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Abstract

We study a one-dimensional version of the Hopfield model with long, but finite range inter-
actions below the critical temperature. In the thermodynamic limit we obtain large deviation
estimates for the distribution of the “local” overlaps, the range of the interaction, y~*, being the
large parameter. We show in particular that the local overlaps in a typical Gibbs configuration are
constant and equal to one of the mean-field equilibrium values on a scale o(y~2). We also give esti-
mates on the size of typical “jumps”. i.e. the regions where transitions from one equilibrium value
to another take place. Contra,ry to the situation in the ferromagnetic Kac-model, the structure of

the profiles is found to be governed by the quenched disorder rather than by entropy.



1.Introduction

Models of statistical mechanics where particles (or spins) interact through potentials J,(r) =
~4J(yr), r € IR, with J some function that either has bounded support or is rapidly decreasing
were introduced by Kac et al. [KUH] in 1963 as links between short-range, microscopic models
and mean field theories such as the van der Waals theory of the liquid-gas transition. The main
success of these models can be seen in that they explain, through the Lebowitz-Penrose theorem,
the origin of the Maxwell rule that has to be invoked in an ad hoc way to overcome the problem of

the non-convexity of the thermodynamic functions arising in mean-field theories.

Recently, there has been renewed interest in this model in the context of attempting to obtain
a precise description of equilibrium configurations [COP] and their temporal evolution [DOPT] in
magnetic systems at low temperatures. In [COP] large deviation techniques were used to describe
precisely the profiles of local magnetization ’in a one dimensional Ising model with Kac potential
in infinite volume in the limit v | 0. It turned out that this apparently simple system exhibits
a surprisingly rich structure when considered at appropriate scales and it appears that the Kac-
type models can still offer an interesting test ground for the study of low-temperature phenomena.
The purpose of the present paper is to extend such an analysis to a class of models with random

interactions.

Spin systems where spins at sites ¢ and j interact through a random coupling Jij whose mean
value is zero (or close to zero) are commonly termed spin glasses. The prototype models are the
Sherrington-Kirkpatrick model (SK-model) [SK] where the lattice is the completely connected graph
on N vertices and the couplings J;; are i.i.d. centered gaussian variables with variance N -1/2 and
the Edwards-Anderson model [EA], defined on the lattice Z¢ and with J;; i.i.d. centered random

variables with variance 1 if ¢ and j are nearest neighbors in the lattice, whereas J;; = 0 otherwise.

These systems are notoriously difficult to analyse and little is known on a firm basis about their
low temperature properties. The situation is somewhat better in the case of the mean-field SK-
model, for which there is at least a rather elaborate picture based on the so-called replica-method
(for a review see [MPV]) which is quite commonly accepted, although almost no results exist that
are mathematically rigorous. Exceptions concern the high-temperature phase [ALR, FZ, CN, T1]
and some self-averaging properties of the thermodynamic quantities [PS, BGP3]. For short-range
models (the Edwards-Anderson model [EA] the situation is much worse, and there exist conflicting
theories on such fundamental questions as the upper and lower critical dimension and the number
of low temperature phases, all of which are more or less supported by heuristic arguments (see e.g.
[FH, BF, vE, NS]), and the ihterprefation of numerical simulations on finite systems (for a recent

analysis and a critical assessment of the situation see [MPR]).



The difficulties with the SK-model have soon prompted the proposal of simplified models for
spin-glasses in which the statistics of the random couplings was changed while some of the features
are conserved. The Mattis-model [Ma] where J;; = ¢;e; with €; independent symmetric Bernoulli
variables was realized to be trivially‘equivalent to a ferromagnet and lacking the essential feature of
frustration; Luttinger [Lu] amended this by setting J;; = E}E}—i-éiz{? while Figotin and Pastur [FP1,
FP2] proposed and analysed a generalization of this interaction with an arbitrary fixed number of
summands and more general distribution of the random variables £¥. While these models could
be solved exactly, they lacked essential features expected for real spin glasses and thus did not
become very popular until they were again proposed in a quite different context by Hopfield [Ho]
as models for autoassociative memory. Hopfield also considered the number of summands, M, to
be a function of the size, N, of the graph (‘network’) and observed numerically a drastic change of
behaviour of the system as the ratio @« = M/N exceeded a certain threshold. This was confirmed
by Amit et al. [AGS] through a theoretical analysis using the replica trick. Indeed, the Hopfield
model can be seen as a family of models depending on the different growth‘ rate of M(N) that

mediates between simple ferromagnets and the SK spin-glass.

The Hopfield model offers the advantage to be more amenable to a mathematically rigorous
analysis then the SK-model, at least as long as M (V) does not grow too fast with N. By now we
have a fairly complete undérstanding of the structure of the low temperature Gibbs states [BGP1,
BGP3, BG4] in the case Where limpyteo M/N < ay, for o sufficiently small. It is thus interesting
to take advantage of this situation in order to get some insight into the relation between finite
dimensional spin-glasses and the corresponding mean field models by studying the finite dimensional
version of the Hopfield model with a Kac-type interaction. It should be noted that such a model
had already been considered by Figotin and Pastur [FP3] in 1982 in the case of bounded M. In
a recent paper [BGP2] we have proven the analogue of the classical Lebowitz-Penrose theorem for
this model, i.e. we have proven the convergence of the thermodynamic functions to the convex
hulls of those of the mean-field model as v | 0 under the condition that lim, o M(7)|Invy|/y = 0.
In the present paper we turn to the more detailed analysis of the Gibbs states of the Kac-Hopfield .

model and consider, as a first step, the one dimensional case along the lines of [COP].

Let us start by defining our model in a precise way and by fixing our notations. Let (Q2, F, IP)
be an abstract probability space. Let £ = {¢/}icz, uemv be a two-parameter family of independent,
identically distributed random variables on this space such that IP(¢F = 1) = P(¢¥ = —1) = L.
(the precise form of the distribution of ¢! is not really essential and far more general distributions
can be considered). We denote by ¢ a function ¢ : Z — {—1,1} and call 0;, i € Z the spin at
site 7. We denote by S the space of all (such functions, equipped with the product topology of the



 discrete topology in {—1,1}. We choose the function J,(i — j) = vJ (7]i — j|), and

o1, e <1/2
Ie) = {O, otherwise - (1.1)

(Note that other choices for the function J(z) are possible. They must satisfy the conditions
J(z) >0, [dzJ(z) = 1, and must decay rapidly to zero on a scale of order unity. For example,
the original choice of Kac was J(x) = e~!#l. For us, the choice of the characteristic function is

particularly convenient).

