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Abstract

A hierarchical a posteriori error estimator for the first-order finite element method (FEM)
on a red-refined triangular mesh is presented for the 2D Poisson model problem. Reliabil-
ity and efficiency with some explicit constant is proved for triangulations with inner angles
smaller than or equal to 7/2. The error estimator does not rely on any saturation as-
sumption and is valid even in the pre-asymptotic regime on arbitrarily coarse meshes. The
evaluation of the estimator is a simple post-processing of the piecewise linear FEM without
any extra solve plus a higher-order approximation term. The results also allows the strik-
ing observation that arbitrary local averaging of the primal variable leads to a reliable and
efficient error estimation. Several numerical experiments illustrate the performance of the
proposed a posteriori error estimator for computational benchmarks.

1 Introduction

1.1 Averaging of the dual variable

Averaging techniques are extremely popular in finite element applications because of their ob-
vious simplicity and universality as well as their observed amazingly high accuracy in many
numerical simulations [ZZ87]. Their theoretical foundation is less obvious and, in many appli-
cations, the use of averaging schemes remains indeed doubtful; see [Car04, ICBKO01) ICB02,
BCO02, ICF01]| for positive results. The simplest setting for an explanation of dual and primal vari-
ables and their averaging is the 2D Poisson problem with given right-hand side f € L?(Q2) ina
polygonal Lipschitz domain €2 and a unique weak solution u € H& (Q)to

—Au=f inQ and u=0 ondf2. (1.1)

The primal variable u (displacement or velocity, etc.) and the dual variable p := Vu (flux or
stress, etc.) are approximated by a finite element solution u;, € Vi(T) := Pi(T) N Hi ()
with

a(up,vp) = F(vp) (v, € VI(T)).
Here, P,(7) denotes the piecewise affine functions with respect to a triangulation 7 and
H_J () is the standard Sobolev space (cf. Section below for more details). In fact, u (resp.
uy,) is the Riesz representation of the functional I € H~'(Q2) defined by F'(v) := [, fv dx
(resp. Flv, () € Vi(T)") in the Hilbert space (H;(£2), a) (resp.
(VA(T), alv;, ()= vi(7))) With energy scalar product

a(v,w) = /QVU -Vw dx (v,w € Hy(Q))
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and induced energy norm [|e|| := a(e, ®)'/2.

The justification of dual averaging (namely flux or stress averaging) was in dispute between
engineers and mathematicians for a long time until it became clear that all averaging is reliable
in the sense that
lu = unll < 1 min_||py — gall + 2 0sc(f, N)
an€Q(T)

for any piecewise polynomial subspace Q(7) of H(div, (). The discrete flux p, := Vuy, is
approximated by any post-processed q;, with respect to the L? norm |[e]| := ||e]| 12() and
osc(f, N) denotes node-oriented higher-order data oscillations. The constants c¢; and ¢y de-
pend on the interior angles in 7 and the polynomial degree < k of

Q(T) C Pu(T)? N H(div, Q)

but are independent of u, f or any mesh-size in 7. The reliability proof goes back essentially
to the dominance of the edge contributions in standard residual-based error control by [Rod94]
and can be found in [Car99, ICV99] for the Poisson problem at hand and in [CB02, ICF01] for
related problems.

1.2 Averaging of the primal variable

The situation is less clear for primal averaging where the primal variable uy, is post-processed
by some vy, € H&(T). The standard justification is based on some super-closeness result

I = vnll < es llun = vall (1.2)
for some known v, € H}(£2) and 0 < ¢3 < oo. A triangle inequality shows
lle = wnll <l = onll + flon = unll < (1 + ¢5) flun = vall

and therefore leads to reliability of the computable term ||uj, — vy|. The main difficulty is the
proof of (1.2) for the post-processed approximation v;,. Super-convergence results are employed
to justify (1.2) or even some estimate

lu —vp|| < qfluw—un| forsome0 < q < 1. (1.3)
In this case, a triangle inequality leads to
lw = wnll < llw = wnll + flun = onll < g llu = unll + flun = val
and hence leads to reliability of the error estimator ||u;, — v || in the sense of
lu—unll < (1= q) ™" lun — wnll -

We refer to [CGG15, IDN02, [Noc93| [Ago02] for some positive results of the type up to per-
turbations in form of oscillations or higher-order approximation terms. Those results play an im-
portant réle in the dual weighted residual method [BR03|,[BRO1] as well as in the hierarchical er-
ror control [BS93), BW85, |AOQ0, I BEK96,|IAAAQ4|. The first main difficulty is the trade-off of com-
putational costs versus accuracy: If vy, denotes a higher-order approximation (e.g. a quadratic



FEM approximation [DN02]) or an approximation of a red-refined mesh red(7") [Noc93}[CGG15],
positive results are known which even lead to convergent adaptive algorithms like [FLOP10].
However, the computation of v, may appear to be too costly. The second difficulty is the fact
that super-convergence requires higher smoothness of the exact solution « and may even
be observed solely in the asymptotic regime for very fine meshes. It usually remains unclear
whether a given triangulation 7 (e.g. Tz from Figure[1) is sufficiently fine or how the constant
q or c3 can be computed for the mesh 7 at hand.

1.3 New hierarchical error estimator

Given a triangulation 7z and its red-refinement 7}, with P; conforming FE solution u;, and P
interpolation Iy, on Ty, the estimator 1y, := ||u, — Iouy|| is a reliable error estimator in the
sense that

lw = wnll < 4/V7(mn + llu = ual),

where u is a P, best approximation to u. This follows from Theorem below. The higher-
order term can be controlled by

lu — will < Cy(nn + ose(f, {w- | 2 € N'}))

with some generic constant C'; and patch-oriented oscillations of the right-hand side f as
proven in Corollary [3.7 below.

The hierarchical error estimator also justifies some refinement of [CV99] in the sense that the
error ||u — uy|| is controlled by the edge-contributions [Ouy,/Ovr| over all edges F'in T, which
do not belong to the skeleton of 7 plus patch-oriented oscillation terms.

1.4 Example for coarse mesh

A simple example for the Poisson model problem with right-hand side f = 1 shall motivate
and illustrate the limitations of the error analysis carried out in this paper. The square domain is
divided into two triangles which form the triangulation 7 := {17, T} of Figure The discrete
solution u, € P;(Ty,) is evaluated on the uniform red-refined mesh 7, = red(7y). The error
estimator 7);, defined above is a simple postprocessing into piecewise quadratic polynomials
on the coarse mesh and does not require any global solve. Theorem [2.2|implies [|u — uy|| <
4/\/7% + h.o.t. despite the fact that u;, and uy := Iyuy, both feature just a single degree of
freedom (a5 of Figure. By CoroIIary the higher-order term h.o.t. < C'n;, with an unknown
constant C'; which depends only on the interior angles of 7. In other words, ||u — uy| <
(4/\/7 + C1)ny, is a guaranteed upper bound even for the coarse mesh of Figure A simple
calculation in Subsection [4.1]yields

lluw — un|| < 4/v7as + hot. = 0.0945 + hot.

