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ABSTRACT. We consider the membrane model, that is the centered Gaussian field on Z% whose covari-
ance matrix is given by the inverse of the discrete Bilaplacian. We impose a d —pinning condition, giving
a reward of strength ¢ for the field to be 0 at any site of the lattice. In this paper we prove that in dimen-
sions d > 4 covariances of the pinned field decay at least stretched-exponentially, as opposed to the field
without pinning, where the decay is polynomial in d > 5 and logarithmic in d = 4. The proof is based on
estimates for certain discrete Sobolev norms, and on a Bernoulli domination result.

1. THE MODEL AND MAIN RESULTS

The membrane model, or Laplacian model, is an example of an effective random interface, see for exam-
ple Sakagawa (2003), Velenik (2006) and Kurt (2008). We will work on the d-dimensional integer lattice
7%, and in the present paper our focus will be in d > 4, although the definition is well-posed in all dimen-

sions. For N € N, let Viy := [-N/2, N/2] N Z% and V, := Z? \ Vy. The discrete Laplacian A
on Z% is defined as the operator acting on functions f : Z? - R by
1
M) =5 ¥ (f)—f(0),
y:llx—yl=1

where || x|| denotes the £!-norm on the lattice. We sometimes write fy for f(x).

d
Definition 1.1. The membrane model is the random field { px } ¢ € RZ" with zero boundary condi-
tions outside V7, whose distribution is given by

Py(de) = Zl—Nexp (—% ) (A(px)‘z) [T dex T do(dex), (1.1)

xezd x€Vy xeVy

where ZN is a normalizing constant.

Note that by re-summation, the law Py of the field is the law of the centered Gaussian field on Vy with
covariance matrix

—1
Gr(xy) = cov(gugy) = (AF)  (oy), wye v

Here, A2, = (Az(x,y)) (x,yeVy} is the Bilaplacian with O-boundary conditions outside V. We extend

both A%\, and Gy to x,y € Z by setting the entries to 0 outside Vy X V. For x € VY, the matrix
Gy is determined by the boundary value problem "

{ AGn(x,y) =0ox(y), yEWN
GN(x,y) =0, RS BZVN,
where we denote oV := {y € V§ : Iz € Vy : |ly —z|| < 2}. Itis known thatin d > 5 there

d
exists P on RZ" such that Py — P weakly (Sakagawa (2003)). Under P, the canonical coordinates
(¢x) ez form a centered Gaussian process with covariance given by

Glr,y) =220 y) = ) AN (x2)A (zy) = ) T(x2)(zy), (1.2)

zeZ4 zeZ4

"5, (y) is the Dirac delta mass at x, i. 6., 6x(y) =1 <= x =y.
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where I" denotes the covariance of the discrete Gaussian Free Field (DGFF, see Sznitman (2012, Section
2) for an overview). The matrix I has an easy representation in terms of the simple random walk (Sn)nzo

on Z¢ given by
) = Z Py[Sm = y]

m>0

(Py is the law of S starting at x). This entails that

G(x,y) = Z (m+1)Py[Sy = y] = Exy [

m=>0

Z {Sm_S[}] (1.3)

¢, m=0

where S and S are two independent simple random walks started at x and y respectively. One can note
from this representation that G(-, -) is translation invariant. The existence of the infinite volume measure
ind > 5 gives that G(0,0) < 400. Using the above one can derive the following property of the
covariance:

Lemma 1.2 (Sakagawa (2003, Lemma 5.1)). Letd > 5. Then

G(0,x)
|4—d o

][ —+oo || x|

— 2m) /+°°/ exp (102, 8) — 1Y qpas
o JreOP 4d>
forany{ € SV andi = /—1.

where

In other words, as ||x — || — oo, the covariance between @y and ¢, decays like [|x — y||*~ in the

supercritical dimensions. For d = 4 it was shown that Gy (x, y) behaves in first order as y4(log N —
log ||x — y||) for some 74 € (0, 00), if x and y are not too close to the boundary of Vy, see Cipriani
(2013, Lemma 2.1).