The interaction between two spins at sites 7 and j will be chosen for given w € Q, as

M ('D

5 3 LG - oo (1.2)
p=1 ' ‘
and the formal Hamiltonian will be
1 M(v)
Hylwllo) = -3 Yo D el Iy (i — foio; @13

(4,7)EZxZ p=1

As usual, to make mathematically meaningful statements, we have to consider restrictions of this
quantity to finite volumes. We will do this in a particular way which requires some prior discussion.

1 into our model which is the distance

Note that the parameter 7 introduces a natural length scale y~
over which spins interact directly. We will be interested later in the behaviour of the system on
that and larger scales and will refer to it as the macroscopic scale, whereas the sites i of the
uhderlying lattice Z are referred to as the microscopic scale. In the course of our analysis we will
have to introduce two more intermediate, mesoscopic scales, as shall be explained later. We find
it convenient to measure distances and to define finite volumes in the macroscopic rather than the
microscopic scale, as this allows to deal with volumes that actually do not change with . Although
this will require some slightly unconventional looking definitions, we are convinced the reader will
come to appreciate the advantages of our conventions later on. Let thus A = [A_,A;] C IR be an
interval on the real line. Thus for points ¢ € Z referring to sites on the microscopic scale we will
write

i€A iff A <vi<Ay | (1.4)

Note that we will stick very strictly to the convention that the letters i, j, k always refer to micro-
scopic sites. The Hamiltonian corresponding to a volume A (with free boundary conditions) can
then be written as
. M()
Hoallo)=—3 3 gl — do; (15)

(i,j)EAXA p=1
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We shall also write in the same spirit Sy = X;ea{—1,1} and denote its elements by o5. The

interaction between the spins in A and those outside A will be written as

M(v)

Wy alwl(oa, oac) = Z Z Z & ‘*’]sg Iy (i = f)oio; (1.6)

iEA jEAS p=1

The finite volume Gibbs measure for such a volume A with fixed external configuration o« (the

‘local specification’) is then defined by assigning to each oo € Sp the mass

, 1
Gt al0)(08) =

e~ BlHyAWl(ea)+ W a[w](oa,0n¢)] (1.7)
77:A[w] .

where Zg%" , [w] is a normalizing factor usually called partition functzon We will also denote by

1 -_ wilo
gg,%A[w](crA) = ——Zﬂ A[w]e BHyalw](oa) (1.8)
!7?

the Gibbs measure with free boundary conditions. It is crucial to keep in mind that we are always
interested in taking the infinite volume limit A 1 IR first for fixed y and to study the asymptotic

of the result as v | 0 (this is sometimes referred to as the ‘Lebow1tz—Penrose limit’).

In [BGPZ] we have studied the distribution of the global ‘overlaps’ m% (o) = AT Liea bioi
under the Gibbs measure (1.7). Here we are going into more detail in that we want to analyse
the distribution of local overlaps. To do this we will actually have to introduce two intermediate
mesoscopic length scales, 1 < £(v) < L(y) < v~*. Note that both £(v) and L() will tend to
infinity as v J. 0 while £(y)/L(v) as well as vL(7y) tend to zero. We will assume that ¢, L and y~!
are integer multiples of each other. Further conditions on this scales will be imposed later. To
\ simplkif‘y notations, the dependence on 7 of £ and L will not be made explicit in the sequel. We now
divide the real line into boxes of length v£ and L, respectively, with the first box, called 0 being
centered at the origin. The boxes of length £ will be called z,y, or z, and labelled by the integers.
That is, the box z is the interval of length £ centered at the point v£z. No confusion should arise
from the fact that we use the symbol z as denoting both the box and its label, since again z,y, z
are used ezclusively for this type of boxes. In the same way, the letters r, s,t are reserved for the
boxes of length vL, centered at the points yLZ, and finally we reserve u, v, w for boxes of length
one centered at the integers. With these conventions, it makes sense to write e.g. ¢ € z shorthand
for bz —£/2 <4 < lx+4 /2, etc.!In this spirit we define the M(y) dimensional vector me(z, o) and

mp(r, o) whose u-th components are

@0)= 23 o a9

zEa:

1 On a technical level we will in fact have to use even more auxiliary intermediate scales, but as in [COP] we will

try to keep this under the carpet as far as possible.



and

1 ,
mb(r,o) = 7 foai (1.10)
) i1Er
respectively. Note that we have, for instance, that
E .
ml(r,0) = 7 > mj (z,0) (1.11)
€T

We will also have to be able to indicate the box on some larger scale containing a specified box on
the smaller scale. Here we write simply, e.g., 7(z) for the unique box of length L that contains the

box z of length £. Expressions like z(z), u(y) or s(k) have corresponding meanings.

- Remark: It easy to connect from our notation to the continuum notation used in [COP]. For
instance, (1.9) can be rewritten as '
my(z,u) = ——1-72&“01' (1.12)
vt ica
where v ) ;. can be interpreted as a Riemann sum; the same occurs in all other expressions.
The role of the different scaleé will be the following. We will be interested in the typical profiles
of the overlaps on the scale L, i.e. the typical my(r,o) as a function of r; we will control these ;
functions within volumes on the macroscopic scale y~*. The smaller mesoscopic scale £ enters only
in an auxiliary way. Namely, we will use a block—spin approximation of the Hamiltonian with blocks
of that size. We will see that it is quite crucial to use a much smaller scale for that approximation

than the scale on which we want to control the local overlaps. This was noted already in [COP].

We want to study the probability distribution induced by the Gibbs measure on the functions
myr(r) through the map defined by (1.10)'. The corresponding measure space is for fixed -y simply
the discrete space {—1, —1+2/L,...,1-2/L, 1}M(*Z which should be equipped with the product
topology. Since this topology is quite non-uniform with respect to v (note that both L and M tend
to infinity as v | 0), this is, however, not well adapted to take the limit v J 0. Thus we replace
the discrete topology on {—1, ~1 +2/L,...,1— Z/b, 1} by the Euclidean £;-topology (which
remains meaningful in the Hmit) and the product topology corresponding to Z is feplaced by the
weak local Lo topology w.r.t. the measure vL Ere-i that is to say, a family of profiles m%(r)
converges to the profile mz(r), iff for all finite R € IR, yL > orel=r,g IML(r) — mp(r)ll2 10as
n 1T co. While for all finite y this topology is completely equivalent to the product topology of
the discrete topology, the point here is that it is meaningful to ask for uniform convergence with
respect to the parameter v. We will denote this space by 7, or simply 7 and call it the space of
profiles (on scale L).

