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ABSTRACT

Let (Q, F,F ) be a filtered space with two probability measures P and P’
on (£2, F). Let X be a d-dimensional locally square-integrable semimartin-

gale relative to P and P’ with the canonical decomposition X = Xy +
M 4+ A and X = Xo + M' + A’ respectively. We give a lower bound
for the Hellinger process h(%, PP ') of order 1 / 2 between P and P’ in

terms of A, A’ and the quadratic characteristic of M and M. This result
implies simple sufficient conditions for the entire separation of measures in
a linear regression model with martingale errors.

1. Main Results

Let a pair of probability measures P and P’ be given on a filtered space
(Q,F,F) with a right-continuous filtration F = (F¢)s>0, F = V5o Ft. Let X =
(X*%)i<q be a cadlag adapted d-dimensional process on (Q, F,F). We assume that
X' is a locally square-integrable semimartingale with respect to P and P’ for each
i <d,ie X' =X+ M + A' = XE+ M" + A" where M? (respectively, M'?)
is a locally square-integrable martingale relative to P (respectively, P') and A*
and A" are predictable processes with finite variation over compact intervals.

The aim of this paper is to give a lower bound for the Hellinger process
h(%; P, P') of order 1/2 between P and P’ when only a partial information on P
and P’ is available, namely, when we know only the processes A = (A');<q, 4’ =
(A'")i<q and the quadratic characteristic of M = (M*);<q and M' = (M")i<a.
Such a situation arises naturally in some statistical models of stochastic processes,
see examples in Section 4.

We use traditional notation and concepts of the “general theory of processes”.
If Y is a cadlag process, the associated jump processis AY; =Y; —Y;_ for ¢t > 0,
and AYy = 0. The symbol » denotes the (Lebesgue—Stieltjes or stochastic) integral
and the symbol * denotes the integral with respect to a random measure:

¢ ¢
H- Y;:= /Hs dYs and Wy =/ W (s, z)u(ds, dz).
0 0 Re

The transpose of a matrix U is UT, and vectors are column matrices. We refer
to [8] for the unexplained terminology and notation.

Let us recall (see [8, Definition III.5.8]) that a generalized increasing process
is a process Y such that it is [0, co]-valued and Yy = 0 and its paths are non-
decreasing, and if 7' = inf (¢ : ¥; = co) then Y is right-continuous on [0, T'[. Given
a measure Q, we say that a generalized increasing process Y! strictly dominates
a generalized increasing process Y2 (Q-a.s.), and we write Y1 > Y2 (Q-a.s.) or
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Y? < Y! (Q-a.s.), if paths of the difference Y — ¥? (with co — co = o0) are
non-decreasing ()-a.s.

To simplify the formulation of the main result we assume here that d = 1. Let
(M) (respectively, (M')) be the quadratic characteristic of M (respectively, M')
with respect to P (respectively, P'). Set B=A — A' and C = ((M) + (M'))/2.
There exists a predictable function v with values in [0, co] such that

B=v:C+I(y=00)*B (P+P')as. (1.1)

(the Lebesgue decomposition of dB; with respect to dC}).

THEOREM 1.1. Let v be a predictable function satisfying (1.1). There exists a
version h of h(3; P, P') such that

1 1
m . h - 572 . C (P + P')-a.s. (12)

REMARK 1.1: Let z = (z¢)i>0 (respectively, 2/ = (z}):>0) be the density pro-
cess of the measure P (respectively, P') with respect to @ = (P + P')/2 and
I' = {(t,w) : ze—(w) > 0,2;_(w) > 0} U [0]. We call a process h a version of
the Hellinger process h(%; P, P') of order 1/2 if h is a predictable generalized
increasing process and coincides with the Hellinger process in the strict sense, of
order 1/2, on T'. Moreover, we shall always assume that Ak < 1 identically on
{h < oo} (which is not a real restriction since Ak < 1 on I'). The left-hand side
of (1.2) is assumed to be equal co at the time ¢ for w such that h4(w) = oo or
7(w) < t, where 7(w) =1inf (¢ : Ahy(w) = 1).

The proof of Theorem 1.1 is based on auxiliary results which are of indepen-
dent interest. First, we construct a predictable increasing process k with values
in [0, o0}, closely related to h(3; P, P'). In particular, if & is the strict version of
h(3; P, P'), then .
h <k < 2h —[h,h]. (1.3)

Next, we construct a sequence of stopping times T, such that {h < oo} =
Ur[0,T] (P + P')-a.s., and a new reference measure Q™ equivalent to P + P’
with the following properties. Let 2™ and 2/ be the density processes of P and P’
with respect to Q™. Then 2" = zJE(V™) and 2'™ = z{*£(=V™) on [0,T"], where
V™ is a Q"-locally square-integrable martingale and &(-) stands for the Doléans
exponential. This fact has an important consequence: if ¥ is a semimartin-
gale with respect to P and P’ (and hence with respect to Q™) with the triplets
T = (B,C,v) and T' = (B',C",v") of predictable characteristics respectively,
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then its triplet 7" = (B™,C",v") of predictable characteristics with respect to
Q™ can be expressed Q"-a.s. on the set I' N [0,7"] as follows
_C+C n VvV

B+ B’ n

=—% > ¢ 2 U T
In particular, X is a Q"-locally square-integrable martingale with the canonical
decomposition X = Xo + (M + M")/24+ (A+ A")/2 on T' N [0,T™].

The connection between the objects just introduced and the initial problem
is explained as follows. On the one hand, the Q™-quadratic characteristic (M +
M',M + M') and the Q"-mutual characteristic (M + M', V™) can be expressed
explicitly in terms of B and C on I' N [0,7,]. On the other hand, the Q"-
quadratic characteristic (V™, V™) coincides with k¥ on [0,7,]. In combination
with the Kunita—Watanabe inequality this leads to the inequality

1 —1Ak k> %72 +C  (P+P)as. (1.4)
on Up[0,T,]. Now (1.2) follows easily from (1.3) and (1.4).

