude that

”aanLQ(o,T;HF) < Kis. (3.45)

We now aim to find an estimate for 3%(pr). To this end, we multiply (3.12) by 5% (pr)
and integrate over I' x (0,¢), where 0 < ¢t <T. We obtain the identity

[ Brtoranar + [[[ @0 wemitaras + [ [ 5o aras

= [ Brtmoyar + [ [ e = dup = ) S or) s, (3.46)

By the monotonicity of g5 and (2.3), the first two integrals on the left-hand side of (3.46)
are nonnegative, while, thanks to (A6),

/B;(Pop)dr < /B\F(por)dr < Kig. (3.47)
I I

For the last integral on the right-hand side, we invoke (A2), (A4), (3.35), (3.45), and
Young’s inequality, to infer that

/ / (ur — Bup — mc(or)) G (pr) A ds < / / Be(pr)lPdTds + Kur,  (348)
oJI oJI

whence we conclude that
185 (pr)l 20, 1eryy < s (3.49)

Comparison in (3.12), using the previously shown estimates, then yields

|Arpr|l 2o,y < Ko, (3.50)

and it follows from the boundary version of the elliptic estimates that

lorll2rm2)) < Koo, (3.51)

whence, employing (3.42) and standard elliptic estimates, we conclude that also

lpllL2o,mm20) < Ko (3.52)

In conclusion, we have inferred the estimate

FIFTH ESTIMATE:

< Kop. (3.53)
L2(0,7:H2(T)

*|

B (65, )

L2(0,T;Hr) + pr—N ||L2(0,T;H2(Q)) pf_NF

In this step of the proof, we partly repeat a formal argument that was already used in
Step 1, noting again that it can be made rigorous by using finite differences in time.



14 NONSTANDARD CAHN—HILLIARD SYSTEM WITH DYNAMIC BOUNDARY CONDITION

Namely, we differentiate (3.11) formally with respect to time, multiply the resulting iden-
tity by O;p, and integrate over Q);, where 0 < t < T, and (formally) by parts. As in Step 1
(see the argumentation between Eqgs. (3.24) and (3.27)), we then arrive at an inequality
of the form

1 t t
5 (0Ol + 100 )1,) + [ [ 1907 aas + [ [ 1900 aras
0 0JIT
4
< Koz + le, (3.54)

where the expressions [;, 1 < j <4, will be specified and estimated below. At first, recall
that 7', 7}, ¢, ¢ are bounded. Hence, owing to (3.35), we have that

// p) 10up|* dzds < Koy, (3.55)

and, by also using (A2) and Young’s inequality, we infer that

t
L= / / (Quur — 7(pr) Bupr) Aupr AT ds < Kos. (3.56)
oJI

In addition, invoking (3.31) and the compactness inequality (1.21), as well as Holder’s
inequality, we find that

1= / / (1) 9" (0) 10l deds < Ko / 1Ty ()], 1000 ()] s
<K27/ 19 (p(s) 2 ds < /||V5’tp (5)|12 ds + Kos. (3.57)

The estimation of the remaining term

t
I3 = / / 0 Try (1) g'(p) Opp d ds
0JQ

is more delicate. To this end, we note that (3.9) implies the identity
L
1+2g(p)

where, thanks to (3.3), 1/(1 4 2¢(p)) < 3. First, recall that T, (u) is constant with
respect to time on the interval (0, 7). We therefore have, with obvious notation:

Oy = Ap—pg'(p)op), (3.58)

t—TN
/ / P OT () Dipdeds = [ [ 0s) ol + 7)) Qs+ ) o ds
0 Q

- / TN/ 1+ 29 [A“(S) — 1u(s) g'(p(s)) Dep(s)] Deg(p(s + 7)) daz ds
. g(p(s + 7))
- _/ V,U(S)'V( 1+ 29(p(5) )dxds
/t - / p(s+7n)) 11(s) Oup(s) Dup(s + ) dz ds (3.59)
1 —l— 2g (s)) . .
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We treat the last two integrals separately, invoking our structural assumptions and the
estimates established above. We have