Before presenting our results, it may be useful to discuss in a somewhat informal way the
heuristic expectations based on the the work of [COP] and the results known from [BGP1, BG-
P3, BG4]. In [COP] it was shown that the typical magnetization profiles are such that almost
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everywhere, mz(r,o) is very close to one of the two equilibrium values of the mean field model,
+a(0); moreover, the profile is essentially constant over macroscopic distances of the order e
The distances between jumps are actually independent exponentially distributed random variables.
Heuristically, this picture is not too difficult to understand. First, one approximates the Hamilto-
nian by a block-spin version by replacing the interaction potential by a function that is constant
~ over blocks of length L. Ignoring the error term, the resulting model depends on o only through
the variables my(r, o). In fact, at each block r there is a little mean-field model and these mean
field models interact through a ferromagnetic interaction of the form J,(r — s)(mg(r) — mg(s))2.
This interaction can only bias a given block to choose between the two possible equilibrium values,
but never prevent it from taking on an equilibrium value over a longer interval. Moreover, it tends
to align the blocks. To jump from one equilibrium into the other costs in fact an energy of the

1

order of y7*, so that the probability that this happens in a given unit interval is of the order

e~7"". This explains why the entropy can force this to happen only on distances of the order of
the inverse of this value. Finally, the Markovian character of a one-dimensional model leaves only a
Poisson-distribution as a candidate for the distribution of the jumps. The main difficulty in turning

these arguments into rigorous proofs lies in the control of the error terms.

It is crucial for the above picture that there is a complete symmetry between the two equilib-
rium states of the mean field model. As we have shown in [BGP2], the Kac-Hopfield model can
be approximated by a blocked model just the same, and in [BGP1] we have shown that the mean
field Hopfield model has its equilibrium states sharply concentrated at the 20 points ®a(83)e*,
where e” is the u-th standard unit vector. Thus we can again exbect the overlap profiles to be over
long distances constant close to one of these values. What is different here, however, is that due
to the disorder the different equilibrium positions are not entirely equivalent. We have shown in
[BGP3] that the fluctuations are only of the order of the square root of the volume, but since they
are independent from block to block, they can add up over a long distance and effectively enforce
jumps to different equilibrium positions at distances that are much shorter than those between en-
tropic jumps. In fact, within the blockéd approximation, it is not hard to estimate that the typical

1

~ distance over which the profiles remain constant should be of the order y~* on the macroscopic

2

scale (i.e. v~ on the microscopic scale). Using a concentration of measure estimates in a form

developed by M. Talagrand [T2], we extent these estimates to the full model. Our main results on

the typical profiles can then be summarized (in a slightly informal way) as follows:

- Assume that lim, 0 yYM(v) = 0. Then there is a scale L < 4~ such that with IP-probability
tending to one (as vy } 0) the following holds: :

(1) In any given macroscopic finite volume in any configuration that is “typical” with respect to

the infinite volume Gibbs measure, for “most” blocks r, mp(r,o) is very close to one of the



values £a(B)e* (we will say that my(u,o) is “close to equilibrium”).

1 in a typical configuration, there

(i1) In any macroscopic volume A that is small compared to o
is ‘at most one connected subset J (called a “jump”) with |J| ~ ;% on which my, is not close to
equilibrium. Moreover, if such a jump occurs, then there exist (s1,u1) and (2, u2), such that for
all uw € A to the left of J, mp(u,0) ~ sm(,@)é“l and for all u € A to the right of J, mp(u,0) ~

sza(B)eH

The preéise statement of these facts will require more notation and is thus postponed to Section
6 where it will be stated as Theorem 6.15. That section contains also the large deviation estimates
that are behind these results. We should mention that we have no result that would ,pfove the
existence of a “jump” in a sufficiently large region. We discuss this problem in Section 7 in some

more detail.

We also remark that the condition lim{ 10YM () = 0 will be impbsed thoughout the paper.
It could be replaced with limsup., oYM (7) < ac(B) for some strictly positive a.(f) for all 8> 1.
However, an actual estimate of this constant would be outrageously tedious and does not really

appear, in our view, to be worth the trouble.

The remainder of the paper is organized in the following way. The next two sections provide
some technical tools that will be needed throﬁghout. Section 2 introduces the mesoscopic approxi-
mation of the Hamilitonian and corresponding error estimates. Section 3 contains large deviation
estimates for the standard Hopfield model that are needed to analyse the mesoscopic approxima-
tion introduced before. Here we make use of some fundamental results from [BGP2] and [BG3] but
present them in a somewhat different form. In Section 4 we begin the actual analysis of typical
profiles. Here we show that for events that are local, we can express their probabilities in terms
of a finite volume measure with random boundary conditions (see Corollary 4.2). In Section 5 we
derive estimateé on the random fluctuations of the free energies corresponding to these measures.
In Section 6 we make use of these estimates to show that local events can be analysed using the
mesoscopic approximation introduced in Section 2. This section is divided into three parts. Section
6.1 contains an analysis of measures with free boundary condition in macroscyopic volumes of order
0 (7“1). It is shown that they are asymptotically concentrated on constant profiles (see Theorem
6.1). This result is already quité instructive, and technically rather easy. In Sections 6.2 and 6.3

“the measures with non-zero boundary conditions are studied. In Section 6.2 the case where the
boundary conditions are the same on both sides of the box. It is shown that here, too, the profiles
are typically constant and take the value favofed by the boundary conditions (see Theorem 6.9). In:
Section 6.3 the case with different boundary conditions is treated. Here we show that the typical
'proﬁle has exactly one “jump” and is constant otherwise (see Theorem 6.14). The results of Sec-

tions 4 and 6 are then combined to yield Theorem 6.15 which gives a precise statement the result
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announced above. In Section 7 we discuss some of the open points of our analysis. In particular
we argue, that typical profiles are non-constant on a sufficiently large scale and that their precise
- form is entirely disorder determined (up to the global‘sign)‘. We also formulate some conjectures for
the model in dimensions greater than one. In Appehdix A we give a proof of a technical esfimate
~on the minimal energy associated to profiles that contain “jumpé” between different equilibrium

positions that is needed in Section 6.



