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Abstract

This note is devoted to the derivation of quantitative estimates for linear elliptic
equations with coefficients that are not exactly e-periodic and the ellipticity constant
may degenerate with order O(¢%?). Here € > 0 denotes the ratio between the
microscopic and the macroscopic length scale. It is shown that for v =0 and v =1
the error between the original solution and the effective solution is of order O(£'/2).
Therefore suitable test functions are constructed via the periodic unfolding method
and a gradient folding operator making only minimal additional assumptions on the
given data and the effective solution with respect to the macroscopic scale.

1 Introduction

Periodic homogenization is a very powerful tool to derive effective equations for e.g. biolog-
ical cells [NeJOT, [(GPS14], binary mixtures [Eck05], modeling of concrete [PeB08, [FA*11],
and other processes in porous media [HIM94, [PtR10, Muv11l Muvi3]. All these articles
deal with systems of coupled reaction-diffusion equations which contain linear, elliptic
equations of the form

—div (527,& (:v, f) Vug) + B (x, f) ue = F.(x) in Q. (1.1)

In this text we study equation for v = 0 and v = 1 on a bounded domain  C R?
supplemented with homogeneous boundary conditions. Within the framework of reaction-
diffusion systems v = 1 models the slow diffusion of order O(g) for some species, whereas
for v = 0 other species diffuse with order O(1). The aim is to quantify the error between
the original solution wu. of and the effective solution, which is for v = 0 a one-
scale function u(x) and for v = 1 a two-scale function U(z,y) solving the equations
and . The weak and strong two-scale convergence of solutions u. to is
studied in [PeB08| and [Hanl1l] for all v € [0,00). Here we derive quantitative estimates
in the two-scale space Q x Y, where Y = [0,1)%, using the periodic unfolding operator
7. : L*(Q) — L2(Q x Y), cf. [CDG02] or (2.1)),

v = 0: ||u5 — u||L2(Q) + || z(VU‘J — [VU+VyU]||L2(QXy) S 51/20, (12)
Y= 1: || 'Taug - U||L2(Q;H1(Y)) S 51/20. (13)

The constant C' depends on the given data as well as on the norms of the effective solution
wand U in the space H?(Q) and H!(Q; H(Y)), respectively. In the case v = 0 the corrector
U is given by the well-known unit-cell problem (4.3). For the coefficients A, B, and F
we assume Y -periodcity with respect to the microscopic scale y = /¢ and minimal extra
regularity with respect to the macroscopic scale = € €, cf. assumption (2.7). Then the
right-hand side of is defined via the folding or averaging operator, cf. ,

~

Fo(z) = F.(z,x/s) where F.(z,y) = fg([x/e]w) F(z,y)dz, (1.4)

for two-scale functions F € H'(Q;L?(Y")) which are in general not continuous - neither
with respect to x € Q nor y € Y. This becomes relevant for systems of parabolic equations
which are coupled via Lipschitz-terms F_(u., v.), where u. and v. only belong to the space
H'(Q). For such systems the rigorous derivation of effective two-scale equations was proved



in [MRT14] using the notion of strong two-scale convergence via periodic unfolding. In the
proceeding article [Reil4] convergence rate of order O(g'/4) is shown. For elliptic equations
with exactly periodic coefficients and v = 0 we refer to [Gri04, [Gri05, [(OnV07, [Gril4] for
unfolding based error estimates of order O(g'/?) and higher. For coupled reaction-diffusion
equations with v = 0 only the gradient estimate is of lower order O(e'/4) in [FMP12].
Estimates of order O(£'/?) based on asymptotic expansion are derived in [Eck05] Muv13]
containing the cases v = 0 and 7 = 1. Therein continuity is assumed for the given data
and effective solutions, whereas our approach requires no higher regularity with respect
to the microscopic scale.

Our main result (Theorem [2.1]) is novel for v = 1 and for v = 0 (Theorem {.1) it is
a slight generalization of the estimates obtained in [Gri04]. There arise two difficulties
deriving the quantitative estimates — which we briefly outline for v = 1. The
periodicity defect of Zou. € L*(Q;H'(Y)) versus U € L*(Q;H,.(Y)) is treated as in
[Gri05]. Secondly one has to identify a suitable “folding” or “approximating sequence”
for the limit U(x,y) since the naive composition U(z,x/¢) is only well-defined in H!(2)
for functions U € C'(Q;H],(Y)), see [LNW0O2] for admissible test functions in two-
scale convergence. Also U, as in (1.4)) is not suitable due to insufficient H'(Q)-regularity.
Therefore we employ the gradient folding operator G. : H'(Q; H}.(Y)) — H'(Q) as in
[Han11l, IMRT14, Reild] which is defined by solving the degenerating elliptic problem
(3-3). In Theorem [3.4] we control the folding mismatch of U. and G. U with respect to the
H!(Q)-norm as it is indicated in [Reil4].