—/0 - ; Vu(s) - V(aigj_péz(;g;)))> dz ds

_ _/O_TN/Q w(s).v(gl<p<5 Irf\;i])(it<i()§+7-]v>)dxds

t—TN
< Ka / / IV 14(5)] [Vup(s + )| der s
0 Q

t—TN
B [ [ [V Va6) (s + 7] s
0 Q

t—TN
B [ [ 19U Vals + )l 05+ m)l deds, (360
0 Q

where, owing to (3.30) and Young’s inequality,
t—TN 1t
K29/0 L|vu(s)||vatp<s+TN)|dxds < 6/0/Q|V8tp|2dxds b Kpo (3.61)
On the other hand, we also have that
t—N
Koo [ [ 1V 1905) 105+ ) s

t—TN
< Kzo/ IVu(s)lI2 IV o(s)l4 [[0cp(s + 7o) l4 ds
0

1 [t t—7Tn
=% / 100 ()l ds + K / IOIANZOIRE
]- t t t—7N
< 6// [VOipl* dads +K34// |0,p]? dz ds +K35/ IV ()17 IV o(s)[f5 ds
0/Q 0JQ 0
1 [t =N
= 6// VOupl* dzds + K + K:w/ IV () 11% 1V p(s)II5 ds. (3.62)
0JQ 0

The last integral cannot be controlled in this form. We thus try to estimate the
expression ||[Vp(s)||}; in terms of the expressions |[d;p(s)||3; and ||dypr(s)||3;,. which can
be handled using the first summand on the left-hand side of (3.54). To this end, we use
the regularity theory for linear elliptic equations and (3.35) to deduce that

IVo()IIY < Kas(llp(s)lll + 120()l7) < Ko (1 + [|Ap(s)II7) - (3.63)

We now multiply, just as in the third estimate above, (3.11) by 8°(p(s)), but this time
we only integrate over (2 to obtain the identity (compare with (3.36))

18 (o) + / (5) (0(5)) [V ()| de + / (%) (pe(s)) [V epe(s) P dT
- / B (0(5)) (—Brp(s) — 7(p(5)) + Ton () ¢/ (p(s)))
T / 5 (pr(s)) (ur(s) — mr(pr(s)) — upr(s)) dT' — / B2(pr(3)F (pr(s)) AT . (3.64)
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The terms on the left-hand side are nonnegative, and analogous reasoning as in the third
estimate, using the already proven bounds, the general assumptions, (3.31), (3.2) and
Young’s inequality, shows that

15 (o(s)IlE < Ko (1+110ep(s) |5 + [10epr(s)|I7,)  for a.e. s € (0,¢), (3.65)

whence, by comparison in (3.11),
1Ap()I7 < K (L+118ip()[I7 + 10pr(s)|7r.)  for ace. s € (0,1). (3.66)

Combining the estimates (3.62)—(3.66), we have thus shown that

[ [9u 9o s + ol aras

1 [t t
< 6//Q|V5’tp‘2dxds + K42<1+/ 1V u(3)]|3 (||(9tp(5)H§{ + HatPr(S)H?{F) ds).
0 0
(3.67)

By similar reasoning, we also obtain that
t—TN 1 t
K31/ / IViu(s)[|Vp(s + )| |0wp(s + 7n)|dxds < 6// |VO,p|* dz ds
Q Q
0 t 0
K (14 [ IVT DI (100 + 1oe()lE) ds). (369

where VT, (u(s)) = Vyy for 0 < s < 7. Hence, combining the inequalities (3.60)—
(3.61) and (3.67)—(3.68), we have proved the estimate

_/Ot_TNQw(s).v<a§gipgz(;(g;)> drds < %/Ot/glvatplzdxds

+ K1+ [ (90 + 19T D) (10006 + 10woe(9)l) ds).
(3.69)

