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ABSTRACT. We consider a nonlocal equation set in an unbounded domain with the epigraph property.
We prove symmetry, monotonicity and rigidity results. In particular, we deal with halfspaces, coercive
epigraphs and epigraphs that are flat at infinity.

These results can be seen as the nonlocal counterpart of the celebrated article [4].

1. INTRODUCTION

The study of monotonicity and rigidity of solutions to semilinear elliptic equations of fractional order
in the whole space R or in smooth bounded sets ) has attracted considerable attention in the last
years, see e.g. [2,7,8,9,10,14,18,19,26,27,40]. In striking contrast, if {2 is unbounded, but different
from the whole space, very few results are available, all concerning the particular case of the half-
space () = RY, see [22,33], or the one of exterior sets, see [32,31,41]. The main purpose of this
paper is the study of the qualitative properties of bounded solutions to

(=A)'u= f(u) inQ,
(1.1) u>0 in €,
u=0 in RV \ Q,

where () is assumed to be the epigraph of a continuous function ¢ : RN-! — R, i.e. we suppose
that

(1.2) Q= {:EERN STy > go(x’)} , with 2’ = (z1,...,ox_1) € RV L
Notice that the half-space Rf falls within this definition with o = 0.

In (1.1), (—A)*® with s € (0, 1) denotes the fractional Laplacian, which can be defined as the operator
acting on sufficiently smooth functions as

(—A)u(x) :=cns PV /]RN % dy
u(z) — u(y)

= cn,s lim g2 v,

=0t Jrv\p.(2) [T —
where cy s > 0 is a normalizing constant (which plays no major role in the present paper and which
will be often omitted for simplicity), and PV stays for “principal value".

We will consider different assumptions on ¢, obtaining different monotonicity and rigidity properties
accordingly.

The nonlinearity f in (1.1) belongs to a reasonably wide class of functions, including for instance those
of bistable-type (a precise definition will follow shortly). Under these assumptions, the main results of
this paper are:

B boundary regularity, monotonicity and further qualitative properties for solutions to (1.1) in glob-
ally Lipschitz epigraphs;

B monotonicity for solutions to (1.1) in coercive epigraphs;

B 1-dimensional symmetry in the half-space;

B rigidity for overdetermined problems in epigraphs that are sufficiently “flat at infinity".

Similar results in the classical case s = 1 were obtained in the seminal paper [4]. Here, dealing with a
nonlocal framework, a careful analysis is needed to overcome the lack of explicit barriers and several
ad-hoc arguments will be exploited to replace the study of the point-wise behavior of the solution with
a global study of the geometry of the problem.
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As additional statements, we also derive a very general maximum principle (tailor-made for non-
decaying solutions in possibly unbounded domains), a general version of the sliding method for the
fractional Laplacian, and a boundary regularity result for solutions of fractional boundary value prob-
lems in sets satisfying an exterior cone condition.

Before proceeding with the statement of our results, we clarify that with the terminology solution in this
paper we always mean classical solution.

As a matter of fact, without extra effort, the same results would apply to bounded viscosity solutions
of (1.1): indeed, since we will assume that the nonlinearity f is locally Lipschitz continuous, the regu-
larity theory for viscosity solutions (developed in [12,13]) implies that viscosity and classical solutions
coincide in our setting (see [33, Remark 2.3] for a detailed explanation).

In addition, we mention that distributional (i.e. very weak) solutions or weak solutions (as defined e.g.
in [22,41]) could be considered as well with minor changes.

For the reader’s convenience, we will recall the definition of classical and viscosity solution at the end
of the introduction.

In the next subsections, we describe in details the results obtained. In all the forthcoming statements,
the fractional parameter s will always be a fixed value in the interval (0, 1).

1.1. Boundary value problems in globally Lipschitz epigraphs. In this subsection we consider
the case in which the domain € of (1.1) is a globally Lipschitz epigraph. Namely, we suppose that the
function ¢ in (1.2) is globally Lipschitz continuous, with Lipschitz constant K.

On the nonlinearity f, we suppose that:

(f1) fis locally Lipschitz continuous in R, and there exists 1+ > 0 such that f(¢) > 0 for any t €
(0,p),and f(t) < Oforany t > pu;

(f2) there exist tg € (0, 1), and g > 0 such that f(t) > gt forany t € [0, to];

(f3) there exists t; € (%o, i) such that f is non-increasing in (¢, pt).

As prototype example, we may think at f(¢) = ¢ — t3, which yields the fractional Allen-Cahn equation,
that is a widely studied model in phase transitions in media with long-range particle interactions, see
e.g. [36].

The first of our main results is the natural counterpart of Theorems 1.1 and 1.2 in [4].

Theorem 1.1. Let $2 be a globally Lipschitz epigraph. Let f satisfy assumptions (f1)-(f3), and let u
be a bounded solution to (1.1). Then:

() u < pinf).

(¢i) Asdist(z,0) — 400, we have that u(x) —  uniformly in €2.
(111) There exist C', p, hy > 0 such that

w(z',xn) = Clay — p(2)”  ifay — p(2’) < hy.
(1v) u is globally a-Hélder continuous in RN, for some o € (0, s).
(v) w is the unique bounded solution to (1.1).
(vi) If (ay,...,an_1) is such that
Z al < K72

then
8mNu+Zai&ciu >0 inQ.



In particular, u is monotone increasing in x .

We stress that, since {2 is merely a Lipschitz set and the exterior sphere condition is not satisfied along
0f), the Holder continuity of the solution does not follow by previous contributions (see Subsection 1.4
for more details).

We also observe that in the particular case ¢ = 0, i.e. when () = Rf is a half-space, by point (v17)
we deduce monotonicity and 1-dimensional symmetry of the solutions.

Corollary 1.2. Let ) = RY, and let f satisfy (f1)-(f3), and let v be a bounded solution to (1.1).
Then u depends only on x y, and

Opytt >0 in Q).

Previous results regarding monotonicity of solutions to nonlocal equations in half-spaces can be found
in [23, 33] (see also [37] for results in the whole of RY). We observe that in the articles [23, 33]
the monotonicity is used to derive non-existence results, and the nonlinearities f considered are
non-increasing, which is a complementary situation with respect to the one considered here. The
1-dimensional symmetry in the half-space, as addressed in Corollary 1.2, was, up to now, open.

Moreover, we notice that, both in [23,33] and in Corollary 1.2 here, it is supposed that f(0) > 0. The
case f(O) < 0 is then still open. As a matter of fact, even in the local setting s = 1, this case is more
involved (we refer the interested reader to [3, 15, 17, 24, 25] for rigidity results regarding local elliptic
equations in half-spaces with nonlinearities satisfying f(0) < 0).

The proof of Theorem 1.1 is given in Section 4, and relies on some classical ideas of [4] — nevertheless,
all the intermediate steps present several substantial difficulties of purely nonlocal nature. As a matter
of fact, in [4] the authors often construct more or less explicit local barriers, and exploit local properties
of functions whose Laplacian has a strict sign. On the other hand, the construction of a barrier function
is much harder when dealing with integro-differential operators, since such barrier has to be defined in
the all space R”, and has to satisfy a boundary condition on the complement of a certain set D (and
not only on 0D). Moreover, local properties of functions cannot be inferred by the only knowledge of
the fractional Laplacian in some neighbourhood and any modification of the function “far away” affects
the values of its fractional Laplacian at a point. These are just two sources of new obstructions which
we shall overcome; we refer to the comments and the remarks written throughtout the paper for further
details.

1.2. Monotonicity of solutions in coercive epigraphs. In this subsection, we deal with the case in
which the domain €2 of (1.1) is a coercive epigraph, namely, we suppose that the function ¢ : RNt —
R in (1.2) is continuous and satisfies

lim @(2') = +oo.
jaf/—+oo

In this setting, we have the following result:

Theorem 1.3. Let () be a coercive epigraph, and let u be a solution (not necessarily bounded) to
(—A)*u = f(z,u) inQ,
u >0 in €,
u=0 inRY\ Q,

with f(x,t) continuous in QO xR, non-decreasing in x ;, and locally Lipschitz continuous in t, locally
uniformly in x, in the following sense: for any M > 0 and any compact set K C (), there exists
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C > 0 such that

sup ’f(.%‘,t)_f<$,7—)’ <C foranyt, T € [—M7M]

rzeK ’t_ 7_’

Then u is monotone increasing in x .

This result is the natural counterpart of [4, Theorem 1.3], which in turn is a refinement of [21, Proposi-
tion 11.1]. Its proof rests on the moving planes method for the fractional Laplacian.

1.3. Overdetermined problems for the fractional Laplacian in epigraphs. In this subsection, we
consider the overdetermined setting in which both Dirichlet and Neumann conditions are prescribed
in problem (1.1). Differently from the classical case, the Dirichlet condition needs to be set in the
complement of the domain (and not along its boundary) and the Neumann assumptions takes into
account (in a suitable sense) normal derivatives of fractional order.

For this, given an open set £ with C? boundary, we denote by v(xo) the inner unit normal vector
at o € ON). Forany u € C%*(R") and xy € 052, we consider the outer normal s-derivative of v in
T, defined as

. u(xg + tv(xg)) — ulxg)
(1.3) (0,)su(xg) == tlig}r " )
The boundary regularity theory for fractional Laplacian, developed in [30, 29, 35, 34], ensures that, for
a solution u to (1.1) with Q of class C?, the quantity (0,)su is well defined. Natural Hopf's Lemmas
were then proved in [22, Proposition 3.3] and [28, Lemma 1.2], and constituted the base point in the
study of overdetermined problems for the fractional Laplacian, see [16,22,28,41,32].

In this paper we consider overdetermined problems of the type
(~A)u= f(u) inQ,

u >0 in €2,
u=0 in RV \ Q,
(0y)su = const. on JS).