This text is structured as follows. In Subsection 2.1l we introduce basic definitions and
notations and in Subsection our assumptions and Theorem for v = 1 are stated.
The derivation of quantitative estimates is done in Section [3| whereby Subsection and
contain estimates for the approximation errors and the folding mismatch, respectively.
The proof of Theorem 2.1] is given in Subsection [3.3] Finally we show in Section [4] how
our approach applies to the case v = 0 (Subsection as well as to parabolic equations

(Subsection [4.3). In Subsection [4.2] we compare our estimates with [Gri04].

2 Notations and definitions

2.1 Periodic unfolding

Let © C R? be a bounded domain with Lipschitz boundary 9. Following [CDG02], we
denote with Y := [0,1)¢ the unit cube and Y := R?/;a is the torus which we obtain by
identifying opposite faces of Y. Using the mappings [-]: RY — Z9 and {-} : R? — ), any
point z € R? admits the additive decomposition z = [z]+{z}. Here [z] := ([@1],..., |za])
is the componentwise Gauss bracket and {x} := x—[z] is the remainder. With this we
define for £ > 0 the cells C.(z) := ¢([z/e] + Y) where the macroscopic part [z /c] € eZ4
denotes the node associated to C.(z) and y € ) respective y € Y is the microscopic part.
Since the domain Q C R? is bounded, not all cells C.(z) are fully contained in Q. To
handle cells intersecting the boundary 02 we define the following sets

Q- :=int({z € Q|C.(z) cQ}) and QF :=int({z € Q|C.(x) NQ})

£

so that Q7 C Q C QF as depicted in Figure The Lipschitz property of €2 guarantees
vol(QH\ Q) < £2v/dmeas(99Q) with finite surface measure meas(992).
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Figure 1: Covering of the domain €2 with microscopic cells.

The periodic unfolding operator T; : L2(Q) — L2(2 x )) is defined as in [CDG02] via

(Tou)(z.y) = ulel2] + =) (2.1)

if v € Q- and (7 u)(x,y) := 0 otherwise. Accordingly we define the folding operator (also
averaging operator) F. : L*(Q x V) — L%(Q) via

FO) = U(2) 6 (22)
if (z,y) € Q. x Y and (F.U)(z) := 0 otherwise, where f, u(z)dz := vol(A)~! [, u(z)dz
denotes the average. Both operators are linear and bounded, i.e.

| e ullzoxyy < lullez) and || FLUllez) < [|U]|L2@xy) (2.3)

by Jensen’s inequality. We emphasize that the periodic unfolding operator 7; in (22.1)
does not satisfy the integral identity [, ), Zzudrdy = [,udz and we refer to [MiTQ7]
for a unfolding definition which does do so. However we only use the duality F. = 7.7,

cf. [CDGOS, Sect. 2.2], meaning for all u € L*(Q) and V € L2(Q x ))

/ (’];u)dedy:/u(]-}V).

QOxY Q

Furthermore the unfolding operator satisfies 7. v € L2(2; H(Y)) for all u € H'(Q2) and it
is 7.(eVu) = V,(T: u), cf. [CDGO8, Eq. (3.1)]. We point out that the spaces L?(2xY) and
L2(Q x Y) can be identified, whereas L2(2; H'()))) is a closed subspace of L*(Q; H!(Y))
with H'(Y) = H..(Y) & H'(D).