Let us now come to the second term on the right-hand side of (3.59). We have, owing
to Holder’s and Young’s inequalities,

o p(s+7n))
/ / 1 —1—29 (s)) 1(s) Oyp(s) Orp(s + 7n) dw ds

t— TN
< K / 1a(3) s [Bhps + ) s 100 () 2 s
0

1 t—TN t
<o 1ol ds + K [ IR 10 ds
0 0

1 [ t
<3 [ Ivosl s + Ke(1+ [0 ). @)
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Therefore, due to (3.69) and (3.70), we can infer from (3.59) that

t
// p) 04Ty (1) Orpdads < —// VO, p|* drds + Ky
0Ja

+ Ko / 2(s) (010313 + 19uor(s)3,) ds. (3.71)

where ® : (0,7) — R is given by ®(s) = [|u(s)ll5 + V() llF + [VTry (u(s))]F for
s € (0,T7). Since it is known that ® is bounded in L'(0,7) uniformly with respect
to N € N and ¢ > 0, summarizing the estimates (3.54)—(3.57), (3.71), and invoking
Gronwall’s lemma, we have thus finally shown that

< Ksp. (3.72)

(9,5/)5
TN || Loo (0,7 HR)NL2(0,T;Vr)

Hatpiz\rHLOO(O,T;H)OLQ(O,T;V) + ‘

Let us draw some consequences from this estimate. First note that (3.65), (3.66) and
(3.72) entail that

Hﬁa(piN)HLOO(O,T;H) + ”Apf’N”LW(O,T;H) < K1, (3.73)

Next, we recall (3.35) and the fact that ur € C°([0,T]; Hr), by assumption (A2). We
therefore can, for almost every fixed t € (0,7), follow exactly the same chain of arguments
as in the fourth estimate, but this time without integrating over time. In doing this, we
establish consecutively bounds resembling the estimates (3.43)—(3.53), eventually arriving
at the estimate

15 (> (=
1805y 105 oy [Py < Koo 370
Notice that (3.74) implies, in particular, that
(3
HpTN“LOO(Q) + ) pTNF Lo (%) < K53~ (3'75)

SIXTH ESTIMATE:

We now multiply (3.9) by Oy and integrate over @, where 0 < ¢ < T, and by parts.
Recalling (3.3) and (A1), and invoking Holder’s and Young’s inequalities, we obtain that

1 [t 1 1 t
! / / P dzds + S Va0l < LIVl + K / / 9usa| 1] 9ep] e s
3 JoJa 2 2 0/
t
< Ks + K / 100(3) 12 180 ()4 () 4 ds
0

1 t t
< Kty [ [ omPdrds + Ko [ 10w Il as (3.76)
0JQ 0

and we note that the function s — ||9;p(s)||? is bounded in L'(0,T) by (3.72). Thus,
taking (3.30) into account, we can infer from Gronwall’s lemma that

H’uTN“Hl (0,T;H)NL>(0,T;V) < Kis. (3.77)
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But then, owing to Holder’s inequality and and (3.72),

T

19'(p) Dep pll 2y < ng/ 10up ()13 ()13 ds
0

< Ko ||N||%oc(o,T;V) HatpH%Q(QT;V) < K,

whence, by comparison in (3.9),

1Al 201y < Ko

In view of the boundary condition (3.10), we therefore can infer from standard elliptic
estimates that
H'uiN”LQ(O,T;H?(Q)) < Kes. (3.78)

Finally, we recall (3.72) and (3.28), which yield that 0;p7  is bounded in the space
L7/3(0, T; L'*3(Q)), uniformly in N € N and € > 0. Hence, we may again argue as in the
proof of [14, Thm. 2.3] to conclude that

||’U§'NHL°O(Q) < Kea. (3.79)

STEP 3: In this step of the proof, we perform the limit process as N — oco. Owing to
the a priori estimates established above in Step 2, we can select a subsequence, which is
again indexed by N, such that, as N — oo,

p, — p° weakly-star in Wh(0,7; H)N H'(0,T; V)N L>(0,T; H*(Q)), (3.80)
Pry. — PP weakly-star in Whee(0,T; Hr) N HY(0,T; Vy) N L>(0,T; H*(T')), (3.81)
pe, — pf weakly in H'(0,T; H) N L*(0,T; W) and weakly-star in L>(Q), (3.82)
for suitable limits u°, p%, pf.. By (3.82), we have that d,u® = 0 almost everwhere on ¥,
and the continuity of the embedding H'(0,T; H)NL?(0,T; H*(2)) € C°([0,T]; V') implies

that both p*(0) = pp and p°(0) = uo. Moreover, by virtue of standard compactness results
(see, e.g., [45, Sect. 8, Cor. 4]), we can without loss of generality assume that

ps, — pf strongly in CO([0,T); H), (3.83)
ps, — p° strongly in C°([0,T7; H*(Q)) for 0 < s < 2, (3.84)

whence we obtain that p® > 0 almost everywhere in () and
ps, — p°  strongly in C%(Q). (3.85)