(1.4)

We will suppose that € is the epigraph of a C? and globally Lipschitz function Qo RN-1 & R,
satisfying the following additional assumption:

(1.5) forany 7 € RV~ uniformly in 2/,  lim (p(z’ +7) — p(2')) = 0.

|2|—+o0
This condition, firstly proposed in [4], can be seen as a flatness condition of OS2 at infinity.

We can extend [4, Theorem 7.1] in the nonlocal setting.
Theorem 1.4. Let() be the epigraph of aC? and globally Lipschitz function p: RN=1 — R, satisfying

(1.5). Let f satisfy (f1)-(f3), and let us suppose that (1.4) has a bounded solution u. Then €2 is a
half-space {x > const.}, and u depends only on x  and is monotone increasing in x .

Theorem 1.4 is proved in Section 6.

1.4. Boundary regularity in domains satisfying an exterior cone condition. In this subsection,
we obtain general boundary regularity results for solutions to

{Pﬁfuzm@ inQ,

16 u=0 in RN\ Q.
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In this setting, we will not restrict to the case in which 2 is an epigraph, but we will assume instead
that () satisfies an exterior cone condition with some uniform opening 6 € (0, 7). More precisely, for
a given direction ¢ € SV ~! and a given angle 6 € (0, ), we denote by ¥, 4 the open, rotationally
symmetric cone of axis e and opening € (that is the set of all vectors v € R that form with e an
angle less than ). We suppose that there exists 6 € (0, 7) such that: if z € 052, then for a direction
e € SV~ the cone = + Y0 is exterior to {2 and tangent to €2 in .

We point out that in this definition the opening 6 is the same for all the points of 02, while the direction
e can change. We also observe that globally Lipschitz epigraphs {zx > ¢(z’)} enjoy the uniform
exterior cone condition, with 6 depending only on the Lipschitz constant of .

The boundary regularity of solutions to boundary value problems driven by integro-differential opera-
tors has been object of several contributions [6, 30,29, 35, 34]. As far as we know, for boundary value
problems of type (1.6) the minimal assumption on €2 was considered in [35, Proposition 1.1], where
the authors supposed that € is a bounded Lipschitz domain satisfying a uniform exterior ball condition.
The following theorem weaken this assumption, establishing the global Hélder continuity of bounded
solutions to (1.6) when 2 satisfies a uniform exterior cone condition.

Theorem 1.5. Let () be a possibly unbounded open set of R, satisfying the uniform exterior cone
condition with opening 6 € (0,7 /2). Letu € L*>°(RY) be a solution to (1.6), with g € L>°(12).

Then, there exist o € (0, s) and C' > 0, both depending only on ), s and N, such thatu € C%*(RY),
and

(17) lulleoaeyy < € [(1+ lullzen) (1+ 1917 ) + lollzeo)] -
Also, for any s € (0,1), the map 6 — «(6, s) is monotone non-decreasing.

Remark 1.6. We stress that it is not even necessary to suppose the Lipschitz regularity of €.

If & > /2, then the uniform exterior cone condition yields a uniform exterior sphere condition, and
hence by [35, Proposition 1.1] solutions to fractional boundary value problems in €2 are already known
to be of class C%*(R™). This is why we only consider 6 € (0, 7/2) in Theorem 1.5.

For our purposes, the importance of (1.7) is to provide uniform convergence of sequences of solutions
under very reasonable assumptions. Namely, let us consider a sequence {u,, } of solutions to

(—A)uy, = g, inQy,
Up = 0 in RN \ Qna

with {u,,} and {g,} uniformly bounded in L°°(R") and L>°(f2,,), respectively. Then Theorem 1.5
implies that u,, — . locally uniformly in RY, up to a subsequence.

The proof of Theorem 1.5 is the object of Section 3.

1.5. Some useful results of independent interest. We conclude the introduction stating some gen-
eral results that are auxiliary to the proof of the main theorems and which we think are also of inde-
pendent interest.

In proving Theorem 1.1, a crucial tool will be a maximum principle in unbounded domain for the
fractional Laplacian. This is the fractional counterpart of [4, Theorem 2.1], and we stress that while
in the local case the domain D is supposed to be connected, this is not necessary in the nonlocal
setting.
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Theorem 1.7. Let D be an open set in RN, possibly unbounded and disconnected. Suppose that D
is disjoint from the closure of an infinite open connected cone. Let z € C(RY) bounded above, and
satisfying in viscosity sense

4.8) (—A)’z—c(x)2<0 inD,
' 2<0 inRN\ D,
for some c € L>*(D), c < 0 a.e.in D, withcz € C(D). Thenz < 0in D.
We observe that Theorem 1.7 here improves [20, Theorem 2.4], where a similar result was proved
when D was a half-space.
We shall also need the following version of the sliding method for the fractional Laplacian.
Theorem 1.8. Let () be a bounded open subset of RY, convex in the direction ey = (0',1). Let w
be a solution of

(~AYw = glew) 0,
w= inRN\ Q,

with g(x, ) continuous in QOxR, non-decreasing in x y;, and locally Lipschitz continuous in t, uniformly
in x, in the following sense: for any M > 0, there exists C' > (0 such that

t —_
sup gz, t) — g(z, 7)] <C foranyt,r € [-M, M].

e ’t_ 7_’

On the boundary term @, we suppose that for every x = (', xzn), y = (¥, yn), 2 = (2, zn) with
Ty < yn < zn, it holds

p(r) <w(y) <e(z) ifye,
p(z) <ply) <p(z)  ify e RY\ Q.
Then w is monotone increasing with respect to x .

(1.9)

Thanks to the maximum principle in sets of small measure [27, Proposition 2.2], the proof of Theorem
1.8 is a straightforward adaptation of the local one, given in [5], and hence is omitted.

Basic definitions and notations: we start recalling the definition of classical solution.

Definition 1.9. A continuous function u : RN — R is a classical solution to

(1.10) (—=A)Y’u=nh inQ, u=g inRN\Q

if (—A)*u(z) is well defined and equal to h(z) for every = € €, and u = g a.e.in RN \ .

Notice that, beyond the continuity, no boundary regularity is required on w. It is well known that a
sufficient condition to ensure that (—A)*u is well defined (and actually continuous) in an open set

U C RV isthatu € C*¢(U) for some ¢ > 0 (i.e. u € CO* (V) if s < 1/2, oru € CH2+~1(U)
if s > 1/2), see [39, Proposition 2.4].

For future convenience, we recall here also the definition of viscosity solution (see [12, Definition 2.2].

Definition 1.10. A function v : R — R, upper (resp. lower) semicontinuous is said to be a viscosity
sub-solution (resp. viscosity super-solution) to (1.10), if u < g (resp u = g) a.e. in RN \ €, and if
every time all the following happen:

Bz < Q; ~
B N is a neighbourhood of 2y € €2;



B ¢ is some C? function in N;
W o(x0) = u(zo);
B u(z) < ¢(x) (resp. u(x) > ¢(x)) forevery z € N \ {xo};

¢ inN
vi=
u inRV\ N,
we have (—A)*v(zg) < h(zo) (resp. (—A)*v(zg) = h(xg)). A function is a viscosity solution if it
both a viscosity sub- and super-solution.

then if we let

We adopt in the rest of the paper a mainly standard notation. The ball of center x and radius 7 is
denoted by B, (z), and in the frequent case = = 0 we simply write B,.. The letter C' always denotes
a positive constant, whose precise value is allowed to change from line to line.

Organization of the paper: Section 2 deals with the maximum principle in unbounded domains,
providing the proof of Theorem 1.7.

Then, Section 3 is devoted to the boundary regularity in sets satisfying an exterior cone condition, and
contains the proof of Theorem 1.5.

The monotonicity in globally Lipschitz epigraphs and the proof of Theorem 1.1 are dealt with in Sec-
tion 4, while the monotonicity of solutions in coercive epigraphs, with the proof of Theorem 1.3, is the
subject of Section 5.

Finally, in Section 6, we consider overdetermined problems and we prove Theorem 1.4.

2. MAXIMUM PRINCIPLE IN UNBOUNDED DOMAINS

We devote this section to the proof of Theorem 1.7. To this aim, we start with some preliminary re-
sults. First of all, we notice that balls centered at boundaries of cones intersect the cones with mass
proportional to that of the ball, namely:

Lemma 2.1. Leta € (0,%] andC = {z = (¢/,zy) € RV st ay > |z]cosa}. Letp € OC.
Then, for anyr > 0,

2.1) |B.(p)NC| = ér'Y,

for some & > 0, depending on N and «.

Proof. We observe that any point of (OC) N (0B ) is touched by a ball of diameter ¢, > 0 which lies
in C. Without loss of generality, we may suppose that ¢, < 1.

We let d := |p|. By the definition of ¢, and a scaling argument, we have that there exists a ball B of
diameter c,d which lies in C and such that p lies on the boundary of 13, see Figure 1.

We distinguish three cases. Either > 2d, or r € (0, ¢,d) or r € [cad, 2d).
Let us first suppose that » > 2d. Then,
(2.2) B,j2 C B,(p).
Indeed, if v € B, then
v —pl <lol+lpl < 5 +d <

From (2.2) we obtain that
|Br(p) ﬂC| 2 |Br/2 ﬂC|,



FIGURE 1. The geometry involved in the proof of Lemma 2.1.

from which we obtain (2.1) in this case.

Now we suppose that € (0, ¢,d). We denote by B, the ball tangent in p with diameter . Since r <
cod, we have that B, C B and therefore B, C C. As a consequence,

(2.3) |B.NC|=|B,| =cr?,
for some ¢ > 0.

Also,

(2.4) B. C B,(p).

Indeed, if x € B,, then, since p € JB,, we have that |z — p| is less than the diameter of B,., which
is 7.

From (2.4), we obtain that
| B,(p) NC| = |B.NC|.
This and (2.3) imply (2.1) in this case.

Hence, we now focus on the case in which 1 € [c,d, 2d). In this case, we have that
(2.5) B C B.(p).