Inequalities (1.2) and (1.4) can be regarded as a generalization of some infor-
mation-type inequalities used to obtain some form of the Cramér-Rao inequality,
to the case of filtered spaces: compare (1.4) with the inequality in [14, Lemma 1,
p. 127] and (1.2) with the inequalities in [11], [19, Section 5.4], [14, Corollary 1,
p. 128].

Theorem 1.1 (and its multi-dimensional version) should be compared with
another lower bound for the Hellinger process expressed in terms of the triplets
of predictable characteristics of X with respect to P and P’ (Theorem IV.3.39
in [8], cf. also [15]). Of course, our bound is more rough in general and it can be
deduced directly from the bound in terms of the triplets.

The expression standing on the left in (1.2) is sometimes difficult to use. We
suggest the following estimate for it, though the inequality is very rough for the
continuous part of k. £(—h) is the Doléans exponential of —h:

Py [Ti<r(1- Ahg)eAhs if  hp < oo,
0, if hr =o0.

Bn

E(~h)r = {

LEMMA 1.1. For any stopping time T,

T
1 1
| s = gy o

Section 2 contains some auxiliary results mentioned above. A multi-dimen-
sional version of Theorem 1.1 and its proof will appear in Section 3. In Section 4
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we shall consider applications of Theorem 1.1 to semimartingale regression mod-
els.

2. Auxiliary Results

2.1. Preliminaries

Let (2, F) be a measurable space with two probability measures P and P'.
Let @ be another probability measure on (2, F) such that

PkQ, P<xkq. (2.1)
We consider the Radon—Nikodym derivatives

aQ’ R

Let p:R% — R4 and ¢:R2 — Ry be functions defined by

z =

() = S (Vi ~ Vo),

y_ Lw—v)?
Plu,v) = 2 u+tw
(here and in the sequel 0/0=0). It is easy to check that
(Vu — Vo)*
< —p = > (. 2.2

Let us recall that the variation distance ||P — P'|| and the Hellinger distance
p(P, P') between P and P' are defined by

|P—P/| = Eqle—#|, (P, P') = Equ(s#')
H(P,P'") denotes the Hellinger integral of order 1/2 between P and P':
H(P,P') = EqVz2' = 1 - p*(P, P").
We also introduce another distance x(P, P') defined by
k*(P,P') = Eqi(z,2').
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This distance arises naturally in some estimation problems, see, e.g., [13] and [14],
and was used by Hellinger himself [6]. All the above distances do not depend on
the measure @ satisfying (2.1). It follows immediately from (2.2) that

p*(P,P') < &*(P,P') < 2p*(P, P') — p*(P, P').

2.2. Definition and properties of the process k

In the rest of this section, we consider a filtered space (2, F,F) with a right-
continuous filtration F = (F¢)i>0, F = V5o F¢, and two fixed probability mea-
sures P and P’ on (Q, F). Let Q be another probability measure on (2, F). We
assume that P and P’ are locally absolutely continuous with respect to Q:

PLqQ, P (2.3)

Let z = (z¢)s>0 (respectively, 2z’ = (2z})¢>0) be the density process of the
measure P (respectively, P') with respect to Q. The processes z and z' are
non-negative @-martingales. We denote by 2¢ and 2'¢ the continuous martingale
parts of z and 2/, relative to Q. We also denote by v(*#*) the Q-compensator of
the jump measure of the bi-dimensional process (z,2'). It is known that (%)

only charges the set A = {(w,t,z,y):t > 0, ¢ > —z;—(w), z = 0 if z,_(w) = 0,
y > —z;_(w), y=0if zj_(w) = 0} [8, Theorem IV.1.33]. Set

Sp =inf(t: 2 A z; < 1/n), § =lim 1 Sy, I' = U,[0, S.]- (2.4)

Note that, up to a Q-evanescent set, I' = {z_ >0,z > 0} U [0].
Let us recall that a version of the Hellinger process h(%; P, P') of order 1/2
between P and P’ is given by

111 2 1
1 =) = 1.C e\ o [5C SlC [ BV 1 R 1
R Er S PR )
oy (12 20 4] st o
z_ 2l
(Theorem IV.1.33 in [8]) and
h=1p+h' (2.6)

is the Hellinger process in the strict sense, of order 1/2, between P and P'. Put

2 1
- . (ZC7ZIC) + T2 . <zlc’z’c>}

z

+9 (1 + ;— 14 ;y,- % (5% (2.7)



and

k=1r-k". (2.8)

PROPOSITION 2.1. a) k is a predictable increasing [0, co]-valued process,
rc{k<oo}={h<o0} (P+P)-as,

h < k < 2h — [h,h] (P + P')-as.. (2.9)
b) Up to a Q-null set, Ak <1 and {Ak =1} ={AhR=1} C[S]NT.
c) The process k does not depend upon the measure Q satisfying (2.3), in
the following sense: if Q) is another measure with Q 12<c Q, and if k and k are the

processes computed through Q and Q, then k and k are Q-indistinguishable.

Thus, the process k is defined uniquely, up to a (P + P')-evanescent set,
regardless of the dominating measure Q.
PRrROOF: a) All the statements except of the second inequality in (2.9) follow im-
mediately from (2.2), (2.5)—(2.8) and the corresponding properties of the Hellinger
process. Moreover,

201+ x/z-,14y/2L)
T (+z/20)+ (1 +y/2L)

2h —k Ip * p®%) (2.10)

But, for any predictable stopping time T,

(Ahp)? = { / 90(1 + -z—”i— 1+ %) (5T} x da:)}2

T— T-
©*(1+z/2q0_,1+y/2p_)
) Qtz/zp )+ (A +y/2p)

x / (1t 2/2p ) + (L +y/ee ) ET) xdz)  (2.11)

V(&) (T} x dz)

and

/ (14 2/2p) + (1 +y/#r )T} x da)

Az Azl
= EQ ((1 + Z—T)l{AZT;ﬁO} fT..) + EQ ((1 + ~ T>1{Az’T#0}
T

z 2t
<so(gmiree) x5
T —

=)

.7-'T_> =2 (2.12)

on {w:(w,T(w)) € T'}. Now 2h — k = [R, h] readily follows from (2.10)-(2.12).