But then pf v — pjy strongly in C°(X), and thus, invoking (3.81), we obtain that
Pis = Pp- In addition, the Lipschitz continuity of the corresponding functions on R yields
that

D(ps,) — ®(p°) strongly in C%Q) for ® € {3,7,9,9'},
(IDF(,O;VF) — ®p(pf) strongly in CO(X) for ®p € {35, mr}. (3.86)
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It is therefore easily verified that

(1+29(p5,) s, — (1+29(p%)) D weakly in L*(Q),
1y 9'(05) Oupsy, — 15 g'(p%) Opp®  weakly in LY(Q). (3.87)

Finally, in view of (3.77), it is easy to check that
[Ton (15) — oy llz2@) — 0 as N — oo,

which, in combination with (3.83) and (3.86), implies that

Tow(H5y) 9 (P7y) — 1 g'(p°)  strongly in L*(Q). (3.88)

Hence, letting N — oo in the system (3.9)—(3.13), we find that the triple (uf, p%, p5) is a
solution to the initial-boundary value problem

(1+29(0%)) O + g'(p°) Oup" 1° — Ap® =0 ace. in Q, (3.89)
Oapt° =0 a.e. on X, (3.90)
Ohp” — Dp* + °(p°) +7(p°) = 1 g'(p") a.e. inQ, (3.91)
Onp” + Oipr + Br(pr) + mr(pr) — Arpp = ur,  pr = piy,  a.e. on X, (3.92)
pe(0) =po and p°(0)=py a.e. in, pr(0)=por a.e onl. (3.93)

Moreover, pf is nonnegative almost everywhere in @), and, by virtue of the weak (and
weak star) sequential lower semicontinuity of norms, we have the estimate

| 0% [[ w00 (0,75 1) 11 (0,13 ) M Lo (0,7 12 (02))

+ 0% llwee 0,1 By (0,1V0) Lo (0,75 H2(1Y)

+ || 1] 1 0,71y L2 0,79y N Lo (@)

+ 1870 ooy + 180 (o) Lo 0,1500) < Ks. (3.94)

STEP 4: In the final step of the existence proof, we perform the limit process as € \, 0.
Repeating the arguments of Step 3, we can find a sequence ¢, \, 0 and corresponding
solution triples (p°", p*, pi*) to the system (3.89)-(3.93) such that, as n — oo,

P — p  weakly-star in W1>(0,T; H) N H'(0,T;V) N L>(0,T; H*(Q)), (3.95)
P — pr weakly-star in Wh(0,T; Hr) N HY(0,T; Vy) N L>=(0,T; H*(T)),  (3.96)
per — p weakly in H'(0,T; H) N L*(0, T; W) and weakly-star in L>(Q),  (3.97)
g (p™) — €  weakly-star in L>(0,7; H), (3.98)
Brr(pr) — & weakly-star in L>°(0,7"; Hr), (3.99)

for suitable limits u, p, pr, &, &r. As in Step 3, we may assume that

p — g strongly in CO([0,T); H), p™ — p strongly in C°(Q), (3.100)
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whence we again conclude that pr = pp, p(0) = po, and u(0) = po. Moreover, (3.97)
implies that d,u = 0 almost everywhere on . We also have that

D(p™) — (p) strongly in C(Q) for ® € {m,g,9'},

mr(pi) — mr(pr)  strongly in CO(X),

(142g(p™)) dpp™™ — (1 +29(p)) Oppr weakly in L*(Q),

= g (p™) 0p™ — pug'(p) Oip weakly in LNQ),

prg'(p™) — wg'(p) strongly in L*(Q).
Moreover, by a standard argument in the theory of maximal monotone operators (see,
e.g., [1, Lemma 2.3, p. 38]), we infer that also p € D(3) and £ € B(p) almost everywhere
in @, as well pr € D(fr) and & € fr(pr) almost everywhere on 3. In particular, thanks
to (Ab5), the values of p belong almost everywhere to the domain of definition of the

original function g. Hence, we may pass to the limit as &, \, 0 in the system (3.89)—
(3.93) to infer that the quintuple (u,p, pr,§,&r) is a solution to the system (1.1)—(1.7).