The goal of this paper will be to show that this polynomial decay of covariances changes drastically if
we introduce a so-called “4-pinning” which gives a reward of size ¢ > 0 if the interface touches the
0-hyperplane at a site x € Z% . More precisely, we introduce an atom of size € in 0 to our model (1.1):

Definition 1.3. Lete > 0 and let Py be defined as in (1.1). The membrane model on V with pinning
of strenght ¢ is defined as

1 1
Py (de) = exp( 5 ) @xAz(Px) [T (dex+edo(dex)) TT do(dex). (1.5)

xeZ4 xeVy xeVy

With this definition we have for any measurable function f : ]RZd — R,

EN(f) = Zs /f P) exp <—— Z ¢XA2¢X> H (dex + €dp(dgy)) H So(dey) =

xezd xeVy xeV§

Zy\A
= Y M REy ()
ACVy N



where EVN\A is the mean according to the measure PVN\A defined for A C V by

/exp (—— Z goxA2g0x> H dey H So(dgy).

xezZ4 xeVN\A x€AUVE

PVN\A(d(P) = Zy “
N

Thus P%; is a convex combination of probabilities P which are distributed according to a probability
N ) VN \A
measure on P (Vy)", namely
Z
A EWWN\A
I8 (A) = Ii(A=A) ==
N

(Velenik, 2006, Section 5). Here and in the following .A denotes a P (V) )-valued random variable under
some site percolation law (which will be specified in each occurrence). Using the above expansion, we
obtain for the covariances with respect to PS

Exloxpy] = ACZV CN(A)Eyp alexpy]- (1.6)
N

To write this even more concisely, let A C Z“ with | A°| < 400, and denote by P4c the law of the
membrane model with 0—boundary conditions outside A°€. Let

Ga(x,y) := Eaclox, @y], x,y € AS,

which we again extend by setting it to 0 to all of Z¢. Observe that in this notation G = GVI%' Then we
can rewrite (1.6) as

Exloxey] = Egg, [GAUV§,[(Px€0y]] . (1.7)
Our main result shows, in the following couple of theorems, that for any positive pinning strength ¢ the
correlations between two points decay at least stretched-exponentially in the distance.

Theorem 1.4 (Decay of covariances, supercritical case). Letd > 5 and e > 0. There exists x > 0
independent of € such that

limsup limsup Ei][(px(py]e”"_y”a =0. (1.8)
[x=y[|—+o0 N—oo

Theorem 1.5 (Decay of covariances, critical case). Letd = 4 ande > 0. Forevery0 < A < 1 there
exists B = B(A) > 0 independent of € such that for 6 € (0, 1]

lim sup sup Ei,[(px(py]eux_y”ﬂ =0. (1.9)
N—+co xyeVy:||x—y||>5NA

This result complements the one of Sakagawa (2012), who proves, via a free-energy estimate, that in
d > 4 the model is localized, in the sense that it exhibits a positive density of pinned sites.

The proof relies on two main steps: firstly, using certain equivalences of discrete Sobolev norms, we show
in Theorem 3.5 that for “very good sets” A the decay is indeed exponential:

1Ga(x, y)| < ce—¢ Ix=vll

Unfortunately these sets do not have probability high enough under @f\], thus we need to make adjust-
ments to the definition of “very good” to balance the effect of the random environment of pinned points
and the exponential decay.

me powerset of A C Z4.
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For the DGFF it was proved (see Bolthausen and Brydges (2001), Bolthausen and Velenik (2001),
Deuschel and Velenik (2000), loffe and Velenik (2000)) that the decay of the covariances is in fact ex-
ponential in the critical and supercritical dimensions. We conjecture that this is also true for the mem-
brane model, but due to the lack of the random walk representation (see Remark 2.5 below) we are not
able to prove this at the moment. Results on the membrane model with pinning were shown in (1 4 1)
dimensions by Caravenna and Deuschel (2008).

The structure of the paper is as follows: we begin with general results, including Bernoulli domination, in
Section 2. In Section 3 we prove our main theorems, starting with Theorems 3.5, 3.6 in Subsection 3.2,
and then Theorems 1.4, 1.5 in Subsection 3.3.