6



b) The result follows from (2.9) and the corresponding assertions for the
Hellinger process, see Lemma IV.1.30 in [8].

¢) The proof is essentially the same as the proofs of Theorem IV.1.22 and
Proposition IV.1.45 in [8], and may be omitted.

REMARK 2.1: Let

I__]; 1 c _C 2 c _lc 1 e _lc
K-4 ) (2°,2°) P (2¢, 2 >+z'_2 (2%, 2"%)
+ ¢(1+ 14 ,23) (2.13)
Zs.— Zs_
s<-
and
K=1p K" (2.14)

From the definitions of K and k, if T is a stopping time, the stopped process KT is
Q-locally integrable if and only if k7 < co  Q-a.s., and k7T is the Q-compensator
of KT in this case.

REMARK 2.2: There is a relationship between the process k and the distance «.
In particular, if P (respectively, P') is the law of a sequence of independent ran-
dom variables with a distribution p, (respectively, p! ), then using the standard
embedding of the discrete-time model into the continuous-time one, we obtain

ba= 3 o5 0)).

1<p<n

But it should be noted that, though the quantity x?(P, P') is the f-divergence of
P and P’ with f(z) = (z—1)%/2(1+z), our process k do not coincide with the so-
called (f, g)-process introduced in [20]. On the other hand, the second summand
in the right-hand side of (2.13) coincides with the process j(f) ([8, § IV.1d]) on
{z"_ > 0} and may have an additional jump when the density z' jumps to 0.
REMARK 2.3: Assume that a d-dimensional process X is given on (Q, F), which
is a se‘mimartingale relative to P and P’'. Similarly to the processes h(a; P, P')
and i(¢; P, P') (see [8, Section IV.3] and also [15]), one can define a process k° in
terms of the local characteristics of X such that k = k° ((P + P')-a.s.) in general
and k = k% if P and P’ are the unique solutions of some martingale problems
based upon X.

Assume now that @ = (P + P')/2, and let v* be the Q-compensator of the
jump measure of the process z. Since z+2' = 2, 2°42'° = 0, (2°,2°) = (2/%,2'°) =
—(2°,2'%), Az' = —Az and neither (2°, z°) nor v* charge the complement of I in
this case, we obtain from (2.7), (2.8), (2.13) and (2.14) that

171 1\’ . Az, . Az,
I<=1(~+f,—> -(z°,z>+2¢(1+ 1-— ) (2.15)
<

)
Z_ 2z Zg— o
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and

he (2 12(°C)¢1x1‘”*z (2.16)
_Z z__+z’_ z25,z27) + +z, o ve, .

where 2/ =2 — 2.

2.8. Definition and properties of a new reference measure

In this subsection the setting is the same as in the previous one. It will be
convenient to take @ = (P + P')/2; then z + 2’ = 2. The processes K and k are
given by (2.15) and (2.16), Sp, S and I are defined by (2.4). Put ¥ = {k < oo}.

Let us recall that if a predictable function H belongs to the class Li (2, Q),
i.e. if (H?-[z,2])'/? is a Q-locally integrable increasing process, then the stochastic
integral H - z is well defined and is a @-local martingale, see, e.g., [7, § I[.2.b].

1/1 1
= (== )1
H 2(z_ z’)r

PROPOSITION 2.2. Let

There is an increasing sequence (Ty,) of predictable stopping times, such that
L =U,[0,T] Q-as. (2.17)

and the following statements hold for all n.
a)
Hlpo,1,3 € Lige(2, Q)-

b) Let
N™= (Hlpr,y) 2 and Z"=E(N"™).

Then Z" is a Q-uniform]y integrable martingale and Q({inf; Z}* > 0}) = 1.
REMARK 2.4: Of course, it follows from this proposition that there is a process NV,

unique (up to @Q-indistinguishability) on the set X, such that

Hl[O:T] € Llloc(z7 Q)
and
NT = (Hlpm) 2

for every stopping time T such that [0,7] € £ Q-a.s. In particular, N7» = N™.
Similarly, there is a process Z, unique (up to @-indistinguishability) on the set
%, such that Z = &(N) on £ and ZT» = Z™ for all n.

PROOF: Set
T, = inf(t: k > n). (2.18)
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The stopping time T, is predictable and T, > 0 for each n; moreover, (2.17)
" holds.
First, we shall prove that

H" = Hlpo1,[ € Lioe(2,Q)  for all n. (2.19)

It is easy to check that

Azy Az Az, Az,
L LS | (2.20)

Zg— 2 — zg—

onTI', hence H"Az > —1/2. Therefore, (2.19) holds if (and only if) the increasing

process

cn =@ (5,2 + Y (1 VIT Hy AT
s<-

is Q-locally integrable ([7, Corollary 2.57]). Both 1+ H'Az, = 1+1 (?—zj— - —?T’iﬁ-)

s —

and 1 always lie between 1 + f‘,—z’: and 1 — %’-, hence

s —

2

(1_m>25<\/1+A23_\/1__A,23)

Azy | Az, . .
=2¢<1+ LN ,Z)§2¢(1+Az,1—A,z>,
Zg— 2 o— zy_

and C™ is strictly dominated by 2KT»~ (KT»~ := 1 1, * K). Since EqKr,- =
Eqkr,— < n due to (2.18), C™ is a Q-integrable increasing process and (2.19)
follows.