2. Block-spin approximations

- While mean-field models are characterized by, the fact that the Hamiltonian is a function of
global averages of the spin variables, in Kac—mbdels the Hamiltonian is “close” , but not identical
to a function of “local’averages. In this section we make this statement precise by introducing
the block version of the Hamiltonian and deriving the necessary estimates on the error terms. We
define

Hon(oa) =77 E; A(me(0)) + AHL p(on) (2.1)
and 4
Wy a(0a,0ne) = 7 E2S (ma(0), m(0)) + AW R (04, 0ac) (2.2)
where .
Bia(m) = -5 > Jule - y)(m(e), m(y)) (2.3)
(z,y)EAXA
and
EYR(m,m) = —ytL Y > Jy(tz — Lr)(m(z), (r)) (2.4)
zEATrEAC

For our purposes, we only need to consider volumes A of the form A = [A~,A*] with |A| > 1. For
such volumes we set OA = 0"AUOTA, 87A = A~ — 1\~ ) and 8YA = (AT, AT + 1]. Thus,

obviously, W, a(oa,0ae) = Wy a(0a,004) and AW A(UA,UAC) AW.,,A(UA,UaA)-

Lemma 2.1: Forall§>0

)
sl

P [sup —_|AHA(0)| > vE(~)8V2(log 2 + 6) +2\/_’)'M('y)} < 16e” o1t (2.5)

TESA IAI

IP[ sup  Y|AWs(oa,064)| > (47L(7)(log 2 + §) +YM (7)) (H%)E} <87 (26)

oc€SAuaA

Proof: We will give the proof of (ii) only; the proof of (i) is similar and can be found in [BGP2].
Since |A| > 1, the spins inside 8~ A do not interact with those inside 8+ A and AW A(O'A, o5A) Can
be written as

AW R (o, 00n) = AW, £ (04, 00- 1) + AW, 4 (04, 0o+4) (2.7)

where

AWK (on,00:0) =— D > DY [Jyli = 5) = Jy(z — Lr)](&;, &) ou0; (2.8)

z€EAredt A i€z jET

10



Both terms (2.7) being treated snmlarly, we will only consider AW (aA, oo+4)- First notice that

since -

Jy(i—3) — Jy(bm — Lr) = [I[{lz—al<(2v) 1}1[{|zm ~Lri> (@01} = Ljimji> 01} Ljto—Lri<(2m) 1) ]
| (29)
we can write AW,f:ﬁ(crA,aMA) [AIW A(O’A,0'3+A) AWE A(UA,0'5+A)] with

1 .
A Wv A(0A703+A Z Z Zzﬂ{ll—.ﬂq?ﬂ l}n{li-‘v —=Lr|>(27)~ 1}(5,,53)0,03 (2.10)
zEArcO+tA i€z JET

and

AW, A(O'A,0'3+A Z Z Zzﬂ{h —i1>@n- Lz —Lr<2n) -1y (&s &5)ouoy (2.11)

zEArcd+A i€z jET

Again, both terms AIW,Y:A(O'A,O'3+A) and AZWf:i(UA,JaJrA) can be treated in the same way so

that we only present an estimate of the former. Using the identity

Liji-jigen -1 Lo -zr> 2913 = Lizsi<em -1 L@ - <itz—Lri<(2v) -1 +2+0)/2) (2.12)

and setting

9";,1\(7') = _ Z ZZ 1[{|i_j|5(27)-1}§;f‘§§‘0-m]_ i (2.13)
(2‘7)‘1<|l=—L:|651}:2-,)——1+(l+L)/2 i€z jET
we have
S enor =3 5 o0 219
p=1lrcd+A

- Note that the right hand side of (2.14) is a sum of independent random variables since for any two
distinct 7y, ro in 81A, thesets {z € A: (2y)" ' <[z — Lr| < (2y)"' + (£ + L)/2} and {z € A :
(27)7t < [ex — Lry| < (29)7! + (£ + L)/2} are disjoint. Therefore,

IP{ sup v |A1W£i(aA,03+)| > } <ot p [Z Z g,Y,A(r >y ZE} (2.15)
TES st A p=1lred+A

where the probability in the right hand side is independent of the chosen spin configuration o g+ 4.
- For convenience we will choose the configuration whose spins are all one’s. Using the exponential

Markov inequé,lity together with the independence, we get

M

P| sup PAWEE(0p,0004) > o | <207 WD infet T | [ Eetral (2.16)

cES 4 >0
AUSTA : redtA

11



Thus we have to estimate the Laplace-transform of g,ly’ Alr) for any r € 8TA. We write

1
IEetg‘f'A(r) = ZEexp tZQ Z Z H{Ii_jls(z,y)—l}gg' (217)
jer zEA: 1] )

(27)"1< gz~ Lr|<(29) "1 +(4+L) /2

Note that all the £} with j € r are independent of the &} Wii?h i € z for z satisfying (27)7! <
|z — Lr| < (2v)~! + (¢ + L)/2, and that, conditioned on these latter variables, the variables
f} ZmEA ]I{(zv)-l<|£m_L,|£(2,,)-1+(Z+L)/2}I[{li_jls(%)_l}g} are independent. If we denbte by Ej
the expectation w.r.t. 5}, this allows us to write

[Eettra() = B [1E;exp ! te; > Z Ljiji< e -11Ei
‘ jer (zv)—l<|ez-L:|EsA(;v>-1+(z+L>/z i€
5 (2.18)
t2
<E[[exe{ 5 3 > Lgisii<en-1é
jGT‘ zEA: 3

1Ex
(27)~1<|eo—Lr|<(2y) "1+ (€+L)/2

where we have used that Incoshz < %mz. Using the Hélder—inequality on the last line, we arrive at

2y T
tgl (1‘) A . Ltz 1
IEe"9valm) < H IF exp - Z Z Tiji-ji<en-13éi (2.19)
JEr TEA: 1€z
(29)~1<[€a~Lr|<(27) =14 (¢+L) /2
Now '
r 2
‘ Lt? , 1
Bexp —- > > Wimji<en -1}
\ (27)-1<ltz—L:16512:27>-1+(t+L)/2 '€
4 : 2
< = i
<IEexp 1 5 ; ; &
(2 =1<lta=LriZ(an L e (esL)/2 |
< 1
V1 —t2L(L +£)/2
where we have used the Khintchine inequality and the fact that, for all 7 € 8TA,
 L+¢
DD Tamyr<ies-Lrig(en -t +ern)2} S —5— (2:21)

zEA i€z

Since for 0 <z < 1/2,1/4/1 “z< e®, for t? < e(—Lli-T)’ we finally get, collecting (2.18)-(2.20),

t2 L(L+2)
5 .