Indeed, if z € B, the fact that p € OB gives that |z — p| is bounded by the diameter of B, which
is ¢, d, which in turn is less than r.

Using (2.5), we find that
B.(p)nC| > |BNC|.



Since B C C, we thus conclude that
Co T

N
— N ol
B.(p) NC| > B = clead) > ¢ (7).

which concludes the proof. ([l

Here is another auxiliary results concerning the geometry of cones:

Lemma2.2. Leta € (0,7%] andC as in Lemma 2.1.

Letq € RN\ C. Letr := 2dist (¢,C). Then,
|B.(g) nC| = or™,

for some 6 > 0, depending on N and .

Proof. Let p € OC be such that
. T
[p—qf = dist (¢,C) = 5.
We claim that
(2.6) B, 2(p) C B,(q).
Indeed, if x € B,/2(p) then
r
2
Then, (2.6) and Lemma 2.1 imply the desired result. [

.
I$—QI<\$—p|+Ip—QI<§+ =T

We are now in position to complete the proof of Theorem 1.7.

Completion of the proof of Theorem 1.7. We consider z* := max{z, 0}. We claim that
2.7) (=AY 2zt —c(r)z" <0 inRY,
in the viscosity sense.

To prove this, let ¢ be a smooth function touching z* from above at some point zy. We have two
cases: either z(x¢) > 0 or z(xy) < 0.

Suppose first that z(z) > 0. Then 2o € D and z(x) = 2T (). Accordingly,
d(x) = 21 (x) = 2(x) and  @(xo) = 271 (xg) = 2(o),

that is, ¢ touches z from above at o € D. Thus, by (1.8), we have that (—A)*¢(xq) — (o) P(xg) <
0.

Now we consider the case in which z(z() < 0. Then
ba) > = (@) 0 and (ao) = +" (x0) =

0.
As a consequence, ¢ has a minimum at z and therefore (—A)*¢(xz¢) < 0. Accordingly, we have
that

(=A)¢(x0) — c(xg)p(20) <040 =0.
This completes the proof of (2.7).

From (2.7) and the fact that ¢ < 0 we conclude that
(2.8) (=A)¥2T <0 inRY,

in the viscosity sense.
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Now, in order to complete the proof of Theorem 1.7, we want to show that 2™ vanishes identically.
Suppose not: then there exists g, € R such that 2%(q,) > 0. Then, recalling that z is bounded from
above, we set

A:=supzt > 27(q,) > 0,
RN

and we take a maximizing sequence q; € R such that

(2.9) lim 27 (¢) = A.
j—Foo

Of course, up to neglecting a finite number of indices, we may suppose that z*(¢q;) > A/2 > 0.
Hence, since, by (1.8), we know that z < 0 outside D, we have that ¢; € D. We denote by C a cone
that lies outside D (whose existence is warranted by assumption). Then we have that ¢; € RV \ C,
and we set

ri = 2 dist (QJ7C) > 0.
Notice also that C C RY \ D C {z" = 0}. So, by Lemma 2.2, we know that
Y <IBy,(q;) NC| < 1By, (g;) N {z" =0},
for some § > 0.

Thus, we are in the position of applying [38, Corollary 4.5] and we obtain that 2™ < (1 — v)A
in B, /2(q;), for some v € (0, 1). But this says that

2Hg) <(1—-v)A

and so, taking the limit and recalling (2.9), we obtain A < (1 — 7) A, which is a contradiction. O

We conclude this section recalling the strong maximum principle for the fractional Laplacian, whose
simple proof is omitted for the sake of brevity.

Proposition 2.3 (Strong maximum principle). Let 2 C RY be an open set, neither necessarily un-
bounded, nor connected. Let w be a classical solution to

(=A)Yw+c(z)w =0 in€,
w=0 inRY,

with c € L>(Q) and cw € C(Q). Then eitherw > 0, orw = 0 in RY.

3. BOUNDARY REGULARITY FOR THE FRACTIONAL LAPLACIAN IN SETS SATISFYING AN EXTERIOR
CONE CONDITION

In this section we analyze the global regularity of solutions to the boundary value problem (1.6) and
we prove Theorem 1.5. Here we will assume that g € L>°(2) and (2 is a set satisfying the uniform
exterior cone condition with opening @, as defined in Subsection 1.4.

We recall that, fore € S¥ 1 and 6 € [0, ], we denote by ¢,p the open cone of rotation axis Re and
opening 6. In particular, if e = ey, then

{z e RN : |2/| < (tanf)zy} if0 € [0

Yeyo =4 {z eRY 2y >0} it =1,

{z € RN : |2/| > (tan@)zn} 0 € (3,7].

In this framework, Theorem 1.5 follows as a corollary of the next intermediate statement:
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Proposition 3.1. Letu € L>®(RY) be a solution of (1.6). Then, there exist o« € (0, s) and C > 0
depending only on 6 such that

@) u(@)] < C (14 ullem) (1+l9l77, ) dist(z, 00)°

forallx € (2.

The proof of Proposition 3.1 is divided into several lemmas. We produce a wall of upper barriers for
u, whose construction is inspired by [4, Lemma 4.1]. Major difficulties arise in our setting in order to
compute the fractional Laplacian of the barriers.

In the next lemma we establish an estimate for a-homogeneous functions, which can be seen as a
one-side counterpart of the classical Euler formula.

Lemma 3.2. Leta > 0,0 < 60y < 0y < 7, and letv € C*(X,, 4,) be a positive a-homogeneous
function in 3. .4,, non-negative in the whole space R™. Then, there exists C' > 0 depending on 6,
0, and v such that

en,01-

_ 2
(3.2) / w(z) —v(y))” dy > C|z|**™%  foreveryxr € ¥
v | — gV

Proof. We introduce first some notation. For z € R™ \ {0}, let & := x/|x|. Since §; < 65, there
exists 3 € (0, g) such that forevery 0 < r < R

(3.3) U =5 | NA0.rR) € ey,

:EEEEN 61

where A(0, r, R) denotes the annulus with center 0 and radii r, R, that is

A(0,7, R) := Bg\ B,.

In the rest of the proof, we denote by

U IS

xGEeNygl

We point out that
(3.4) ONsSV e Y., 0,

Now, let z € Y. 4,, and for 3 € (0, 3) to be determined, let us consider
x| |z

(3.5) Dwﬁ_zwrm< |4,’2‘ .

Notice that D, s € © for every z € %, g,, see Figure 2.

In order to prove (3.2), we suppose for the sake of simplicity that zo = (0, xo,N) (notice that then
o~y > 0). This is not restrictive since the problem is invariant under rotations and, as we will see,
we obtain a constant C'in (3.2) depending on 64, 6> and on upper and lower bounds of v and of its
derivatives in © N SV, In particular, these bounds are independent of zg € 2., 4,



FIGURE 2. The cones X, 9, C X, 4,. Notice that X3, 3, X5, 3 C Xy 9, and
s0 Dy, 5 € X5, 5 C O.

To accomplish our goals, for z € D, 5, we define z* := (0/, zx'). We write

(3.6)
1 1

v(xo + 2) —v(xg) = / Vou(xg +tz) - zdt = / Vou(xg +t2%) - 2" dt
0 0

J/

=(1)

1 1
+ / Vou(xg +tz) - (2 — 2") dt +/ (Vo(zg +tz) — Vo(zg +t2%)) - 2" dt .
0 0

J/

—(11) —(I11)

We estimate first (I7). By (3.3) and the fact that v € C*(X., 4,), we have that there exists C' > 0
such that

(3.7) Vo (g)] < C  foreveryy € ©.
Moreover, by homogeneity,

Vou(tg) =t*'Vo(g)  foreveryt > 0andeveryy € Xc, g,
Therefore, using this and (3.7),

(3.8) Vo)l = [Vo(lylg)] = 1y1*7" Vo (§)] < Cly|*™" foreveryy € ©.
Also, if z € D,, gand t € (0, 1), then

(3.9) xo+ 1tz € Xj; 4.

Indeed,

xh + 2| = |t | < tan Btzy < tanB(zo N + tzn),
0 :
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which proves (3.9). Moreover, if z € Dy, 3, then

(3.10) |z — 2% = |7/| < tan fzy < tanf|z] < tanﬁ@,
thanks to (3.5). Finally, for any z € D,, gand any ¢t € (0, 1),
3
(3.11) [0 < |wo +t2| < lio'.
2 2
Indeed, recalling (3.5), we see that
x 3|z
fr0 121 < Jool + 2] < Joo] + 122 = 2100

which gives the second inequality in (3.11). On the other hand,

T T

20+ £21 > faol — t12] > o] — |2] > o] — 1220 = 120

which completes the proof of (3.11).

As a consequence, by (3.8), (3.9), (3.10) and (3.9), we have

1

(3.12) |(I1)| < / |Vu(zg + t2)]|z — 2| dt < C sup |zo+t2|* 'z — 2*| < Cy tan Blzg|*
0 te(0,1]

forany z € D,, 3, where (' is a positive constant depending only on ¢y, 6, and on the upper bound

(3.7).