Using periodic unfolding via 7;, weak (respective strong) two-scale convergence of
bounded sequences (u.). C L*(Q), as introduced in [Ngu89], is equivalent to weak (re-
spective strong) convergence of the unfolded sequence (7Z;u.). in the two-scale space
L2(Q x Y). It was first proved in [ATI92] Prop. 1.14] that sequences (u.). C H'(Q2) satisfy-
ing sup,-o{||uellL2@) + [eEVue|i2@)} < 0o weakly two-scale converge (up to subsequence)
to a function U € L*(Q; HY(Y)), i.e. Tou. — U and 7.(eVu.) = V,U in L2(Q x V). We
emphasize that the unfolded function 7; u. is in general not Y-periodic, while its two-scale
limit U indeed is, and we call this observation periodicity defect as in [Gri04].
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2.2 Assumptions and statement of the main result for v =1
We study the following elliptic equation, which is degenerating as ¢ — 0,
—div(e?4.Vu,) + Bau. = F.  in (2.4)

supplemented with homogeneous Neumann boundary conditions, i.e. (62A.Vu.) - v = 0
on 0f). Here v denotes the unit outer normal vector of €). The coefficients depend on
xr € Qand e > 0 via

Ac(z) :=A(z, %), Be(z):=B(z,%), and F.(z):=(F.F)). (2.5)
Throughout this text we impose the following assumptions on the given data. Let
A(z,y) € R4 be a symmetric matrix and let A and B be positive definite, i.e. there

Sym
exist constants 0 < o < 3 < 0o such that we have uniformly for all (z,y) € Q x Y and
alef <Az, 9)€- €< BlE* and a <B(r,y) < VEER™ (2.6)

For the derivation of quantitative estimates we need additional regularity with respect to
the macroscopic scale x € €2, namely let

A€W QL) BeW'™(QL*()), and FeH(QL'Y).  (27)

Thanks to the continuity of A and B with respect to x € €2, the definitions of A, and B.
in (2.5) are indeed well-defined. Passing to the limit ¢ — 0 in (2.4)) gives the two-scale

convergence of u. to a limit function U € L2(Q; H'(Y)) solving the effective equation (cf.
[PeB08|, Han11l, MRT14])

—div,(AV,U)+BU =F inQx)Y (2.8)

with periodic boundary conditions on the torus ) and no boundary conditions on ().
By the Lax—Milgram Theorem and the regularity of the given data, the solution
U of even belongs to the better space H'(€; H'())). In particular all solutions are
uniformly bounded in the sense

SU.IO) {HUIEHLQ(Q) + H€VUEHL2(Q)} + ”UHHl(Q,Hl(:)J)) S COHSt.(A,B,F). (29)
e>

Our main result is in the case v = 1 as follows.

Theorem 2.1. Let the given data satisfy the assumptions (2.5)—(2.7) and let u. and U
solve the elliptic equation (2.4]) and (2.8)), respectively. Then there exists a constant C > 0
depending on the norm in (2.9)) such that

|| '];Ua — U||L2(Q;H1(Y)) S 81/20.

The proof (see Subsection[3.3)) combines ideas of [Reil4, Thm. 3.2] and [Gri04, Prop. 4.3],
and it is shown that G. U is an approximate solution of the original equation . There-
fore we proceed in three steps:

1. The choice of an admissible test function for the effective equation leads to the

periodicity defect.

2. We reformulate by using the duality F. = 7.* and control the approximation errors.

3. Choosing a suitable test function for the original equation is equivalent to finding

the correct “recovery sequence” (in terms of I'-convergence) which is G. U here.



3 Error estimates

3.1 Estimating the periodicity defect and approximation errors

In this subsection we provide preparatory estimates to control the approximation error for
the folding operator and the periodicity defect. To handle the error for microscopic cells C.
which are not fully contained in the domain €2, we exploit for functions U € H!(Q;L2()))
the boundary estimate

1U |20z )y < €V2CNU [z (3.1)

where the constant C' > 0 only depends on the Lipschitz property of 2. For one-scale

functions, estimate (3.1)) can be found in e.g. [Gri04, Eq. (4.6)] or [Gri05, Eq. (2.4)] and
for a full proof we refer to |[Reil5 Lem. 2.3.5].

Lemma 3.1. For every U € HY(Q; L*())) it holds
IU = T. F. Ullzaxy) < (e +72)CNU I @iz,
where the constant C' > 0 only depends on the domains ) and Y .

