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ABSTRACT

We investigate a distributed optimal control problem for a nonlocal phase field
model of viscous Cahn—Hilliard type. The model constitutes a nonlocal version
of a model for two-species phase segregation on an atomic lattice under the
presence of diffusion that has been studied in a series of papers by P. Podio-
Guidugli and the present authors. The model consists of a highly nonlinear
parabolic equation coupled to an ordinary differential equation. The latter
equation contains both nonlocal and singular terms that render the analysis
difficult. Standard arguments of optimal control theory do not apply directly,
although the control constraints and the cost functional are of standard type.
We show that the problem admits a solution, and we derive the first-order
necessary conditions of optimality.

1 Introduction

Let Q C R?® denote an open and bounded domain whose smooth boundary I' has the
outward unit normal n; let 7> 0 be a given final time, and set @ := Q x (0,7) and
¥ =T x (0,7). We study in this paper distributed optimal control problems of the
following form:

(CP) Minimize the cost functional

61 r 2 62 r 2
J(u,p,p) = — lp— pol*dedt + — 1= pg|” dx dt
2 0JQ 2 0JQ

53 r 2
+5/0/Q|u| dx dt (1.1)

subject to the state system

(L+29(p) Orpe + 119 (p) Op — App=u  a.e. in Q, (1.2)
Owp + Blp] + F'(p) =pg'(p) a.e in Q, (1.3)

Opit =0 a.e. on X, (1.4)

p('a 0) = Po, /‘L(>O> = Ho, a.e. n Qa (15>

and to the control constraints

U E Uy := {u c HI(O,T; L2(Q)) 0 <u < Upay a.e. in Q
and HuHHl(O,T;L2(Q)) S R} (16)

Here, (1,032,063 > 0 and R > 0 are given constants, with 3, + G + 3 > 0, and the
threshold function ., € L(Q) is nonnegative. Moreover, pg, g € L*(Q) represent
prescribed target functions of the tracking-type functional J. Although more general
cost functionals could be admitted for large parts of the subsequent analysis, we restrict
ourselves to the above situation for the sake of a simpler exposition.



2 OPTIMAL CONTROL OF A PHASE FIELD SYSTEM

The state system (1.2)—(1.5) constitutes a nonlocal version of a phase field model of Cahn-
Hilliard type describing phase segregation of two species (atoms and vacancies, say) on a
lattice, which was recently studied in [18]. In the (simpler) original local model, which was
introduced in [25], the nonlocal term Blp] is a replaced by the diffusive term —Ap. The
local model has been the subject of intensive research in the past years; in this connection,
we refer the reader to [4-7,9-12]. In particular, in [8] the analogue of the control problem
(CP) for the local case was investigated for the special situation g(p) = p, for which the
optimal boundary control problems was studied in [14].

The state variables of the model are the order parameter p, interpreted as a volumetric
density, and the chemical potential 1 ; for physical reasons, we must have 0 < p < 1 and
g > 0 almost everywhere in ). The control function u on the right-hand side of (1.2)
plays the role of a microenergy source. We remark at this place that the requirement
encoded in the definition of U,q, namely that u be nonnegative, is indispensable for the
analysis of the forthcoming sections. Indeed, it is needed to guarantee the nonnegativity
of the chemical potential .

The nonlinearity F' is a double-well potential defined in the interval (0,1), whose deriva-
tive F”’ is singular at the endpoints p = 0 and p = 1: e.g., F = F} + Fy, where F; is
smooth and

Fi(p) =¢(plog(p) + (1 — p) log(1 — p)), with a constant ¢ > 0. (1.7)

The presence of the nonlocal term Blp] in (1.3) constitutes the main difference to the
local model. Simple examples are given by integral operators of the form

Blo)(z, 1) = / / K(t,s.2,9) ply. s) ds dy (18)

and purely spatial convolutions like

Blo)(z,1) = / Ky — 2]) p(y. ) dy, (1.9)

Q

with sufficiently regular kernels.

Optimal control problems of the above type often occur in industrial production processes.
For instance, consider a metallic workpiece consisting of two different component materials
that tend to separate. Then a typical goal would be to monitor the production process in
such a way that a desired distribution of the two materials (represented by the function
po) is realized during the time evolution in order to guarantee a wanted behavior of
the workpiece; the deviation from the desired phase distribution is measured by the first
summand in the cost J. The third summand of J represents the costs due to the control
action u; the size of the factors [3; > 0 then reflects the relative importance that the
two conflicting interests “realize the desired phase distribution as closely as possible” and
“minimize the cost of the control action” have for the manufacturer.

The state system (1.2)—(1.5) is singular, with highly nonlinear and nonstandard coupling.
In particular, unpleasant nonlinear terms involving time derivatives occur in (1.2), and
the expression F’(p) in (1.3) may become singular. Moreover, the nonlocal term Blp] is
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a source for possible analytical difficulties, and the absence of the Laplacian in (1.3) may
cause a low regularity of the order parameter p. We remark that the state system (1.2)—
(1.5) was recently analyzed in [18] for the case u = 0 (no control); results concerning
well-posedness and regularity were established.

The mathematical literature on control problems for phase field systems involving equa-
tions of viscous or nonviscous Cahn—Hilliard type is still scarce and quite recent. We
refer in this connection to the works [2,3,16,17,21,28]. Control problems for convective
Cahn-Hilliard systems were studied in [29,30], and a few analytical contributions were
made to the coupled Cahn-Hilliard/Navier—Stokes system (cf. [19,20,22,23]). The very
recent contribution [13] deals with the optimal control of a Cahn-Hilliard type system
arising in the modeling of solid tumor growth.

The paper is organized as follows: in Section 2, we state the general assumptions and
derive new regularity and stability results for the state system. In Section 3, we establish
the directional differentiability of the control-to-state operator, and the final Section 4
brings the main results of this paper, namely, the derivation of the first-order necessary
conditions of optimality.

Throughout this paper, we will use the following notation: we denote for a (real) Banach
space X by |- ||x its norm and the norm of X x X x X, by X’ its dual space, and
by (-,-)x the dual pairing between X’ and X . If X is an inner product space, then the
inner product is denoted by (-,-)x. The only exception from this convention is given by
the LP spaces, 1 < p < oo, for which we use the abbreviating notation | - ||, for the
norms. Furthermore, we put

H:=1*Q), V:=H(Q), W:={wecHQ): dqw=0 a.e. onT}.
We have the dense and continuous embeddings W Cc V. H = H' c V' ¢ W', where
(u,v)y = (u,v)y and (u,w)w = (v, w)y forall ue H, ve V, and we W.

In the following, we will make repeated use of Young’s inequality
1
ab§5a2+gb2 for all a,b € R and 6 > 0, (1.10)

as well as of the fact that for three dimensions of space and smooth domains the embed-
dings V C LP(Q), 1 <p <6, and H?(Q) C C°(Q) are continuous and (in the first case
only for 1 < p < 6) compact. In particular, there are positive constants [}i, i1=1,2,3,
which depend only on the domain €2, such that

lvlle < Kifolly Yovev, (1.11)
lvwllg < lJolls [wlls < Kaljollv [wlly Yo, eV, (1.12)
[0]lee < Ksllvllme Yove HY(Q). (1.13)

We also set for convenience
Qi :=0x(0,t) and Q':=Qx (t,T), for te€ (0,T). (1.14)

Please note the difference between the subscript and the superscript in the above notation.

About time derivatives of a time-dependent function v, we point out that we will use
both the notations dyv, 9?v and the shorter ones vy, vy .
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2 Problem statement and results
for the state system

Consider the optimal control problem (1.1)—(1.6). We make the following assumptions on
the data:

(A1) F =F, + F,, where F} € C3(0,1) is convex, Fy € C?[0,1], and

li{% Fi(r) = —o0, ll}l} Fi(r) = +c0. (2.1)

(A2) poeV, Fl(py) € H, pop € W, where pp >0 a.e. in Q,
inf {po(z) : 2 €Q} >0, sup{po(z): z€Q} <1. (2.2)
(A3) g e C30,1] satisfies g(p) >0 and ¢"(p) <0 for all p € [0,1].

(A4) The nonlocal operator B: L'(Q) — L'(Q) satisfies the following conditions:
(i) For every t € (0,77, we have

Blv]lq, = Blw]|g, whenever vlq, = wlq,. (2.3)
(ii) For all p € [2,400], we have B(LP(Q:)) C L*(Q;) and
1Bl < Crp (14 0llr@0) (2.4)
for every v € LP(Q) and t € (0,7].
(iii) For every v,w € L'(0,T; H) and t € (0,77, it holds that
t t
| 1BI6) = Blullods < Ca [ ots) = (s ds. (2.5)
0 0
(iv) Tt holds, for every v € L*(0,T;V) and ¢ € (0,T], that

IVBll20sm) < Co(1+ [[vll206v))- (2.6)

(v) For every v € H(0,T; H), we have 9;B[v] € L*(Q) and

10:Bl0]ll 20y < C(1+ 10rll ). (2.7)

(vi) B is continuously Fréchet differentiable as a mapping from L?*(Q) into L*(Q), and
the Fréchet derivative DB[v] € L(L*(Q), L*(Q)) of B at v has for every v € L?(Q) and
t € (0,7T] the following properties:

IDBEI(w)l|r@y < Crllwlme) Ywe LX(Q), Vpe (2,06, (2.8)
IV(DBE](w)l2@n < Crllwlizonyy Yw € L*(0,T5V), (2.9)

t
‘// V(DB[t|(w)) - Vwdxds| < Cp ||wHZLz(0,t;V) Yw € L*(0,T;V). (2.10)
0Jo
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In the above formulas, Cp, and Cp denote given positive structural constants. We also
notice that (2.8) implicitely requires that DB[v](w)|g, depends only on w|g, . However,
this is a consequence of (2.3).