Now we estimate (/1) in (3.6). Similarly to (3.8), one can check that
(3.13) IV2u(y)| < Cly|*?  foreveryy € O,

where V2 denotes the Hessian matrix. Furthemore, notice that any point on the segment joining ¢ +
tz and xo + tz* is of type xo + tz* + t7(2',0) for some 7 € (0, 1). It is clear that any such point
stays in D, 3 C Xz,,3- We also note that if z € D, 3, then (3.5) implies that
2 < Jef < 22,
2

|wol

5
|0 + t2" + 7H(2', 0)| < |wo + |27] + [2'] < [wo| + 2[2] < [wo| + [wo| = 2[xo], and

|70

|z — 2*| < tanf

|70l

|z + 2" + 7t(2',0)] = |zo| — |2*] — |2'| = |zo] — |2¥| — |2 — 2*| = |z0] — - - tan f—— > ——

2

if 3 is taken sufficiently small. Therefore, using this, the Lagrange Theorem and (3.13), we conclude
that

1
|(111)] g/ |Vo(zg +tz) — Vu(xg + t27)||2"| dt
0
1
(3.14) :/ |V20(zo + t2* + t1 (2, 0))|t|z — 2*||2*| dt
: 0

<O sup |ag+tz" +7t(2,0)|* 3z — ¥ |27
7,t€[0,1]

< Cy tan B |z

for any = € D,, 3, where Cy > 0 depends only on ¢; and 65, and on v through the upper
bound (3.13).

|0l

4
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Finally, recalling the classical Euler formula for homogeneous functions, and that zo = (0', zo ), we
can estimate (/) in (3.6):

1 1
/ Vou(zg+t2*) - 2% dt = / V(0 |xo| + tzn) - (0, 2x) dt
0 0

1
( ) /0 VU(O,|I0|+ ZN) (07|‘T0|+ ZN)|ZE0|+tZN

1
ZN

= [ av(0,|xo| + tzy) ——— dt.

[l ) 2

By (3.4) and the homogeneity and the positivity of v in Y., ¢,, we know that

(3.16) v(y) = Cly|*  foreveryy € ©.
Now we observe that, for any z € Dy, 3,
1
Z|x 1
ool + o] > fool2, s sl

|zo| + tzn %|x0| 9’
and (0, |zo| + tzn) € ¥z, 5. Hence, we obtain from (3.16) that
(3.17) /1 Vo(zg+t2*) - 2* dt = /1 av(0', |zo| + tzN)Z—N dt > Cs|xo|®,
0 0 |wo| + tan
where again ('3 depends only on #; and 65, and on v through the lower bound (3.16).
Plugging (3.12), (3.14) and (3.17) into (3.6), we deduce that
(3.18) v(wo + 2) = v(wo) = (C3 — (C1 + Cy) tan f) [2]* > C'|z|*

for a positive constant C, provided that we chose < ﬁ_ sufficiently small. The values of C' and of
(3 depend only on 61, #>, and on v through the estimates (3.7), (3.13), (3.16). Therefore (3.18) holds
with the same constant for every zy € Y., 9, and z € Dy, 3.

Now, in view of (3.18), we conclude as follows:

/ (U(w)—v(ywd / (v(z + 2) —v(x))?
g QY = dz

|.Z'—y|N+2S ’Z|N+28

2c
> O/D pﬁiv%dz > C’I|2a_N_2S|D$ﬂ| > C|:L”2a_28
z,8

for every x € X, 4,, as desired. O

Now, for the sake of simplicity, we suppose that
(3.19) 0 € 09,

that 0 € (0, g) and that the cone X _ 4 is exterior to {2. Then we take 0 < Oy <0, :=0 < /2,
so that
)y CX .45 CRYV\Q).

Notice that the admissible range of 0, depends only on the opening 6. Setting 6, := m — 6;, the
complement of > 9, 18 Yey 0, With ™ > 05 > 0 > 7/2. Let us consider the solution to

(—A)SU =0 in ZeNﬂza
(3.20) v>0 in ey 625
v=20 in ]RN \ EeN,GQ.

—en,02

—€N,
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Existence and uniqueness of v, up to a multiplicative constant, are proved in [1, Theorem 3.2]. More-
over, it is also proved that v is a-homogeneous for some o > 0 depending on 5 and on s. Since
0, > /2, the cone 2., 9, contains Rﬂf, and by Lemma 3.3 and Example 3.2 in [1] we deduce that
a < s. Interior regularity theory ensures that v € C*>°(%., g,). Thus, as 6, > 6; and v is positive,
the restriction of v on X, 4, N SN~ is bounded from below and from above by positive constants.
By homogeneity, and recalling that v is uniquely determined up to a multiplicative constant, we can
suppose that there exists Cy > 1 such that

v(z) > |z|*  foreveryx € X, 0,
(3.21)
and v(z) < Colz|*  forevery z € RY.
Notice that in this way the choice of v depends only on 6 (recall that §; = m — 6, = m — 6). With this
notation, we can now prove the following result:

Lemma 3.3. For R > 0, let us define
(3.22) 2p 1= 2R % — v,
Then, there exists C' > (0 depending only on 0 such that
(=A)2p = Clz]**™*  inXey 0,

Proof. In light of Lemma 3.2, we can compute (notice that we omit the constant ¢ s and the principal
value sense to simplify the notation)
—(=A)*zgp(z) = =2R™* (=A)*v(z) +(=A)*(v*)(2)

——
=0

:/ Mdy
v |o — y[Nes
:U@)/R Mdy+/ﬂwv(y)%dy

N |z — Ve

(3.23) o
=(—A)sv(z)=0
v(z) —v(y) / v(z) —v(y)
= v —_— d — V\T —_— d
|5y =) [ S
—(~2)"(2)=0
_ 2
By UGS
ry |z —y[Nt
forany xz € X, ¢,, with C' > 0 depending only on ¢ and v. This gives the desired result. O

Since o < s, Lemma 3.3 suggests that zr can be used to construct a wall of upper barriers for u
in N Bg. This is indeed exactly what happens in the classical case, but a similar statement does
not hold here, due to the nonlocal nature of the problem. Indeed, in order to apply the comparison
principle, we should control the sign of the function zg — u in the whole complement of 2 N Bpg
and not only along its boundary. On the other hand, one cannot conclude directly in our case that
zr — u = 0 in the complement of {2 N Bp, since by (3.21) the function zp is negative if x € 3. g,
and |z| is very large. To overcome this problem, in what follows we define a suitable truncation wg of
ZR, being careful enough so that the thesis of Lemma 3.3 still holds for wg, and moreover wr —u = 0
in RN \ (N Bpg).

To this purpose, let us consider the algebraic equation
(3.24) 2Rt —t? =1
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which possesses the two solutions

(3.25) ty=R“—VR2 -1 and ty=R®+VR2 1,

provided that R < 1. We introduce the set

(3.26) Dp:={zcRY :v(z) > t,} = {x cRY :w(z) > R+ m} :

Notice that, by (3.21), Dr # &. Moreover, if R > 0 is sufficiently small, we have that
3\ 1

(3.27) if || < (2_CO> - then o ¢ Dg

and so, in particular,

(3.28) Dr C RV \ Bg.
Now we construct the barrier needed for our purposes:
Lemma 3.4. Let zy be the function introduced in Lemma 3.3.

Let

; N
029 wile) o= {ZR“‘”) 7z SR\ Dy,

1 ifz € Dp.
Then, there exist R > 0 small enough and a constant C > 0, both depending only on 6, such that
(—A)SU)R > C_’|£L'|2a72s in Z€N791 ﬂBR,
(3.30) wg =0 inRN\ X 01,
wr =1 inYey.6, \ Br,

for every R € (0, R].

Proof. First of all, we observe that

(3.31) wr = 0inRY,

Indeed, if wg(x) < 0 then necessarily

(3.32) v ¢ Dr and 2R “v(z) —v*(x) < 0.

The second inequality is satisfied if and only if v(x) > 2R~ But 2R~ > ¢, so that v(x) > 2R~
implies x € Dpg. This shows that the two conditions in (3.32) cannot take place simultaneously, and
proves (3.31).

Now we recall (3.28) and we write

Senor \ Br= Zey0. N D) U (Zey0, \ (DrU Bg)).
We claim that
(3.33) wr = 1inX., 0, \ Bk

To this aim, we point out that X, o, N Dr C X, ¢, \ B, thanks to (3.28), and so, by (3.30), we
obtain that wr > 1in X, g, N Dg. So, to complete the proof of (3.33), we focus now on the value
of wg on the points of X, g, \ (Dr U Bg). For this, we recall (3.24), (3.25) and (3.26), and we
observe that

(RY\ Dp) N{wr <1} = (RY\ D) N ({v < t;} U {v > t5})
(3.34) = RN\ Dg) N {v <t}

= {U < tl}
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Now we remark that

Indeed, if v(x) < t; = R~ — v/ R~2® — 1, then by (3.21) we know that |z|* < t1, i.e.

1/«
2| < (R*a VR _ 1) <R,

which proves (3.35).
From (3.34) and (3.35), we deduce that

(RN \ DR) N {U)R < 1} - BR.

As a consequence,

Z81\7791 \ (DR U BR)] N {UJR < 1} =,
and therefore wr > 1in 2., 9, \ (Dr U Bg) for every R sufficiently small, which completes the
proof of (3.33).

Now we focus on the inequality satisfied by the fractional Laplacian of wg in Y., o, N Br. We first
observe that if v € X, g, N By, thenz € X, o, \ D, thanks to (3.28), and so wg(z) = zg(x).
Using this and Lemma 3.3, we obtain that, for any x € X N Bg,

en,01

—(=A)'wr(x) = —(=A)"2r(7) + [(=A)"2r(7) — (=A) wr(7)]

028 zr(x) — 2r(y) — wr(x) + wr(y)
< =Clafo? +/ al P]i)_ |Nf§s dy
RN Yy

— _C‘x’2a—2s+/D wR(Z]) — ZR(ZJ) d

(3.36) |z — y|NF2s
_ 1 — zgr(y)
——Clarr oy [ S22y
Dy |7 — y| N2

a—2s 1+ |zr(y
i [ Lt
RNM\Bc, /r lz —yl

where in the last inequality we used (3.27) with C := (3/(2C)))"/°.
Notice also that, if y € RY \ B, /g, then

—Q —Q C “ —Q (0%
R = (é) < Oyl
Consequently, by (3.21),
(3.37) 12r(y)] < 2R “v(y) + v*(y) < Cly|**  foranyy € RN \ Be,g.