Proof. Using the paving property Q- = Uy.C.(x), where \; = [z/¢] € Z% for z € Q_,
and applying the Poincaré-Wirtinger inequality yields

2

||U f U||L2(Q X)) dedy

U(z,y) ][ U(z,y)dz
Ce ()

e(Ni+Y)

< Z diam(C ||V U||L2 (Ai+Y) < 62CHV U”L2 (QxY)

Here we used that the Poincaré-Wirtinger constant is bounded by the diameter of the
convex set Ce(x). Since U — T F. Ullrzaxy) = U = T Fe Ulli20 xy) + U2 on0)xy)
the boundary estimate (| . gives the desired result. O]

Introducing for € > 0 and ¢ € H'(Q2) the norm
[elle = llellz@ + eVella @ (3.2)
we can control the periodicity defect as follows.

Theorem 3.2 ([Gri05, Thm.2.2]). For every p € HY(Q)), there exists a Y-periodic func-
tion ®. € L2(Q; HY(Y)) such that

1@-llm vz < Cllelle and | g = @cllmpan oy < (e +72)Cllel.,

where the constant C' > 0 only depends in the domains 2 and Y .



3.2 Gradient folding operator and folding mismatch

By the Sobolev extension Theorem, there exists a linear and continuous operator, cf.
e.g. [Neé67, Thm.3.9], £ : HY(; L2(Y)) — HY(R% L2(Y)) such that (EU)|qxy = U and
1EU [ mresi2vy) < CllU| | 2(yy)- Moreover, let £ be such that its restriction to one-
scale functions u € H'(Q) satisfies (Su)lo = v and ||Eullgrey < Cllullu ). Taking

care of cells C. intersecting the boundary of €2, we define the extended folding operator

Fr o HYQ;LA(Y)) — LA(RY) via
(FHU)(a,y) = ][ (V) (= {2}) d-.
Ce(x)

The gradient folding operator G. : H'(Q; HY(Y)) — HY () is defined as in [MRT14]
following [MiT07, [Hani1]: for U € HY(Q;HY(Y)) given, G.U := u. € HY(QF) is the
unique solution of the elliptic problem

/Q (@~ FF D)o+ (VA — FH(V,0)) - eVpde =0 forall p € H(QS).  (33)

The Lax-Milgram Theorem implies that G. U is well-defined and bounded in the sense
|G Ulle < IEU |l (ra;mr(vy)- Throughout the following calculations the operator &£ is
omitted in notation, however all generic constants C' will also depend on its norm.

Having defined two different folding operators F. and G., we want to control their
difference which we call folding mismatch. Therefore we introduce the so-called scale-
splitting operator Q. : H}(Q) — W1*(R?) following [CDGOS, Def. 4.1]: for x € C.(z) and
every k = (Ki,...,kq) € {0,1}%, we set

j;("”) o ml_eim/a]l it k=1
Lo 1 — zuzelz/eh if kK, =0

and

(Qew)(w) = Y (FFw)(e[2] +er) - 7™ - 7). (3.4)

k€{0,1}4

The function Q. w interpolates the values of " w at the nodes e[z/¢] via Q;-Lagrange
elements as customary in the finite elements methods. Indeed it is Ff w € L>®°(2F) such
that for z € L?()) the products

i (Frw)(x)z(%) and z— (Q.w)(z)z(%) (3.5)

£

belong to the space L?(Q7), see e.g. [LNW02, Thm.4]. According to [CDGOS|, Prop. 4.5],
there exists a constant C' > 0 only depending on €2 and Y such that

| Q- wllmia) < Cllwlm@ for all w e H'(). (3.6)

The following auxiliary estimate is proved in [Reil5l Lem. 3.6] or [Reil4, Lem. 2.3.9] based
on ideas from [Gri04l, Prop. 3.2].

Lemma 3.3. For w € HY(Q) and z € L*(Y), it holds
I(Fw = Qew)2(2) 2y < eCllwllm@llzllzw),

where the constant C' > 0 only depends on the dimension d.
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Finally we have collected all ingredients to control the folding mismatch.

Theorem 3.4. For every U € HY(Q; HY(Y)), the folding mismatch is

16U — FoUlluscay + [€V/(G: U) = Fo(V,0) |z < 201U iy (3.7)
16U — F+ Ulhagary + 1€V(G:U) = FH(V,0)liagery < Ol lmoancy. (38)

where the constant C' > 0 only depends on the domains 2 and Y .

Proof. For brevity we set L2 := L?(Q) troughout this proof.
Step 1: Treatment of the boundary. The triangle inequality, the identity (F. U)|qg- =
(FU)lg:» Jensen’s inequality, and the boundary estimate (3.1) imply

1G.U — FoUllz) < 19U = FX Ullz) + | Fo Ullrzanar)
<N G U= FFUllz + (e +*)CNU [ 2y

An analog estimate holds for the gradient term so that it remains to prove and
follows immediately.