The statements related to the control problem (CP) depend on the assumptions made in
the Introduction. We recall them here.

(A5) J and U,q are defined by (1.1) and (1.6), respectively, where

Bi, B2, 08>0, Bi+B2+0P3>0, and R>0. (2.11)

PQ, 1 € LQ(Q), Umax € L(Q) and  upmax >0 ae. in Q. (2.12)
REMARK 1: In view of (2.8), for every ¢ € [0,T] it holds that
IB[v] = Blwlll 2 < Crllv — w2y Yov,we L*(Q), (2.13)

that is, the condition (2.9) in [18] is fulfilled. Moreover, (2.4) and (2.6) imply that B
maps L2(0,7;V) into itself and that, for all ¢ € (0,7] and v € L*(0,T;V),

t
‘// VB[U]-Vvdmds‘ < Cp (1 + [0l320am) ) -
0JQ

which means that also the condition (2.10) in [18] is satisfied. Moreover, thanks to (2.8)
and (2.9), there is some constant Cg > 0 such that

HDB[E} (w)HLz(O,t;V) < 6’3 HwHLz(O,t;V) Vv e L2(Q), Yw e L2(0, CZ_Y7 V) . (214)

REMARK 2: We recall (cf. [18]) that the integral operator (1.9) satisfies the conditions
(2.3) and (2.4), provided that the integral kernel k£ belongs to C'(0,+o00) and fulfills,
with suitable constants C; >0, Cy >0, 0 < a < %, 0<pB< g, the growth conditions

k(r)| < Cyr=®, |K(r)] < Cyr™?, Vr>0.

In this case, we have 2o < 3 and thus, for all v,w € L'(0,T; H) and t € (0,T],
t
| 181 - Bluls)lods

<o [([|[ =ttt wts)i ] ) s
<o [ (1] st do) "ot = wispla] ar) “as

< / lo(s) — w(s)|| ds.
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with global constants C;, 3 < i < 4; the condition (2.5) is thus satisfied. Also condition
(2.6) holds true in this case: indeed, for every t € (0,T] and v € L?(0,T;V), we find,
since % < 3, that

t 2
IV Bl < Co [ [ | [ 1yl loto.s) o] de

t 5/3
< s [ [ ([ 1o=sl2d) " Jo(s)| dds
0JQ Q

t
s%/M@mw
0

Finally, since the operator B is linear in this case, we have DB[v] = B for every U €
L*(Q), and thus also (A4)(v) and (2.8)—(2.14) are fulfilled. Notice that the above growth
conditions are met by, e.g., the three-dimensional Newtonian potential, where k(r) = ¢
with some ¢ # 0.

We also note that (A2) implies pp € C(€2), and (A1) and (2.2) ensure that both F'(po)
and F'(py) are in L>(€2), whence in H. Moreover, the logarithmic potential (1.7)
obviously fulfills the condition (2.1) in (A1).

We have the following existence and regularity result for the state system.

THEOREM 2.1:  Suppose that (A1)—(Ab) are satisfied. Then the state system (1.2)—
(1.5) has for every u € Uaqa a unique solution (p, ) such that

p € H*0,T; H)ynN W (0,T; L>(Q)) N H*(0,T;V), (2.15)
€ Whe(0,T; H)n H(0,T; V)N L>*(0,T; W) C L=(Q). (2.16)

Moreover, there are constants 0 < p, < p* <1, p* >0, and Ki > 0, which depend only
on the given data, such that for every u € Usq the corresponding solution (p, ) satisfies

O<p.<p<p'<l 0<pu<p’, ae in Q, (2.17)

H:u”le"o(O,T;H)mHl(O,T;V)OL"O(O,T;W)QL‘”(Q)

ol z20,0; )0t 0150 (@)nE 0.13v) < KT (2.18)
PRrOOF: In the following, we denote by C; > 0, ¢ € N, constants which may depend on
the data of the control problem (CP) but not on the special choice of u € U,q. First,

we note that in [18, Thms. 2.1, 2.2] it has been shown that under the given assumptions
there exists for © = 0 a unique solution (p, ;1) with the properties

O0<p<l, wpu>0, ae in @, (2.19)
p € L>(0,T;V), dpe LQ), (2.20)
p€ HY0,T; H) N L=(0,T; V) N L>(Q) N L*(0, T; W*¥2(Q)). (2.21)

A closer inspection of the proofs in [18] reveals that the line of argumentation used there (in
particular, the proof that p is nonnegative) carries over with only minor modifications to
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general right-hand sides u € Uy,q. We thus infer that (1.2)—(1.5) enjoys for every u € Uagq
a unique solution satisfying (2.19)—(2.21); more precisely, there is some C; > 0 such that

[l 121 0.7y (0,73 Lo (@) L2 (0,752 72 ()
+ HPHLOO(O,T;V) + ||0tp||L6(Q) < O Yu € Uy. (2.22)
Moreover, invoking (2.19), and (2.4) for p = 400, we find that
1B~ < Co V€U

and it follows from (2.22) and the general assumptions on py, ¢, and F', that there are
constants p,, p* such that, for every v € U,q,

0<p. < inf{py(z):zeQ} <sup{po(z):2€Q} < p"<l,
F'(p)+ Blpl —png'(p) <0 if 0<p<ps,
F'(p) + Blpl —pug'(p) 2 0 if p* <p<1.
Therefore, multiplying (1.3) by the positive part (p — p*)™ of p — p*, and integrating
over (), we find that
T T
0= / / Owp (p—p*)" drdt + / /(F’(p) + Blp] — g (p)(p—p)" ddt
0Ja 0Ja
1 w12
> 5/ |(p(t) = p")*|" da,
Q

whence we conclude that (p— p*)" =0, and thus p < p*, almost everywhere in ). The
other bound for p in (2.17) is proved similarly.

It remains to show the missing bounds in (2.18) (which then also imply the missing
regularity claimed in (2.15)—(2.16)). To this end, we employ a bootstrapping argument.

First, notice that (A3) and the already proved bounds (2.22) and (2.17) imply that the
expressions 1 g'(p) Oyp and (1+2¢g(p)) Oypr are bounded in L*(Q)). Hence, by comparison
in (1.2), the same holds true for Ap , and thus standard elliptic estimates yield that

lullzrwy < C3 Y € U (2.23)

Next, observe that (A1) and (2.17) imply that ||F'(p)||L=) < Ci, and comparison in
(1.3), using (A3), yields that

HatpHLOO(Q) S C5 Yue uad. (224)

In addition, we infer from the estimates shown above, and using (2.6), that the right-hand
side of the identity

Vpr = —=F"(p)Vp=VBlpl + ¢'(p) Vi + 1" (p) Vi (2:25)
is bounded in L*(Q), so that

10ipll20rvy < Cs VU € Una. (2.26)
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We also note that the time derivative 0,(—F'(p) — Blp] + pg'(p)) exists and is bounded
in L?(Q) (cf. (2.7)). We thus have
lpellz) < Cr Vu € Uag. (2.27)
At this point, we observe that Eq. (1.2) can be written in the form
ady+ poa — Ap =10, with a:=1+2g(p), b:=u+pug(p) dp,

where, thanks to the above estimates, we have, for every u € U,q,

lall () + 10:all oo (@) + 0]l oo gy < C, (2.28)
[0Fall 120y = 219" (P)o7 + g (P)pull2@) < Co, (2.:29)
10l r2(q) = llwe + g (P)pe + 19" (p)pi + 19’ (p)pull 2y < Cho- (2.30)

Since also py € W, we are thus in the situation of [15, Thm. 3.4], whence we obtain that
Oy € L0, T; H) N L*0,T;V) and pu € L*>(0,T;W). Moreover, a closer look at the
proof of [15, Thm. 3.4] reveals that we also have the estimates

10ctt| oo o,y 20,0y + |l L0, mw) < Cha (2.31)

This concludes the proof of the assertion. m

REMARK 3: From the estimates (2.17) and (2.18), and using the continuity of the
embedding V C L5(Q), we can without loss of generality (by possibly choosing a larger
K7) assume that also

(i) 0
max |[F(p)ll=@ + max [l97()ll= @

+ IVl o282y + 10kl L20,1v)
+ | Blpll e 0 L2@)nre@nrzomv) < Ki Vu € Uaa - (2.32)

According to Theorem 2.1, the control-to-state mapping S : U D u +— (p, p) is well
defined. We now study its stability properties. We have the following result.