Compared to a reference solution e evaluated on a fine mesh, the error estimator overesti-
mates the error ||u.s — up|| = 1/16 by the factor 3/2 if the higher-order term were negligible.
However, since here h.o.t. = 0.0452, it initially has the same order as the error estimator
nr, = 0.0650 and leads to an even larger overestimation.
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Figure 1: Simplest triangulation 7 of a square domain with single degree of freedom a for the
quadratic interpolant lou, € PQ(TH) [left] and red-refined triangulation for the evaluation of the
discrete solution uy, € Py (red (7)) [right].

1.5 Main results

This paper contributes to the important questions discussed above and leads to the following
new results.

(a) The design and analysis of an averaging a posteriori error estimator for the primal variable
based on the approximation of u on two function spaces of different approximation order.

(b) An interesting observation that the inner jumps on a patch induce a norm equivalent to the
error estimator and thus equivalent to the error. This refines [CV99] for red-refined meshes.

(c) The striking general result that any local averaging is reliable even pre-asymptotically. This
complements the results in [CV99, ICB02, |IBC02] and [FLOP10].

1.6 Outline

The remaining parts of this paper are structured as follows. In the next section, the Poisson
model problem and the employed function spaces are introduced in some detail. We recall and
extend the framework of [CP07] before we define and analyse an hierarchical a posteriori error
estimator which is reliable and efficient asymptotically. By the reduction to a finite-dimensional
generalised eigenvalue problem, an explicit upper bound for the error is determined in Sec-
tion |2, Section [3| examines the interesting equivalence of the error estimator and the jumps of
the solution on inner edges on each red-refined triangles. Subsection establishes that all
local averaging is reliable. Numerical examples in Section [4|demonstrate the accuracy of the a
posteriori error estimator of Section [2with efficiency indices in the range of 2 to 4.



1.7 Basic notation

Throughout this paper, the standard notation for Lebesgue and Sobolev spaces is utilized [Bra07,
BS08]. In particular, Hl(Q) is the Sobolev space of L2-functions with square integrable first
order derivatives on () and H1/2(8Q) denotes the corresponding trace space; V is the gra-
dient and D? is the Hessian. We assume €2 C R? to be a Lipschitz domain with polygonal
boundary 0f2 partitioned by a regular triangulation 7 into triangles. Any pairwise intersection
of distinct triangles is either empty, a vertex in the node set \V, or an edge in the edge set £.
Subsets of £ are the boundary edges £(J2) := {E € £ | E C 9Q} and the interior edges
E(Q) := &\ £(0N). The vector space of polynomials of maximal degree k£ € Ny on a triangle
T is denoted P, (7") and, correspondingly,

P(T):={ve L) VT € Tv|r € P(T)}

for the triangulation 7. For two adjacent triangles 7'y, T € T with E € £, E =T, NT_ and
uniquely defined normal vector vz on E, the jump of a function v € H*(Q2)? over E € £ is
denoted by [v]g := v|r, — v|r_, where vg = vr, |p = —vr_|g. The restriction of a function
onto some edge is to be understood in the sense of traces. We define the diameter of some
T €T (resp. E € &) by hy := diam(T) (resp. hg := diam(FE)) and its area by || (resp.
length |E| = hg). Additionally, let the piecewise constant functions Ay : Q@ — Fy(7T) and
he : Q2 — Py(E) be such that, forany 7' € T and E € &, hy|r = hr and he|gp = hg.

The red-refinement red(T") of a triangle 7" results in a partition into four congruent sub-triangles
by connecting the edge mid-points mid(E(7")) by three new edges.

On some triangle ' € T, we define the integral mean of f € L*(Q) by fr := [, f dz/|T|
and the oscillation by

1/2
osc(f,T) = hr || f = frllp2ry and osc(f,T) := (Z osc?(f, T)) :

TeT

Givenany z € NV, let
T(z)={TeT|zeT} and &(z):={F€&|z€E}.

The patch of z is given by w, := int (U{T" € T | z € T'}). Oscillations subject to patches are
defined in the same way as before and denoted by osc(f, N) := (3o 05¢*(f, w,))Y2.

To avoid unnecessary miscellaneous constants, we employ the notation a < band a ~ b to
denote a < Chand b < a < b with generic constant C' which only depends on lower bounds
of interior angles of triangles in 7.

2 Primal Averaging on Large and Small Patches

We consider the Poisson model problem on the open bounded Lipschitz domain 2 C R? with
polygonal boundary 92 =: T". Moreover, up € C(T') N H*(E(T)) = {w € C(") | VE €



ET),w|p € H?*(E)} is the inhomogeneous Dirichlet data extended to a (e.g. harmonic)
function up € Hl(Q). The exterior unit normal along the boundary is denoted by v. With
source [ € L?(2), the model problem reads

—Au=f in §2,

(2.1)
U = Up onI.

We introduce two finite-dimensional spaces used in our error estimator. Let Tz be a regular
triangulation of 2 C R? with its set of nodes N and the uniform red refinement 7, =
red (7 ) with its set of nodes N}, k € N. The corresponding test spaces read

Vi = Pi(Tp) N Cp(Q) and Vi = Py(Ta) N Cp(Q), (2.2)

where Cp(Q) := {v € C(Q) | v|r = 0}. We make use of the nodal interpolation operators
L:0Q) = P(T,)NCE) and I: C(Q) — Po(Ty) N C(Q).

Note that the standard definition of I, in P,(7;) uses the nodes of T, and so Io]; = I5. Since
for an arbitrary continuous Dirichlet boundary function up, the approximation on the boundary

is not exact, we introduce upy € P (Ty) NC(2) and up, € Pi(T,) NC(2) as some suitable
approximations to up when restricted on I' [BCDO4].

Throughout this paper we assume that the following compatibility condition for the Dirichlet data
on the spaces 1/ and V5 is satisfied,

upy, = LHyup € P1(771) N C(Q),
UpDH — IQUDh = IQUD € PQ(TH) N C(ﬁ)

The weak formulation seeks u € H'(£2) with the condition u|r = up on the Dirichlet boundary
I' (in the sense of traces) such that

a(u,v) = / fodx forallv € V= {ve HY(Q) | v|r = 0}.
Q
Given a bounded linear form F' € V*, F(v) := [, fv dz,and u—up € V, the weak solution
satisfies u € up + V and

a(u,v) = F(v) forallv € V.