Finally, we have that d,u = 0 a.e. on ¥ and, in addition, that g(p),d'(p) € C°(Q)
and p € L>®(Q). Since

O — (1+29(p) " Ap = —(1429(p)) "  11d'(p) drp, (3.101)

we may view (1.1) as a linear uniformly parabolic equation for p with continuous coeffi-
cients and a right-hand side in L>(0,T; H) N L*(0,T; L(2)). As po € W, it follows from
optimal LP-L9-regularity results (cf. [29, Thm. 2.3]) that p € WHP(0,T; H)NLP(0,T; W),
for all p € [1,+00). We have thus shown the existence of a solution having the asserted
regularity properties.

STEP 5: It remains to prove the uniqueness result. For this purpose, we follow closely
the proof of [19, Thm. 3.9] for the case that p satisfies a zero Neumann condition, pointing
out the differences originating from the dynamic boundary condition (1.5). First, it is not
difficult to check that Eq. (1.1) can be rewritten as

O(n/a(p)) — alp) Ap =0 ace. in Q, (3.102)
where o : D(3) — (0,400) is given by

a(r) == (1+ 2g(7"))_1/2 for r € D(f). (3.103)

Now suppose that two solutions (u, pi, Pirs iy &ir ), © = 1,2, to the system (1.1)—(1.7)
with the regularity (2.5)—(2.8) are given such that p; > 0 almost everywhere in @), for
i=1,2. We put a; := a(p;), z; := pi/a;, for i = 1,2, and set

poi= = p2,  pi=p1— P2, pro=pip— P =G — &, &= — o,
a = a; — ay, Z =21 — Z9,

where we notice that pr = py; almost everywhere on . Moreover, z; is bounded (since
w; and p; are bounded), for i = 1,2, and we have that

IVoil, IV, | V2| € L*0,T; L°(Q)), for i=1,2. (3.104)
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In the following estimates, we denote by C' or C positive constants that may depend
on the data of the system and on finite norms of the quantities u;, p;, z;, ¢ = 1,2. The
constants C' may change their meaning within formulas and even within lines.

At first, we write Eq. (3.102) for p;, p;, @ = 1,2, and subtract the equations from each
other, which yields the identity z;—a; A(ajz1)+az A(agzy) = 0. Note that both a2, and
aszy satisfy the Neumann homogeneous boundary condition (1.2). Then, multiplication
by z and integration over @);, where t € (0,7, leads to the equation

%/ﬂ!z(t)\?dx + /O/Q(Walz)-V(alzl)—V(azz)V(agzz)) deds =0,  (3.105)

whence, arguing exactly as between the formulas (6.8) and (6.10) in the proof of [19,
Thm. 3.9], we conclude the estimate

/| ) dz + = //|V a12))?dzds < (1+C) //\Vp|2dxds

+ C// (Viio]? |2]? dz ds + C// (IVp1? + |V p2]? + |V + |V2of?) [p]? dzds .
(3.106)

Next, we write the equations (1.3) and (1.5) for the two solutions and subtract to
obtain the identities

—Ap+E&=m(p2) —m(p1) + g (p1) + p2(g'(p1) —g'(p2)) a.e.in Q,  (3.107)
Onp + Oipr — Arpr + &0 = mr(pep) — mr(p1.) a.e. on 2. (3.108)

Thus, multiplying (3.107) by p and integrating over @y, where t € (0,7, we easily derive
from Young’s inequality the estimate