Moreover, the above arguments show that the Q-compensator of C" is dom-
inated by 2kT»~ and, hence, bounded by 2n. Let N" = H*+-zand Z = = E(NT).
Since AN" > —1/2 (see (2.20)), it follows from Theorem 12 in [9] (see also
Corollaries 8.17 and 8.30 in [7]) that Z" is a Q-uniformly integrable martingale
and

Q{infZ, > 0}) =1. (2.21)
To complete the proof of a), it is enough to show that

Az Az
L T 1r <0y € LYQ). (2.22)

!
ZTn _ ZT _

n




Since ly—z|<z+y—zyfor 0<z <2, 0<y <2, (2.22) follows from

| Az, AzT
EQ { = o

1T, <0} | F T~ }
2T, — Tp—
1 1
S o Eq(zq,_ + 27, — 20, _27, | FT—) 1T <00}
zTn._ zTn
= |z, - — 27 _|1{T <00} £ 2. (2.23)

Now, Z" = Z" + AZ™1, cof, AZ™T, <0} = 25 _ANT,1(T, <0}, and
z3 _ = _Z—;wn_ € L'(Q) from what precedes, so (2.23) implies that AZ™1(7, <o} €
L'(Q) and, therefore, Z™ is a Q-uniformly integrable martingale. The final state-
ment follows from (2.21) and (2.20).

REMARK 2.5: Similarly to the proof above, one can check that

1 1
_z_—ll"n[o,Tn] € Liloc(z7 Q)’ lern[O:Tn] € Llloc(zv Q) = Llloc(zl, @),

so there are processes n and n', unique (up to @-indistinguishability) on the set
¥, such that nT and n'T are Q-local martingales and

1 1
nT = (Z_lr‘n[o,T]> 2 n'T = (ler‘n[o,T]) -7

for every stopping time T such that [0,7] C ¥ @-a.s. Evidently, we have

on X, where N is the process introduced in Remark 2.4. Moreover,
z=2z&M) and 2 =zE&(n)

on ¥.. Indeed, it follows from the definition of n that z = 29 + 2— *n on I'; on the
other hand, 1re* 2 and (Z_].an"c) n=0.

From now on we consider a sequence (T},) of stopping times, satisfying Propo-
sition 2.2, and fix some n. For simplicity, put T'= Ty, Z = Z*, N = N*, " = nT,
7' = n'/T. It follows from Proposition 2.2 that EQZw =1 and Z oo > O Q-a.s.

So we can define a new probability measure Q by
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Q being equivalent to @ = (P + P')/2. Let z and Z' be the density processes of
P and P' with respect to @Q; Z and Zz' are non-negative Q-uniformly integrable
martingales and
z=%2Z, 2=77Z. (2.24)
Since Q and @ are equivalent, a semimartingale with respect to one of these
measures is also a semimartingale with respect to another one with the same
quadratic variation; moreover, stochastic integrals with respect to Q and @ coin-
cide (see, e.g., [7, Chapter 7]). For this reason, we will not mention the reference
measure when dealing with quadratic variations, stochastic integrals or Doléans
exponentials. '

THEOREM 2.1. Let

V =

= ==t
n—n 1 [n n’N] (2.25)

2 1+AN | 2

Then V is a Q-locally square-integrable martingale, its quadratic characteristic
(V, V) with respect to Q coincides with the process k on [0,T] and

z=2&V) and 7 =z&-V) on [0,T] (2.26)

REMARK 2.6: In the terminology of Chitashvili, Lazrieva and Toronjadze [1], V
is the L-transformation of (@ — 7')/2. |

ProoF: Of course, V is a Q-semimartingale. After some elementary calculations
from (2.25) we obtain

V+N+[V,N]=rn and -V+N-[V,N|=7"
Now, by Yor’s formula for the product of Doléans exponentials,
2EWV)Z = 2E(V)EN) = &V + N + [V, N]) = 2&(R) = 27 (2.27)
and
2 E(-VZ = 2)E(-V)E(N) = %&(-V + N = [V, N) =z (7)) = 2'T, (2.28)

and (2.26) follows from (2.24), (2.27) and (2.28). Moreover, since both Z and
7 are Q-martingales, (2.26) implies that V is a @-local martingale on the set
[0,71n ({z- > 0}u{z_ > 0}). But V = VT and {7- > 0} U {z_ > 0} =
{z_ >0} U {z_ >0} = Q x R4, hence V is a Q-local martingale.
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To complete the proof it is enough to check that [V,V] — kT is a Q-local
martingale. Some uncomplicated calculations yield the relation

(1+AN)-[V,V]=KT,

or, equivalently,

Z-V,V]=2Z_--KT.

Hence, Z +[V, V] —Z_ kT is a Q-local martingale. Since [V,V]Z =[V,V]-+Z +
Z -V, V], [V,V]Z = Z+[V, V] is a Q-local martingale. Since k is predictable with
finite variation, kT2 = kT +Z 4+ Z_ kT and kTZ - Z_ - kT is also a Q-local
martingale. Combining all these relations, we conclude that ([V,V]—k7)Z is a
()-local martingale, and the claim follows.

Relation (2.26) is a characteristic property of the measure Q. This property
has many consequences. We start with the most important one.

THEOREM 2.2. Let X be a d-dimensional semfmartinga]e on (,F,F, P) and on
(Q,F,F, P"), with respective characteristics (B,C,v) and (B',C',v"), associated
with the same truncation function h. Then X is a semimartingale on (Q, F,F, Q)
with characteristics (B, C,7) associated with h, satisfying

c+cC' v+

B+B = _
7 =3 TE

B = (2.29)

on I'N[0,T7].
REMARK 2.7: The same proof as below yields an explicit expression for (B, C,7)
also on [0,T]\T'. Moreover, it is easy to give an explicit expression for (B, C,7)

outside [0, T] as well (cf. Theorem I11.3.40 in [8]).

PROOF: The process X is a Q-semimartingale (see, e.g., Theorem II1.3.40 in [8])
and hence a Q-semimartingale, the characteristics being denoted by (B,C,7).
Let A be an increasing process such that C” = ¢/ .A. Now we shall apply
Girsanov’s theorem for semimartingales (see, e.g., Theorem I11.3.24 in [8]) to the
pairs (@, P) and (@, P'). If u is a random measure on R4 x R¢, we denote by
M, the Doléans measure on (2 x Ry x R4, F ® B(R4) ® B(R?) associated with
p and Q:
My(W) = Bg(W * jic).