Furthermore, since R > 0 is appropriately small, we have

(3.38) le —y| >yl —|z| = |y — R > L2| forz € Brpandy € R \ Bg, /g.
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Plugging (3.37) and (3.38) into (3.36), we infer that

1
~ (=AY un() < Clofper [ L]
RM\Bg, /r |z —y
B A
RN\Bc, /r |y |2
+o0
< _C|l,|2o¢—28 =+ C/ 7,,2&—25—1 dr
Ci/R

_ —C|l’|2a_28 + CRQS—Qa

for any x € ¥, 9, N Br. Hence, recalling that 2 > 0 is sufficiently small, that |z| < R, and
that @ < s, we obtain that —(—A)*wg(z) < —Clz[**7%, for any z € X, 9, N Bg, for an
appropriate C' > 0, as desired. O

Now we are in the position of completing the proof of Proposition 3.1.

Proof of Proposition 3.1. Let
U

+ max {[|ul| g, 1}

Notice that

(3.39) < 1linRV.

Let also wp be the function introduced in Lemma 3.4. We claim that
(3.40) wr = uin QN By

for R € (0, R] (where R > 0 is small enough, as given by Lemma 3.4). To prove (3.40), we observe
that, by Lemma 3.4 and (3.39), we know that

(3.41) wr = uinRY\ (2N Bg).

Also, we set

(3.42) R :=min ¢ —,
2 2[|gllzoe (e

R (C_'max{HuHLoo(RN),l})25_20‘

Notice in particular that R < R. Hence, using again Lemma 3.4 and (1.6), we have that

(A (wg — 1) (z) = Clo* 2 — 9l Lo
maX{”“”LOO(RN), 1}
= |$|2a_25 C — R2 2 ”gHLOO(Q)
maX{HuHLOO(RN), 1}

C

> — 2a—2s
-l

=0

forany z € QN Bi.
This, (3.41) and the maximum principle, imply that wg = w in {2 N B, i.e.
(3.43) u(@) < (14 [[ul| @) wr(z)
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forany 2 € Q N Bg. On the other hand, if x € Q2 N B, we deduce from (3.28) that x € 2\ Dg,
and therefore, by (3.22) and (3.29),
wr(x) < 2R “v(x).

By inserting this into (3.43), we conclude that

(3.44) u(z) <2(1+ HuHLm(RN))R’%(x)
forany z € {2 N Bgr. Now we observe that, by (3.42),

B 2 « 2||g||LOO(Q) 25—2a o
345 R o < — + — < C (1 + 2:204 ) 7
(349 (R> <Cmax{”uHLoo(RN),1} lollz=a

with C' depending only on @ (recall that R depends only on ). Therefore, recalling (3.44) and (3.21),

we conclude that N
u(@) < C (L4 Jullpem) (1+lgl7E)) 217,

forany z € 2 N Bpg, for some positive constant C' depending only on 6.

The same argument can be repeated replacing v with —u, and so we conclude that, for any x &
)N Bg,

(3.46) u(@)| < € (1 + ) (1+ 9l7<z ) ol
Now, take p € 2. We distinguish two cases, either dist(p, ) < R or dist(p, 92) > R.

If dist(p, 0€2) < R, we consider p € 02 to be a projection of p along 0S2. Up to a rigid motion, we
may also suppose that p = 0 (hence we are in the normalized setting of (3.19)). In this way, we have
that

R > dist(p,0Q) = |p — p| = |-
Hence, from (3.46), we have that

()] < C (1 [[ull ) (1+ 191177 ) 1°

= C (1 ull ) (14 9725 ) dist(p,00)°,
which establishes (3.1) in this case.

If instead dist(p, 0€2) > R, we have that

dist(p, 0)« < ||| Lo (m)
N
R )dist(p, o) R~
Then, the estimate in (3.1) follows in this case from (3.45). This concludes the proof of Proposition 3.1.
O

[u(p)] < [l ooy = [lull oo dist(p, 02)".

Thanks to the above results, we can now complete the proof of Theorem 1.5:
Proof of Theorem 1.5. Since u € L*°(RY), we can restrict to the case when |x — y/| is small, say

R
(3.47) lz—y| < T

with R > 0 defined in (3.42). It is also not restrictive to suppose that R < 2. We prove the thesis of
the theorem according to four different cases.

Case 1) Assume that
R
z,y € Qwith dist(z, 0Q2) > 3
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In this case, we have that BR/Q(x) C Q. In particular, by (3.47),
x,y € Brpa(x) C Q.

Therefore, by scaling the interior Hélder estimate in [39, Proposition 2.9], we deduce that for a constant

C' > 0 depending only on 6
2 o R 25—« .
I (]| oo mvy + 5 gl | |2 — y]*

fe
25—2a

Eeallullzeey + lgllie@| Iz = ol

u(z) —u(y) < C

Now, using (3.45), we obtain

u(x) — uly) < C [(1+]lg

which is the desired result in this case.

Case 2) Now assume that
dist(y, 02)

x,y € Qwith dist(z, 09Q) < d(y, 0Q) < g and |z —y| > —e

Then, by Proposition 3.1,
u(z) — u(y)| < 2max{|u(z)], [u(y)|}

(1l pen) (1+ 97T, ) dist(y, 00)°

8°C (1+ [[ulleemy) (1+ llglZis) ) 1o = I,

<C
<C
as desired.

Case 3) Now we suppose that

dist(y, 09
x,y € Qwith dist(x,0Q) < dist(y, 0Q) < g and |z — y| < is (?g )
Let us set
 dist(y, 09)
.= T

and @(z) := u(y + pz).
We remark that if z € By then
) + pz € B4p(y) = Bdist(y,@ﬂ) (y) g Q.

Hence, for any z € B,, we obtain from (1.6) that

(—=A)a(z) = p*g(y + p2).
Accordingly, using the fact that o < s, we obtain that, for any z € By,

(3.48) [(=A)a(z)] = [p*g(y + p2)| < 9]l (-

Moreover, thanks to Proposition 3.1, we have that
()] = uly + p2)] < C (1+ Jull ) (1 gl ) distly + pz, 090)°
<C (1t full ) (14 1917 ) (dist(y, 00) + plz))°

<O (U ullzen) (1 9155)) o (L4 J2D)°

for any z € R, up to renaming C' > 0.
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As a consequence,

sup [i] < ¢ (1 + [full oo ray) (1 + IIQIIEZZ?{'S)) p°

2

(3.49) r

and ————dz < C (1 + ||ul| = <1+ 2;“) “.
/RN (14 [z])N+2s 77 = ( [[ullL (]RN)) lgll7 ) )P

Estimates (3.48) and (3.49) allow us to apply Corollary 2.5 in [35], which implies that

350 lillenngzy < C |(1+ lulliem) (1+lg

Now we observe that

212(26)) + HQHLOO(Q)} .

|z —y| < dist(y,082) 1

p 8p 2

and so

€T — R
Zy i — —y S B1/2-
P
As a consequence, we deduce from (3.50) that
u(z) — u(y)| = |u(z,) — a(0)]

PR (e’ |ZIJ—y| “
<Ot Rullwn) (1416155 + lallmo] o (“52)

which gives the desired result in this case.

Case 4) Finally, we consider the case in which
z€Qandy € RV \ Q.
By Proposition 3.1
[u() = u(y)] = [u(@)] < C (1+ ) (1+ IgllEg ) dist(z, 00)°

Since in this case dist(z,0f2) < |z —y

, this completes the proof. 0]

4. MONOTONICITY AND QUALITATIVE PROPERTIES IN GLOBALLY LIPSCHITZ EPIGRAPHS

In this section, we give the proof of Theorem 1.1. Differently from the strategy adopted in [4], in our
case property (¢v) is a direct consequence of the general result in Theorem 1.5.

The organization of this section is the following. In Subsection 4.1 we prove properties (z) and (%%)
in Theorem 1.1. Property (2:%) is the object of Subsection 4.2. The uniqueness and the monotonicity
in x are proved in Subsection 4.3 with a unified approach, simplifying the proof in [4]. Finally, the
general monotonicity property in point (vz) of Theorem 1.1 follows simply by a suitable rotation of
coordinates. We point out that, for such argument, the global Lipschitz continuity of the epigraph €2 is
needed.

Before proceeding, we observe that it is not restrictive to suppose from now on that
(4.1) =1 inassumptions (f1)-(f3),
for the sake of simplicity. Moreover, we define

(4.2) M :=supu.
Q
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In this way, we have that 0 < u < M in €2. Accordingly, in (1.1) only the restriction of f on the interval
[0, M] plays a role. Therefore, we can modify the definition of f outside [0, M| without changing the
equation, and as a consequence from now on we can suppose that

(4.3) f is not only locally Lipschitz, but globally Lipschitz continuous,

and we denote by L its Lipschitz constant.

4.1. Uniform convergence of u to 1. Our goal now is to show that © < 1 in €2, as claimed in
Theorem 1.1-(z) (and hence, comparing with (4.2), it follows that M < 1).

Proof of Theorem 1.1-(i). In order to show that . < 1 we can proceed as in [4], using Theorem 1.7.
For the strict inequality it is sufficient to observe that, being f(1) = 0, we are in position to apply the
strong maximum principle to the function 1 — . For further details, compare with [4, page 1095]. [

In the rest of the subsection we prove property (z2) in Theorem 1.1 (the local counterpart of this
strategy is contained in Section 3 in [4]).

Lemma 4.1. Let D be an open subset of RY, and let g be a locally Lipschitz continuous function.
Let v be a classical supersolution to
(—A)*v > g(v) inD,
v >0 inD,
v=0 inRN \ D.
Let also B be a ball with closure B contained in D, and let z be a classical subsolution to
(—A)°z<g(z) inBnN{z> 0},
z<w in B,
2<0 inRY\ B.
Then for any one-parameter continuous family of Euclidean motions {A(t) : 0 < t < T} with
A(0) = Id and A(t)B C D for every t, it results that
zi(x) == 2(A(t) 'x) <wu(x)  inB;:= A(t)B,
for everyt € [0,T].
The proof of Lemma 4.1 is very similar to the one of [4, Lemma 3.1] and thus is omitted. It uses the
fact that (—A)® is invariant under rigid motions and the strong maximum principle.
Exploiting Lemma 4.1 we can deduce a lower estimate for u far away from the boundary 0f2.