1 t t
3 (POl + e @) + [ [ 1VoPards + [ [ (9o aras

t t
+//§pdxds +//£pppdfds
0/a 0Jr

t t
< C// (|® + 1p[?) dzds + C// lpr|* dlds, (3.109)
0/ oJI

where, owing to the monotonicity of § and fr, the last two summands on the left-hand
side are nonnegative. At this point, we multiply the inequality (3.109) by 2+ C' and add
the result to (3.106). Using the estimate

| = lar21 — agze| < |af|z1| + [azl|z| < C([p] + |2]), (3.110)

we then easily deduce that

12O11% + To@lE + llor(©)]1Z,

t t
+// (IV(a12)]> + |Vp|?) dzds —I—//|Vppp|2dfds
0/ 0JT

t
< [ @+ Vol 4190 + [Vhal + Va2l (o + o) dodis
0/Q

t
+ C// lpr|?dlds . (3.111)
0JT
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Now, by virtue of (3.104), the function k := 1+ |Vp1|+ |Vpa| 4+ |Vuz| +|Vz2s| belongs to
LY0,T; L°(Q)). A direct application of [19, Lem. 6.2] then yields that the first summand
on the right-hand side of (3.111) is bounded by an expression of the form

1 t
—//(]V(alz)\z +Vp[2) dz ds
2 0JQ

t

+ C/O L+ 1Vou(s)lls + 1k()lls) (1z()l7 + lp()lI7) ds- (3.112)

Combining this with (3.111), we thus can infer from Gronwall’s lemma that z = p = 0
a.e. in @ and pr = 0 a.e. on X. Hence, by (3.110), also ¢ = 0, and, by comparison in
(3.107), £ = 0, a.e. in Q. Finally, by comparison in (3.108), {r = 0 a.e. on 3. This
concludes the proof of uniqueness. The assertion is thus completely shown. O

REMARK 3.1: Since the expression on the right-hand side of (3.101) belongs to the
space L2(0,T; L%()), it follows from the optimal LP-L9-regularity result of [29, Thm. 2.3])
that also pu € H*(0,T;L%(Q)) N L*0,T; W2%(Q)).

4 Stability and further regularity

This section is devoted to the proofs of Theorem 2.3 and Theorem 2.4.

PrROOF OF THEOREM 2.3:  Assume that up € L>(X), 3°(po) € L>(2), and 3°(po,.) €
L>(T"). We need to show that the unique solution (u,p, pr,&,&r) has the additional
property that £ € L*°(Q). To this end, we recall that the approximating system (3.89)—
(3.93) introduced in Step 3 of the proof of Theorem 2.1 has a solution triple (u°, p°, pf)
satisfying the estimate (3.94). Moreover, {p°} is bounded in C°(Q) uniformly with
respect to € > 0 , which entails, in particular, that 55(pf) € C°(Q), and thus 3°(p) €
C°(X) and Ba(ph) € C°(X). We therefore may multiply (3.91) by (55(p°))%*~1, for every
fixed k € N. Integration over ;, where 0 < t < T, yields the identity

[vwnar+ [aioar e [ [ Fem 66w raas
+ k=) [ [0 @ e aras + [ [0 anas
= [oar + [oreoar + [ [ 0 ) - n) aras

+AZ@W@WIFﬁ@®—w@®+WMﬂM (4.1

with the functions

P (1) PR (,t)
OF (2, 1) = /0 (B (r)*dr, @5(,t) = /0 (B(r)*Ldr.  (4.2)

Since the functions (° and [f vanish at zero and are monotone, all of the expressions
on the left-hand side are nonnegative. We estimate the terms of the right-hand side indi-
vidually, where we denote by Cj, ¢ € N, positive constants that may depend on the data
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of the system but not on ¢ > 0. At first, invoking (A1), (2.1), and the assumption (2.9)
that implies 5°(po) € L>(2), we obtain for the first summand on the right-hand side the

estimate
//po(x)(ﬁf(T))%_l drdz < /Q|p0($)‘ 15 (po(@)) 2" da

<l [ 1B @) do < CHIF@IET < 0. (43

By the same token, we have that
/ (2, 0)dr < C, C2*. (4.4)
r

Next, recall that e g'(p°) = 7(p°)|| o) < Cs. Hence, using Young’s inequality (1.23)
with p = 2%, ¢ =2k, and v = (§ )1/P_ we obtain for the third integral on the right-hand
side, which we denote by I, the followmg estimate:

2k—1
I < 06// 13 () P* P dads < // 132 (p°) [ dw ds + i (%Tl) C2k
// 18°(p°)|** dads + C; C2* . (4.5)