The goal is an estimate of the unknown error
€ :=1U— Up
for the discrete solution uy, € up, + V4 to

a(up,vy) = F(v) for all vy, € V7. (2.3)



In [CPQ7], the error estimator

= i — 24
T e I = v (24

was shown to be reliable for parameter k sufficiently large. The proof relies on the approximation
assumption

mi‘anGUDH‘FVé H|u — UH ’” _ 0(1) (AA)
MmNy, cupp+V1 mu — Un |”

5hH =
and the discrete property

‘= max min w < 1. (DP)

vieVa\{0} eV [lug|

The following theorem is an extension of the main result of [CPQ7] to inhomogeneous Dirichlet
boundary conditions.

Theorem 2.1. The aforementioned assumptions (AA)&(DP) imply

b < lel < (e win ool ) VIZF @)

+

Proof. The efficiency of 7 (lower bound) follows with the definition in (AA) and the triangle
inequality. Indeed,

n < llell +6pp min flu— ]| < (14 0nu) |le]|-
vy, €uph+V1

To show the reliability of i) (upper bound), define ey := Gse € V; as the Riesz representation
of e in the sense that
ale —ey,vy) =0  forallvy € V5.

The definition of g in (DP) implies

leall® = ale,en) = min a(e,en —va) < qllefl flexll
v EVY

That is,
leall < qllefl - (2.6)

The Pythagoras theorem yields
2 2 2 2 2
lell” = lle — exll” + llexll” < lle — exll” + ¢* llell”-
The orthogonality implies for all vy € V5 that
2
lle = enll” = ale —en, e —vn) < lle —eul lle = vall-
The combination of the previous estimates leads to

(1= "2 flell < fle = eall < min fle —vg].
vg EVa
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The splite — vy = u — vy’ — (up, — vy”) forvy’, vy"” € upy + Vo, and a triangle inequality
proves

min [le —vg| < |lu —ve'|| + lun — veg”|| forallvy’,vg” € upy + Va.
vy EVa

Since the test functions vy’ and vyg” are arbitrary, this leads to

1 — 2\/2 < . B '
(L=q" )" lell <n +, o lu — vy

This concludes the proof. O

Remark 2.1. The discrete property was verified in [CP0O7] for a sufficiently large (but un-
known) number of uniform red-refinements k. In fact, for h/ H = 2% the local inverse inequality

IHV uv|l1200y < G |10] 1200 forallv € P (Ty)
(2) )

holds with some constant ¢;,, which only depends on the angles in the triangulation 7z where
V i denotes the piecewise gradient operator. Together with a standard interpolation error esti-
mate [Bra07, [BS08, (CGR12]

IV(v = L)l 2y < C(T) |RD?0|[ 1o, forv € C(Q) N H(Ty),

this proves
q = max min M < e C(T)27F.

v €(upn+V2)\{0} vn €upn+V1 |HUH ||| N

Hence, the upper bound is strictly smaller than 1 for k sufficiently large. However, the appropriate
values for k are unclear. Numerical evidence in [CP07] supports that even £k = 1 might be
sufficient. Some computer-supported argument shows that this is in fact true for a large class of
meshes.

Theorem 2.2. Assume a regular triangulation Ty of the domain Q c R? into triangles for
which all inner angles are smaller than or equal to /2. Then ¢ < 3/4 in and ny, =
(1 = Iy)uy| satisfies

4
u—upl| < — +  min U — v .
o=l < = (m v onl)

An immediate consequence is the following error reduction for the Galerkin projection (G5 with
respect to upy + V5.

Corollary 2.3 (Saturation of postprocessing). The postprocessing Gou,y, satisfies

2 9 2 . 2
— < —lu-— m — .
e = Gaunll < 3 o= wall® +min - Ju = vl

Proof. By orthogonality, for ey = Ga(u — uy,) it holds

llu — Gounll* = lu — Gou+en || = leml® +  min flu—val®.
vy €upH+V2
This and with ¢ < 3/4 conclude the proof. O



Reliability of 77 is proved if ¢ < 1 holds in (DP). For the nodal interpolation operator 1, define

-1
¥ = max M <1 foralT € Ty. (2.7)
ver(T)  vlly

In fact, the following proof shows that > < 3/4 for max <((7;) < /2.

Proof of Theorem[2.2. The computer-supported proof follows in six steps, where 1" denotes
some triangle and |- || := [|V-[| 27

Step 1: Reduction to finite-dimensional eigenvalue problem

Let 1, 2, 3 denote the first-order nodal basis functions of the three vertices of the triangle 7'
and define the edge-bubble functions

1

5 .
bj == pjy1j-1 — 5(90j+1 + 1) + 35 o= 1,2,3. (2.8)

Here, the subindex j + 1 is to be understood in the sense (j =1 mod 3) + 1.
Lemma 2.4. On any triangle T" € Ty it holds

lo = Liolly _ [ = Lol
veP, (TR |v]l 1 vespan{bybo,bs N0} vl

Proof. Given any v € P5(T)/R with ||v — L1v|; > 0 and [Jv]l; > 0, suppose [ v dx =0
and set M := |T|"! [, Vv dv € R% Then w(z) = v(z) — M - (v — mid(T)) forx € T
satisfies v — I1v = w — [;w and (by orthogonality Vv — M 1 R?)

2 2 2 2
lvllz = Nwlly + [MPT] = fJwll -

Consequently,
lo— Livlly _ flw—Lwly lu — Lully

lollz = llwlly  — wervioy flufl;
for U := {u € P(T) | [,udx =0, [,Vudx = 0}. A direct calculation with
proves that by, b, b3 belong to U and form a basis of U. Since v € P,(T)/R is arbitrary,

this proves the asserted inequality “<” of the lemma. The inequality “>" is obvious from U C
Py(T)/R. 0

Step 2: An eigenvalue problem on the reference triangle

It is instructive to first examine the eigenvalue problem on the reference triangle
Tret := conv{(0,0), (1,0), (0, 1) }. Lemma[2.4]leads to the maximisation of

|”.§L’1(bl — [1b1> -+ I‘Q(bg — [1()2) + LE3(b3 — Iﬂ)g)’”% _ T - Ax (2 9)
mIlbl -+ LL’QbQ -+ Igbg |||§1 z- Bz '

9



for z € R? while the 3 x 3 symmetric positive definite matrices A and B read
Ajp = / V(bj — Ib;) - V(b — I1by) dz forj,k=1,2,3,
T
Bjk‘ = / Vb] : ka dx for j, k= 1, 2,3
T

The computation of the matrices yields

1 2 -1 -1 1 2 -1 -1
— | -1 2 0 and By =—1[-1 4 0

Aref::
B\_1 o 2 36\ 1 o 4

The evaluation of (2.9) amounts to solving the generalised eigenvalue problem A,.;x = ABisx
the largest eigenvalue of which represents the upper bound ¢q. This leads to the eigenvalues
3/4, 3/8, 1/4, which proves (2.7) with >z = 3/4 on the reference triangle.