THEOREM 2.2:  Suppose that (A1)—(Ab5) are fulfilled, and let u; € Upa, i = 1,2,
be given and (p;, ;) = S(u;), @ = 1,2, be the associated solutions to the state system
(1.2)—(1.5). Then there exists a contant K5 > 0, which depends only on the data of the
problem, such that, for every t € (0,T],

o1 = P2l o,6:m)nL=0.608(0) + 111 — Hall 110450 L% 0,6:v)L2 0.4W)

< K5 [Jur — gl 2(0,m) - (2.33)

ProoF: Taking the difference of the equations satisfied by (p;, p;), i@ = 1,2, and setting
U= U — Uz, P = p1— P2, M=l — io, we first observe that we have almost everywhere
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in @) the identities
(1+29(p1)) Oup + g'(p1) Orpr it — Ape + 2(g9(p1) — g(p2)) Ospaa
=u — (g'(p1) — 9'(p2) Brpr 2 — §'(p2) 2 Oep (2.34)
o + F'(p1) — F'(p2) + Blp1] — Blp2]
=g (p1) i + (g'(pr) — g'(p2)) p2, (2.35)

as well as
Onpp =0 a.e.on X, u(-,0)=p(-,00=0 a.e. in Q. (2.36)

Let t € (0,7T] be arbitrary. In the following, we repeatedly use the global estimates
(2.17), (2.18), and (2.32), without further reference. Moreover, we denote by ¢ > 0
constants that may depend on the given data of the state system, but not on the choice of
Uy, U € Uyq; the meaning of ¢ may change between and even within lines. We establish
the validity of (2.33) in a series of steps.

STEP 1: To begin with, we first observe that

(1+29(p1))pOup + g (p1)Orprp® = 6%((% + g(pl))zf)-

Hence, multiplying (2.34) by u and integrating over ; and by parts, we obtain that

/QG +9(P1(t))>u2(t) dx +/Ot/Q\VM|2 drds < i'lj" (2.37)

where the expressions [;, j = 1,2,3, defined below, are estimated as follows: first, we
apply (A3), the mean value theorem, and Holder’s and Young’s inequalities, to find, for
every 7 > 0 (to be chosen later), that

1= 2 / /Q<g<p1> = 9(02) Bt e s < e a(s) () () ds

t c t
< 7/0 ()l ds + ;/0 1051 | p(3) 7 ds, (2.38)

where it follows from (2.32) that the mapping s +— [|Q,ua(s)||? belongs to L'(0,T).
Next, we see that

Iy = /Ot/Q (U —(g'(p1) = 9'(p2))0ep1 ,Uz) pdx ds

t t
SC//(\U!+!p!)!M!dwdS < C//(u2+p2+u2)dmds. (2.39)
0JQ 0JQ

Finally, Young’s inequality yields that

t t t
I3 ::—//g’(pg)ugptudxds < 7//pfdxds—l— E//;ﬂdmds. (2.40)
0/Q 0JQ Y JoJa



10 OPTIMAL CONTROL OF A PHASE FIELD SYSTEM

Combining (2.37)—(2.40), and recalling that g(p;) is nonnegative, we have thus shown
the estimate

1 t t t
wmw%+u~u/M@%wgv//ﬁw@+c[/ﬁm@
2 0 0J0Q 0JQ

+c(1 +71)/0 (le()IE + (4 10e2() V) I ()17 ) ds - (2.41)

Next, we add p on both sides of (2.35) and multiply the result by p;. Integrating over
()¢, using the Lipschitz continuity of F’ (when restricted to [ps, p*]), (2.13) and Young’s
inequality, we easily find the estimate

t 1 Ct
(=) [ [ ddeds + Slotolfy < & [ [+ ) dods. (2.42)
0J0Q Y JoJa

Therefore, combining (2.41) with (2.42), choosing v > 0 small enough, and invoking
Gronwall’s lemma, we have shown that

el e mmnzzovy + llollaopm < cllullizopum ¥t e (0,7, (2.43)

STEP 2: Next, we multiply (2.35) by p|p| and integrate over @;. We obtain

3
1
Sl < 1) (249
j=1
where the expressions J;, 1 < j < 3, are estimated as follows: at first, we simply have
t
Jii= // (=F"(p1) + F'(p2) + p2(g'(p1) — 9'(p2))) p|p| dz ds
0Ja

ggéwwmw (2.45)

Moreover, invoking (2.43), Holder’s inequality, as well as the global bounds once more,
t t
b:t//luﬂpnpmwmdss(i/|m@MMHM@Hﬂm@nbds
0J0Q 0
! ! 3/2 3/2
gAMMwHwAMWRW®M%
t
3/2 3/2
< [ Mo s + el g 117
t
3/2 3/2
sﬁwwmw+ﬂm;mmmmmm

t
slm@ww+ﬂwawﬂ (2.46)
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In addition, condition (2.5), Holder’s inequality, and (2.43), yield that

5= [ [ ®Blp) = Blod) plolar s

IN

¢ / 10(3)1s l1o(s)ll2 | Blor)(s) — Bloa)(s)lls ds
< ¢ sup l(s)ls ol / lo(s) 1 ds

1
< 5 sw (5 + e llullfznm - (2.47)
0<s<t

Combining the estimates (2.44)—(2.47), and invoking Gronwall’s lemma, we can easily
infer that

||p||Loo(07t;L3(Q)) S C||u||L2(07t;H) fOl" all tE (O,T] (248)

Step 3: With the above estimates proved, the road is paved for multiplying (2.34) by .
Integration over @); yields that

t 1 5
[+ 20o0) i deas + 51900l < 3 155l (2.49)
j=1

where the expressions K;, 1 < j <5, are estimated as follows: at first, using the global
bounds and Young’s inequality, we have for every v > 0 (to be specified later) the bound

t t t
K = —//g’(pl)ﬁtpluutdxds < 'y//ufdxds + E//,tfdxds
0/ 0/ 7 JoJo
¢ c
< [ wtdvds + < el (2:50)
0JQ g

Next, thanks to the mean value theorem, and employing (2.32) and (2.48), we find that

t t
Ky = —2//(9(p1> — 9(p2)) Oupa pre dx ds < C// ol |Orpaz] [12| dov ds
0JQ 0JQ

VAN

C/o lp(8)ls 1| Oepza ()]s ll1e(5) |2 ds

IN

t t
C
v [ wtdeds + S Moleionen [ 10mal ds
0JQ Y 0
t C
< 4 / / u2ds + < a2 (2.51)
0JQ Y

Moreover, we infer that

t t
&
Ky = //u,ut drds < ’y// ,uf drds + — ”UH%2(0¢;H)7 (2'52)
0J9Q 0J/Q g
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as well as, invoking the mean value theorem once more,

t t
Ky = —//(9’(/)1) = §'(p2)) Oupr piz pe dv ds < 6// [0l e dez ds
0JQ 0JQ

t
C
< 7// pi dwds + — |ull72go4m) - (2.53)
0J/Q Y

and, finally, using (2.43) and Young’s inequality,

t t
Ky : = —// g (p2) po pe p dx ds < C// |pt] || da ds
0Jo 0Jo
t c
<o [ [ ndvds + Sl
oJa v
t c
<o [ utdvds + g (2.54)
o/ v

Now we combine the estimates (2.49)—(2.54) and choose v > 0 appropriately small. It
then follows that

]l e o,m)n oo 0,6vy < cllull L2 o, - (2.55)

Finally, we come back to (2.34) and employ the global bounds (2.17), (2.18), (2.32), and
the estimates shown above, to conclude that

1Al 2 4my < e (lellzzonm + lullzonm + locllzeosm)
+ HPHL?(U,t;H) + HUHL2(0,t;H)) + C||P8tM2HL2(0,t;H)

IN

cllullz2o,pm (2.56)

where the last summand on the right-hand side was estimated as follows:

t t
/ / PP 10ual? dads < e / 10upa ()12 o (s)12 ds
0JQ 0
t
2 2 2
< el s / 1Ohsa()I ds < ¢ llulaum -

Invoking standard elliptic estimates, we have thus shown that

il 20wy < cllull2,m) - (2.57)

STEP 4: It remains to show the L°°(0, t; L5(2))—estimate for p. To this end, we multiply
(2.35) by p|p|* and integrate over Q;. It follows that

3

1

Sl < 1L, (259)
j=1
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where quantities L;, 1 < j < 3, are estimated as follows: at first, we obtain from the
global estimates (2.18) and (2. 32) that

// F'(p1) + F(p2) + 12(d (01) — 9 (02))) p | da ds

Sc/W@%@~ (2.50)

Moreover, from (2.55) and Hélder’s and Young’s inequalities we conclude that

Lo // muNMW®<C/WLMW )13 ds

< cllpllz=.nv) ||p||L5(0,t;L6(Q)) < C”#HLoo(o,t;V) +C||p||L5(O,t;L6(Q))

t
< clulliagum + ¢ | o) ds. (2:60)