First, we have C = C P-as. and C' = C P'-a.s. Therefore, C = C on
{Z- > 0} and C' = C on {Z__ > 0} Q-a.s., in particular, C = (C +C')/2 on T
Q-a.s.

Next, put
z

z ~
Y = M#X (E__l{i_ >0} IP) and Y, = M#X (il{;’_ >0}

7?) . (2.30)
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where p% is the jump measure of X. By Girsanov’s theorem, v = Y7 P-a.s. and
v' =Y'U P'-a.s., therefore,
lz_sayv=Y1lz_>07 and 1z >0}V' = Y'l{;/_ >0}V Q-a.s. (2.31)
Since
F 7
%—_—1{;_ >0} = 1 + AV and {1{;’_>0} =1-AV

on [0,T] by Theorem 2.1, (2.30) implies
Y+Y =2 (2.32)
M, x-a.s. and hence Mz-a.s. on [0,T]. Combining (2.31) and (2.32), we obtain
v=w+v)/20onTN[0,T].
Finally, let predictable processes 8 = (8)i<q and B' = (ﬂ”),<d satisfy the

relations
7°, X i) (Z cigiz_) - 4, (2.33)
‘ j<d
(7', X1e) = (Z,aifﬁ'fz'_) ‘A, (2.34)
j<d
where z°, 7'¢ and X*° are continuous martingale parts of Z, z’ and X relative
to @, and (z° X*°) and (7'°, X"°) are the corresponding mutual characteristics

relative to Q. By Girsanov’s theorem,

B =B+ (Z E"fﬂj> A+ R@)(Y —1)+7  Pas,  (2.35)
j<d
B =B+ (Z cii /3'1') A+ R()Y' —1) %7 Plas. (2.36)
j<d

Therefore, (2.35) and (2.36) hold Q-a.s. on {Z_ > 0} and {Z'_ > 0} respectively.
Since

*=z_sV° and 7¢=—-3 V¢

on [0,T] by Theorem 2.1, where V¢ is a continuous martingale part of V relative
to Q, it follows from (2.33) and (2.34) that one may take

B =—p on [0, T7. (2.37)
Now the relation B = (B + B')/2 on I' N [0, T] follows from (2.32) and (2.35)-
(2.37).

Let us recall that a d-dimensional process X is called a special semimartingale
relative to (say) P with the canonical decomposition X = Xo+ M + A, M =
(M%)i<a, A = (A%)i<q, if M* is a local martingale with respect to P and A’ is a
predictable process with finite variation over compact intervals for every ¢ < d.
If, moreover, M* is a locally square-integrable martingale with respect to P, then
X is said to be a locally square-integrable semimartingale relative to P.

13



COROLLARY 2.1. Let X be a d-dimensional special semimartingale relative to P
and P' with the canonical decomposition X = X +M+A and X = Xo+M'+ A’
respectively. Then X is a special semimartingale on T' N[0, T] relative to Q with
the canonical decomposition .
M+M A+ A

X=X+ 5 + 5 on I'n[0,T7.

The quadratic co-variation [M? 4+ M'" V] (relative to Q) is Q-locally integrable
onI'N [0, with the Q-compensator A* — A" for every i < d.

PrOOF: The first claim immediately follows from Theorem 2.2 and Proposition
11.2.29 in [8]. In particular, M + M’ is a Q-local martingale on T' N [0, T]. But
M+ M =2M + (A — A') is also a P-special semimartingale. By Corollary
7.29 in [7] (or Theorem 7.1 in [4]), the process [M*+M",z] is Q-locally integrable
on I'N[0,T] and A® — A" is the Q-compensator of (1/Z_)-[M* + M",Z], and we
have (1/Z_)+[M* + M"",Z] = [M* 4+ M"",V] on T' N [0,T] by Theorem 2.1.

COROLLARY 2.2. Let X be a d-dimensional locally square-integrable semimartin-
gale relative to P and P' with the canonical decomposition X = Xo + M + A
and X = Xo + M' + A’ respectively. Then X is a locally square-integrable
semimartingale on T' N [0, T| relative to Q with the canonical decomposition

M4+M A+ A4

X =X+ 5+t on I'n[0,T7], (2.38)

and the quadratic characteristics (M* + M'", M7 + M") and (M*' + M",V),
i,7 < d, relative to Q satisfy the following relations on T' N [0,T] :

(MP 4+ M" M+ MY =2(M*, M)+ 2(M", M) + [A* — A" AT — A'7], (2.39)

(M 4+ M",V) = A* — A" (2.40)

where (M?, M?) (respectively, (M'*, M')) is the mutual characteristic of the
corresponding processes relative to P (respectively, P').

ProOOF: It immediately follows from Theorem 2.2 and Proposition 11.2.29 in [8]
that X is a locally square-integrable semimartingale on I' N [0, 7], and (2.38) has
been proved above. Denote by (B,C,v), (B',C',v") and (B,C,7) the triplets
of X associated with a fixed truncation function A relative to P, P’ and Q re-
spectively. By the same proposition

(M}, M) = CY + (z'al) xv = Y AALAA], (2.41)
8-
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(M", M) = C' 4 (z'ad) x ' = Y AATAAY, (2.42)
<.
(MM M+ M) = 4T +4(2'ad oo =Y (AAHAAT)(AAI+AAY). (2.43)
s<:

Now (2.39) follows from Theorem 2 and (2.41)—(2.43). Relation (2.40) has been
proved in Corollary 2.1.

3. Proofs

In this section we consider a filtered space (2, F,F) with a right-continuous
filtration F = (F1)t>0, F = V59 F¢, and two fixed probability measures P and
P' on (9, F). The setting is the same as in Subsections 2.2 and 2.3, in particular,
Q = (P+ P')/2 and (2.4) holds.