Step 3: Eigenvalue problem on arbitrary triangle

Without loss of generality, suppose 7' = conv{(0,0), (1,0), (a,b)} for 0 < a,b < 1. With
a:=a—a’—b?>and B := a® + b%. The matrices A and B read

l—« o a—1

1
:E l—-a —a |,
a—1 —a 1-—-«
(2.10)
1 b+a+1 a—pf a—1
=36 a—p [f—3a+3 —a
a—1 —a 36 —3a+1

Some direct calculations prove that
A 1 1) =14B(1 1 1)"

independent of the parameters o and [3.

Step 4: Evaluation of the eigenvalues

The eigenvalue problem of step 3 allows a closed form solution of the three eigenvalues. As seen
from above numerically, the smallest of those is A\; = 1/4. The other two eigenvalues Ao, A3
are complicated polynomial functions of the parameters a and b. We provide the symbolical cal-
culations in the form of a MuPAD session (the symbolical toolbox of Matlab) as supplementary
material on request.

Figureshows the graph of the largest eigenvalue A3 (a, b) for 0 < a, b < 1 which corresponds
to the triangles 7" = span{(0,0), (1, 0), (a, b) }. The plot on the right-hand side depicts the
clipped eigenvalue A3(a,b) := min{A3(a,b), 1} for better visualisation of the crucial area

10
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Figure 2: Largest eigenvalue )., for generalised eigenvalue problem (2:9) with matrices (2.10)
on arbitrary triangles conv{(0,0), (1,0), (a,b)}, 0 < a,b < 1 [left] and clipped graph
(a,b) — min{ A, (a,b), 1} [right].

along the half circle around (1/2, 0) which is indicated with a function value of 1. It is apparent
that for all coordinates outside of the half circle, function values smaller than 1 are assumed. In
fact, since A3 is 3/4 along the half circle (see Step 5) and the numerical experiments suggest
that the largest eigenvalue is strictly smaller than 3/4 with triangles for which all inner angles
are smaller than or equal to /2.

Step 5: Discussion of special cases

The initial examination of the reference triangle also has a practical relevance since the result
applies to meshes consisting of squares which are halved diagonally.

For the curve defined by (a — 1/2)? + b* = 1/4, i.e. the circle with center (0,1/2) in the
upper half plane, the solution of the eigenvalue problem greatly simplifies. Note that by this we
define the triangles which are right-angled at (a, b). The substitution of b leads to the same
eigenvalues as on the reference triangle, independent of a.

Step 6: Finish of the proof

The result of step 4 carries over to arbitrary triangles since rotation, scaling, and translation do
not change the eigenvalues. Thus, for appropriate triangulations, ¢ = 3/4 in (DP). The stated
result immediately follows from Theorem 2.1 O

3 Equivalence of Norms

This section establishes the equivalence of the error estimator 7);, of the preceding section and
some norms defined by edge jumps.

11



3.1 Equivalence of 7);, with edge-jumps

We first show the equivalence of the error estimator 7);, with the norm of the jumps on some but
not all interior edges. Consider a triangle 7' € Ty and its red-refinement red(7") C Ty, with
interior edges { F1, F», F3} =: F(T) and degrees of freedom ar := (a, ..., ag) depicted
in Figure 3| Let o := (¢1,...,pg) denote the nodal quadratic basis functions with respect
to the nodes z1, ..., x5 € Nj. Recall V; and V5 from and the associated interpolation
operators /; and Is.

s a3
q q
Q35 e 34
F: «
(673 3 (67] (071 §5 (67]
F, Q15 Osg [ Je2T IR Xe% Y
F
aq Qg &%) a1 g G Qg (2
Figure 3: Degrees of freedom «, ..., ag of a P, triangular element T € Ty with indicated

interior edges F (1) = { F}, F», F3} after red-refinement of 1" [left] and degrees of freedom for
Py(red(T)) [right].

Proposition 3.1. On any triangle T € Ty,

, , 1/2
lonll 77y = <Z | £l “avh/aVFj}Fj‘ LQ(F'))

J=1

defines a semi-norm for v, € Vi + V5 and satisfies the equivalence
nr(v) = [[(1 = L)onllp = (1 = L)vnll 7 -

Proof. The assertion is an equivalence of the semi-norms [|e[|,, and ||e|| ., in the three-
dimensional vector space

Vs i=(1-L)Vi +Va)|r = (1= L)Vilr.

Given any vs € Vj, there exists v1 € Vi|r with u3 = (1 — Iy)vq|p. In case ||us]; = 0,
vs € P(T) with v3(z;) = 0forall j = 1,...,6. Therefore, v = 0.

In case |[vs|| 77y = 0, Vvs has no jumps in normal direction along F} for j = 1,2, 3. Since
there are no jumps in tangential direction on all I';, Vvs is continuous on 7'. Hence, Vv, is
constant on 7" which implies that v; € P;(T'). From Iyvy = vy itfollows that v = (1—1I3)v, =
0.

Since | e ;- and || || =, are equivalent norms in the finite-dimensional space V3, the assertion
cr el < H.H]-'(T) < Cy || o] follows with equivalence constants ¢; and Cs which may
depend on T'. A scaling argument reveals that these constants may in fact depend of the shape
of the triangle but not on the size hy := diam(7). O
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Corollary 3.2. For Fiy := {F; : F; € F(T) | T € T}, it holds

m = (1= L)u|® =~ Z || ||[auh/aVF]F”iQ(F) .

FeFint

Proof. This follows from the observation that V I,uy, is continuous along any interior edge [; €
Fine. Hence,
(L = L)unl| zr) = llunll gy forT €T.

This and Proposition [3.7]lead to

2
M = Z 17 (un) ~ Z l[unll T - o

TeT TET
Corollary 3.3. It holds
M S llu = unl| + ose(f, Tn).