Finally, we employ (2.5) and (2.43) to infer that

Ly:= — // [1] = Blps]) p |p|* da ds

SQAWMW%BM®MMMwS
< e s o) [ o)l ds

1
< — sup [lp(s)lIg + cllullGeopm - (2.61)
12 g<s<t

Combining the estimates (2.58)—(2.61), and invoking Gronwall’s lemma, then we readily
find the estimate

Il Lesre )y < cllullL2opm)

which concludes the proof of the assertion. m

3 Directional differentiability

of the control-to-state mapping
In this section, we prove the relevant differentiability properties of the solution operator
S. To this end, we introduce the spaces

X = HY0,T; H)N L™(Q),
Y:=H'0,T;H) x (L>=(0,T; H)n L*(0,T;V))

endowed with their natural norms
ullx = HU||H1(0,T;H) + ||U||L°°(Q) Vue &,
(o, i)lly = Nl arormy + Nplleormy + pllzeoryy V(o) €Y,
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and consider the control-to-state operator & as a mapping between U,q C X and ).
Now let @ € Uaq be fixed and put (p, 1) := S(w). We then study the linearization of the
state system (1.2)—(1.5) at @, which is given by:

(L+29(0)ne + 29 ()& + 9 (B) e + 1g"(P) p: € + Tg' (p) &

—Anp=h a.e in Q, (3.1)

&+ F'(5) €+ DB)(E) = Hg"()E + (D)1 ac.in Q. (3.2)
O =0 a.e.on X, (3.3)

n(0) =£(0) =0 a.e.in . (3.4)

Here, h € X must satisfy @+ Ah € Uyq for some X > 0. Provided that the system (3.1)-
(3.4) has for any such h a unique solution pair (£,7), we expect that the directional
derivative S(u;h) of S at w in the direction A (if it exists) ought to be given by (£,7).
In fact, the above problem makes sense for every h € L?(Q), and it is uniquely solvable
under this weaker assumption.

THEOREM 3.1:  Suppose that the general hypotheses (A1)—(AB) are satisfied and let
h € L*(Q). Then, the linearized problem (3.1)—(3.4) has a unique solution (&,7) satisfying

£€ HY0,T; H) N L>¥(0,T; L°()), (3.5)
ne€  HY(0,T; H)N L0, T; V)N L*(0,T; W). (3.6)

PrRoOOF: We first prove uniqueness. Since the problem is linear, we take h = 0 and
show that (£,7) = (0,0). We add n and £ to both sides of equations (3.1) and (3.2),
respectively, then multiply by n and &, integrate over ();, and sum up. By observing
that

(1+29(8))nen + g @)pilnl® = 0:[ (5 + 9(@)) Inl*]
and recalling that g > 0, we obtain

3

5 [mordes [ ds+ g [leorars [ [ e aras< <>,

where the terms H; are defined and estimated as follows. We have

- [[2d@mndads <c [Nl In)lods
0JQ 0
1/ t
<5 [ Il ds e [ e s

and we notice that the function s — ||7z,(s)||?, belongs to L'(0,T), by (2.31) for 1. Next,
we easily have the estimate

H, = /O/Q(n—ﬁg (P) & — g (P) &) ndr ds

1 t t
g—// |§t|2dxds+c//(|§|2+|77|2)da:ds.
4 0JQ 0JQ
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Finally, recalling (2.8), it is clear that

iy = [ [ (€70 ®) - P ) e - DB + ) & o s

1 ' 2 ' 2 2
<[] wparasse [ [ g+ ) deas. (3.7)

Therefore, it suffices to collect these inequalities and apply Gronwall’s lemma in order to
conclude that £ =0 and n=0.

The existence of a solution is proved in several steps. First, we introduce an approximating
problem depending on the parameter € € (0,1). Then, we show well-posedness for this
problem and perform suitable a priori estimates. Finally, we construct a solution to
problem (3.1)—(3.4) by letting e tend to zero. For the sake of simplicity, in performing
the uniform a priori estimates, we denote by ¢ > 0 different constants that may depend
on the data of the system but not on e € (0,1); the actual value of ¢ may change within
formulas and lines. On the contrary, the symbol ¢, stands for (different) constants that
can depend also on €. In particular, c. is independent of the parameter § that enters an
auxiliary problem we introduce later on.

STEP 1: We approximate p and 7 by suitable p°, u° € C°°(Q) as specified below. For
every ¢ € (0,1), it holds that

pes < p° < p™in @ and ||pfll@) + 0 o rs@)nix@ < CF (3.8)
for some constants p.., p™ € (0,1) and C* > 0; as € \, 0, we have

p°— D, p; — Py K — @, in LP(Q), for every p < +00 and a.e. in @,
and pf — @, in L2(0,7T; L3(%)). (3.9)

In order to construct regularizing families as above, we can use, for instance, extension
outside () and convolution with mollifiers.

Next, we introduce the approximating problem of finding (£%,7°) satisfying

&+ F'(p) & +DBPIE)=rgd"(P)E+d(P)n° aein @, (3.10)
(1+29(0%) ng +9'(p°) p; °

+29'(p) iz & +1g"(p) pr & + g (P) & — A" =h a.e.in @, (3.11)
Oan® =0 a.e.on X, (3.12)
n°(0) =¢°(0)=0 a.e.in Q. (3.13)

In order to solve (3.10)—(3.13), we introduce the spaces
V:=HxV and H:=H x H,

and present our problem in the form

Clem A€ =1 md (0= (00,
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in the framework of the Hilbert triplet (V,H,)’). We look for a weak solution and aim
at applying [1, Thm. 3.2, p. 256]. To this end, we have to split .A° in the form Q°f +R®,
where Q¢ is the uniformly elliptic principal part and the remainder R° satisfies the
requirements [1, (4.4)—(4.5), p. 259]. We notice at once that these conditions are trivially
fulfilled whenever

= (R5,R5) € L(L*(0,T;H), L*(0,T; H)), (3.14)

< Cpe // (Jof? + Jwf?) (3.15)

for some constant Cg-, and every v,w € L?(0,T; H) and t € [0,7]. In order to present
(3.10)—(3.13) in the desired form, we multiply (3.11) by a° := 1/(1 4+ 2¢(p°)) and notice
that

/ (Ri(v,w)v + R3(v, w)w) dz ds

—a*An® = —div(a°Vn©) + Va* - V.

As @ > o :=1/(1 + 2supg) and Va® is bounded, we can fix a real number A\* > 0
such that

/Q(as(t)|Vw|2 + (Va*(t) - Vw)w + X|w]?) dz > % w3 (3.16)

for every w € V and t € [0,T]. Next, we replace & in (3.11) by using (3.10). Therefore,
we see that a possible weak formulation of (3.10)—(3.12) is given by

[}ﬂmwx+wmﬁmwnwwmgwx6mﬂ@xuw»v

+ [ (R IO+ RiE )0 w) do = [ @O0 w s
for a. a. t € (0,T) and every (v,w) € V, (3.17)

where the symbols (-, -) stand for the duality pairings and Q° and R have the meaning
explained below. The time-dependent operator QF(¢) from V into V' is defined by

V’<Q€(t)({)vw)a (U,w»v
= / (v +a(t) Vio - Vw + (Va®(t) - Vi) w + N b w) dx (3.18)

for every (v,w), (v,w) € V and t € [0,T]. By construction, the bilinear form given by
the right-hand side of (3.18) is continuous on V x V, depends smoothly on time, and is
V-coercive uniformly with respect to ¢ (see (3.16)). The operators

R; € L(L*(0,T;H), L*(0,T; H))

account for the term A*n° that has to be added also to the right-hand side of (3.11) and
for all the contributions to the equations that have not been considered in the principal
part. They have the form

(R5 (v, w))(t) = a5, (t)v + ajy()w + ay(t) (DBp](v)) (¢) (3.19)
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for (v,w) € L*(0,T;H), with some coefficients a; € L*(Q). Therefore, by virtue
of (2.8), we see that

AZOﬁ@J@U+Rﬂ%wMOMMs

t
Sc/éWﬁ+WﬁMmk+demwmé@)
0

t
< c//(|v|2+|w|2)dxds,
0J9

for every (v,w) € L?(0,T;H) and every t € [0,7]. Thus, the conditions (3.14)—(3.15)
are fulfilled, and the result of [1] mentioned above can be applied. We conclude that the
Cauchy problem for (3.17) has a unique solution (£°,7°) satisfying

(&, n°) € HY(0,T; V)N L*(0,T; V), i.e.,
¢€eHY(0,T;H) and n° € HY(0,T;V')NL*0,T;V).

On the other hand, this solution has to satisfy

(@uf 0+ [

a®Vn® - Vwdx = / p.wdzr a.e.in (0,T), for every w € V,
Q Q

for some . € L*(Q). From standard elliptic regularity, it follows that n° € H*(0,T; H)N
L2(0, T; W),

In the next steps, besides of Young’s inequality, we make repeated use of the global
estimates (2.17), (2.18), and (2.32), for p and @, without further reference.