2. GENERAL RESULTS ON THE MEMBRANE MODEL

In this section we collect and prove some results on the membrane model that will be important for the
proof of the main results. Just as the DGFF enjoys the spatial Markov property, the membrane model
does too. In fact it holds that

Proposition 2.1 (Markov property, Cipriani (2013, Lemma 2.2)). Let (@x ),z be the membrane model
under the measure Py . Let B C V. Let Fp := 0(¢z, z € VN \ B). Then

{@x}reB A {En [@x| FB] + Qogc}xeB (2.1)

where oLy indicates equality in distribution. In particular, under PN(-), (p; is independent of Fg. Also
{ @' }xep is distributed as the membrane model with 0-boundary conditions outside B.

A further important observation is that the variances of the membrane model are decreasing in the number
of points in which the field is 0.

Lemma 2.2. Let A1 C Ay C Vy. Then
GAZUVK,(-X/ X) < GAluVﬁ,(xl X) < GN(X, X)

forallx € Vy \ Aj.
Proof. Let B := Vy \ Aj. By Proposition 2.1, for a membrane model @ under Py

d
{9x}xes = {En (92| 7Bl + 92} ey
where q)’ has the law of a membrane model on B with zero boundary conditions on A U Vﬁ,. Therefore
G (x, %) = Gauvg (%, %) = En [ (En (921 F5))?] 2 0.

For A1 C Aj, the proof follows exactly the same lines replacing Vy with Viy \ A1 above. L]

Next we prove that G 4 satisfies a similar boundary value problem as Gy;.

Lemma 2.3. Letd > 4, A C Z% such that |A°| < -+oo. Let N be large enough such that A° C Vy,
and fix x € AC. Then G4 (x, y) solves the discrete boundary value problem

AN2Ga(x,y) = 0:(y) y € AS, (2.2)
Ga(x,y) =0 ye AUV |



Moreover, there exists a constant <y = 7y(d) such that for all x € z4,

0% ifd >5,
Galx,x) < 2.3
alxx) < {’ylogN ifd = 4. 23)

Proof. By Proposition 2.1, G 4 is the covariance matrix of the membrane model on V} conditioned to
be Oin AU Vﬁ,. A well-known fact about Gaussian random vectors is that conditioning on the values
of some of the entries yields again a Gaussian vector, whose covariance matrix can be calculated by a
simple formula. In our case, this formula looks as follows: let

ZaN = (GN (%, ¥))xyecauvs -
Then (Zhang, 2006, Chapter 6)

Ga(x,y) =Gn(x,y) — ), GN(x,z)ZZ}N(z,w)GN(w,y). (2.4)
z,w€ AUV

From (1.2) we immediately obtain (2.2), and using the fact that G 4 is positive semi-definite (since it is a
covariance matrix) and Kurt (2008, Proposition 2.1.1 resp. Proposition 2.1.2) we get (2.3). (]

For d > 5 we obtain the same result for any A C 74,

Lemma 2.4. Letd > 5,A C Z% andx € A (thus AS is possibly infinite). The membrane model on
AC is well-defined, and its covariance matrix G 4 (x, y) solves the discrete boundary value problem

A2Ga(x,y) = 6:(y) y € AS, (2.5)
GA(X,y):O yEA- |

Moreover, there exists a constant vy = -y(d) such that
GA (x/ X ) <7

forall x € Z°.

Proof. By Lemma 2.2, Ga(x,x) := Hmy_ e Gauvg (X, x) exists for x € 74, and from (2.3) we
know that the sequence of measures PACmVN is tight. Since we are dealing with Gaussian measures, it is
enough to prove the existence of the weak limit Pc of PACmVN to show the statement. Then (2.5) follows
by taking limits in (2.2). ]