Proof. This follows from Corollary [3.2|and the well-established efficiency of the jump residuals,
e.g., see [Ver96)]. O

3.2 Refined explicit residual-based a posteriori error control

It was shown in [CV99] that the error u — wuy, is bounded by the edge jumps of u;, € up, + V
plus nodal-patch data oscillations. The key theorem of this section extends this result by a
restriction to the interior edges Fi,.. Moreover, it enables the control of the higher-order term in
Theorem 2.2 by 7);, and data oscillations.

Throughout this section we assume that each triangle in Tz has at least one vertex in {2. We
recall the main result of [CV99] (also see [Car99, [Car04]) which is generalised by Corollary [3.6|
and used in the proof of Theorem 3.5

Theorem 3.4 ([CV99]). For the exact solution u and the discrete solutionu;, € up,+ V1 to (2.3)
it holds
2 2
luw—wnl® < > [FI[0un/Ovelplla e + 05 (f, N
FEgh(Q)

Theorem 3.5. The exact solution u, the discrete solution u;, € up, + V1 and n, from Theo-
rem[2.2 satisfy

1/2
2
lw —unll < ( > IR H[auh/avF]FHLz(F)> + osc(f, M)
FeFiu

Remark 3.1. The oscillations are based on the coarse patches w, for z € Ny. The assertion
remains valid if osc(f, {w. | 2 € Ny }) is replaced by the oscillations osc(f, {w" | 2 € N, })
with respect to the fine triangulation. This is seen from an equivalence of norms argument that
leads to

osc(f,w,) < osc(f, {w;} |y € Nu(w.)})

for any 2 € N and interior nodes NV}, (w. ) of w, in the fine triangulation. (For a proof, consider
f piecewise constant first.)

13



Before the proof of Theorem concludes this subsection, some corollaries are in order for
which we define the skeleton of 7, by F := {F € £,(Q) |VE € €y, F € E}.

Corollary 3.6. The exact solution u and the discrete solution u;, € up, + V1 satisfy

lw — unll < nm + osc(f, Na).
Proof. This follows from Theorem 3.5 and Corollary 3.2 O

The following corollary justifies to neglect the higher-order term in Theorem even pre-
asymptotically at the expense of patch-oscillations and another constant.

Corollary 3.7. The discrete solutionu;, € up,~+V; and the error estimatorny, from Theorem|2.2
satisfy
min flu — vy S 1 + osc(f, M)
vy Eupn+Va
Proof. Since Iuy, € upy + V2, a triangle inequality and Theorem [3.5]imply
i — < -1 < —
pplpin e —vgll < flu = Lunll < flu — sl +

<y + ose(f,Np).O

The reliability constant is hidden in the notation "<".

Small data oscillations bound 6y, ;.

Corollary 3.8. The exact solution u. and the discrete solution u;, € up, + V1 satisfy
Ot S L+ osc(f, Na)/ llu — uall -

Proof. Corollary[3.7]yields

miny, cupytv [l — vl na + 0se(f, M)

Ont = —— <
Ty, cupy V4 [[4 = o] llee = wa
This and Corollary[3.3] conclude the proof. O

Proof of Theorem[3.5. The proof follows in three steps.

Step 1: Design of ¢1, . .., ¢;. Consider the patch w, of the interior node z € Ny in Figure
which is the union of J triangles w, = int(Uj:1 T;) with T; € Ty and E; := conv{z, P;} for
j=1,...,J. We design functions ¢, € V; N Cy(w,) such that

/gbjdas:O and |Ej|1/ ¢rds =10, for j=1...J. (3.1)
Wy E]'

Such functions can be constructed explicitly with the nodal basis functions ¢; € V; in the fine
triangulation 7}, associated to mid(E;) with \Ek\*l fEk Y ds = 6;1/2 and Yy = @, —

14



Py

P
J P

Figure 4: Patch w, in Tz for node z € Ny with triangles T}, ...,T; € Tg in the proof of
Theorem [3.51

ijl Y;. Here, ¢, € Pi(Ty) N C(w,) is the nodal basis function of the node z € Ny with
respect to the coarse triangulation Tz. Then,

Yods=0 and |w2|1/ Yo dx = —1/6.

Ey

With o; = 12 |wZ]_1 fwz Y; dx, the function ¢; := 2v; + ;1) satisfies the first equation
in (3.1). The second follows from the definition of ¢, along any edge F; and fE o ds =
J

2 [, Vi ds = 0 | Ejl.

Step 2: Two semi-norms. Let &, (w,) consist of all edges in the fine triangulation 7, which
belong to &, but do not lie on Jw, . Let Fi, (w. ) be the set of all edges F in &, (w,) outside the
skeleton | J £ of the coarse triangulation 7 in the sense that F' ¢ Eforany £ € Ex(w,) 1=
\H{E € &y : z € E}. In other words, the edges in Fi,(w,) are generated as interior new
edges of triangles K € Ty in the red-refinement of T; cf. Figure [3| for an illustration on one
triangle. For any v, € Vj(w,) := {v1|,. : v1 € V1}, the expressions

1/2
pronl) = [ WOw /vl | and 2
FEE) (ws)
1/2
2
po(onle) = D 0vn/0vel gl (3.3)
Fe]'—inl(wz)

J
2
j=1

define two semi-norms on V; (w, ). The second semi-norm ps includes some (but not all) interior
edges of the finer triangulation 7, and adds the functions ¢; € P;(7,) N C(w,) associated
with the edges of £ (2) from (3:1). Proposition 3.1|asserts that the first term in the definition of
p2(upl.,) is equivalent to the error estimator 7 (w ) := [[V/(1 — I2)un| 12,.)-

/ V¢J . V’Uh dx
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For the equivalence of p; and ps, we first consider u;, € V7 with py(vp|..) = 0. It immediately
follows that v, € P;(w.) and the first term of ps(vp|..) in (3-3) vanishes. An integration by
parts and [Vvp,]z, = 0 lead to

/ Vo, - Vo dx—/ Ovn ¢; ds = 0. (3.4)
ws 5, LOVE, E

Hence, the second term in also vanishes and po (v, ) = 0.

In case u;, € V) satisfies pa(vp|w.) = 0, the vanishing first term in implies that v, €
Pi(Tu(2)) N C(w,). The second term in also vanishes and (with constant [Vuy]p, €
Py(E;; R?)) holds for v, € Pi(Tr(2)). Hence, [Vuulg, = Oon Ejforj = 1,...,J.
This implies v, € P;(w,) and so p;(vpl,,) = 0. A scaling argument reveals that the equiva-
lence constants in p; & py on {vy|.. | v € Vi } factorised by P;(w,) = ker p; = ker ps do
not depend on the patch sizes and solely depend on the shape of the triangles involved.