3.1. A multi-dimensional version of Theorem 1.1

Let X = (X%)i<4 be a d-dimensional locally square-integrable semimartin-
gale relative to P and P' with the canonical decomposition X = Xo + M + A
and X = Xy + M' + A’ respectively. Set

Bi=A'— A", CY=((M M)+ (M",MY))[2,  i,j<d,

where (M* M7) (respectively, (M'*, M'7)) is the mutual quadratic characteris-
tic of M* and M7 (respectively, M'* and M") relative to P (respectively, P').
Note that B = (B')i<q and C = (C%); j<a are defined uniquely (up to Q-
indistinguishability) only on the set I'; nevertheless, the arguments below are
valid for any predictable version of B and C such that B* and C*% have finite
variation over finite intervals. ‘

There are a predictable process ¢ = (¢'¥); j<q4 with values in the set of all
symmetric nonnegative matrices and an increasing predictable process F', with

Ci=c"-F, Q-as. (3.1)

We have a decomposition
B=(cB)-F+B-F+F, Qas., (3.2)
where 8 = (8%)i<a and E = (,gi)igd are predictable, Et(w) is orthogonal in R¢
to the image of R? by the linear map associated with the matrix c:(w), the

components F'* have finite variation over compact intervals and the measures
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dFy; and dF}* are orthogonal. The processes 3 and E are not necessarily unique,
but the decomposition (3.2) is unique. Finally, define
G e {(ﬂTcﬁ)-Ft, if B-F=0 and F'=0 on [0, (3.9)

0, otherwise.

It is obvious that G does not depend upon the choice of 8 and ,g in (3.2); moreover,
it does not depend upon the choice of F, as long as (3.1) holds.
The following theorem is a multi-dimensional version of Theorem 1.1.

THEOREM 3.1. Assume (3.1)-(3.3). There exists a version h of the Hellinger
process h(%; P, P') such that

1 1 ,
m h > gG (P-I—P)-a.s.

" The key result for the proof of Theorem 3.1 is the following lemma.

LEMMA 3.1. Assume (3.1)=(3.3). Then, on the set I N {Ak < 1}, B+ F = 0,

F'" =0 and the process

1 1
Ak P aC

is increasing (P + P')-a.s.

ProOF: Let (T,) be a sequence of stopping times, satisfying Proposition 2.2.
Since Un[0,T,] 2 I' (P + P')-a.s., it is sufficient to prove the statement of the
lemma on the set I' N [0, T] N {Ak < 1}, where T = T, for some n.

Let Q be a probability measure associated with the density process Z = Z™
defined as in Subsection 2.3. The process V is the same as in Theorem 2.1. In
the rest of the proof, angle and square brackets and stochastic integrals are taken
with respect to @, and all the relations hold Q-a.s.

As it was noted above, the claim does not depend upon the choice of F, as
long as (3.1) holds, so we can choose F' so that F' =0 and

B=(cf)-F+§-F (3.4)
Put w = (c8+ B)(cB + S)TAF. Then
AB(AB)T = wAF (3.5)
and the matrix-valued process [B, B] = ([B*, B’]); j<4 has the representation
(BBl =w-F
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According to Theorem 2.1 and Corollary 2.2, V and M*® + M'", i < d, are
Q-locally square-integrable martingales on I' N [0, T] and the following relations
hold on the same set:

(M + M, M7 + M) = 4C" 4 [B*, BY] = (4c¥ +w')+ F, (3.6)
(V,M*+ M") = B}, (3.7)
(V,V) =k (3.8)

According to the multi-dimensional Kunita-Watanabe decomposition, there
is a predictable process H = (H i)igd such that the stochastic integral H+-(M+M")
with respect to the multi-dimensional locally square-integrable martingale M+ M’
is well defined and

V=H-(M+M)+Vt (3.9)

on I'N[0, T], where V* is a Q-locally square-integrable martingale with (V+, M+
M"Y =0,i <d,on I'N[0,T]. Substituting (3.9), (3.6) and (3.7) in the last
relation, we get
B = (4cH + wH)+ F (3.10)
on I'N[0,T]. On the other hand, let G = (H « (M + M'),H - (M + M'")). Then
(3.6) implies »
G=4H"cH+ H wH)-F (3.11)
on I'N [0, T], and the increasing process (V+, V1) has the form
VHVhH =V, V)-(H-(M+M),H-(M+M"))=k-G (3.12)

on T'N[0,T] (use (3.9) and (3.8)). In particular, 0 < AG < 1 on the stochastic
interval I'N [0, T] N {Ak < 1}.
By (3.10), (3.5) and (3.11),

AB = (4cH + wH)AF = 4cHAF + AB(AB)" H,
AG = (4HcH + HTwH)AF = HYAB = (AB)T H, (3.13)

hence, ~ , ‘
(1— AG)AB = 4cHAF (3.14)

on I'N [0,T].
Set Fy = 2o<s<t AFs, Ff = Fi — Fy, Bf = 20<3St AB;, Bf = B — B,
GE =)ot AGs, G¢ = Gy — G2, We obtain from (3.10) and the definition of w
that
B¢ = (4cH) - F°.
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Combining this equality with (3.14), we get
(1-AG) B =(4cH)+F (3.15)
on I'N [0, T]. Comparing (3.4) and (3.15), we obtain
(1-AG)B)-F=0 (3.16)
and o
(1 - AG)ef)-F =(4cH) - F (3.17)

on I'N [0, T7]. 5

Now (3.16) implies S+ F =0 on I'N[0,T] N {Ak < 1}. Applying (3.11) and
(3.17) for the continuous part of G and (3.13) and (3.4) for the jump part of G,
we get .