Finally, since up € L*°(¥) by assumption, we obtain that |lup — 7r(pr)||zem) < Co.
Moreover, we have, using (3.1), and invoking Young’s inequality similarly as above,

1 C
— (R BRE) = — IR TR <~ TP + TP
—%WWM%+@ﬂ% (4.6)

Hence, the last integral on the right-hand side of (4.1), which we denote by I, admits an
estimate of the form

1 t
I, < ——// 18°(p2) [ dT ds + Oy O . (4.7)
21 JoJr
Combining the above estimates, we have thus shown that

15°(p )”L% + ||ﬁ€(PF)||L2k ) < Cu Cfg for all k € N. (4.8)

Taking the (2k)-th root on both sides of this inequality and then letting k& — oo, we
conclude that

18%(0%) @) + 157 (pP)llz(m) < Chs. (4.9)

But this means that the convergence result (3.98) in Step 4 of the proof of Theorem 2.1
can be replaced by the stronger statement

g5 (p) — € weakly-star in L>(Q), (4.10)

so that the solution constructed there satisfies £ € L*(Q). Since the solution is unique,
the assertion is proved. U
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Before proving Theorem 2.4, we cite a known auxiliary result (cf. [26, Thm. 2.2]) that
will be used during the course of the proof.

LEMMA 4.1: Suppose that functions a € L®(Q), ar € L™®(X), o € L*Q), and
or € L*(X) are given. Then the linear initial-boundary value problem

Oy—Ay +ay =0 a.e in Q, (4.11)
Ony + Owyr — Aryr + aryr = or, Yr =¥Yx, a.e on X, (4.12)
y(0)=0 a.e. in Q, yr(0)=0 a.e on I, (4.13)

has a unique solution pair satisfying y € H*(0,T; H) N C°([0,T]; V) N L*(0,T; H*(Q))
and yr € H'(0,T; Hr) N C°([0,T]; Vr) N L*(0,T; H*(T')). Moreover, there is a constant
Crp > 0, which depends only on Q, T, ||a||L=(q), and |lar| r~), such that, for every
t € (0,7],

Yl e 0,600 0.0:v)nL2 0,62 () + 1yr || (0,680 )nCo (0.0:ve)nL2 (0,602 (D))
<O (||J||L2(Qt) + ||0F||L2(zt)) : (4.14)

We are now prepared to prove Theorem 2.4.

PROOF OF THEOREM 2.4:  We first prove (2.10) by recalling that both p and £ are
bounded (see Rem. 2.2 and Thm. 2.3). We construct r*. If r;y = 400 we can take
r* == supp < ry. If instead r, < +o0, we choose s* > 0 such that s* > £ a.e. in Q.
By observing that lim, »., 3°(r) = 400 by maximal monotonicity, we find r* € (0,7)
such that 3°(r) > s* for every r € (r*,r,). Then, it holds that p < 7* on Q. Indeed, if
the continuous function p satisfies p(x,t) = r* 4 26 for some ¢ > 0 at some point (z,t),
we should have p > r* + § in some subset @ C ) with positive measure. This implies
that & > B°(r* +6) > s* a.e. in @', and this contradicts the definition of s*. As r,
can be obtained similarly, the separation property (2.10) is established. From this and
D(6r) = (r_,r;) it immediately follows that even & is bounded.

We assume that the potentials are smooth and show the validity of (2.11). To this end,
suppose that u;. € H'(0,T; Hr) N L>=(X), i = 1,2, are given, and let (u;, pi, pir., &i, &irr),
where & = B(p;) and &;. = Pr(pi.), be corresponding solutions to (1.1)—(1.7), for i = 1,2,
that enjoy the regularity properties (2.5)—(2.8). In the following, we denote by C' > 0
constants that depend only on the data of the system, on ||u;. ||H1(07T;HF), i =1,2, and on
the norms of (u;, pi, pir.), @ = 1,2, in the spaces indicated in (2.5)—(2.7). Now, we put

o= — 2, pPi=pP1— P2, Pr = Pip — P2y UD = Uiy — Upe

Obviously, pr = ps on 3. Moreover, both p; and p;. satisfy (2.10) for ¢ = 1,2. As all the
functions ¢, ¢’, m, B, 7r and fr are Lipschitz continuous on [r,, r*], we have that

max [¢% (p1) — g% (p2)| + |7 (p1) — 7(p2)| + [B(p1) — Blp2)| < Clp| in Q,  (4.15)