[Eet9vat) < e (2.22)
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. i + < -1 : — 1 . Co,
Therefore, since §{r € 8tA} < (2yL)~*, choosing ¢ i) in (2.22) yields

P| sup 7P|ATWE(oa,00va)| > ;j <91+ exp {—l

€
TE€ES uata 7 [47 vV L(L+¢)

Choosing € in 2.6 as € = 4vy+/L(L + £) (log2 + ;ﬁ% + 5) for some § > 0, gives (2.6).

jof)

(2.23)
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3. Some large deviation estimates for the Hopfield model

In the preceeding chapter we have introduced the block-approximation for the Hamiltonian
of the Kac-Hopfield model. To make use of these, we need some large deviation results for the
standard Hopfield model: They are essentially contained in [BGP1] and [BGP2], but we present
- them here in a slightly different way that focuses on our actual needs. We set % = ¢« throughout

this section.

Recall that we have to consider the quantities

- ﬁ_}\_f_ m wilo 2
Znppm) =277 3 e MOl L o) ooy (3.1)
cESN
We set fng,(m) = —ﬁLN InZy g,,(m). In this paper we are mostly interested in the localization

of the minima of the functions fn g (m). Thus we will only need the following estimates:

Lemma 3.1: Define the random function

N
Bav5(m) = 5llmIf = 57 3 I cosh (4(6:,m) (32)
i=1 .
Then ‘
INpp(m) > ®ng(m) — 2p° (3.3)

and for p > v/2a, if m* is a critical point of ®n g(m),

fN:ﬂvp(m*) S QN)ﬁ(m*) + ]ﬂ%\fg (3'4>

Proof: To prove Lemma 3.1, we define probability measures IP on {—1,1}" through their expec-

tation IE,, given by
~ EaeﬁN(m7mN(°’)) ()

o () = 5, pVtmmnte) | (8:5)

We have obviously that

T BN mn\o - mmuy (o m,mn{c)]
ZN,ﬂ,p(m) = fBqe 3 (e mpm mt ))]I{||mN(a)—m||2$P}1EaeﬂN( ~ (o))

N ~ N
= e imlE & Imn (o)

" L ) (o) =l < B €PN (T () (3.6)

N
— eﬂN(—%IImII§+ﬁ+\, Yo, In coshﬂ(sum))Eae%umz\r(a)-mng

I{jjm n (o) =mll2<p}

But

BN lmy (o)—m]|2 ’ BN 52
T (o) —mila<oy S €2 Nl o) ooy S €2 7 Ljmuy(e)-mla<ey (37
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so that we get on the one hand
Zn pp(m) < e=PN[Bn.p(m)=3/7]
which yields (3.3), and on the other hand
Z,pp(m) 2 e PNEN R P (|[my (o) — mll2 < p]
" But, using Chebychev’s inequality, we have that
P{lma(@) = mila < ] > 1= B, lfma(0) - m]3

and
E|lmy (o) —mll3 =
B, [T, e 5, (N2 5, €58k0500 — 2m? N 55, oy + (m?)?)
T:L, cosh A(¢:,m)
= S 1 o 3 tanh(Bm, &) tanh(B(m, €6))€ €
v J

v j#k

- Y tanb(Bm, )€ + S m)?

. 2
= T Y tan(8m, ) + Y (% 3¢ tanh(8(m, &) - m)
IF m* ié a critical point of @,
m = = 36 tanh(B(m" 1)
and so the last terms in (3.11) vanish and we remai;l with
Bllmy(o) —ml < 3 (1 - %Ztanhz(ﬂ(&,m))> <a

from which (3.4) follows immediately.$

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Given the upper and lower bounds in terms of ®, it remains to show that this function takes

its absolute minima near the points m(#*) = sa(B)e* only. This was done in [BGP1] and, with

sharper estimates in [BG3]. We recall this result in a form suitable for our purposes. We denote

by a(B) the positive solution of the equation a = tanh(8a).

Proposition 3.2: Assume that \/a/a(8)? is sufficiently small. Then there ezists a set Qq(N) C Q

with IP(Qq(N)) > 1 — e~*M such that for all w € Qy4, for allm € IRM
By plw](m) — By plw](m#*)) > e(m)

15
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where € is a non random function that satisfies

(o, if inf, , [|m —m#2)||y < c1v/a/a(B)
e(m) =< ca(B)?inf, , [|m —m®)|3, if c1v/a/a(f) < infy, [m —m)|y < c2a(B)  (3.15)
ccoa(B)*, if inf,, [[m —m9|y > ca(B) f

where ¢, c1,co are finite positive constants.

Proof: By some trivial changes of notations this follows from the estimates in Section 3 of [BG3],

in particular Theorem 3.1 and Lemma 3.9. {
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4. Local effective measures

In Section 2 we have seen that the Kac-Hopfield Hamiltonian can be approximated by a block-
spin Hamiltonian up to errors that are essentially proportional to ¢ times the volume. This means
of course that we cannot use this approximation throughout the entire volume A if we are interested
in controlling local observables, as the errors would grow without bouhds in the thermodynamic
limit. A clever way to solve this difficulty was given in [COP] for the ferromagnetic Kac-model.
The crucial point is that if one is interested in local observables in a box V/, it is possible to show
that with large probability (w.r.t. the Gibbs measure) ﬁot far away from this volume, there are
intervals of macroscopic length 1 where the mesoscopic magnetization profiles are very close to one
of the “equilibrium” values of the mean-field model. This knowledge allows to effectively decouple
the system inside and outside this region, with the outside acting only as a “boundary condition”.
Due to the randomness of the interaction, an additional difﬁculty presents itself in terms of the
randomness of the effective boundary conditions. This makes it necessary to perform this analysis
on two separate length scales: in this section we consider a rather large volume (which we will see ;
later can be chosen of order o(y~!) (on the macroscopic scale); in Section 6 these measures will be

further analyzed by localizing them to much smaller boxes.