Step 3: ProofofTheorem For f. == |w.| ™" ., [ drandosc(f,w,) := diam(w.) [|f — f2ll (o)
the discrete solution u;, € V7 to (2.3) and (3.7) followed by a Poincaré inequality lead to

J
Jj=1

J

-3 /wz(f—fz)@' da

< dian(w:) 1 = foll sy = 05elf ).

Recall that Tz (2) :== {T € Tu | z € N(T')}. Step 2 leads to

/ Vu, - Vo dx

pr(unle.) = pa(unle.) S llunll 7.y + osc(f; w2)

1/2
where ||up| 7., = (ZTGTH(Z) HuthT(T)) . The sum of all those interior patches with

their finite overlap and the assumption that each triangle has at least one vertex in the interior
of the domain results in

LHS := Y [F[[[0un/Ovrlpliae S > plunl.)
Fe&L(Q) zENH(Q)
5||uh|2}—im+ Z osc?(f,w.).

Here and throughout,
1/2

= | 2 D IFIOu/OvE]rl )

TeTy FEF(T)
Since Theorem [3.4]guarantees
llu = wnll® < LHS + osc*(f, i),

the preceding estimate of LHS proves

[[un]

I = unll S flunl

7o T 0s¢(fy Nar).
Remark [3.1]shows osc( f, V) & osc(f, V}) and concludes the proof. O
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3.3 Piecewise averaging is reliable

This subsection is devoted to the proof that, surprisingly, arbitrary local smoothing of the primal
variable uy, € upy,+ P (red(T))NCp(2) leads to a reliable error estimator. For this, we define
the nonconforming distance on some triangulation 7 by

1/2
distne (un, Pr(T)) == <Z distj . (un, Pk(T)))
TeT
with the best-approximation error disty.j_(ux, Pr(T)) of the orthogonal projection of wuy, onto
Py (T) with respect to the energy norm on 7" € T. The following main result holds for any
polynomial degree k.

Theorem 3.9. For any exact solution v and discrete solution uy, € up,+ Py (red(7))NCp(2)
and any k > 0, there exists some constant C'y which depends on the inner angles in T and on
k (but not on the mesh sizes or number of elements in T ) such that

llw — un|] < Cy (distxe(un, Pi(T)) + osc(f, Ny)) . (3.5)

Proof. Define the seminorms p3 and p4 foreach T € T and v, € C(T') N Py (red(T")) by

ps(vn) = | Y 1F|10vn/0ve |72,

FeFinm
p4(vh) = diSt|||.mT(’Uh, Pk(T))

Since p4(vy,) = Oimplies vy, € P,(T)) C C'(T), all the interior normal jumps disappear for vy,,
i.e. ps(vp) = 0. This holds for £ = 0,1,2, ... and allows an argument along an equivalence
of norms to prove p3(vy,) < C(k)ps(vp,) forall v, € Py(red(T")) NC(T). A scaling argument
shows that the constant C'(k) (possibly depending on the degree k) is independent of the size
of the triangle T but may depend on a lower bound of the interior angles in T'. Hence, the
inequality p3(us|r) < p3(up|7) holds for each T' € T. The sum over all T € T yields

Z |F| Hauh/aVFHi?(F) S Z diStﬁ.mT(uh, P(T)).

FeFin TeT

This and Theorem [3.4] conclude the proof. O

Remark 3.2. Several remarks are in order to elucidate the key point of the theorem and put it
into perspective with previous results.

(1) Theorem[3.5|is a refinement and generalisation of the main result in [CV99] given by Theo-
rem[3.4] The new result states for 7 = red(7 ) that only a subset of edges (i.e. the interior
edges for any coarse triangle K € Ty) are required in the error estimator.

(2) An elementwise inverse estimate allows the control of

distyc(un, PL(T)) & min_ [[b7! (un = o)

The proof considers any K € T with up|x € Pi(red(7)) N C(T) and two seminorms p
and ps(up|k) = h;l min, e p, (K) llup, — UkHLQ(K)-
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(3) Opposite to other hierarchical error estimators, no saturation assumption is required through-
out this paper.

(4) The efficiency of the error estimator can be derived easily in two different ways. First, the
error estimator 7, was shown to be efficient. Since the norm subject to the inner edges is
equivalent to 7, (see Subsection and thus is also equivalent to the error estimator in
Theorem Then, efficiency is immediate.

Second, efficiency can be shown by projection of the locally smoothed functions onto the
conforming space Py (7). Since the conforming error estimator is known to be efficient and
since it results in larger values than the nonconforming error estimator, efficiency of (3.5) is
proved.

(5) The work [FLOP10] considers mesh-refinement on the level ¢ with respect to some related
quantities 11, and i, with

distnc(ue, P1(T)) < [[Vug — T Vg =: fie < pap.

Therefore, this work provides reliability of the error estimators in [FLOP10] even for pure
red-refinements.

4 Numerical Experiments

This section is devoted to the practical performance of the presented a posteriori error estima-
tors and the higher-order properties as well as the observed efficiency indices. In each iteration
step, the adaptive algorithm evaluates the local error contributions of 7);, subject to the numerical
solution wy, of and selects a minimal set M C T such that On,* < 1,%(M) (Dérfler or
bulk marking) with © = 0.3. The efficiency is measured by the efficiency index

efty, := 4/ (VT [lel]). (4.1)

We neglect the higher-order term of Theorem [2.2)since it is controlled by 7, and oscillations as
shown in Corollary [3.7] Consequently, the estimates are no longer guaranteed error bounds.

4.1 Minimal cross grid of square domain

The introductory example of Subsection[1.4]states the very good performance of the hierarchical
error estimator even in the pre-asymptotic case on the coarsest possible mesh of the square
domain. Figure [1| depicts the coarse mesh Ty (left) and the red-refinement 7, = red(7x)
(right). The respective spaces V5 and 1/} have only the center degree of freedom a5. To evaluate
the error estimator 7, (uy,) = || (1 — I2)uy||, only the triangles T3 and T, have to be considered
due to symmetry. The shape function ¢5 € V5 associated with as is given by ¥5(z, y) = 4xy,
the P, shape functions 3, o4 € Vi are defined by p3(z,y) := 2y and p4(z,y) := 2z +
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2y — 1. An integration of the difference of the respective P and P, shape functions on the two
triangles yields

E3 = |V(¢5 — 903)|2dl'

T3

1 11—z
:4/ / (42% — 4z + 49> +1) dydz =1/6
1/2Jo
and similarly for triangle 7

E4 = |V(¢5 — 904)|2d$

Ty
1/2  p1/2
:8/ / (22° — 22 +2y° — 2y + 1) dydz =1/6.
0 1/2—x

The solution uj, € P;(red(7Ty)) for the model problem with homogeneous Dirichlet boundary
conditions is given by ci; = 1/16. We sum up the integrals to obtain the error bound

H|u — Uh”‘ S Crelnh + h.ot. = Crelaf)\/ 4E3 -+ 2E4 + h.o.t.
= 4/vTas + hot. = 0.0945 + h.o.t.