G’ = (4HTcH)- F°¢ = (H cB) - F*,
G'=Y A6, = HIAB, = (H"cp)- F*
s<

<.

on I'n [0,T] N {Ak < 1}, which yields
G=(Hcp)-F=(BTcH) - F

on the same set. Applying (3.17) again, we conclude that
G = %((1 —~AG)BTeB)-F = %(1 -AG)+ G (3.18)

on I'N [0,T] N {Ak < 1}. Now the claim follows from (3.12) and (3.18).

PROOF. OF THEOREM 3.1: Taking into account Remark 1.1, Proposition 2.1b
and Lemma 3.1, it is enough to show that
1 1 1

h

G=are "~31=ar "

is an increasing process on I'N {Ak < 1}. Let k¢ and h°® be the continuous parts
of k and h respectively. Proposition 2.1a yields

1
c ~ke
h =3

_ 2
1 Ak _2Mh—(AR? _ Ak

21—-Ak = 2(1—AR)? ~ (1— Ah)? (3.19)
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on I' N {Ak < 1}, and the claim follows.

8.2. Remark

Let (Tn) be a sequence of stopping times, satisfying Proposition 2.2, and
T = T, for some n. Fix o € (0,1). Similarly to Proposition 2.2 above, one can
prove that Z(a) = E(anT + (1 — a)n'T) is a Q-uniformly integrable martingale
and Q({inf; Z(a); > 0}) = 1. Define a probability measure Q(a) by

dQ() = Z(a)odQ-

If
N(a) = anT + (1 = a)n'T
and )
v =T _ T _ - 0T T N
(@) =7 =7 = s 7 =T, W)

then similarly to Theorem 2.1 one can check that the density processes z(a) and
Z'(a) of P and P' with respect to () have the representation

zZ(a) = 20&((1 —a)V(a)) and  Z'(a)=zE&(—aV(a)) on [0,T].

This property implies analogues of Theorem 2.2 and its corollaries; in particular,
(2.29) is replaced by

B(a) =aB+(1—-a)B’, Cla) =aC+(1-a)C', v(a)=av+(1—a)/

for the characteristics (B(a), C(a),7(e)) of X with respect to Q(a).

Again, V(a) is a Q(a)-locally square-integrable martingale. Let (V (o), V(a))
be the quadratic characteristic of V' (a) with respect to @(a). Then the process
a(l = a)(V(a),V(a)), coincides with some increasing predictable process k(a)
on [0,T]. This process k(a) can be defined similarly to (2.7) and (2.8), replacing
1/4 by a(1 — a) and ¥ by 9, in (2.7) with

(1 - a)(u—v)?

(87
"/"a(u7v) = o +(1 _ a)v .

Moreover, the proof similar to that of Lemma 3.1 shows that the statement of
Lemma 3.1 holds true if one replaces G by a(l—a)G(a), where G(e) is defined
similarly to G replacing C by C(a) = (C¥(a))i j<a with C¥(a) = a(M*, M7) +
(1 — a){M", M'7). But if o # 1/2, there is no appropriate relationship (similar
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to (3.19)) between the jumps of k(a) and the jumps of the Hellinger process of
any order.

3.8. Proof of Lemma 1.1

We assume that hy < co and 0 < Ah < 1 on [0,T7; otherwise the both sides
of (1.5) are infinite.

Set hf =3 g o<t Dhs, hg = hy — h¥. We have

’ 1 Ah 1 1
= Jpd — =7 = _

[ st o = S ek - roa )

0 s<T s<T

= Z {exp (2 log ! ) — exp (log ! )}
= 1— Ahg 1 —Ah,
1 1
<exp(2Zlog1 AR, ) —exp(Zlog1 A7 )

s<T
H(l_Ahsp =5 —
H (I—Ah YA (3.20)

where we used the fact that the function f(z) = €2® — €%, z > 0, is convex and
f(0) = 0; hence >, f(zi) < f(X i, zi) for arbitrarynand z; > 0,i=1,...,n.
Now (3.20) implies

T
1 1 J 1
— (o] < c
/ (A= Ahyrdhs =hr + / = Ah3)2 dhy < b + IJT 1= Ahy)?
0 s>

< exp(2h%) H = E(—h)7 .

Ah (1— Ahy)?

4. Applications to linear regression models

In this section we give applications of what precedes to linear regression
models with martingale errors.

4.1. A general linear regression model with martingale errors
Let us consider the following multiple linear regression model:
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t
Xt=Xo+/19Tf3d(M)3+0'Mt, tZO,
0

where X is a real-valued observable process, ¢ € RF is an unknown parameter, f
is an observable predictable R*-valued function, M is a locally square-integrable
martingale, My = 0, with the observable quadratic characteristic (M), o is a
positive number (known or unknown). This model was studied in many papers,
see, e.g., [18], [16], [2], [12], [3] and [17].

More formally, we assume that there is a filtered space (2, F,F) with a
right-continuous filtration F = (Ft)i>0, F = V¢ Ft, an adapted cadlag real-
valued process X = (X¢)i>0, a predictable increasing process a = (at)t>0, a
predictable R*-valued function f = ( ft)t>0 and a family P of probability measures
on (2, F) satisfying the following properties: for every P € P, there is a vector
¥ = 9(P) € R* and a number ¢? = ¢?(P) > 0 such that

(i) |fI>-as < oo for all t > 0 (P-a.s.) and the functions f*-a¢, t > 0, are
linearly independent P-a.s.
(i) M = M(P) = X — Xo — (97f) + a is a P-locally square-integrable
martingale.
(iii) The quadratic characteristic of M(P) with respect to P is equal to oa.
It follows from (i) that 9(P) and ¢?(P) are defined uniquely.
Define F = (ffT)+a and let Amip(+) denote the minimal eigenvalue of a
matrix. : ' ‘
Let P, P' € P. By Theorem 1.1, there is a version h of the Hellinger process
h(%; P, P') of order 1/2 between P and P' such that

1 @) = P)TEFTIP) — ()
(I=ARE = 4(o2(P) + a2(P"))
[9(P) — 9(P")|? Aunin(F). (41)

~ 40*(P) + a%(P))

The last inequality allows us to find simple sufficient conditions for the entire
separation of measures in the considered model.