Lemma 4.2. There exist 1, Ry > 0 with Ry depending only on N and ¢ (recall assumption (f2))
such that
u(z) > e ifdist(x,0Q) > Ry.

The proof of Lemma 4.2 here is a simple extension to that in [4, Lemma 3.2] and therefore is omitted.

We stress that if \;(Bg) denotes the first eigenvalue of (—A)® in Bx with homogeneous Dirichlet
boundary condition, then
M (Br) — 0 as R — +o0,

by scaling.

We are now ready to prove the counterpart of Lemma 3.3 in [4]. We observe that in this framework the
“localargument cannot be directly extended, since the proof of Lemma 3.3 in [4] heavily relies on local
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properties of functions whose Laplacian has a sign, and this technique does not work in a nonlocal
setting. Therefore, to overcome such difficulty, we have to modify the approach in the following way.

Lemma 4.3. Letey, Ry > 0 be given by Lemma 4.2. Lety €  with dist(y, 9Q2) > Ry, so that
u(y) > 1. Lete > 0 so small that (1 + ¢)u(y) < 1. Let

Oy :=min{f(t) : t € [e1, (1 +¢)u(y)]} > 0.
Then, there exists C'; > 0 depending only on s and N such that
C10., < [dist(y, Q) — Ro] ™.
Remark 4.4. Notice that the existence of ¢ is guaranteed by the strict upper estimate u < 1 in (2,

thanks to Theorem 1.1-(). The crucial fact in the lemma is that C'; does not depend on y and €.

Proof of Lemma 4.3. Let v be the solution to

(—A)S’U =1 in Bl,
v=0 in RV \ By.

We claim that the thesis is true with C; := maxp, v = v(0). If not, we have
C10ey > [dist(y, 0Q) — Ro) ™,

and hence there exists K > 0 such that

(4.4) C10zy > —— R2 > [dist(y, 9Q) — Ro]
Notice in particular that R + Ry < dist(y, 02), and so

(4.5) Br(y) C {dist(z,0Q) > Ry}.
Let

s r—y
z(z) == R*6. v ( 7 ) :

(=A)°z =10y inBg(y),
z2=0 in RN \ Bg(y),

Then, by scaling, we have that

and the maximum of z is z(y) = R*d.,C}.

By (4.5), we are now in the position of exploiting Lemma 4.2: in this way, we have 72 < u in Bg(y)
provided 7 > 0 is sufficiently small. Now we increase T till we obtain a touching point, namely we let

7i=inf{r > 0: 72(z0) = u(x) for some 2, € Bg(y)}.
As a matter of fact, since z = 0 < won 0Bg(y), we have that x lies in the interior of the ball Br(y).
By definition, and since z is radial and radially decreasing with respect to y,
u(zo) = 72(z0) < 72(y) = 7016, R* < u(y) < 1.

7__
Using this we infer that u(zo) < u(y), and moreover 7Cd.,R* < 1, which together with (4.4)
implies that 7 < 1.

We are ready to complete the contradiction argument: since u(x¢) < u(y), by continuity there exists
a neighbourhood U of z( such that

(4.6) u< (14+e)uly) inU.
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Also, by Lemma 4.2 and (4.5), we have that u(z() > £; and so, by continuity, we have that
(4.7) u > €71 in a small neighborhood U’ of .

Thus, in U” := U N U’ we have that both (4.6) and (4.7) are satisfied. Therefore, by the definition of
Oc >
(=A)Y’u= f(u) 26, inU"

As a consequence, since T < 1,

(—A) (72 — ) < 76y — 0.y <0 in U,

(72 —u) <0 in RY,

(Tz —u)(xg) =0,
which by the strong maximum principle implies that 7z = w. This is a contradiction with the fact that
u>0=7zonQ\ Bgr(y). O

Proof of Theorem 1.1-(ii). Let us assume by contradiction that there exist a sequence of points {y,, } C
(2 and some p > 0 such that

dist(yn, 0Q) — 400 and u(y,) € (e1,1 — pl.

Then we can choose € > ( independent of n such that (1 + €)(1 — p) < 1 in Lemma 4.3, deducing
that
(4.8) 0<  min f < CrH[dist(yn, 0Q) — Rg] > — 0

[517(1+€)u(yn)]
asn — +00.
On the other hand, by assumption (f1),

min [ > min f>0
[517(1+5)“(yn)] [51,(1+5)(1—P)]

and this is in contradiction with (4.8). ]

4.2. Boundary behaviour of the solution: lower estimate. In this subsection we describe the
growth of the solution near the boundary of €2, proving point (22) of Theorem 1.1. We point out that the
proof is completely different with respect to the one in [4] (proof of Assertion (c) in Theorem 1.2), where
an argument based on the construction of an explicit local barrier is used. Dealing with a non-local op-
erator, such an approach fails, and we should produce a global barrier on which explicit computations
are much more involved. To overcome the problem, we replace the barrier-argument with a conve-
nient geometric constructions, which permits to apply iteratively the Harnack inequality. This approach
seems to be applicable to a wide class of operators.

Proof of Theorem 1.1-(iiz). Up to a translation, it is not restrictive to suppose that 0 € 0¢). We start
with three simple consequences of the fact that {2 = {zx > @(z’)} is a globally Lipschitz epigraph
(recall that K denotes the Lipschitz constant of ().

1) Let

Y5 :={|2'| < (tan B)zn}
be an infinite open cone, with 0 < [ < /2. It is possible to choose 3, depending only on the
Lipschitz constant /&, so that if the vertex of X3 is translated to any point of J§2, then the cone is
included in €2: that is there exists 3 € (0, /4) such that

To+ X5 CQ  forevery zy € O and for every 0 < 3 < 3.
In what follows we fix 3 € (0, /3).
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0f)

FIGURE 3. The set D in the proof of Theorem 1.1-(i:7).

2) By the Lipschitz continuity of ¢, and recalling that 0 € 02 (so that 0 = (0’)), from Lemma 4.2
and Theorem 1.1-(22) it follows the existence of A1, hy > 0 such that
w(z) >e;  ifay > K|2'|+ hy = o(2') + hy,

4.9
(*9) and u(z) >2; ifay > K|2|+ hy = o(2') + ha.

Here we implicitly suppose that €1 < 1/2; if this were not the case, we can simply replace £; with a
smaller quantity. If necessary replacing ho with a larger quantity, we can also suppose that

log (1+212nﬁ> B log hy
log (1 +tan3) log(1+ tan[3)

(4.10)

3) Finally we observe that
{an < (@) +h} NE5 C {zy < K|2!| + he} NEg,
and {zy < K|2'| + ha} N Xg is bounded by construction.
We consider a point
(4.11) zo = (0, zo v ), with zo v € (0, hy).
Let D be a bounded domain of RY such that
{zny < K|2'|+he} NEg C D C Xg,

with 0D \ {0} sufficiently smooth, see Figure 3.
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We introduce a continuous function v satisfying

(=A)v=0 inD,

v=>0 in(RY\ D)N{zy < K|2/| + hi},
v=c¢; in (RY\ D) N {zny > K|2'| + ha},
0<v<e InRY\D.

(4.12)

By the maximum principle, v > 0 in D, and hence by compactness there exists C' > 0 such that
(4.13) v(x) = C forany = such that By, sins(r) € Dand zy > hy.

Also, by (4.9), we have that « > v in RY \ D. Furthermore, (—A)%u > 0in Q D D, thanks to
assumption (f1) and Theorem 1.1-(z). Therefore, by the comparison principle in Theorem 1.7, we find
that

(4.14) v <wuinRY,

Recalling (4.11), let now 7 := |xo|sin § = xo y sin [, and let us define

Tk Tk
= ]_ t d = 0/ = O, ,
Tk+1 m(1+tan3) and w1 =24 + ( ’cosﬁ) ( y Te N+ cosﬁ)

see Figure 4.
In this way B,., (x)) C X4 for every k, and
(4.15) 1 = 1o(1 4 tan B)F = xq y sin B(1 + tan 3)".

As a consequence

k—1 k—1
Tp,N = To,N T+ Z($i+1,N — T N) = ToN + ZZEO,N tan 3 (1 + tan 3)’
(4.16) i=0 i=0
(1+tanp)k —1

= 2N + Ton tan g = Zo.N (1—|—tanﬁ)k,

tan (3
forevery k € N.

We claim that

there exists a first natural number &, depending on xz such that
4.17
*17) zy, € {K|2'| + 1 <azy} and By, (z1,) C XsN By, C D.

Thanks to (4.15) and (4.16), and observing that by construction = = 0’ for every k, we see that
ko € N has to be the minimum natural number satisfying

(4.18) zon(1+tanB) > hy and 2o (1 + sin 3)(1 + tan B)¥ < hy,
that is
h h
log (ﬁ) < < log <(1+Siné)$O,N>
log(1+tan3) = " log (1 + tanf)
Notice that such a kg € N does exist, thanks to (4.10). This proves (4.17).

(4.19)

Furthermore, we remark that

h h
o (ﬁ> = p1y — vy log(zon) and e <(1+Siné)xo’1v>
log (1 + tan () P 0N log (1 + tan 3)

= o — vy log(zo N)
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Tk

Tl :5’3!@"‘0085

L

FIGURE 4. The geometry involved in the proof of Theorem 1.1-(:71).

for suitable 11, 1o € R, and v, 5 > 0, all depending only on Ay, ho and 3. This and (4.19) say that
(4.20) p1 — v logxg n < ko < po — v log zo v

The previous construction implies that we have finite sequences of points x;, and radii 1, with & =
0,..., ko, such that

(4.21) B, (zx) C D

forevery k =0, ..., ko, and

Tk Tk4+1
|5Ek+1 - $k| = Tp+1,N — Tk,N =

T cosf cos 3(1 + tan 3) — PBTRkL

with pg < 1 independent of k.