STEP 2: For convenience, we refer to Eqs. (3.10)-(3.12) (using the language that is
proper for strong solutions), but it is understood that they are meant in the variational
sense (3.17). We add &° and 7° to both sides of (3.10) and (3.11), respectively; then,
we multiply the resulting equalities by & and 7°, integrate over (), and sum up. By
observing that

(L+29(0°)) s " + ' (0°) 5 In° 1P = 0 [ (5 + 9(p%)) 107,

and recalling that g > 0, we obtain

1 t 1 t 2
—/|€6(t)|2dfﬁ+// |§§!2d$d8+—/ln€(t)l2dx+/ I ()5 ds <1,
2 Jo 0/Q 2 Ja 0 =

where the terms I; are defined and estimated as follows. In view of (2.8), we first infer
that

hi= [ (6= F)€ = DBRIE) +Rg (D)€ +9 () dods

1 t t
Z// |§f|2dl’d5—|—c// (\£6|2—|—|775\2) dx ds .
0Jo oJa

IN
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Next, we have

// P) P& — g (p) & +h) n° dw ds

t
< —// ]§f|2dxds+c//(|§€]2—|-|7]E|2)dxd5+c.
4 0/Q 0JQ

Finally, by virtue of the Holder and Sobolev inequalities, we have

Ia—Klfﬂmﬁfﬁmﬁéclmﬁ®MM%Wﬂf@%%
1 t t
3 | WG as+e [ @R ez,

IN

At this point, we recall all the inequalities we have proved, notice that (3.8) implies that
the function s — ||u5(s)||2 is bounded in L'(0,T), and apply the Gronwall lemma. We
obtain

W& N co,msmy + 1% oo o,y L2003y < € (3.20)

STEP 3: We would now like to test (3.10) by (£%)%. However, this function is not
admissible, unfortunately. Therefore, we introduce a suitable approximation. To start
with, we consider the Cauchy problem

E+bE+LE) =f and £0)=0, (3.21)

where we have set, for brevity,

b= F'(5) ~7ig"(p). L:=DBJl, and [ := ¢, (3.22)

By (3.10), € := £ is a solution belonging to H'(0,T;H). On the other hand, such a
solution is unique. Indeed, multiplying by f the corresponding homogeneous equation
(i.e., f° is replaced by 0), and invoking (2.8) and Gronwall’s lemma, one immediately
obtalns that 5 = 0. We conclude that f = £° is the unique solution to (3.21).

At this point, we approximate £° by the solution to a problem depending on the parameter
§ € (0,1), in addition. Namely, we look for £%° satisfying the parabolic-like equation

O FALS 4 1€ 4 L(E0) = fF, (3.23)

complemented with the Neumann boundary condition 9,£%° = 0 and the initial condition
€%9(0) = 0. In (3.23), b° is an approximation of b belonging to C*°(Q) that satisfies

16| Lo@) < ¢, and b — b ae in Q as d \,0. (3.24)

This problem has a unique weak solution £ € H(0,7; V') N L3(0,T;V), as one easily
sees by arguing as we did for the more complicated system (3.10)—(3.13) and applying |1,
Thm. 3.2, p. 256].
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We now aim to show that £ is bounded. To this end, we introduce the operator A; €
L(V, V") defined by

(Asv,w) := /(§Vv -Vw+ovw)dr for every v,w eV,
Q

and observe that Ajs is an isomorphism. Moreover, Eq. (3.23), complemented with the
boundary and initial conditions, can be written as

AT = = (L4 H) €+ L(EF) and €9(0)=0.  (3.25)
Now, by also accounting for (2.9), we notice that £, £%0, b2¢%° and L(£%9), all belong to
L*(0,T;V). Hence, f*0 € L*(0,T;V), so that A;f® € L?(0,T;V"), and we can consider
the unique solution (% € H(0,T;V") N L*(0,T;V) to the problem

P+ A = Asf? and (7(0) =0.
Now, A% satisfies
(A51C) + As(AFIC) = AT A = 2 and (A57¢7)(0) =

so that a comparison with (3.25) shows that ¢° = Aglﬁg‘s, by uniqueness. Since (%0 €
L=(0,T; H), and A;'(H) =W by elliptic regularity, we deduce that £ € L>(0,T;W).

Therefore, £%9 is bounded, as claimed.

Consequently, (£%°)° is an admissible test function, since it clearly belongs to the space
L%*(0,7T;V). By multiplying (3.23) by (£%%)° and integrating over @, we obtain that

1 t 3
—/ £2°(8)|° dz + 55// €01 I VER P dads = Y K;
6 Ja 0JQ =

where the terms K; are defined and estimated as follows. First, recalling (3.24), we

deduce that
// V&2 (699 dads < c// €5|° d ds .

On the other hand, Holder’s inequality, and assumption (2.8) with p = 6, imply that

- [ e € duds < elie o 1€ s

t
< 1167 | st 6% a0 = / / €919 da ds.

Finally, also invoking Sobolev’s inequality, we see that

B // ) drds < / Il 16 ()l s

< / 17 (sl 1€ ()3 ds < / Iy (1 + €29()€) ds



20 OPTIMAL CONTROL OF A PHASE FIELD SYSTEM
Collecting the above estimates, and noting that the function s — ||n°(s)||y is bounded in
LY(0,T) by (3.20), we can apply the Gronwall lemma to conclude that

||£66HL°°(O,T;L6(Q)) <c. (3.26)

At this point, we quickly show that £ converges to £ as 0 \, 0, at least for a subse-
quence. Indeed, one multiplies (3.23) first by ¢%°, and then by &, and proves that

H€€6”Hl(O,T;H)ﬂLOO(O,T;V) < ¢,

uniformly with respect to §. Then, by weak compactness and (3.24) (which implies
convergence of ° to b in LP(Q) for every p < +00), it is straightforward to see that
£%% converges to a solution é to the problem associated with (3.21). As é = &%, we have
proved what we have claimed. This, and (3.26), yield that

16| Lo 0,752800)) < . (3.27)

STEP 4: At this point, we can multiply (3.11) by 7{ and integrate over @);. By recalling
that g > 0, we obtain

t 1 3
£12 15 2
n dxds—i——/ VnE(t)|"dzr < L
/O/Q't' 2 ), VT Zjl

where each term L, is defined and estimated below. First, by taking advantage of (3.27)
and (3.8) for p§, we have

Lii=— / / 20/(P) 5 € 1 dirds < o / 1)l €5l 17 (5) 2 ds

/ L)l 17 (3) 12 ds < / / el deds + ¢ / s ()12 ds
< —// [n5|)? dx ds + c.
4 0JQ

Next, using (3.8) for pj and (3.20), we obtain that

// Npintn; deds < - // |nt\2dxd8+c// |n°|? dx ds
// n5|* dw ds +c.

Ls:= _ 743\ £ — 174 (7) £E 5
3 /O/Q( ng"(p)p, & — g (p) & + h)nf da ds

1 [t t
< —// |nf|2d$ds+c//(|§€|2+|£f|2+1) dz ds
4 0J0Q 0/
1
- In;|*dzds + c.
4 0JQ

| /\

Finally, in view of (3.20), we have

IN
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By collecting the above estimates, we conclude that

175 | 20,y + 107 220,00y < e (3.28)

As a consequence, we can estimate An® in L?(Q), just by comparison in (3.11). Using
standard elliptic regularity, we deduce that

17"l 20wy < c. (3.29)

STEP 5: At this point, we are ready to prove the existence part of the statement. Indeed,
the estimates (3.20) and (3.27)-(3.29) yield that

&€ — ¢ weakly star in HY(0,7; H) N L>(0,T; L5(2)),
n° —mn  weakly star in H'(0,T; H) N L>(0,T; V)N L*0,T; W),

as € \, 0, at least for a subsequence. By accounting for (3.9) and the Lipschitz continuity
of g and ¢, it is straightforward to see that (£,n) is a solution to problem (3.1)-(3.4).
This completes the proof. l

We are now prepared to show that S is directionally differentiable. We have the following
result:

THEOREM 3.2:  Suppose that the general hypotheses (A1)—(AS5) are satisfied, and let
U € Usq be given and (p,) = S(u). Moreover, let h € X be a function such that
U+ Ah € Upq for some X\ > 0. Then the directional derivative 0S(u;h) of S at u in the
direction h ezists in the space (V.| - ||ly), and we have 6S(u; h) = (£,n), where (&,n) is
the unique solution to the linearized system (3.1)—(3.4).

PROOF: We have T+ M € Uyg for 0 < XA < X, since Uyq is convex. We put, for any such
A,

w =T A, (0N t) =8, = =0 =t - .