Remark 2.5. At this point it is important to note that G 4 is not the convolution of the covariance matrix of
the DGFF with 0-boundary conditions outside A€, which is only the case for the infinite volume situation,
c. f. (1.2). Therefore the random walk representation (1.3) doesn’t carry over to G 4. This is an important
difference between the membrane model and the DGFF. To study properties of the pinned DGFF one can
rely on the random walk representation, as for example Bolthausen and Brydges (2001), Bolthausen and
Velenik (2001), Coquille and Mito$ (2013), loffe and Velenik (2000), Velenik (2006) do. In the membrane
model one can, as in Cipriani (2013) and Kurt (2009), approximate Gp by a random walk representation
and thus derive useful estimates. However, this approximation is only valid for convex connected A€, and
thus cannot be applied to the pinning case. We therefore need to apply very different methods in order
to find estimates for GA(x,y) for general A C V). Our approach is based on equivalences of certain
discrete Sobolev norms and a Bernoulli domination argument, with which we begin.
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2.1. The random environment of pinned points. Let us now prove a simple Lemma on partition func-
tions for the measure Pf\,. We denote as f(PE the density of ¢, with respect to the measure

[Tier d@x I Ticre 00 (d@x) and Zg its partition function.
Lemma 2.6. Ind > 5 there exist constants 0 < Cy, C, < +o0 such that forevery E C Vi andx € E

Z
C <L <. (2.6)
ZE\{x}
Proof.
ZE o f(PE(O,...,O)

= = fo. (0]0,...,0)
ZE\{x} f¢E\{x} (O, ey, 0) ¢ |4’E\{x}
where the latter is the conditional density of ¢, given that the field {¢@y, x € E\ {x}} is zero. We
know already that ¢ conditioned on {@y, x € E \ {x}} is a well-defined normal variable N (0, 02)

by Proposition 2.1, with (7% < 7y because of Lemma 2.3. Therefore
1 1

0<Cp:= < = 0(0,...,0) <1 =:C,.

U= Ty S amar Jedenn 000 ST=G
O
Lemma 2.7. Ind > 5 there exist constants 0 < Cy, C, < +oo such that forevery E C Vi andx € E

1 Z
C <t _<c,. (2.7)
VIogN = Zp\(x)

Proof. The proof is similar to Lemma 2.6, using the fact that (7,% < ylog N, see Lemma 2.4. ]

Our target now is to control the pinning measure §§\, through a natural distribution of sites on the discrete
lattice, that is through independent site percolation. We will briefly recall here two definitions.

Definition 2.8 (Stochastic and strong stochastic domination). Given two probability measures y and
v on the set P(A), |A| < +oo, we will say that y dominates v strongly stochastically if for all x,
C C A\ {x},

HA: x e A|A\{x} =C)>v(A: x € A|A\ {x} =C). (2.8)
When (2.8) holds we will write j1 = v. We will say that 4 dominates v stochastically, y = v, if for all
increasing functions f,
w(f) = v(f).

Note that strong stochastic domination implies stochastic domination.

Let now vf\ be the Bernoulli site percolation measure on V) with intensity p. We would like to prove that
our Gaussian free fields restricted to the pinned set are “sandwiched” between two such Bernoullian in
the stochastic ordering. This argument is similar to the one in Velenik (2006, Section 5.3).

Proposition 2.9. Letd > 5. There exist constants 0 < c_(d) < c4(d) < oo such that for & small
enough,
p—(d) p+(d)
vy =y =y
where p+ (d) = c+(d)e.
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Proof. In the following we will omit the subscript N as we will be always working on the d-dimensional
box of side-length N. The first step is to notice that for all i € Vi, C C Vy \ {i},

C(A:ic AlA\{i} =) = Z(CUD)

6<(C)
and by (2.6)
c, <2
Zc
Therefore stochastic domination is achieved for two Bernoulli measures of parameter p_(d) := Cye,
p+(d) := Cye. U

Proposition 2.10. Letd = 4. There exist constants 0 < c¢_(4) < c4(4) < oo such that for € small
enough,
p—(4) p+(4)
vy <Oy =y
where p+(4) = c+(4)e, and
c_(4)e

p-(4) = JogN

Remark 2.11. Observe that p_(4) converges to 0 as N — +o0.