From (4.12) and (4.21), we deduce that v is s-harmonic in B,, (Tpy1), forany k =0,... ko — 1.
Hence, we are in position to apply the Harnack inequality in [11, Theorem 5.1], deducing that

V(xpy1) < sup v <C inf v < Co(zy)

Bogrypy (Zrt1) Bpgries (®h41)
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forevery k = 0, ..., ky — 1, where C' > 0 is a positive constant depending only on /3.
Now we observe that
Tk = Ton SinB(1 + tan 3)* > h, sin 3,
thanks to (4.15) and (4.18). Similarly,
Tron = Ton (1+ tan B)% > hy,
thanks to (4.16) and (4.18).

As a consequence of this and of (4.13), we obtain that v(zy,) > C'. Therefore, using (4.14) and (4.20),

we obtain
1 C
u(o) > v(wo) > =-v(in,) >
C

= etz logC . e V2 logélogxoyN

eko log c

= Oy = Clzon — p(7p))",

for some positive constants C', p depending only on 3, K, hy and hs.

This gives the desired point-wise estimate at the point x, with z; = 0 and zon € (0,h) (re-
call (4.11)), and with constants C' and p depending only on (3, K, hy and hs. Up to a translation, the
same estimate holds at any point of £, with vertical coordinate zy € (¢(2), ¢(2') + hy). That s,
translating X3 (and hence D) along the boundary 052, the family {v(z — x¢) : zo € OS2} gives
a wall of lower barriers for u, providing the desired lower estimate at any point of {p(2') < xy <
o(z") + hq}, which completes the proof of Theorem 1.1-(zi4). O

4.3. Uniqueness and monotonicity of the positive solution. This section is devoted to the proof
of point (v) in Theorem 1.1. Our approach is inspired by [4, Section 5], but we modify it in such a way
that the proof gives essentially in one shot both uniqueness and monotonicity of the solution. This
simplifies the argument in [4], and completes the proof of Theorem 1.1.

We start with the preliminary observation that, under our assumptions, solutions are bounded away
from 1 if the distance from the boundary is finite (recall (4.1)).

Lemma 4.5. Forh > 0, let
Q=) <y < p(x')+ h}.

Then, any bounded solution to (1.1) is bounded away from 1 in ), namely

supu < 1.

Qp
Proof. Let u be a solution of (1.1), and let us suppose by contradiction that u(z,) — 1asn — +oo
along a sequence {z,,} C Q.
Let us consider then the sequence of translated functions u,,(z) := u(x + z,,). We observe that
(4.22) lim w,(0)=1

n—-+o00

and
(=A)un = f(un) in
(4.23) U, =0 in RN\ Q,,
0<u, <1 in RV,
where
Q, ={ay > @@ +a,) —z,n}
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Since ¢ is globally Lipschitz continuous, the translated epigraphs (1,, converge, up to subsequence, to
a limit epigraph €2, which is still globally Lipschitz continuous. Notice also that §2,, satisfies a uniform
cone condition, with opening of the cone independent of n. Thus, by Theorem 1.5, the sequence {u,, }

is uniformly bounded in Cova(RN), and hence converges locally uniformly in R” to a limit function @ €
CO(RN).

Thus, by (4.23) and the stability property of viscosity solutions [12, Lemma 4.5], we infer that u is a
viscosity solution to

(~A)a=fa) in®,
(4.24) =0 in RV \ ,
0<u<l1 in RY.

Actually, arguing as in [33, Remark 2.3], we see that @ is a classical solution. Since also the function
constantly equal to 1 is a solution of the equation in (4.24) (recall that f(1) = 0), the strong maximum
principle implies that % < 1 in RY.

This is in contradiction with the fact that @(0) = 1, which follows from (4.22). O

In order to prove Theorem 1.1-(v), let us consider two bounded solutions © and v of (1.1). We show that
necessarily u = v. Exchanging the role of « and v we deduce also that v > wu, whence uniqueness
follows.

For this, first of all we observe that, by Theorem 1.1-(i2), there exists A > 0 such that
(4.25) u(z),v(x) >ty if dist(z, Q) > A,
where t; was introduced in assumption (f3). Let
Q= {r e Q:dist(x,00) < A} and Q*:=Q\ Q4.
Also, for 7 > 0 let us consider
ur(z) == u(x + Tey).
As in [4, Lemma 5.1], we show that:

Lemma 4.6. Ifu, > v inQy, thenu, > v inRY.

Proof. First of all, since €2 is an epigraph we have
(4.26) if £ € Q4 then z + ey € QA

Now we notice that u, > 0 = v in RY \ €2. Thus, to establish the desired result, we have only to
prove that

(4.27) Uy = vin Q4.

To this aim, we use (4.26) and we observe that
(_A)S(U - UT) - CT('I)(U - ur) =0 in QA7
v—u, <0 inRY\ Q4

" flu(z)) = flu-(x))
()= o) —w@ @) 7 ),
0 if v(z) = u,(x).

Now we claim that

(4.28) Ur, v >ty in QA
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Indeed, let z € Q4. Then x + Ten € Q4 thanks to (4.26). Hence (4.28) follows from (4.25).

Now, since f is non-increasing in (¢1, 1), we deduce from (4.28) that ¢, < 0 in 04, and by Lipschitz
continuity we have also ¢, € L>®(Q4).

Moreover, it is clear that 24 satisfies an exterior cone condition (since €2 does), and hence Theorem
1.7 and the strong maximum principle imply (4.27), as desired. 0
Now, we aim at showing that . > v in R for 7 = 0. Thanks to Lemma 4.6, this statement is
equivalent to showing that u, > v in Q4 for 7 = 0.

By Lemma 4.5, we know that v < C' with C' < 1 in 4. Moreover, since u — 1 uniformly as
dist(x,02) — oo (recall Theorem 1.1-(i7)), we have that u, > v in Q4 for 7 sufficiently large.
Therefore, we can define

(4.29) T:=inf{r>0:u >vinQyforeveryt > 7} € [0,+00).
Remark 4.7. For the unigueness, one could replace the previous definition of 1" with
inf{r > 0:u, > vinQyu},
as done in [4]. Nevertheless, as we will show later, definition (4.29) permits to perform the same
argument used for the uniqueness also for the monotonicity of .

We are now in the position of completing the proof of Theorem 1.1-(v).

Completion of the proof of Theorem 1.1-(v). By continuity u7 > v in €2 4. Hence, by Lemma 4.6,
(4.30) up > vinRY.
Thus, if T" = 0 the proof is complete. To rule out the possibility that ' > 0, we argue by contradiction.

If " > 0, then there exist sequences 0 < 7; < T"and x; € {14 such that

(4.31) lim 7, =T >0
j—+00

and

(4.32) u(z; + men) < v(z;).

Let us consider

uj(x) ==u(x +x;) and vj(x) :=v(x+ z;).
As in Lemma 4.5, we have that, up to subsequences, u; — u and v; — v locally uniformly, and u
and v are solutions to (1.1) in a limit epigraph 2.

We remark that, since z; € €2, the point 0 belongs to the approximating domains and therefore
(4.33) 0 belongs to the closure of €.
We also notice that
(4.34) tr(x) = u(z + Tey) = v(z) forany z € RY,
thanks to (4.30). Furthermore, in light of (4.31), (4.32) and using the uniform convergence,
ur(0) = u(Tex) = lim u;(rjen) = lim wu(z; + 15en)
J—+oo J—+oo
(4.35) . . _
< lim v(z;) = lim v;(0) = 0(0).
j—+oo j——+oo
By (4.34) and (4.35), we conclude that
(4.36) ur(0) = v(0).
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Now we claim that
(4.37) tp >0 =0 on 0.
To check this, we take p € 0. Then there exists o € Of) such that pj ‘== X9 —T; — pas
7 — +o00. As a consequence, using the uniform convergence, we see that
(4.38) o(p) = lim wv;(p) = lim v;(p;) = lim v(p; + ;) = v(xg) =0
J—+00 Jj—+oo J—+00

and

ur(p) =u(p+ Ten) = 4li£rl’l u;j(p+Ten) = .hIJZl u;(p; + Tey)

Jj—+00 Jj—+00
4.39
(4.39) = Aliin u(p; +x; +Ten) = u(xg+ Tey) > 0,
Jj—+00

since xo + T'eny € € (here we are using that 7' > 0). Combining (4.38) and (4.39), we obtain (4.37).

Also, )
(—AY (g — D) — er(@)(ar —7) =0 inQ,
e flur(z)) — f(o(z))
cr(z) = ur(z) —o(z) it up(z) # v(x)
0 if ET(I) = 17(1;)7

and cp € L‘X’(Q). Thus, the strong maximum principle and (4.34) imply that either @y > o in €2, or
gy = vin RV,
But the latter alternative is not admissible, due to (4.37). Therefore, we conclude that ur > v in Q

and so, again by (4.37), in the closure of (2. This is in contradiction with (4.33) and (4.36), hence the
proof of Theorem 1.1-(v) is complete. 0

Proof of Theorem 1.1-(vi). We proceed exactly as for the uniqueness, but instead of comparing .
with v we compare u., with u (indeed, v was just the generic solution, so the case v := u is admissi-
ble). In the end, we obtain that u, > w in {24 for every 7 > 0, which by Lemma 4.6 yields the desired
monotonicity. Ol

5. MONOTONICITY OF SOLUTIONS IN COERCIVE EPIGRAPHS

This section is devoted to the proof of Theorem 1.3, which rests upon the moving planes method. We
introduce some notation: for A € R, we set

Ty :={z cRY i 2y = \};

Hy = {r e RY : 2y < \};

= (2, 2\ — xy) the reflection of x with respect to T;
A* = the reflection of a given set A with respect to T\;
Y= HyNnQ,

Ao := inf {ay : there exists 2’ € RY with (2/, zy) € Q}.