To begin, we imitate [COP] by defining variables n that serve as a decomposition of the
configuration space through

set if VTEU' “m(y,s) - mL(ra 0')”2 S C

o) = st = T S s (4.1)

(This definition is unequivocal if ¢ is chosen small enough i.e. ¢ < v/2a(B)). For a given configu-
ration o, n determines whether a unit interval is close to equilibrium on the scale L. For a given
volume V = [v—,v4] C A, with [V| > 1, we set

+ _ [ inf{u > vy : n(u,0) # 0} 49
T; {oo'if no such u exists (42)

and
- _ Jsup{u <wv_ :n(u,0) # 0} 43
T {—oo if no such u exists ‘ (4:3)
for a given configuration o, 7 indicates the position of the first unit interval to the right, respec.

the left, of V' where the configurations o is close to equilibrium.

Let us introduce the indices pt, u~,sT, s, wy,w_ where p* € {1,...,M(y)}, s* € {-1,1}
and wy € [v4,00), w— € (—oo0,v_]. In the sequel, if not otherwise specified, all sums and unions
over these indices run over the above sets. With these notations we define a partition of the

configuration space S whose atoms are given by
.A’(,ui, st wy) = {a €S 1F =wy,n(rE,0) = sie“i} (4.4)

17



and we denote by
Sg= U Ap*, sF,ws) (4.5)

pE 5T wy
0<E(wyr ~vL)<R

Notice that

S5 = A*(R)U A=(R) ' (4.6)
where
AT(R)={oeS: 7" >vi+R}={0€S : Vo, wvg+R n(w,0) = 0} (4.7)
and
A"(R)={oce€S:7 <v_—R}={0 €8 :Yy__r<uw<v_ N(w,0) =0} (4.8)

Before stating the main results of this chapter we need some further notations. For given

indices u*, s%, w+ we write A = [w_ + Twy— %] and we set

Ap®, 5T we) = {a €S :n(wg,0) = sie“i} (4.9)

We define the Gibbs measure on A with mesoscopic boundary conditions m(#*5%) a5 the measure

that assigns, to each oa € Sa, the mass,

: 1 - w](o w](o m("‘i's:h)
g1 w(oa) = Bl H allea) Wy alwl(oa, )} (4.10)

a'Y’ #i,si
Z Bi.A ]

:I:
where Z% b a [w] is the corresponding normalization factor and

W%A[w](O'A,m(”i’ E Zs a g 0'1 Z J(Z—])—ZS a(la)gu o Z J Z_J)

iI€EA jeda—A i€EA jeotA
(4.11)

Proposition 4.1: Let F be a cylinder event with base contained in [v—,vy]. Then

i) There ezists a positive constant ¢ such that, for all integer R, there ezists Qg with IP(Qg) >
1— Re~®""" such that for all ,uf':,si,wﬂ:,'v_,_ Swip <vpe+Rv_—R<w<Lov_andw€ Qg
for all A D [v_ — R,vy + R]

Goy A} (F 1 AGE, 5%, w4)) < 07 0] (F) Gppalo] (Alw, 8%, wa)) 7764270
(4.12)

and for any u4 > V4, u— < v,

ool (F 0 A, 8%, 1)) 2 %,7, a9 (F) G pali] (A, %, ) ) €807 4270
| (4.13)
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1) There exist a positive constant ¢’ such that for all integer R, there ezists Qg with IP(Qgr) > 1~

7‘1Re‘°’M and there exist finite positive constants ¢; and cy such that if Ce(O)yL > 2¢4 %,
 then for all w € Qr and A D [v- — R,vy + R]
Gp.vAlw](F N S5) < exp (~BLRex(e(()) (4.14)

Corollary 4.2: Let F be a cylinder event with base contained in [v—,vi]. Then there ezist a
positive constant ¢’ such that for all integer R, there exists Qp with IP(Qg) > 1 —~y~1Re=¢M qnd
there exist finite positive constants ¢y and ¢y such that if Ce(OvL > 261\/%, then for all w € Qp
and A D [v— — R,vy + R]

Gomall(F)S Y G (6] (F) Gopal] (A, 5%, wa)) 8877 G420D)

pE, st

—R<w_<v_ (4.15)

vy Swi <R

+ exp (—BLRca(e(())
and there ezist uy with +(uy — 'U:}:) < R such that for all A D [v_ — R,v4 + R]

Gol@l(F) 2 S Gt o] (F) Gaales (

e

—~

(4%, 5% us) ) eS0T €D (416

and there ezists (u®,sT) such that

Gpy.alw] (A(n 5% us)) > = (4.17)

~ 8R2M?

Remark: Corollary 4.2 tells us that in order to estimate the probability of some local event in
V with respect to the infinite volume Gibbs measure we only need to control finite volume Gibbs
measures in volumes |A| with all possible boundary conditions corresponding to one of the mean
field equilibrium states. This analysis will be performed in Section 6. On the other hand, it appears
quite hopeless to get a more precise information than (4.27) on the terms Gg A [w] (.;l\(pi, s%, ui))
appearing in both bounds. This is, after some thought, not surprising, but reflects the fact that the
exact shape of typical profiles depends strongly on the disorder and only some of their properties
on relatively short scales can be effectively controlled. In particular, it is clear that we cannot hope
vto get something like a full large deviation principle (in the sense of the results of [COP] in the

deterministic case) for the infinite volume Gibbs measures.

Proof: The first assertion of Corolla.ry 4.2 is obvious from (4.12) and (4.14). To prove the second,
we need to show that ‘ ‘
1

. .;{ :i:, ‘:!:, > - 4.18
usiu,?i i(uisfi)ngﬁmA[w] ( ,(“ : ui)) ~ 8R?M? .
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But from (4.14 wé see that

~—

< 1—exp(—BLRca(e(()) £ 1—Gpy,a[w](SE)

1
Gy alw] (74 vy +R,7- >v_ —R)

Z gﬂ"y,A[(JJ] (T_ = u—, T+ = U+)
*(ur—vi)<R ;

> Gayalwl (n(us,0) # 0,n(uy,0) #0) | (4.19)
+(ur—v+)<R : |
< Z Z Gpy,alw] (77(“—,3) =s"e* ,n(us,s) = s+e“+)
£(usr—vy)<Rpt st L i

< 4R?>M? sup suiJ G8,+,AlW] (fl(,ui,si,u:,:))

N | =
IA

IA

IA

F(ur—vL)<Rpt,s*
which gives (4.18). $
In order to prove Proposition 4.1, we need the following lemmata.