Proof. The argument is the same of Prop. 2.9 where the conclusion is this time drawn from (2.7). L]

3. PROOF OF THE MAIN RESULTS

3.1. Equivalence of norms. For a function f : Z? — R we define the derivative in the i-th coordinate
direction, i € {1,...,d} by

Dif(x):=f(x+e)—f(x), xezi i=1,...,4d,
where ¢; is the unit vector in direction i. Define the discrete gradient as

Vf(x) = (D1f(x), ..., Daf (x)).

It will be convenient to introduce D_;f(x) := f(x —e;) — f(x) = —D;f(x —¢;),fori =1, ..., d.
The second discrete derivatives of a function are

Dljf(x) = D,-D]-f(x), i ] € {:l:l, ceey :td}

With this notation, the discrete Laplacian is then given by

1 d
Af(x) =523 D if (x)
2d =
and the Bilaplacian assumes the form

1 d
Azf(x) = @ .-21 Di,_iD]', _]-f(x). (3.1)
i,j=

We have the following summation by parts formula whose proof is an elementary calculation:
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Lemma 3.1. Let f, g be such that},. . z4 f(x)g(x) < 400 and ) cza f(x)g(x +e;) < 4o forall
i€ {£1..£d}. Thenforalli € {£1,...,+d} we have

Y. Dif(x)g(x) = ) f(x)D_ig(x).

xezd xezd
Moreover

Lemma 3.2. Foru : Z% — R we have

)3 i (DiDju(x))* = 4d* Y u(x) A%u(x).

xezd i,j=1 xez4
Proof. Follows from Lemma 3.1 and (3.1). (]

The standard discrete Sobolev norms on E C 7% associated to the discrete Sobolev space Hk(E) are
given by

k d
r|f||gk(E)=2< Y 2|D1~1...Digf<x>|2>. @2)

/=0 i],...,iéil x€E

We also introduce the norms

IViflae == X Y 1Dy Dy f(x)2 33)
i1,...,ix X€EE
We obviously have
IVefllezey < Ifllgee), k<4 (3.4)
and
1Af () l2e) < CIIV2f I r2(E) (3.5)

for some C depending only on d. The next Lemma will show that the above norms are equivalent on
subsets where “groups” of pinned points are not too spread out. Let A C 7%, Set

A={xcA:foraly~x,ycA}.

We can think of E, which obviously is a subset of A, as the interiour of “pinned clusters”. We introduce
the notation

de(x, y) ::min{fz I{xo=x,x1,...,xp=y} CE, xiwxiHVOgigE—l,xi;éiji;éj}

for the graph distance on E C Z¢, x, y € E. In the rest of the paper, c = c(d) denotes a constant
depending from the dimension which may vary from line to line.

Lemma 3.3. Let E C Z% be connected in the £} -topology. Assume there exists M < 400 such that
sup,.pde (x, AN E) < M/ Letu : Z% — R be a function in H?(E) such that u(x) = 0 for

allx € A. Then there exists a constant c = c¢(d) such that

[l 2y < CMZd_ZHVZMHB(E)-

g T e E A € 27, de(7,A) == infren de(T, A).



¢ point in A

FIGURE 1. E in white. A in red. The length of the green path is dg(x, AN E).

Proof. Consider a partition £ of E made up by sets of diameter at most M such that each set B € £
has no-empty intersection with A. In other words, every set in this partition contains at least one point
Xo € A. Fix B € &, and fix Yy € B. Then we can find a path z, ..., zk inside B, such that zg =
X0, ZK =Y, Zn 7 Zm forn # m, ||zy41 — zn|| = 1for all n, and K < M. Then, since u(xp) = 0,

2 K
<K Y |u(za) —u(zo—1)]? <K Y |Vu(z)*.

n=1 z€B

u(y)? =

K
; u(zy) — u(zp_1)

We can do this for every y € B. Thus

Y ()P < MT Y [Vu(z) .

yEB z€B

Hence, summing over all B € £, we obtain

lulfaey = Yo X lu@)P < M7 Y Y [Vu(z)? = M5Vl g .
BefyeB BefyeB

Now we want to use the same type of argument on | D;u(y)| (resp. | Vu(y)|). Since xo € A, we have
Vu(xg) = 0. So our argument gives