THEOREM 4.1. Let P* € P and P'™ € P, n > 1, and T, be a sequence of
stopping times such that

limsup ||Pf, —Pr||<2(1—¢), €>0, (4.2)

(the subscript T}, denotes the restriction of a measure to the o-field Fr,). Assume

¥? = limsup (0*(P™) + o (P'™)) < o0 (4.3)
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and
On Amin(Fr,) = Opn(1) (4.4)

for some sequence (pn) of positive numbers. Then there is a constant C' < oo
such that
limsup o [9(P™) —I(P)| < C,

and C depends on (P'™) satisfying (4.2) and‘(4.3) only through ¢ and X.
In particular, if (4.3) and (4.4) hold, then limsup, ¢;*[J(P™) — 9(P)| = o0
implies the entire separation of (P ) and (Pz).

PROOF: Due to (4.1), there is a version k" of the Hellinger process h(3; P™, P'")
of order 1/2 between P™ and P'® such that

1 n [9(P"™) — 9(P™)|*

(1 — Ahm)? ST = 4(o2(Pm) + o2(P'n)) Amin (Fr, )- (4.5)

By Lemma 1.1,
1 1

A= amy M S E(—h™)E, (46)

According to the well-known lower estimate for the variation distance, see
[10, Theorem 2.1], '

|PE, - PRIl > 2(1 ~ /H(P§, B EER(~h™)r, )
>2(1- VEE (=R, ), (4.7)
where E™ is the expectation with respect to P and H(P§, Pj") is the Hellinger
integral of order 1/2 between the restrictions of P™ and P'™ to the o-field Fp. It
follows from (4.2) and (4.7) that
liminf E"E(—h")r1, > €2 (4.8)
n
Since &(—h™)7, <1, (4.8) implies

PM(E(=h™)1, 2 €2/2) 2 €%/2 (4.9)

for n large enough.
On the other hand, (4.4) yields that, for some § > 0,

P02 Amin(Fr,) > 8) > 1 —%/4 (4.10)
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for n large enough. Therefore (4.9) and (4.10) give
n > no = P"(0%Amin(Fr1, )E(—R™)3, > 6e*/4) > €2/4. (4.11)
Combining (4.5), (4.6) and (4.11), we get
n > e = [9(P™) — 9P < 1667 (02 (P™) + (P,

and (4.3) yields the claim with C = 46~1/2¢~2%,

4.2. Ezample: autoregressive model of the first order

Assume that the observable process (z,) is such that
Tn =VUTp_1 + €n, n>1, (4.12)

where €1,€2,... are independent and identically distributed with a distribution
function F, z¢ is an observable square-integrable random variable independent
of e,, n > 1, ¥ is a real parameter. It is assumed that

0< o2(F) = / 22F(dz) < oo, / 2 F(dz) = 0.

This classical scheme is a special case of the model considered in the previous
subsection. Indeed, let @ = {(zo,21,...,%n,...), Tn € R}, F is the product o-
field on Q, F; = o{xo,..., 24} ([t] is the integer part of t) and let P consist of
the distributions of the sequence (4.12), corresponding to different © and F'.

Put

] [4] (1] '
X = ij = 19ij_1 +Z($j —dzj-1), ar = [t], fi = 21
’ j=1 j=1

=1

Then the quadratic characteristic of the martingale Zg-t_]__l (z;—Vzj—1)is %(F)ay.

Let
n~12 i 9| <1,

o) =3 071, i 9] =1, (4.13)
9]~ i[9 > 1.

Since the sequence
n
8031(19) Z 3’?—1
i=1

converges in distribution to a limit with zero mass at 0, Theorem 4.1 yields the
following result.
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PROPOSITION 4.1. Let P, (respectively, P)) be the distribution of the sample
(zo,...,zn) satisfying (4.12) with a parameter ¥ and an error distribution F
(respectively, 9, and Fy,). If

limsup ||P, — P, || < 2(1 —¢), e >0,
and
$? =limsup o?(F™) < oo,
then
limsup ¢, }(9)(9, —9) < C,

where ¢, (9) is defined in (4.13), and C depends only on ¥, F, € and X.

4.3. Ezample: Galton-Watson branching process with nonrandom tmmigration

Assume that we observe the branching process with nonrandom immigration

Tn-1

Ton= Y Ynit+l, n>1,  zo=1, (4.14)

where yy, ; are independent and identically distributed with a distribution function
Fon {0,1,2,...}. It is assumed that

0<d*(F)= /a:ZF(dx) < oo.

Put 9(F) = [zF(dz). The distributions of the sequence (z1,...,Zn,...), corre-
sponding to different F' with the above properties, form the class P. Again, this
model is a special case of the linear regression model of Subsection 4.1: put

4] 1 [t =51

= (z;-1) = ﬂ(F)EwJ 1+ D (Wi 9(F)), at—ZxJ L, fe=1

=1 7=1 i=1
then the quadratic characteristic of the martingale 3L i=1 S (yj,,' —J(F)) is
o?(Fas. '
Let

n~2 i 0<d<1,
ea(P) =4 n7t, i I=1, (4.15)
92 i 9> 1.

It is known that the sequence
Pn(I(F)) Y zj1
i=1

converges in distribution to a limit with zero mass at 0, so the following result
follows from Theorem 4.1 (cf. Lemma 6 in [5]).
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PROPOSITION 4.2. Let P, (respectively, P.) be the distribution of the sample
(z1,...,2n) satisfying (4.14) with an offspring distribution F' (respectively, F,).
If
limsup ||P, — P,|| < 2(1 —¢), e>0,
n

and
¥? = limsup ¢*(F™) < oo,

then »
limsup p5* ((Fy) — (F)) < C,

where ¢, Is defined according to (4.15) with 9 = 9(F), and C depends only on
F, e and ¥. '
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