Notice that (p*, ) and (p, ) fulfill the global bounds (2.17), (2.18), and (2.32), and
that (y*,2*) € Y for all A € [0,A\]. Moreover, by virtue of Theorem 2.2, we have the
estimate

||PA - ﬁHHl(O,t;H)ﬂLW(07t;L6(Q)) + HMA - /7‘|Hl(O,t;H)ﬂLOO(O,t;V)mLQ(O,t;W)
< K3 MRl r20,4m) - (3.30)

We also notice that, owing to (2.17) and the assumptions on F' and g, it follows from
Taylor’s theorem that

[F'(p") = F'(p) = AF"(0)E| < c|v*| + c|p* —p] aein@Q (331
9(0") = 9(B) = Mg (P)E| < c|y?| + c|p* —p] a.e in Q, (3.32)
90" = @) = A" )| < el + el —7] ae inq (3.33)
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where, here and in the remainder of the proof, we denote by ¢ constants that may depend
on the data of the system but not on A € [0, \]; the actual value of ¢ may change within
formulas and lines. Moreover, by the Fréchet differentiability of B (recall assumption
(A4)(vi) and the fact that, for 7,v € L*(Q), the restrictions of B[v] and DB[v](v) to
Q): depend only on v|g, ), we have (cf. (3.30))

1B[p*] = Blp] = ADBR|(E)ll20) < clly e + B (MAll2@)) (3.34)

with a function R : (0,400) — (0,+00) satisfying lim,\ o R(c)/o = 0. As we want to
prove that d.S(u; h) = (£,7n), according to the definition of directional differentiability, we
need to show that

IS ) — S@) — A€l

AN0 A
_ 11{% Hy/\HHl(O,T;H) + HZ;\\HLOC(O,T;H)OLQ(O,T;V) . (3.35)

To begin with, using the state system (1.2)—(1.5) and the linearized system (3.1)—(3.4),
we easily verify that for 0 < A < X the pair (2*,4") is a strong solution to the system

)
— (W =m) [(d N =d@) o+ 9" (0 = )] ae in@Q (3.36)

+d (0 + (") = d'(?) — A" (p)E)

+ (1 =1 (¢ () —d () ae nQ, (3.37)
Onz =0 a.e.on %, (3.38)
20)=90)=0 a.e. in Q. (3.39)

In the following, we make repeated use of the mean value theorem and of the global
estimates (2.17), (2.18), (2.32), and (3.30), without further reference. For the sake of a
better readability, we will omit the superscript A of the quantities y*, 2* during the
estimations, writing it only at the end of the respective estimates.

STEP 1: Let t € (0,7T] be fixed. First, observe that
1
at((§ + 9@))22) = (14+29(p)zz + ¢(P)p, 2>

Hence, multiplication of (3.36) by z and integration over @); yields the estimate

/Q(%w(ﬁ(t)))zz(t) dr + /Ot/Q]Vdegjds < ci:ujy, (3.40)
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where the quantities I;, 1 < j < 7, are specified and estimated as follows: at first,
Young’s inequality shows that, for every v > 0 (to be chosen later),

¢ ¢ ¢
—//ﬁg’(ﬁ)ytzdazds < 'y//yfd:vds + E// 2 drds. (3.41)
0/Q 0/a 7 JoJa

Moreover, we have, by Holder’s and Young’s inequalities and (3.30),

hi=-2f / (900") — 9P)) (1 — ) = ds
< / 16() — Bl 1) — ()12 12(5) I s

< c|lp* = Pllsrs @y |11 = Bl oo |2l 20.6v)

C
< yllzllZe0uyy + ;)\4- (3.42)

Next, we employ (3.32), the Holder and Young inequalities, and (3.30), to infer that

13;:—2//% 9(p) — A (D)€) = du ds

o [ [l ol + 17 = 5P) Fl e s
0

C/o I72()lls (ly ()2 Mlz(s)lls + 1lp*(s) = B(s)I[G 12(s)]l2) ds

t c t _
v [l ds + [ It ds
0 0

t
+ C/O 7 ()15 N2(s)IIZ ds + ¢llp* = Bllie 0.1

IN

IN

IN

IN

. / 12(s)[2 ds + (1+§) / IO () + 12513 ds+ e XL, (3.43)

where we observe that, in view of (2.18), the mapping s — ||zz,(s)||3 belongs to L'(0,T).
Likewise, utilizing (2.18), (3.33), (3.30), and the Holder and Young inequalities, it is
straightforward to deduce that

L= = [ 500" = )~ A" @)6) = dads

t
c// (|y|+|p’\—ﬁ|2) |z| dx ds
// Pt d:vds+0/ 102(5) = Ps)IR 12(3) |2 ds

c// (y* + 2*) dxds + cA*. (3.44)
0/9

IN

| /\

IN
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In addition, arguing similarly, we have

him - / 7(d(0) — 97) (o} — ) =dwds

< / 10 (s s)lle 1107 (s) — Be(9) |2 | 2(s) I3 ds

<c ||P - :0||L°°(0,t;L6(Q)) ||PA - ﬁ||H1(o,t;H) ||Z||L2(O,t;V)
t

< [ Il ds + S, (3.49
0

as well as

Ig:= —/O/Qﬁt (1w =7) (9'(r*) — ¢'(p) 2 dx ds

t

< // 1 =7l [0 = 7| 2] dw ds

< / 10°(s) — P(3)ls Il () — FaCs) 1 12(5) | ds

< c//z drds + c\*. (3.46)
0JQ

Finally, we find that

I : = —// (=1 (") (0 —By) 2z da ds
/ 12 (s s)l6 107 (5) = pe()ll2 [|2(s) || ds

| /\

IN

¢l = flle ey 10" = Bllar e 121l 20.0v)
t
< 7/0 12()[12 ds + gxl. (3.47)

In conclusion, combining the estimates (3.40)~(3.47), and choosing v = £, we have shown

that
31200 + 5 [ 1O ds < § [ [ P drds + ex
wo [ @ imR) (Pl + 12 l) (3.43)

STEP 2: Let ¢t € (0,7] be fixed. We add y to both sides of (3.37), multiply the resulting
identity by v, and integrate over (); to obtain

t 1 6
[ st dzas + ol < 311, (3.49)
j=1
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where the terms J;, 1 < j < 6, are specified and estimated as follows: at first, we have,
for every v > 0 (to be specified later),

¢ ¢ ¢
J) = //yytdzvds < ’y//yfdazds + E//gfda:ds. (3.50)
0JQ 0JQ Y JoJa

Then, we employ (2.18), (2.32), (3.30), and (3.31), as well as Holder’s and Young’s in-
equalities, to obtain the estimate

Jyi— — // (F(p") — F'(p) - \F"(P)E) ye dr ds

sC/Aqm+W—m3mth
0

SCA(M@Nm+WN@—ﬂ@MMm®NmS

t t
§7//yfdxds+£//y2dxds+g>\4. (3.51)
0/ Y JoJa Y

By the same token, this time invoking (3.33), we find that

// '(B) = Mg (P)€) yi d d
< 7/0/ y2dads + 7/Ot/ﬂyz’da;ds n %)\4. (3.52)

Moreover, we obviously have

t t
Jy —// p)zyrdrds < 7//yt2d:rd5 + E// Zdrds. (3.53)
0JQ 7 JoJa

Also, using (3.30) and the global bounds once more, we obtain that
t
kzzjjhf—nmaww—dwnmmws
< ¢ [ 156) = Ol 16°(6) = 76l s s

gy// y2dvdr + S (3.54)
0JQ v

Finally, invoking (3.34) and Young’s inequality, we have the estimate

Joi1= — // — ADBIp|(€)) y, dx ds

< ||Blp"] = Bp] = ADB[B)(€) | 12 ) l101ll2(0)

¢ C C 2
SVAAﬁmw+ywa%+;w0mm@»- (3.55)
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Thus, combining the estimates (3.49)—(3.55), and choosing v = &, we have shown that,
for every t € (0,7, we have the estimate

1 [t 1
1 ][ dzds + 310l
0JQ
t
2
< c(/o 1y ()17 ds + X' + (R (MRl z2@)) ) . (3.56)

STEP 3: We now add the estimates (3.48) and (3.56). It follows that, with suitable
global constants ¢; > 0 and ¢ > 0, we have for every t € (0,7 the estimate

120N + 12 ey + 1O + 152 e
< aZO) + e / 1+ Im)17) (I @I + 122 6)5) ds. 3.57)
where we have defined, for A > 0, the function Z by
Z0) = X+ (Rl @) (3.38)

Recalling that the mapping s+ ||z, (s)||#- belongs to L'(0,T), we conclude from Gron-
wall’s lemma that, for every ¢ € (0,77,

2 2
Hy)\HHl(O,t;H) + H’Z)\”LOO(O,t;H)ﬁLQ(O,t;V)

< ¢ Z(A\) exp (02/0 (1 + [[7(s)]17) ds) < cZ(N) . (3.59)

Since limy\o Z(A)/A* = 0 (recall (3.34)), we have finally shown the validity of (3.35).
This concludes the proof of the assertion. l

We are now in the position to derive the following result.