2
Vu@y)P = |Vuulxo) + Ty (Va(za) = Vulza-1))| < Koy K 1Diju(z) 2
which leads to
Y Vu(y)? < MH Lyl Dyu(z) P
yEB

Thus
IVullfaey < M5 VaulZs ).
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Finally

By =l + IVl g+ V202 ) < 1902 g (M 40) [V
< (M2<d+1> + ML 1) [Vaull2 ) < e(d)MEED | Toul|2,

This completes the proof. ]

For fixed y, let By = By, := {x € Z : ||x — y||; < k} denote the ball with radius k and center  on

the lattice, k > 0. We denote by GZ\ a solution to (2.2) for fixed y. Recall in d = 4 we are extending GIyL1
to 0 outside Vi X V.

3.2. Deterministic pinning. The equivalence of norms of Lemma 3.3 can be applied as follows.

Lemma3.4. Letd > 1andlet A C Z%. Fixk > 5. For any connected subset D), C Bli for which there

exists M = M(Dy, A) < oo such that sup,.p, dp, (x, AN Dy) < M/2, there exists ¢ = c(d)
such that
2 2d+2
”G,y4||H2(Dk) < M2 GY 1 28,0\ B,_s)-

Proof. Let (1 )x>1 be a family of cutoff functions such that

mi(x) = 1 x € B,
( ) X e Bk—3/
0 < mp(x ) x e Z°.
We also denote by 77, G% (x) := G,
y 1G4 (x) := 175 (x) G, (x) the pointwise product of the two functions. Since we have

Gl = GJ on B;_,, we obtain from Lemma 3.3
1G4 By = ImkG4 ey < cdMX 2 Va(mGh) 22,

< c(d)MP2| Vo (G lI7

= ||L2(Zd)' (36)

On the other hand we have, using Lemma 3.2, the properties of 77y, and the fact that GIyL1 (x) is biharmonic,

d
IVa G|z = L Y IDDimGY ()2 = 4d* Y (Gl (x)) (A%l (x) )
xeZd1,j=1 xezd
= 4 Y (mGh(0) (AMmGh ()
x€Bx_1\Br 3
< C@DImGhemap, ) < CDICkRm, 15 ) 67)

Putting (3.6) and (3.7) together gives the desired result. Observe that the above Lemma holds for any
dimension d > 1, in particular for d = 4, if we set

Y .
Gan = Ganwy (- ¥), (3.8)
which we extend to Z¢ by setting it 0 outside Vi. The statement is obviously interesting only if Dy N
VN # @, but it is trivially true otherwise. O

With this preparation, we can prove the following deterministic version of our main result, whose proof
illustrates the ideas behind our approach.
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Theorem 3.5 (Deterministic pinned set). Letd > 5, and let A C Z be such that there exists M < o0
such that sup.. 4 d(x, A) < M/2. Then there exists = s(d, M) € (0, +0) andc = c(d, M) €
(0, +00) such that forall x, y € AC

|GA(XI y)| S Ce_S”x_yH

Moreover HGZ\H?JZ(Zd) <.

Proof. From Lemma 3.4 we obtain, choosing D = B¢, and observing || G, HHz AUB) = A
[teA H ) for any disjoint sets A,BC 74,

1G4 agag) < M2 (16} By ) = 1G4y

which yields
CMZd +2
e L Sl T A
Since || G, ||HZ BY) > ||GY ||H2 B, ) for all i > 0, iteration yields, setting C = cM?+2,
=~ . 4 C ~ . 1 G C
ncum@ﬂ_(c+1) 1G4y < ((e57) ) 1G8ew  g
Se_S(k_l)”G ||H2(Bc)
for
14+C
= —l 0.
8~

Note that for some ¢(d) < oo we have

2

zeZ4 \ij=1 zeZdlj 1

Lemma 3.2 and the fact that G (z) = O for z € A give

Y 2 (DiDjGY(2))" = Y A*GY(z = Y A°GY(2)GY(2)

zezd i j=1 zeZ4 zeAs (3.10)
(2.3)
=) 9 =Gu(y) <Gyy) =7 < +oo.
zEAC
Hence ||G, ||H2 ge) < tooforall A, and we get for ||x — y|| > k from (3.9)
—sk
Gh(0)[* < lIGY [ gy < Ce™ (3.11)
which is what we wanted to prove. ]

We now pass on proving the 4-dimensional case as follows.