Step 2: Proof of estimate for products U(z,y) = w(zx)z(y). Let U satisfy the
decomposition U(z,y) = w(z)z(y) with w € H'(Q) and z € H'(Y). We introduce the
function J.(x) := (Q.w)(z)z(x/e) which belongs to the space H!(QF) by construction.
The definition of G. U in (3.3]) is equivalent to

/+(Q8 U—-139)p+eV(G.U—19.) -eVpdx
Q
_ / (FX U = 0.)p+ (FH(V,U) — eV0.) - eVipdz  for all € HY(Q),
o

Choosing ¢ = G.U — 9. as well as applying Holder’s inequality, Lemma [3.3] and the
boundedness of Q. in (3.6 gives

1G-U =Y.l < || F-U — 796||L§ + || fs(va) - 5V196||L§

= (7w = Qew)2()llz + (FS w = Qew)Vy2(D)llz + [€Va(Qe w)2(2) 12
< eCllwllm @ |2/l )

Finally the triangle inequality yields

1GeU = Fo Uz + V(G- U) = Fo(VyU) |2
<G U =D + || Fo U — 196||L§ + | Fa(va) - 5V19€||L3
< 2¢C|wlmr o ll 2|12 () (3.9)

and the desired estimate follows for functions U of product form.

Step 3: Proof of estimate for general functions U(x,y). Let {®;}3°, be an
orthonormal basis in H'()) which is also orthogonal in L2())). Then we can express
U € HY(QF; HY(Y)) (extended by £) via the linear combination

U(x,y):Zul(:v)@l(y) where u;(x) ::/J}U(:U,y)q)i(y) dy. (3.10)



By construction it is u; € H'(QF) and we set U;(z,y) := u;(z)®;(y).

The assumptions on ®; imply ®;(-/¢) L ®,(-/¢) and V,®;(-/e) L V,®;(-/¢) in L2 for
all ¢ # j, i.e. {®;(-/e)}; is an orthogonal system in H!(QF) for each € > 0. Indeed using
the paving property QF = U,,C.(x), where \; = [z/¢e] € Z9 for x € QF, a substitution of

variables yields
[ e@e@a=3 [ e
€ i (T

=2 ld /x ®i(y)®;(y) dy =0 (3.11)
A & Uy

and analogously for V,®;. Applying the folding operator F to U; gives
(F&U)(x) = (FLu)(2)®i(F) and  (F[V,U])(2) = (FSw) (@) V,8i(%).

Since (F u;)(z) = che(x) u;(z) dz is constant on each cell C.(z), we have as well F U; L
FrU; and FH(V,U;) L FF(V,U;) in L2 for all « # j. Therefore it suffices to consider
the basis functions ®;. By the definition of G. we have for v§ := G. ®

/m (vF = @i(2)) o+ (Ve =V, @5(2)) -eVpdz =0 forall p € H'(QF).  (3.12)
Inserting the test function ¢(x) = ®;(z/¢) in yields with for all i # j
/Q+ v;®;(2) + eV -V, ®;(2)dz = 0.
Furthermore choosing y(z) = v5(r) in yields with the latter equality

/ v;v; + Vi - Vs dr = 0.
+

€

Hence it is vf L v§ in H'(QF) for all 7 # j. We continue to estimate the folding mismatch

of 7 and G. and set ui := G.U;. Replacing F ®; and F(V,®;) with F U; and
F(V,U;) in (3.12)), respectively, and exploiting that F." u; is constant on each cell C.(z)
implies u§ L u$ in H'(QF) for all i # j.