4.2 Waterfall example

Figure 5: P, solution of the waterfall problem of Section (left) and adaptively refined grid
(right).

We choose f in according to the exact solution of the waterfall problem
u(e,y) = ey(1 = 2)(1 - y)atan (10y/(e = 5/4)7 + (y + 1/47 — 1)

on the square domain 2 := (0, 1)2 with zero boundary condition on J€2. The solution exhibits a
steep gradient inside the domain in diagonal direction shown in Figure 5] The adaptive algorithm
produces a refined grid along the edge of the “waterfall” and the energy norm of the error is O (h)
for uniform and adaptive refinement as can be seen in Figure 6|
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10° | 1
10_1:‘ E
N (uniform)
N (adaptive)
107 - | =¥ efficiency E
—— % 1
10_3:,....| e ] R | P | N | M
10’ 10° 10° 10° 10°

Figure 6: Estimator 7, of Theorem dnm (AA), energy error and efficiency index (4.1) for
waterfall problem on square for adaptive and uniform refinements.

4.3 L-shaped domain

1 ‘ - 1
0.8 0.8
2 S S
0.6 e SR 0.6
0.4 %% 0.4}
0.2 1 o2f
=
0 — 0
av:
<
-0.2 PR 1 -02r
<
=2
-0.4 4 -04F
-06 : 1 -osf
08 = 1 o8
==
» ‘ ‘ ‘ ‘ ‘ » ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
41 08 -06 04 02 ©0 02 04 06 08 1 -1 -08 -06 -04 02 0 02 04 06 08 1

Figure 7: Adaptively refined L-shaped domain of Section[4.3](left) and slit domain of Section 4.4
(right) which show strong refinement at the singularities of the solutions.
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On the L-shaped domain €2 := (—1,1)?\ [—1, 0]? the model problem(2.7) is evaluated with f
according to the exact solution
u = 13 sin(2p/3).

10 :'"'I T TorTrTTTT T T TTTTT T L T T T
10° | E
107 F ;
N (uniform)
102l N (adaptive) |
- | == efficiency
1 0.5
H" error
—— 4 1
10_3““I1 — ..““IZ — ‘.““IS — ‘.““I4 — ‘.““IS
10 10 10 10 10

Figure 8: Estimator 7y, 055, energy error and efficiency index for solution with singularity at
re-entrant corner of L-shaped domain of Section [4.3|for adaptive and uniform refinements.

Since the solution exhibits a singularity at the origin, the energy norm of the error is of reduced
order O(h*?) when uniform refinement is used. The full convergence rate can be regained
when applying an adaptive refinement procedure based on the presented a posteriori error
estimator. An indication for the inefficiency of the uniform refinement also can be seen when
examining the plots of 9,z in Figure Clearly, the term is not of higher-order and the refinement
process thus is not capable to adequately improve the approximation.

An adaptively refined mesh based on the hierarchical error estimator is shown in Figure [7] (left).
Clearly, the refinement is concentrated around the singularity of the solution at the re-entrant
corner at the origin.
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4.4 Slit domain

On the domain © := (—1,1)%\ ([0, 1] x {0}) the model problem is evaluated with f

according to the exact solution

w=r"sin (190) — = (rsin())?

2 2

with zero boundary condition on 0f2.

1 TrTTT T | T L | T L |

10 F E
100 3 1
A\~ 4 \ > vﬂ
107k .
N (uniform)
N (adaptive)
|| —— 1 efficiency 05
107 1 ' ~ ;
g H" error ]
- | —6— "% 1
10’ 10° 10° 10 °

Figure 9: Estimator 1), 05,17, energy error and efficiency index for slit domain of Section [4.4] with

singularity at the slit tip at (0, 0) for adaptive and uniform refinements.

As in the previous example, the solution exhibits a singularity at the crack tip. Again, the con-
vergence rate is reduced in the case of uniform refinement and it can be recovered with an
adaptive refinement based on the hierarchical error estimator. Moreover, when examining & i
in Figure[9] it becomes clear that the higher order solution on the coarser mesh only can provide

the required order if an adaptive algorithm is chosen.

An adaptively refined mesh based on the hierarchical error estimator is shown in Figure[7(right).
As before, the refinement is concentrated around the singularity at the slit tip at the origin.
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4.5 Overall conclusions

Some concluding remarks summarise the observations gathered from the numerical experi-

ments.

(a) The error estimator 7);, behaves reliably in all benchmarks although the higher-order ap-
proximation term is neglected. This follows from the convergence history plots where 0,y
is significantly smaller than one. The latter is observed for the coarsest mesh while even
Ona — 0 as the level / — oc.

(b) The weighted error estimator 77, /1/1 — ¢ exhibits an efficiency index between 2 and 4.

(c) In all numerical examples, the adaptive algorithm performs better than uniform refinement
and is able to recover an even optimal convergence rate.

References

[AAAO4]

[Ago02]

[AO00]

[BCO2]

[BCDO4]

[BEK96]

[BRO1]

B. Achchab, S. Achchab, and A. Agouzal, Some remarks about the hierarchical a
posteriori error estimate, Numer. Methods Partial Differential Equations 20 (2004),
no. 6, 919-932. MR 2092413 (2005k:65225)

Abdellatif Agouzal, On the saturation assumption and hierarchical a posteriori error
estimator, Comput. Methods Appl. Math. 2 (2002), no. 2, 125-131. MR 1930842
(2003j:65111)

Mark Ainsworth and J. Tinsley Oden, A posteriori error estimation in finite element
analysis, Pure and Applied Mathematics (New York), Wiley-Interscience [John Wiley
& Sons], New York, 2000. MR 1885308 (2003b:65001)

Séren Bartels and Carsten Carstensen, Each averaging technique yields reliable a
posteriori error control in FEM on unstructured grids. Il. Higher order FEM, Math.
Comp. 71 (2002), no. 239, 971-994 (electronic). MR 1898742 (2003e:65207)