0<i<1

16r(p1r) = Br(par)l + 7r(prr) — wr(pap)| < Clpr| on X (4.16)
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Furthermore, we easily verify that

(1+29(p1)) Oept + g'(p1) Oeprp — A = =202 (g(p1) — g(p2)) 1t

— 112 (g'(p1) — g'(p2)) Oep1 — p2g'(p2) Op a.e. in Q, (4.17)
Ot = 0 a.e.on X, p(0)=0 a.e in (4.18)
Op—Ap = 1 (g'(p1) — g'(p2)) + g'(p2) o+ 7(p2) — (1)

+ B(p2) = Blp1) a.e. in @, (4.19)
Onp + Otpr — Arpr = Br(pay) — Br(pip) + mr(pep) — mr(p1y) +ur  ace. on X, (4.20)
p(0)=0 a.e. in Q pr(0)=0 a.e. on I. (4.21)

First, we observe that 9;((2 + g(p1)) u?) = (1+2g(p1)) 1 Oppe+ g'(p1) epr p1*. Hence, if we
multiply (4.17) by u and integrate over @y, where t € (0,7, then we obtain the estimate

[ G P + [ [ [ViPdeds < hv e, @22)
Q 0/

where the expressions [;, 1 < j < 3, are defined and estimated as follows: at first, we
use Holder’s and Young’s inequalities, the continuity of the embedding V' C L*(Q), and
(4.15), to obtain that

.h:—Ax2%mwm%vWMM®ﬂs§CAW@M@MW$WMM@M®

1 /[ t
<3 ] W@l ds + € [ 1o Il ds. (123

By the same token, we infer that
t t
hz—/ém@ﬂm—dw»%mmmbﬁC/H%MMMWﬁMM@Mﬁ
0 0

t t
SO//mﬁh®+O/H%Mw@W®ﬁd& (4.24)
0JQ 0

Finally, we have that

t 1 t t
I3 = —// po g (p2) Osppdrds < —// 0,p|* do ds + C// |p*dzds.  (4.25)
0Jo 4 JoJa 0Jo

Combining (4.22)—(4.25), and recalling that ¢ is nonnegative, we have thus shown an
estimate of the form

1 1 [ 1/
5 [P+ 5 [ luolk s < 5 [ [ jopPdcas
2 Ja 2 /o 4 JoJa

t

+ O [ (10w + 100 ) (I + M) ds. (426

Now, we add p to both sides of (4.19) and pr to both sides of (4.20). Then we
multiply (4.17) by 0;p and integrate over @y, where 0 < t < T'. Using (4.15) and (4.16),
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we deduce that

/ / Bup? d ds + / / Duprl?dr ds + o (oI + llor(s)IR,)

t
< 0 [ [ 1wl + 1) ards + € [ [ el (ol + fuel) aras

< - // 10,p)? dwds + = // lpr|? dzds + C’// lup|* dI" ds
+ C//(]p!2 + |u)?) dz ds + C//\pp\zdFds. (4.27)
0/Q 0J1

Now, we add (4.26) to the final result of (4.27). Observe that the mapping s
10:pa(8) |13 + [|0ep1(s)||# is known to belong to L'(0,T). Hence, invoking Gronwall’s
lemma, we can infer from (4.26) and (4.27) the estimate

[ll 2o 0,600 2206v) + [0t 0,650 Lo2 (0,6v)
+ llprllao6m0)nL= 06 < CllurllLeosm) - (4.28)

At this point, we observe that the system (4.19)—(4.21) is of the form (4.11)-(4.13),
with ¥y := p, yr :== pr, a :== 1, ar := 1, and where ¢ and or are given by the right-hand
sides of (4.19) and (4.20), respectively. Therefore, invoking (4.15), (4.16), and (4.28), we
conclude from Lemma 4.1 that

o[l m1.0.6:mnco (o0 nr205m29) + el 10,680 0C0 (0,070 L2 0,42(T))

S C ||UF||L2(O,t;HF) . (429)
With this, the stability estimate (2.11) is shown. O
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