Finally we apply the result of Step 2 with w = u; and z = ®;. Since F and G. are

13
linear and continuous operators, we have in particular u® =) .-, uf. Therefore we square

estimate so that the mixed product terms vanish for i # j, namely
Ju® — FF U||ig + [[eVu© — 7::(VyU)||ig
= [ 225, (uf = FEUDNE: + 1 2252, (eVyg — FH(V,Ui))|IE:
= 2t i = FHUE, + 2205 1€V — F(V, Uil
< 32 0Nl o) 121 ) = E2CNU R oy

The last equality follows by Parseval’s identity ||U||H1 OFHL)) =32 ||u,-||2H1(Q+). O



3.3 Proof of Theorem [2.1]
Proof of Theorem [2.1l. Step 1: Periodicity defect. The weak formulation of the effec-
tive equation (2.8)) reads

/ AV, U -V,® +BU® —Fddrdy =0 for all d € L2(Q; H (). (3.13)
QxY

Thanks to Theorem we can choose ®. € L?(Q;H'())) to estimate the periodicity
defect of 7 ¢ € L*(Q; HY(Y)). Indeed exploiting the higher z-regularity (2.7)) of the given
data and the limit U € H'(Q; H'())) yields

/ AV, U - [V (T. ) — V, 0] + (BU — F)[T. ¢ — @] dz dy
QxY

< AV, Uz IVy (7o ¢) = Vy@ellizm ))
+ (IBU] + [Flllczsm @) | 2 ¢ = Pellizim @)
< Const.(A,B,F,U)(e + 51/2)C||90||a-

Note that the identification of the spaces (L?(¥; H'(2)))" and L*(Y; H'(Q)*) as well as
L2(Y; HY(R2)) and H'(©2; L%())) holds due to the underlying tensor product structure of
the two-scale space L*(Y; H!(Q)). Overall testing (3.13)) with ®. gives

/ Avwwvwzw+ﬁvz¢—F2wmw4seﬂmwm.
OxY
Step 2: Approzimation errors. Using F. = 7." and V(7. p) = T.(cVp) gives

< e20lgll.. (3.14)

/ F.(AV,U) - eV + F.(BU)p — F.pdx
Q

Thanks to the Lipschitz continuity of A and B with respect to x € {2 and the boundedness
(2.3) of F., we obtain

|1F= (AV,U) = Ac Fo(V,U)If 20

= [l DAV ) o

< VoA | x| Vo U llrzix)

2
dx

and analogously || F.(BU) — B. F.(U)|f2q) < €*VaBllie@x)llUlL2(@xy). Inserting
these two estimates into (3.14) yields

<20 oll..

/ A . F(V,U)-eVo+ B. F.Up — F.pdx
Q

Step 3: Folding mismatch. Thanks to Theorem [3.4] we can replace the folded functions
F.U and F.(V,U) with the gradient folding G. U and eV(G. U), respectively, such that

< 2Cyl.. (3.15)

/ A.eV(G.U)-eVo+ B(G.U)p — F.pdx
0




The choice ¢, = u. — G. U € H () is indeed admissible in ([3.15)) and ¢, is also a test
function for the original equation (2.4)), i.e.

/ A.eVu, - eV, + Bou.p. — Fop.dz = 0. (3.16)
Q

Subtracting (3.15) from ([3.16)) and exploiting the positive definiteness (2.6) gives
allue — G U||> < eV2C)|u. — G U|.. (3.17)

Finally applying the triangle inequality, the boundedness ([2.3) of 7¢, estimate (3.7]) for
the folding mismatch, and the approximation error yields

| 7 ue — Ullr2mr (vy)
< lue =G Ul + |G U — F U||L2(Q) +1[eV(G.U) — Fa(va)HU(Q)
FITFoU = Ul + | T FAV,0) — VU iy < £12C

which finishes the proof. O

4 Further error estimates and discussion

4.1 The non-degenerating case for v =0

We consider the non-degenerating elliptic equation
—div(A.Vu.) + Bou=F. inQ (4.1)

with homogeneous Neumann boundary conditions and given data as in (2.5)—(2.7). It is
well-known that u. — u weakly in H'(2) and u solves the effective equation

—div(AegVu) + Begu = Fop  in Q (4.2)

with the same boundary conditions. The effective matrix A.g is given via the standard
unit-cell problem (for arbitrary vectors ¢ € R?)

€ Au()g = min [ (€4V,0)- Alz)(¢ + V,0)dy, (4.3
ocHL () Jy

where H, (V) = {® € H'(Y)| [, ®dy = 0}. The effective data Beg and Feg are the usual
averages

Beg () —/yIB%(:c,y) dy and Feg(x) —/yF(m,y) dy. (4.4)

The regularity of A in (2.7) implies Acg € W (€; REX?). If the domain © is additionally
convex or of class C2, we obtain higher regularity of u, namely u € H?(2), see e.g. [Gri85,
Lopl3]. This higher regularity of the limit solution w is needed to derive quantitative
estimates and it is not nearly as trivial as in the degenerating case v = 1. The corrector
U is the unique minimizer in corresponding to ¢ = Vu(x) and it satisfies U €
H'(Q; H'(Y)) thanks to the higher regularity of A and u with respect to z € . Hence

we can state our main result for v = 0.
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Theorem 4.1. Let the assumptions (2.5)—(2.7) hold and let u. and u solves the elliptic
equation (4.1) and ([4.2)), respectively. If u belongs to H*(Q), then there erists a constant
C > 0 such that

e — ullieq) + || Ze(Vue) — [Vu + VU] |lr2xy) < e2C.