Sdren Bartels, Carsten Carstensen, and Georg Dolzmann, Inhomogeneous Dirichlet
conditions in a priori and a posteriori finite element error analysis, Numer. Math. 99
(2004), no. 1, 1—24. MR 2101782 (2005i:65166)

Folkmar A. Bornemann, Bodo Erdmann, and Ralf Kornhuber, A posteriori error esti-
mates for elliptic problems in two and three space dimensions, SIAM J. Numer. Anal.
33 (1996), no. 3, 1188-1204. MR 1393909 (98a:65161)

Roland Becker and Rolf Rannacher, An optimal control approach to a posteriori error
estimation in finite element methods, Acta Numer. 10 (2001), 1-102. MR 2009692
(20049:65147)

23



[BRO3]

[Bra07]

[BS93]

[BS08]

[BW85]

[Car99]

[Car04]

[CBO2]

[CBKO1]

[CFO1]

[CGG15]

[CGR12]

Wolfgang Bangerth and Rolf Rannacher, Adaptive finite element methods for dif-
ferential equations, Lectures in Mathematics ETH Zirich, Birkhduser Verlag, Basel,
2003. MR 1960405 (2004b:65002)

Dietrich Braess, Finite elements, third ed., Cambridge University Press, Cambridge,
2007, Theory, fast solvers, and applications in elasticity theory, Translated from the
German by Larry L. Schumaker. MR 2322235 (2008b:65142)

Randolph E. Bank and R. Kent Smith, A posteriori error estimates based on hierarchi-
cal bases, SIAM J. Numer. Anal. 30 (1993), no. 4, 921-935. MR 1231320 (95f:65212)

Susanne C. Brenner and L. Ridgway Scott, The mathematical theory of finite element
methods, third ed., Texts in Applied Mathematics, vol. 15, Springer, New York, 2008.
MR 2373954 (2008m:65001)

Randolph E. Bank and A. Weiser, Some a posteriori error estimators for elliptic par-
tial differential equations, Math. Comp. 44 (1985), no. 170, 283-301. MR 777265
(869:65207)

Carsten Carstensen, Quasi-interpolation and a posteriori error analysis in finite ele-
ment methods, M2AN Math. Model. Numer. Anal. 33 (1999), no. 6, 1187-1202. MR
1736895 (2001a:65135)

, Some remarks on the history and future of averaging techniques in a pos-
teriori finite element error analysis, ZAMM Z. Angew. Math. Mech. 84 (2004), no. 1,
3-21. MR 2031241 (2005d:65204)

Carsten Carstensen and Séren Bartels, Each averaging technique yields reliable a
posteriori error control in FEM on unstructured grids. I. Low order conforming, non-
conforming, and mixed FEM, Math. Comp. 71 (2002), no. 239, 945-969 (electronic).
MR 1898741 (2003e:65212)

Carsten Carstensen, Séren Bartels, and Roland Klose, An experimental survey of a
posteriori Courant finite element error control for the Poisson equation, Adv. Comput.
Math. 15 (2001), no. 1-4, 79—-106 (2002), A posteriori error estimation and adaptive
computational methods. MR 1887730 (2003a:65104)

Carsten Carstensen and Stefan A. Funken, Averaging technique for FE—a posteriori
error control in elasticity. . Conforming FEM, CMAME 190, 2483—-2498., Averaging
technique for FE—a posteriori error control in elasticity. Il. A-independent estimates,
CMAME 190, 4663-4675., Averaging technique for a posteriori error control in elas-
ticity. Ill. Locking-free nonconforming FEM, CMAME 191, 861-877.

Carsten Carstensen, Dietmar Gallistl, and Joscha Gedicke, Justification of the satu-
ration assumption, Numerische Mathematik (2015), available online.

Carsten Carstensen, Joscha Gedicke, and Donsub Rim, Explicit error estimates for
Courant, Crouzeix-Raviart and Raviart-Thomas finite element methods, J. Comput.
Math. 30 (2012), no. 4, 337-353.

24



[CPO7]

[CV99]

[DNO2]

[FLOP10]

[Noc9g]

[Rod94]

[Ver96]

[2Z87]

Carsten Carstensen and Dirk Praetorius, Averaging techniques for a posteriori error
control in finite element and boundary element analysis, Boundary element analysis,
Lect. Notes Appl. Comput. Mech., vol. 29, Springer, Berlin, 2007, pp. 29-59. MR
2298798 (2008b:65143)

Carsten Carstensen and Rudiger Verfiirth, Edge residuals dominate a posteriori error
estimates for low order finite element methods, SIAM J. Numer. Anal. 36 (1999),
no. 5, 1571-1587 (electronic). MR 1706735 (2000g:65115)

Willy Dorfler and Ricardo H. Nochetto, Small data oscillation implies the saturation
assumption, Numer. Math. 91 (2002), no. 1, 1-12. MR 1896084 (2003e:65195)

Samuel Ferraz-Leite, Christoph Ortner, and Dirk Praetorius, Convergence of simple
adaptive Galerkin schemes based on h — h/2 error estimators, Numer. Math. 116
(2010), no. 2, 291-316. MR 2672266 (2011:65257)

Ricardo H. Nochetto, Removing the saturation assumption in a posteriori error anal-
ysis, Istit. Lombardo Accad. Sci. Lett. Rend. A 127 (1993), no. 1, 67-82 (1994). MR
1284844 (95¢:65187)

Rodolfo Rodriguez, A posteriori error analysis in the finite element method, Finite
element methods (Jyvaskyla, 1993), Lecture Notes in Pure and Appl. Math., vol.
164, Dekker, New York, 1994, pp. 389-397. MR 1300004 (959:65158)

R. Verfirth, A review of a posteriori error estimation and adaptive mesh-refinement
techniques, Wiley-Interscience [John Wiley & Sons], New York, 1996.

O. C. Zienkiewicz and J. Z. Zhu, A simple error estimator and adaptive procedure for
practical engineering analysis, Internat. J. Numer. Methods Engrg. 24 (1987), no. 2,
337-357. MR 875306 (87m:73055)

25



	Introduction
	Averaging of the dual variable
	Averaging of the primal variable
	New hierarchical error estimator
	Example for coarse mesh
	Main results
	Outline
	Basic notation

	Primal Averaging on Large and Small Patches
	Equivalence of Norms
	Equivalence of h with edge-jumps
	Refined explicit residual-based a posteriori error control
	Piecewise averaging is reliable

	Numerical Experiments
	Minimal cross grid of square domain
	Waterfall example
	L-shaped domain
	Slit domain
	Overall conclusions