The crucial remark is that, since we deal with a coercive epigraph, the set Y., is bounded for every
A € R, even if () is unbounded. Therefore, one can adapt the proof of [27, Theorem 1.1], which
uses the moving planes method for fractional elliptic equations in bounded domains. For the reader’s
convenience, we recall the following weak maximum principle in sets of small measure, which we
conveniently re-phrase for our purpose.
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Proposition 5.1 (Proposition 2.2, [27]). Let D be an open and bounded subset of RV . Let ¢ €
L>(D) with ||c|| z(py < M, and let z be a solution to

{( Az > e(z)z inD,

5.1
& 2>0 inRN \ D.

Then, there exists 6 > 0 depending only on N, s and M such that if |D| < d then z > 0 in D.

Remark 5.2. Consider a sequence of boundary value problems of type (5.1), with ¢ = ¢, and D =
D,,, n € N. If we have a uniform bound ||¢,, || =(p,) < M, then Proposition 5.1 gives a threshold 9
independent of n.

Proof of Theorem 1.3. We set uy(z) := u(z’, 2\ — ) and wy(x) := uy(z) — u(x).
We aim at proving that wy > 0 in H) for every A > )\, which gives the desired monotonicity.
Forany A > \g, we have that 2\ — x > x in X2. Accordingly, the monotonicity of f in x gives
(=A)wa(z) = (=A)(ur(z) — u(z))
= f(2', 2\ — zy,up(x)) — fx,u(x))

(5-2) > flx,un(z)) — flz,u(x))
= cx(x)wy(z)
in 22y, with
C}\(x) _ uA(x) ( ) f >\( )7é ( )7
0 if uy(z) = u(x).

Notice that, thanks to the Lipschitz continuity of f and the fact that u € L2 (RY), forany A > Ao,
there exists C' > 0 such that ||c)|| oo s,y < C forany A € (A, Al

For convenience, we now divide the proof into separate steps:

Step 1) We show that wy > 0 in Xy for any A > Xy, with A\ — \q small enough.
For this, let X := {x € Xy : wy(z) < 0}. We first show that

(5.3) wy = 0in X, forany A > \g, with A\ — \g small enough,

i.e., that X, = @. To this aim, we argue by contradiction. If X, # &, we can define
Wy in 2; Wy in RN\E;,

54 Wy )\ = and Wo ) 1=

(5.4) b {Q in RV \ ¥}, 22 {0 in 3.

We observe that wy = w; ) + wq y, and that w, ,\ < 0 while wy » = 0. Exactly as in [27, Theorem
1.1, step 1], it is possible to show that (—A)*ws y < 0in X} . Hence, by (5.2),

(—A)wy ) = ex(x)wy ) in Xy,
wL,\:O in]RN\Z;.

Thus, by the maximum principle in sets of small measure (see Proposition 5.1), we infer that, for
any A > ) close to \, it results that wy > 0 in RY. As a consequence, wyy = wy = 0in X7,
which proves (5.3).

As a side remark, we notice that here we do not need u € L>(R™), but only u € L (RY) (which

loc

follows automatically by the definition of classical or even viscosity solution), since Xy is bounded.
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Now we claim that
(5.5) if A > Agandwy = 0in Xy, thenw, > 0in X,.

This is not a consequence of the strong maximum principle since the function w, changes sign, by
definition.

By contradiction, let us suppose that there exists zo € X, such that uy(z¢) = u(zg). Since |xy —
y| < |ro — ya| for every xy € ¥\ and y € H), and w), is positive in a subset of H) having positive
measure, we deduce that

wi(y) / wy(y)
0 = cx(zg) wr(xg) < (—A)°wy(x ———/ e dy — — !
A(To) wa(wo) < (—A)*wx (o) gy T —y|NT2s Y w7 — YN

1 1
=— wy(y — dy <0,
/I{/\ () <|x_y|N+23 |$_y>\|N+25>

where (5.2) was used, and so we obtain a contradiction.

This proves (5.5). Then, the desired result in Step 1 follows by combining (5.3) and (5.5).

Step 2) We show that w, > 0 in Xy for every A > \q. Let
A= sup{\ > Ao w, > 0in ¥, forevery y1 € (Ao, A) }.

By the previous step A > >\0~. If A = +o0 the proof of Step 2 is complete, and hence we argue by
contradiction supposing that A < +o0.

By continuity and by (5.5) we have

(5.6) w; > 0in X5.
Let us consider now
mi= sup [leal[roe(my)-
Ae(Ao,A+1]

[e.o]

This value is finite since u € L2 (R"), f is locally Lipschitz, and 5_, is bounded. Therefore, the
threshold § = 0(N, s, m) for the maximum principle in domains of small measure in Proposition 5.1
is well defined (recall Remark 5.2).

Let us fix a compact set K € XI5 such that

J
(5.7) 15\ K| < 3

By compactness and (5.6), we have that
i%f wy > 0.
Using this and (5.7), we have that, by continuity, there exists £ > 0 small enough such that
(5.8) X5, \K[<d  and i%f ws,,. >0
for every e € (0, £).

Letnow X1 =5, N {w;,. <0}. We observe that

(5.9) the measure of Ex_ﬁ is smaller than ¢,

thanks to (5.8).
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Now, we consider the functions w; 5, . and Wy 5 ye defined as in (5.4) with A := e Proceeding as
in Step 1, we can check that

(_A)Swl,j\—&-a 2 CS\+5($)w1,5\+a in 251,_5
We use this, (5.9) and the maximum principle in sets of small measure (see Proposition 5.1) to con-
clude that w, 5, . > 0in R" for every ¢ sufficiently small.

As a consequence, recalling (5.4), we have that wy,. > w;5,. = 0. Therefore, from (5.5) we
conclude that ws, . > 0in X5 for any ¢ > 0 small enough, in contradiction with the definition of

A. O

6. OVERDETERMINED PROBLEMS

This section concerns the study of the overdetermined problem (1.4), where € is a globally Lipschitz
epigraph, satisfying the additional flatness assumption (1.5). Regarding f, it satisfies (f1)-(f3) in the
introduction. As in the proof of Theorem 1.1, it is not not restrictive to suppose that ;1 = 1.

In particular, we now proceed with the proof of Theorem 1.4, which is the fractional counterpart of the
proof of Theorem 7.1 in [4], where the local case was considered.
Proof of Theorem 1.4. We claim that for any 7/ € RN-1
(6.1) QCQ—(7,0)={z: (@' +7,2n) € Q}.
To this extent, for 7 = (7', 0) fixed and h > 0, let us consider
Yhe=Q—7—hey={r eRY : (/' +7, 2y +h) € Q}.

Since ¢ is Lipschitz continuous, for & > 0 sufficiently large we have that X, . contains strictly 2. In
other words, we can define the real number

(6.2) h* :==inf{h >0:%;, D Qforeveryk > h}.
We claim that
(6.3) h* = 0.

To prove this, let us suppose by contradiction that 2* > 0. Then there exist sequences 0 < h; < h*
and z; € Q \ Zth with

J—Foo
By assumption (1.5), we infer that {x]} is bounded, and hence up to a subsequence x; — a, for
somea € Q\ Xy, CQ\ Sy

On the other hand, by (6.2), we know that X;,- » 2O €2 and therefore a € 920X« ;. In other words,
the set (2 is internally tangent to X« ; in a.

Now, let us consider, for h > h*,

up,-(z) == u(x + 7+ hey).
We claim that
(6.4) up-r > u  inRY,

To this aim, we argue as in Subsection 4.3. First, we introduce A > 0 large enough, so that both u
and uy,- , are larger than t; in Q4 := {dist(x, Q) > A} (t, is defined in assumption (f3)).

Then, for any h > h*, we have that uj, » > 1 in Q4, and Upr = 0=1wuin RN\ Q.
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By Lemma 4.5 and Theorem 1.1 applied to u, we know that us . = win Q4 = '\ QA if I is
sufficiently large. Therefore we can define

=inf{h > h" 1 up, > win Qy4 forevery k > h}.

If h = h*, then claim (6.4) follows from Lemma 4.6. On the other hand, if h > h*itis not difficult to
obtain a contradiction as in Subsection 4.3, thus completing the proof of (6.4).

Moreover, by internal tangency, the outer normal to €2 and to 0%,- , coincide at the point a. Accord-
ingly, by the s-Neumann condition in (1.4) reads

(6.5) (0y)su(a) — (0y)sups - (a) = 0.

On the other hand, the function wy,« , := up« , — u satisfies

{(—A)Swh*,T — cpr o (2)wps > =0 in €Y,

Wp e 2 0 in RN,
e funs 7 () — f(u(z))
ups (1)) — flu(x))
Che () = up () — u(x) it upe 7 () # u(z),
0 if ups - () = u(x).

Therefore, the Hopf lemma for the fractional Laplacian (see [28, Lemma 1.2]) gives

0> (9y)swns 7 (a) = (0,)sun+ -(a) — (0,)su(a),
in contradiction with (6.5). This proves (6.3).
Using (6.3), we deduce that
Yo, =80—-72Q,
which in turn implies (6.1).

Now, we deduce from (6.1) that the function ¢ is necessarily a constant, i.e. {2 is a half-space (and
this concludes the proof of Theorem 1.4).

Indeed, if by contradiction ¢ is not constant there exist 2/, 7, € RY~! such that () < o(x}). Let
y = (p(x]) + ¢(x}))/2. Notice that p(z}) < y < ¢(x}), and therefore

(6.6) (23,y) €2 and  (7},y) € Q.
Thus, using (6.1) with 7/ := zf, — x, we obtain that
(2, y) =11 € QCQ— (2, — 24,0).
By adding (x}, — z/, 0) to this inclusion, we find that (x}, y) € €2, which is in contradiction with (6.6).
O]
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