Lemma 4.3: For any finite subset I' C Z we denote by A(T') the M x M-matriz with elements

1 v
Aue0) = 157 > oete (4.20)
iel
and let B be the N x N-matriz with entries
1 M
Bij = > &S (4.21)
pu=1 )

Set N = |T'| and assume that M > N/, Then,

() ' | |
EJAT) -1 < /% (z + @) +oky @)

and

(i) There ezists a universal constant K < oo such that for all 0 <46 < 1.

P IB@) - BIBD)]| > 6] < K exp (—N—%) (423)
In particular,
2 2
P [[IA(I‘)]] > (1 + f-ﬁ%) (1+ 5)} < Kexp (—N-z%) (4.24)

Proof: For the proof of this Lemma, see [BG3], Section 2. Somewhat weaker estimates were
previously obtained in [Ge,ST,BG1,BGP1]. ¢
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Lemma 4.4: Let {X;(n),i > 1} be independent random variables with Xi(n) > 0, satisfying, for
any z > 0, ,
P[Xi(n) > (1 + 2)an] < coe™*bn (4.25)

where Gn, by, ¢, are strictly positive parameters satisfying b, T co and (Incy,)/bn L 0 as n 1 0.
Then,

B < an (1+3=) (4.26)

and, for all e >0 and n éuﬁ?ciently large,

P {% é{;X (n) > (1+z+€)a, | < e nt-mK | (4.27)
where 1 = 1(€, bn, cn) 4 0 as n 1 oco.
Proof: Setting Yi(n) = Xi(n)/an, we have,
B =F [ Tgerend= [ P@ 20l @)
Thué, for any = > 0,
B(¥(n) < 142+ [~ P(m) > )y (4.29)

Performing the change of variable y = 1 + z and making use of (4.15) yields

oo

E(Yi(n) <1+z+cn / etidz =14z + —z—’ie‘m”" (4.30)

T n

Now, choosing z = (Inc,)/b, minimizes the r.h.s. of (4.30) and gives (4.26). To prove (4.24) we
first use that, by the exponential Markov inequality, for any ¢ > 0,

K K
1 —Kt(1+z+e) tY:(n
P[E;Yi(n)zuwe} <e GEIEe () (4.31)
To estimate the Laplace transform of Y;(n), we write that,
=) ) =)
EeY™ = [E(1 + / te¥ Iiy<vi(n)}dy) =1+ / teY IP(Yi(n) > y)dy (4.32)
, 0 0

and, for any z > 0,

) 14z oo
Eetim) =1 1 / 1tV IP(Vi(n) > y)dy + / 1Y IP(Yi(n) > y)dy
0 14z .

< efite) 4 / teV IP(Yi(n) > y)dy (4.33)
J14z

o0
< ¢tli+e) +cntet/ e==(ba=t) 1,

T
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where we used (4.25) in the last line after having performed the change of variable y = 1 + 2.

Choosing t = b, (1 —7) for some 0 <7 <1, we get

[EetYi(n) < gbn(1-n)(1+e) [1 +ec, 1- ne—mbn:l
T (4.34)

<exp '(bn(l —n)(1+z)+cn L ; ne““”")

and finally, inserting (4.34) in (4.31) yields

K
P %Z Yin) > 142+ ejl < e #n(1=mK oyp (—(1 -nK [bn(e —z)— %e_mb“}> (4.35)

i=1

For n large enough, choosing £ = €/2, one can always choose 7 = 7(¢, by, c,) such that the last

exponential in (4.35) is less than 1 and (e, bp,c,) L 0 as n 1 00. &

Lemma 4.5: There ezists a positive constant ¢ such that, for all integer R, there ezists Qg with
IP(Qgr)>1 —J:n’ry‘le“‘"’—1 such that for all p*, 5% we, vy <wy <vi+Rv-—R<w_ <v_ and
w € Qp

(i)

s B (on, mu(oaa)) - Wa alul(oa,mE )| < Gy (1 VTM)VE

o':r](wi.,a')=s:’=<=./"=t

' (4.36)
and
(ii) . | |
sup |Wo,a[wl(oa, ooa)| < 77141 + /M/E) (4.37)
where A = [w_ + 1, wy —1].
Proof: We first prove (i). We set
W, alwl(ea,mE5 D) = Wity [w](oa, m# D) + W w](0a,m® 7)) (4.38)
where
Wi Alwl(oa,m® )= -LY s~a(B)e o: Y Jo(i—Lr) (4.39)
i€A red—A
and
W alwlloa,mt™ ) = -L Y s*a(B)g o: Y Jy(i—Lr) (4.40)
IEA redt+A
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- We will consider only the terms corresponding to the interaction with the right part of A, the other

ones being similar. We have

)v‘lEizi[wKoA, mioora)) = Wiallloa, | Lo ze

Jy (2 = Lr)o; { &, mL(r Ootn) — mes O 1
1.€ZA TQ;A ( [ ’ ]) {ocA(p* s w)}
(4.41)
red+A lliea 2 {o€A(p¥E st we)}
<(¢L Z , Z Jy(i = Lr)éios|| =T (o)
redtA lliea 9

T~ (o) is defined in an analogous way. Recalling the definition (4.21) we have

1

2

TH(o) =¢L ) ( > > (si,sj)aiajcfw(i—f:r)‘fv(j—Lr))
’ red+A \i€lwp—1wy—1]j€lws—1wy—1]

2

<L Y (7‘1”3” > (UiJv(i-LT)V) . (4.42)

r€o+A i€lwy—lwe—%

<L Y |IBlE
redtA
<¢(2v)7BlIz

where we have used in the last inequality that #{r € 87 A} = (2yL)~!. Thus, by Lemma 4.3, for
all e > 0,

IP [supT"‘( ) > §(2fy M1+ /2yM)V1+ ejl < 2K~y lexp (—i—) (4.43)
c€S Y

from which (i) follows.