Proof. The proof is analog to the one of Theorem for v = 1 and one shows that
u + €G- U is an approximate solution of the original equation (4.1). To control the
periodicity defect in Step 1 we apply [Gri05, Thm.2.3], i.e. for every ¢ € H' (), there
exists a function ®. € L*(Q;H'(Y)) and a constant C' > 0 such that ||®.||g1(y,12() <
Cllplln and | (V) - [Ve + ¥, @ 12y < (€ +/2)Cleln ). 0

Remark 4.2. For different boundary conditions the error estimates are functioning as
before, however one has to modify the approrimating (resp. recovery) sequence so that the
new boundary conditions are satisfied. In the case of homogeneous Dirichlet boundary
conditions, a suitable candidate is u + € G.(p.U), where p. denotes a cut-off function to
guarantee the nullity at the boundary OS).

4.2 Comparison with [Gri04]
The corrector U admits the decomposition (see e.g. [LNWO02, Sec. 4])

d

Ulw) = 3 @) (o) (4.5

=1

where z; € WH(Q; HL ())) is the unique minimizer corresponding to the standard basis
vector e; in RY. If A, is exactly periodic as in [Gri04], i.e. A.(x) = A(x/¢), then z; €
H.L,(Y) is it as well. In this case we have the following error estimates for solutions .
and u of and , respectively, with B = 0 and either homogeneous Neumann or

Dirichlet boundary conditions.

Theorem 4.3 ([Gri04, Prop. 4.3]). If u € H*(Q), then there exists C' > 0 such that
e = ulliz) + || Vue = [Vu + 0, Qe (#) 2]l oy < £V/2C.

In any case — exactly periodic or not — the question is how to “fold” U(x,y)? We remark
that x +— U(z,z/e) € L?(Q) is in general not satisfied for U € L>°(Q; L?(£2)), whereas for
products x — w(z)z(z/e) € L*(Q) holds true for w € L*(Q) and z € L?(Y) according
to [LNW02, Thm.4]. Hence the construction .7 Q. (g—;)(w)zl(x/s) is admissible in
H'(Q) for exactly periodic coefficients. However in the non-periodic situation, the choice
Q. (57“) (x)zi(z,z/€) is not admissible. This technicality is circumvented in our approach
by using the gradient folding operator and choosing the recovery sequence u + £ G. U
respective u + € G.(p.U). Nevertheless for more regular data such as A € C}(;L=()))
and hence z; € C*(Q; HL, ())), the naive folding z;(x, z/¢) is again well-defined in H!(f2)
and the proof of [Gri04, Prop. 4.3] seems to be valid, too.

The approach of [Gri04] applies as well to systems of reaction-diffusion equations, cf.
[EMP12]. And our approach is also generalizable to semilinear parabolic equations with
globally Lipschitz continuous right-hand sides, see Subsection 4.3
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4.3 Error estimates for parabolic equations

Our approach can be generalized to semilinear parabolic equations. Following e.g. [Eck05]
EMP12, Muv13, Reil5] one aims to apply Gronwall’s Lemma and therefore estimates

E e~ AU = / (i — . U, — F. U) da
Q

_ / (i — F. U)%dﬁ/ (i — F. UV G U — F.U) da.
Q Term 1 Q Term 2

Choosing the test function p. = u. — G. U and inserting the reformulated equations,
Term 1 can be treated as in the elliptic case. To control Term 2, in particular to obtain
the convergence rate £'/2, we need the uniform boundedness sup,. |||/L2() < oo and
estimate (3.8) of order O(e) for the folding mismatch, i.e. |Term 2| < eC. This can be
achieved by assuming either € is polyhedral or by extending all solutions, given data, and
operators from Q to QF such that the duality Ff = (7_7)* is applicable.
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