COROLLARY 3.3:  Let the general hypotheses (A1)—(AS5) be fulfilled and assume that
U € Uyg is a solution to the control problem (CP) with associated state (p, i) = S(u).
Then we have, for every v € Uaq,

51/0T/Q(ﬁ—ﬂcz)§dfvdt ¥ 52/:/9(/7—#@)7761566#

+ﬂ3/OT/Qﬂ(v—ﬂ)dz'dt20, (3.60)

where (&,m) denotes the (unique) solution to the linearized system (3.1)—(3.4) for h =
v — .
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PrRoOOF: Let v € U,q be arbitrary. Then h = v — @ is an admissible direction, since
u~+ \h € Uy,q for 0 < A < 1. For any such \, we have

< J(@+ A, ST+ Ah)) — J(u,S(w))
- A
J(@+ Mh,S(@+ Ah)) — J(u,S(u + A\h))

N J(u,S(u+ /\h; — J(u,S(w)) '

It follows immediately from the definition of the cost functional J that the first summand
on the right-hand side of this inequality converges to fOTfQ Bsuwhdrdt as X\, 0. For
the second summand, we obtain from Theorem 3.2 that

J(@, S(@+ M) — J(T@, S(T))

g A
T T
6 [ [@-po)gdeat + 5 [ [ G- pomdoae,
0.Jo 0.Jo
whence the assertion follows. ]

4 Existence and first-order
necessary conditions of optimality

In this section, we derive the first-order necessary conditions of optimality for problem
(CP). We begin with an existence result.

THEOREM 4.1:  Suppose that the conditions (A1)—(AS5) are satisfied. Then the problem
(CP) has a solution u € Uq .

PROOF: Let {uy fnen C Uaa be a minimizing sequence for (CP), and let {(pn, fin) }nen be
the sequence of the associated solutions to (1.2)—(1.5). We then can infer from the global
estimate (2.18) the existence of a triple (u,p, ) such that, for a suitable subsequence
again indexed by n,

u, — 4 weakly star in H'(0,T; H) N L™(Q),

pn — p  weakly star in H*(0,T; H) " W5h>(0,T; L>=(Q)) N H*(0,T;V),

fn — B weakly star in W0, T; H) N H(0,T;V) N L>*(0,T; W).

Clearly, we have that @ € U,q and, by virtue of the Aubin-Lions lemma (cf. [24, Thm. 5.1,
p. 58]) and similar compactness results (cf. [27, Sect. 8, Cor. 4]),

pn — P strongly in L*(Q), (4.1)
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whence also p, <p < p* a.e. in @ and
Blp.] — BI7] strongly in L(Q),
®(p,) — ®(p) strongly in L*(Q), for ® € {F' g,4'},
thanks to the general assumptions on B, F' and g, as well as the strong convergence
tn — 1 strongly in C°([0, T]; C°(Q)) = C°(Q). (4.2)
From this, we easily deduce that

(pn) Orpin — 9(p )&su weakly in Ll(Q)

In summary, if we pass to the limit as n — oo in the state equations (1.2)—(1.3), written
for the triple (uy, pn, ptn), we find that (p,7z) satisfies (1.2) and (1.3). Moreover, i €
L>(0,T; W) satisfies the boundary condition (1.4), and it is easily seen that also the
initial conditions (1.5) hold true. In other words, we have (p,71) = S(u), that is, the
triple (@, p, @) is admissible for the control problem (CP). From the weak sequential
lower semicontinuity of the cost functional J it finally follows that u, together with
(p,71) = S(uw), is a solution to (CP). This concludes the proof. O

We now turn our interest to the derivation of first-order necessary optimality conditions
for problem (CP). To this end, we generally assume in the following that the hypotheses
(A1) (A5) are satisfied and that @ € U,q is an optimal control with associated state
(P, 1) , which has the properties (2.17)—(2.32). We now aim to eliminate £ and 7 from the
variational inequality (3.60). To this end, we employ the adjoint state system associated
with (1.2)—(1.5) for @, which is formally given by:

—(L4+29()pe —9'(P)oip — Ap — ¢'(p) q

= a(l — pg) in Q, (4.3)

— @+ F'"(p)a—T1g"(p)a+d(p) (f,p—T7ip) + DBp"(q)
=pi(p—pg) in Q, (4.4)
Oap=0 on X, (4.5)
p(T)=q(T)=0 in . (4.6)

In (4.4), DB[p]* € L(L*(Q),L*(Q)) denotes the adjoint operator associated with the
operator DB[p| € L(L*(Q), L*(Q)), thus defined by the identity

//DB Vwdrdt = //UDB wydzdt Yv,we LX(Q). (4.7)

As, for every v € L*(Q), the restriction of DB[p|(v) to Q; depends only on v|g,, it
follows that, for every w € L*(Q), the restriction of DB[p]*(w) to Q' = Q x (¢t,T)
(see (1.14)) depends only on w|g:. Moreover, (2.8) implies that

IDBIF) ()20 < Collwllizgy Ve LX(Q). (4.8)
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We also note that in the case of the integral operator (1.9) it follows from Fubini’s theorem
that DB[p|* = DBIp|] = B.

We have the following existence and uniqueness result for the adjoint system.

THEOREM 4.2:  Suppose that (A1)-(A5) are fulfilled, and assume that @ € Uyq is
a solution to the control problem (CP) with associated state (p,j1) = S(u). Then the
adjoint system (4.3)—(4.6) has a unique solution (p,q) satisfying

p€ HY0,T; HYNL>*(0,T; V)N L*0,T;W) and q¢c H'(0,T;H). (4.9)

PrRoOOF:  Besides of Young’s inequality, we make repeated use of the global estimates
(2.17)-(2.18) and (2.32) for p and @, without further reference. Moreover, we denote by
¢ different positive constants that may depend on the given data of the state system and
of the control problem; the meaning of ¢ may change between and even within lines.

We first prove uniqueness. Thus, we replace the right-hand sides of (4.3) and (4.4) by 0
and prove that (p,q) = (0,0). We add p to both sides of (4.3) and multiply by —p;. At
the same time, we multiply (4.4) by ¢. Then we add the resulting equalities and integrate
over Q' =Q x (¢,T). As g is nonnegative, and thanks to (2.8), we obtain that

/]mfmw+ ()2 + /mwwx
s[lxﬂrwﬂmmp—J@MMMM%
+//ﬂmﬂ@—ﬁ@»mmyw — DB[pl(q)) qdrds

// p) I pgdzds
T T
S—// Ipt\dederC//(pQ+q2)dwd8+0// .| |p| |g| dx ds .
2 tJQ tJQ tJQ

The last integral is estimated as follows: employing the Holder, Sobolev and Young in-
equalities, we have

A@wmmmmg[nmwmwwwwmm

< C/t (7T (T + lla(s)l7) ds

As the function s — ||7z,(s)||? belongs to L'(0,T), we can apply the backward version
of Gronwall’s lemma to conclude that (p,q) = (0,0).

The existence of a solution to (4.3)—(4.6) is proved in several steps.

STEP 1: We approximate 5 and 7 by functions p°, u° € C*°(Q) satisfying (3.8)-(3.9)
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and look for a solution (p®, ¢°) to the following problem:

—(1429(p°))0; — 9’ (P) P 0" — A" — g'(P) ¢

= Ba(fi — pg) I Q, (4.10)
—q; —e A+ F'(p) " —1g"(p) & + ' (p°) (i p° — p° p})
+ DBp|"(¢°) = 61(p — pg) in Q, (4.11)
Oup” =g =0 on %, (4.12)
p(T)=¢(T)=0 in Q. (4.13)

We prove that this problem has a unique solution satisfying
p°,¢c € HY(0,T; H) N L>®(0,T: V)N L*(0,T; W). (4.14)

To this end, we present (4.10)—(4.12) as an abstract backward equation, namely,

d € £ € € (4 € =
— o WL O)) + A (07, )(8) + (R7(F, 7)) () = f5(0), (4.15)
in the framework of the Hilbert triplet (V,H, V'), where
V:=VxV and H:=HXx H.

Notice that (4.15), together with the regularity (4.14), means that

= ((0F, a))(1), (v,w)),, + a* (&5 (F° ,qe)(t),( ))
+ (RE0, a))(1), (v,w)),, = (£5(1), (v, w)),,
for every (v,w) € V and a.a. t € (0,7), (4.16)

where a®(t;-,-) is the bilinear form associated with the operator A°(¢) : V — V'; more-
over, (-,-)y denotes the inner product in H (equivalent to the usual one) that one has
chosen, the embedding H C V' being dependent on such a choice. In fact, we will not use
the standard inner product of H, which will lead to a nonstandard embedding H C V'.
We aim at applying first [1, Thm. 3.2, p. 256], in order to find a unique weak solution, as
we did for the linearized problem; then, we derive the full regularity required in (4.14).
We set, for convenience,

1 g'(p°)

1
Y= ——— and Y. = —————
1 +2g(p°)

= e 1 g'(p°),
1+ 2g(p7)
and choose a constant M, such that

e < M., Y| <M., |V <M, and [V <M., aceinQ@.