12

Theorem 3.6 (Deterministic pinned set). Letd = 4, and let A C Z be such that there exists M < o0
such that sup.. 4 d(x, A) < M/2. Then there exists = s(d, M) € (0, +0) andc = c(d, M) €
(0, +00) such that forall x, y € A°

Moreover HGi/q Hi]z(zd) < vlog N.

Proof. This works exactly as for Theorem 3.5, using GIyLl w defined in (3.8) instead of Glyél, except that
(3.10) has to be replaced by

d
Y Y (DiDGL(2) = L AChn(@)Ghn(e) = Y A%Gh (2)Gh y(2)

zezdi,j=1 zezd zEANVN
(2.3)
= ) ()G} n(z) =G n(y) < Gn(y,y) < 7logN.
z€ANVN
(3.12)
In the last inequality we have used Lemma 2.4. This leads to the statement. L]

3.3. From deterministic to random pinning. In this subsection we explain how to “transfer” the decay
of covariances from the deterministic case to the random situation. Now the point is that in the random
situation there is no fixed M that we can take as in the previous proofs. Fixk > 5, A C Z%. The idea

is now to choose sets Dék), 0< /1< [k/SJ, in the right way such that there are suitable Mék) =

M (Dék)> for which we can adjust the iteration procedure. We make the following choices:

k

DY := By1 \ Bys,, 0< €< k5], (3.13)

and
Mék) _ Mék)(A) ‘= max dD(k) (x,gﬂ Dék)> ’

xeD((,k) ¢

where the distance is taken on the lattice. If Dék) N A\ = @, let Mék) := —+o00. The following Lemma,
albeit deterministic, shows that if we wish to obtain a strong decay of correlations, one needs to control
appropriately the maximal distance between a point and the clusters of pinned points.

Lemma 3.7. Letd > 5. Formy = k%, 0 < & < 1/2(d+1), define ay = ax(A) > 0 asay := |{{ €
{0, ..., |K/5]}: Mék) < my}|. Then there existc > O dependent only ond such that for ||x — y|| = k,

—2(d+1)
|GA(x)| < yem

and y is as in (2.3).
Proof. Observe that we have

k c k k
Dg ) C By_5s, and Dé ) U (Bk—5€ \ Bk—5(£+1)) = Dé+)1



(k)

where the last union is disjoint. If Mg < 400 we thus get from Lemma 3.4 that

2d+2
1G4 i, < M P2 G B = (M) (“G%"iz< ) Il o >)

which leads to
(k) 2442
(M)

( Y4 ) 1+C<Mék)> ( €+1)

If Mék) = 00 we have, since Dé ) C Déﬁll

G e oy < ICAI o

Hence
k)y2d+2
(M)
Al < |1 e+ 1t | IGY I
IGAIR ey < ( (<1 g e s ) 19
forall 0 < ¢ < |k/5]. lteratively we find

||G ||H2 (Beia\By) — ||G1y4||?{2<D(()k))
[¥/5] -1 (M(k) )2+2
< /{
< ﬂ) (1{(M§k))<+oo}cl +C(Mék))2d+2 +1{(M£k))_+oo}> | A|| (D +>1>
[¥/5) -1 (M(k) )2+2
< 1 Y 1 G
> E) ( {(Mék))<+oo}cl +C(Mék))2d+2 + {(Mék)) }) || ||H2 z4):

(3.14)
With our definition of aj, we can then rewrite (3.14) as

- (d+1) T
1G4l s < (C—k ) IGY 1324
k+1\Bk) 2(d+1) H2(Z4)
* 14 cmy

Using the fact that log 1+x/x > 1/x, x > 0, we obtain for x € Z%\ {y} and for k such that x €
Bk+1 \ By,

cm 2(d+1) " 2(d+1)
GL(%)] < IG5 < —F g | 1G gy < e ctm) e
‘ A } H2(By1\Bk) 1+ka(d+1) AllH2(Z74)
where we have concluded by means of Theorem 3.5. (]