Moreover, we introduce three parameters A\°, A7, A5, whose values will be specified later on.
In order to transform our problem, we compute p; from (4.10) and substitute in (4.11).
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Moreover, we multiply (4.10) by .. Finally, we add and subtract the same terms for
convenience. Then (4.10)—(4.11) is equivalent to the system

—p; — @ Ap° + AT p°

— NP = (D)0 — -9 (P) " = v Polli — 11q),
—q; — e AF + Y ApT + A5 ¢°

— XN+ F'(p) " —1g"(p) ¢ + g (p°) i p°

+ 9. (P o +9(P) € + B — 1))

+ DBp|*(¢°) = Bi(p — pq) -

By observing that
—p: Ap" = —div(p.Vp®) + V. - Vp©,

and that the same holds true with 1. in place of ¢., we see that the latter system,
complemented with the boundary condition (4.12), is equivalent to

- [riOvdr+aier 0.0+ [ Ri6FNOvds
= [ oult) Bl = )0y d

— [ aiOwds -+ ot 7 (0.0 w0 + [ Re a0 wda
—— [ 60— o) wda + [ Bl po)(t)w s

for every (v,w) € V and a.a. t € (0,7), where the forms a are defined below and
the operators R; account for all the other terms on the left-hand sides of the equations.
We set, for every t € [0, 7] and 0,w,v,w €V,

aj(t;0,v) = /((ps(t) Vo - Vo + (Ve (t) - Vi) v+ A 9v) dz,

Q
as(t; (0, ), w)
- /(evw VW — (1) Vi - Vi — (Vae(t) - VO) w + Mg b w) dar
Q

Now, we choose the values of A{ and of the further parameter A° in such a way as to
guarantee some coerciveness. Putting o :=1/(1 4 2sup g), we have that

aj(t;v,v) > /(a [Vo|* = M. [Vl [v] + A] v*) da
Q
> /(a\Vv|2 — 2 |Vol* — ];4—5112 + A v?) dz .
Q

]‘2/{5 yields

Therefore, the choice A := 5 +

ai(t;v,v) > %HUH%/ for every v € V and t € [0,77.
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Next, we deal with a5. We have, for every v,w € V and t € [0,7],
as(t; (v, w),w) > /Q(s\Vw\Q — M.|Vv| |[Vw| = M| V| |w| + Ajw?) da
> /Q(elvaQ — £Vl — 2 Vo2 — 22V — £ |wf? + Aw?) do
= /Q(§|Vw|2 + (A5 — 5)w? — Vo) d,

and the choice Aj := ¢ leads to

M2

9
as(t; (v, w), w) = §||w||2v— Il -

2
Mz
€

Therefore, if we choose A® such that \° § — > 5, then we obtain

Nai(tyv,v) + as(t; (v,w), w) = 5 ([olly + [lwly)

DN ™

for every (v,w) € V and t € [0,T]. Hence, if we define a° : [0,7] xV xV — R by setting
as(t; (0, @), (v, w)) = Mai (0, v) + a3(t; (8, 0), w),

then we obtain a time-dependent continuous bilinear form that is coercive on V (endowed
whith its standard norm), uniformly with respect to ¢ € [0,7]. Moreover, a° depends
smoothly on ¢, and (4.10)—(4.12) is equivalent to

-~ /Q(Aspi(t) v+ g (t) w) dx + a* (8 (p°(1), ¢ (1), (v, w))
" / [ (RS0, ) () 0 + (RS, ¢°)) (1) w) da
= [(0¢ 0. = )0 = Q) 010+ 51 (- po)0)w) o

for every (v,w) € V and a.a. t € (0,7). Therefore, the desired form (4.16) is achieved if
we choose the scalar product in H as follows:

((0,0), (v,w)),, = /()\af)v +ww)dx for every (0,w), (v,w) € H.
Q
Notice that this leads to the following nonstandard embedding H C V':

V’<(f}7 IZ)), (Uv w)>V = (({)7 12)), (U’ w))H = )‘ev’ <{)a U>V + v <IZJ, w>V

for every (v,w) € H and (v,w) € V, provided that the embedding H C V"’ is the usual
one, i.e., corresponds to the standard inner product of H. As the remainder, given by
the terms RS and R, satisfies the backward analogue of (3.14)—(3.15) (see also (4.8)),
the quoted result of [1] can be applied, and problem (4.10)—(4.13) has a unique solution
satisfying

(p°,¢°) € H'(0,T;V)N L*0,T;V).



CoLLl — GILARDI — SPREKELS 33

Moreover, if we move the remainder of (4.15) to the right-hand side, we see that

d
- =05, ¢) + A0 ) € L*(0,T;H).

Therefore, by also accounting for (4.13), we deduce that (p,¢°) € H'(0,T;H) as well as
A% (pf,¢°) € L*(0,T;H). Hence, we have that p°,¢° € L*(0,T;W), by standard elliptic
regularity.

STEP 2: We add p° to both sides of (4.10) and multiply by —pf. At the same time,
we multiply (4.11) by ¢°. Then, we sum up and integrate over Q. As g > 0, we easily
obtain that

1

SOl + // P drds + /|q Pdws// VP de ds

<c//\p[|pt|dxds+c// |q\|pt]dxds+c// |4 |2d:cds
+m[/wwummm+//WB ) ¢°] d ds + || Zagn +

Just two of the terms on the right-hand side need some treatment. We have
T T
J | vt deds < [ i)l 196 I 9 s
T T
<e [ I ds e [ Rl @) B ds.

and we observe that the function s — ||u5(s)||2 belongs to L'(0,T), by (3.8). Moreover,
the Schwarz inequality and (4.8) immediately yield that

[ [ o8 @11 ds < oo,

Therefore, we can apply the backward version of Gronwall’s lemma to obtain that

”pa”HI(O,T;H)HLOO(O,T;V) + Hq€||H1(O,T;H) + 51/2||q€”L2(0,T;V) <c. (4.17)

By comparison in (4.10), we see that Ap® is bounded in L?*(Q). Hence,

19" M| 20,7y < . (4.18)

STEP 3: We multiply (4.11) by —¢¢ and integrate over Q'. We obtain

// \c P dods + ~ /\Vq()|2d:z:

<// |q||qt\dxds+c/ 105 () 1197 () e [ (5) 2 ds

T T
+// |p:||q§|dxds+// DB (¢°)| |¢F] de ds.
tJQ tJQ
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Thanks to (4.8) once more, we deduce that

1 g 12 € € 2
5// lg7 | dxd5+§/|Vq (t)|* dx
tJo Q

T T
=¢ / qu5|2dxds+c / 1z ()13 11" (5)]% ds
t t
T

+c// |p5|? dz ds .
tJo

Thus, (3.8) and (4.17) imply that

1/2

65 12 0,0:0) + € NG | oo 0.mv) < (4.19)

STEP 4: Now, we let ¢ tend to zero and construct a solution to (4.3)—(4.6). By (4.17)—
(4.19) we have, at least for a subsequence,

p°—p weakly star in H'(0,T; H) N L>(0,T; V)N L*0,T; W),
¢ —q weakly in H*(0,T; H),
eq® — 0  strongly in L>(0,7T;V),
for some pair (p,q) satisfying the regularity requirements (4.9). By accounting for (3.9)

and the Lipschitz continuity of g and ¢, it is straightforward to see that (p,q) is a
solution to problem (4.3)—(4.6). This completes the proof. ]

COROLLARY 4.3: Suppose that (A1)—(AB) are fulfilled, and assume that @ € Unq is
an optimal control of (CP) with associated state (p,11) = S(u) and adjoint state (p,q).
Then it holds the variational inequality

T
//(p+ﬂsﬂ)(v—ﬂ)dxdt >0 V€ Uu. (4.20)
0JQ

Proor: We fix v € U,q and choose h = v —u. Then, we write the linearized system
(3.1)—(3.4) and multiply the equations (3.1) and (3.2) by p and ¢, respectively. At the
same time, we consider the adjoint system and multiply the equations (4.3) and (4.4)
by —n and —¢&, respectively. Then, we add all the equalities obtained in this way and
integrate over (). Many terms cancel out. In particular, this happens for the contributions
given by the Laplace operators, due to the boundary conditions (3.3) and (4.5), as well
as for the terms involving DB[p] and DBI[p|*, by the definition of adjoint operator (see
(4.7)). Thus, it remains

|| i@ mnm+ a+20@mp+ 0 +2@)nm) o
[ | @d 0o+ g Dpco+ g 0 6p+ g @) ep) deds

+/OT/Q(£tq+£qt)d:cdt

=/O/Q((U—ﬂ)p—ﬁQ(ﬁ—uQ)n—ﬁl(ﬁ—PQ)é)dl‘dt
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Now, we observe that the expression on the left-hand side coincides with

/0/9815{(1 +29(p)np+7g (p)Ep+Eq} dudt.

Thus, it vanishes, due to the initial and final conditions (3.4) and (4.6). This implies that
// 55— p@) 1+ ol — 1) €) da it = //v—upda:dt
Therefore, (4.20) follows from (3.60). O

REMARK 4: The variational inequality (4.20) forms together with the state system (1.2)—
(1.5) and the adjoint system (4.3)—(4.6) the system of first-order necessary optimality
conditions for the control problem (CP). Notice that in the case (3 > 0 the function
—fB5 'y is nothing but the L*(Q) orthogonal projection of @ onto Uaq .
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