The 4-dimensional case is also at hand as follows:

Lemma 3.8. Letd = 4. Formy = k5,0 < & < d—1, setay = ap(A) > 0 such that a =

{¢ € {0,..., [¥/5]} : Mgk) < my}|. Then there exist c > 0 dependent only on d such that for
lx =yl =k,

—2(d+1)
G (x)] < Yqlog Ne " .
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Proof. The proof is the same of Lemma 3.7, where in the very last step one uses Theorem 3.6. (]

2(d+1)

Thus in order to prove our main result, we will try to make m]:
the following auxiliary Lemma:

ay as large as possible. We first have

Lemma 3.9. Let v be a Bernoulli site percolation measure on Z% with v(xisopen) = p € (0, 1),
x € Z“. Let A be the set of open sites. Furthermore let (my)xeN and a = ax(.A) be defined as in
Lemma 3.7. Then there exists C = C(d) € (0, +o0) independent of A and k such that

v (ag < [K/10]) < CRAHL(1 — 2ty lm/4],

Proof. Recall A := {x € A: y € Aforally ~ x}. We have v(x € A) = p?¥*1. We also observe
that if [|[x —y|| > 2, the events {x € A} and {y € A} are independent. For any t € IN with

t < ‘Dék) , we have

v <dD<k>(x, A\) Z t)
a4
§V<E|{x0:x,...,xt},xi€Dék)\ﬂ, xiwxiHVOgigt—l,xi#x]-Vi;éj>

§V<x0 ¢ A x3¢ A, e X|pa) € /T) = (1_p2¢7z+1>w4J

by independence. By means of the FKG inequality (Grimmett, 2006, Theorem 2.16),

v| maxd g(x, A)>t| =1—v (d w(xo, A) < t, Ixg € Dék)>
xeB«gk> Dy Dy

<1-— (1 _ (1 _p2d+1) Lt/4j) ‘Dék)( . )Dék)‘ (1 _p2d+1) [t/4]
< 1Dl (1 - PZdH) e (\/§(k+ 1)>d (1 - pZd“> o (3.15)

By the condition imposed on 11, we can choose k large such that 1, < ‘Dék)‘ forall0 < ¢ < Lk/loj.
Then

v(a, < |k/10]) <wv max max d x,fT >m
< ) < v sy d (. 0) > m

< L%J (\/E(k—{—l))d (1_p2d+1>Lmk/4j.
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Proof of Theorem 1.4. Take x, y € Z* and assume ||x — y|| > k € IN. Using the expansion (1.7),
Equation (2.3) and Lemma 3.7 we get

k k ~2(d+1)

ACVy

<7y (ak(A) < LkoD +e”

Since {ax(A) < |k/10]} is a decreasing event for the percolation realisation, we can use Proposi-

tion 2.9 to obtain
ON (ak(A) < [K/10]) < vP-D (ar(A) < [K/10]),

!
where due to Lemma 3.9 the right-hand side is bounded by e’kg , for any C’ < €. Thus we get the

k—lO —2¢(d
ko k—28( +1).

desired result forany 0 < & < min{¢,1 —2¢(d+1)}. O
Proof of Theorem 1.5. We can proceed as in the previous proof and obtain
|EX(pxgy)| < Egg, <)GAUVC X,y ’l{ak <Lk/1OJ}) + Eg, <‘GAUVC ll{ak Lk/loj})
<75 (a0 < |36 ) #IoEN T (A= m(a) = | 5] )Ll

10 —28(d+1)

< ify () < [55] ) + y1og e 7

We have to take care of the fact that p_ converges to 0 as N — +o0. From Proposition 2.10 and Lemma
3.9 we have

Ko/4
vP-@ (g, (A) < [K/10]) < CKAH (1 . J%) .

Inserting k > N*, we thus get
I (ae(A) < [10]) < vP- D (g (A) < [F/10]) <e™?

for any &’ < &. Then we conclude by the same arguments as before. (]

g/
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