We turn to the proof of (ii). Using (2.2) we have, for all € > Ol,

IP [sug W, alwl(oa,08a)] > 462]
o€

; ‘ (4.44)
<ZP [SUP '7“1E$’£A(m£(GA),me(JaA))' > 2¢ :| + IP {sup AW,YA(O'A,O'aA)‘ > 2¢ ]
gES ’ g€S
Let us consider the first probability in the r.h.s. of (4.44). By definition,
By (ma(on),me(oan)) =LY, Y Jye(z — y)(me(z,0a), me(y, 05a)) (4.45)
zEA yedA '
Now :
(me(2,08),me(y, 004)) < lIme(z, 0a)ll2 lIme(y, 00a) |2 < |B@FIBG)IF - (4.46)
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where B(z) is the £ x f-matrix B(z) = {B(2)i,j}i¢, je, With B(2)i; = § Zp_l ¢i¢l. Thus

Eﬁ’,&(me(dA),mz(UaA))l <)) > I{|s0—ty1<(@m) -2} 1B@)|1 2 | B(y)I|2
zE€EA yESA

< (713 > ||B(w)ll%> ( Z ‘ IIB(y)H%)
z€lwy—1l,wy—1] yE[wy—1,wi+1] (447)

+ (w > B )n%) ( > nB<y)n%)
s€lw_+1,w_+1] yE[w_,w_+3]

= T1T2 -+ T3T4
- and,

P [Slép E’Y A(mg(O'A) mg(O'aA))' > 252]&§ ZZP(Tk > E) (4.48)

where the last equality in (4.47) defines the quantities Ty. All four probabilities on the right

hand side of (4.48) will be bounded in the same way. Let us consider IP(Ty > €). Note that

{HB (2)]| %} . " are independent random variables. It follows from Lemma 4.3 that, for
zoiwy — ,w+—§ .

all € > 0,
P [HB(x)u% > (1 + \/M_/E) (1+ é)] < 4Kfexp (—;—ﬁ-) (4.49)

and by Lemma 4.4, we get that for large enough ¢,

t\)

IP[ 11+\/'— 1+6)]<Kexp< ) (4.50)

2K~

Therefore, choosing € = (1 + 1/M/£)(1 + €) in (4.44), (4.48) yields

P [sup Y B (me(on), me(oan))| 2 (21) (1 + VMDA(L+ aZ] < 4K exp (‘%)

(4.51)
Choosing € = 1 and using Lemma 2.1 to bound the second term in (4.44) we get (4.37) which

concludes the proof of Lemma 4.5.
We are now ready to prove Proposition 4.1.
Proof of Proposition 4.1 part i): Setting A® = A\ A, some simple manipulations allow us to
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write

' gﬁ,’Y,A[w](F ﬂ.A(,ud:, Sﬁ:‘:kwﬂ:)) < gﬂ,"/,A[w](F n ’Z(uia si:wi:))

= ..__.__1_____.1E6A e—ﬂ [H’Y'A[""](”A)"‘Wq,a[w](aA,m(#i,si))]
Zp,y.alw]

~B[Hy aclwl(oac)+ [Wy.alwl(0arac)=Wa,a [wl(ga,meE55)
X EU'Ace i ]I{aan;f(pi,si,wi)}

i:"——l—_e_ﬁ[H'Y’A[WI(UA)'*‘W-/,A[w](crA,m(“i’ﬂi))]
A uE st
Zﬁ)"/’A [w]
1
E, . E; ——
X oa oA Zﬁ,'y,A[w]

« o=P[[Pr.allwa,0ae)=W, alol(oa m0= )]+ [W,a w](5a,m

Bl acll(eac) HHL Al Ea)H WralulGawac) g . (4.52)
{oeFnA(ut o% we)}

i'si))—W—/,A[w](fan”A")”}

: S : _ ' '
=IE,, [gg,y,,A [w](UA)]I{aeF}IE&A gﬁm/\[w](UA)][{&GE(”i,s:t’wi)}

« =B [Wralilloaas) Wy s lbl(eam®E )] 1 [Wm[w](h,m(“*'s*’)—Wm‘[wm,m)]]}

Now, if 5 € ﬁ(yi, s, w.)

[P alel(oa,0a0) = Wralol @a,m™ )] 4 [Wy,alel @a,m ) = W, all(oa, 7a0)] |

£ &
<2 sup W, Alwl(Ga,5a:) — Wy alw](Ga, m#E"e ))l
&EA(ﬂiasﬂ::wﬂ:)
- 5 = _ + o+
<2 sup l’Y lE‘tzg[w](O'A,mL(O'aA))-—W,Y’A[w](o-A’m(p )8 )).

FEA(uE 5% wa)
+2sup |AW;;£ w](7a, aaA)|
7€ (4.53)
Finally, by Lemma 4.5 and Lemma 2.1, the supremum over p*,s* and wy, vy Kwy <vie+ R
v_ — R < w_ < v_, of the last line of (4.53) is bounded from above by 8y~1(¢ + 2yL) with a

IP;-probability, greater than 1 —4y~*Rexp(—cy™!) for some positive constant c. Thus from (4.52)
and (4.53) follow both (4.12) and (4.13). ¢

Proof of Proposition 4.1 part ii): Using (4.6) the Lh.s. of (4.14) is bounded from above by
Gp 4 AlW](AT(R)) + Ga 4 A[W](A™(R)). We estimate the first term, the second one being similar.
Since the spin configuration are away from the equilibria on a length R, we can decouple the
interaction between this part and the rest of the volume A, by making a rough estimate of those
interaction terms. The fact that we are out of equilibrium will give terms proportional to R that

will be dominant if R is chosen large enough. More precisely, calling Ag = [v+,v4+ + R), we have,
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for all fixed R

gﬁ,’y,A (A'*'(R)) = Zﬁl,Y A‘ZEU'A {e“l@H%A\AR("A\An)e“ﬁ[Hv,AR(”AR)+W7,AR(°'AR1°'A\AR)]]I{a_eA_i_(R)}}

1 1
Zﬂa'Y?AR

< 646’)'_

< ’ZEU'AR [e_ﬂHv’AR(UAR)]I{creA-ﬂ-(R)}]‘ |
(4.54)

-1 epe
le=er™" for some positive constant ¢, where we have

with a IPg-probability greater than 1 — 4y~
used Lemma 4.5 to bound the interaction between Ag and A\ Ag. To estimate the last term in

(4.54), we express it in terms of block spin variables on the scale £. Using (2.5) we get
IEO_ARe—ﬂ'Y‘lEf;,AR(mz(a))]I{UGA+(R)}

By, e P Pran )

Gppan (AT(R)) < 27 18I07EE7M) (4.55)

with a IP¢-probability greater than 1 — e=c7 1Ax|

We derive first a lower bound on the denominator which will be given effectively by restricting
the configurations to be in the neighborhood of a constant profile near one of the equilibrium
positions sa(B)e#. We will choose without lost of generality to be s = 1,u = 1. To make this

- precise, we define for any p > 0 the balls

Bl(’#,s) = {m c IRM | lm —m®9)|, < p} (4.56)
We will moreover write
B, = Blkae) ‘ ' (4.57)
(ur8)E{L MIx{-1,1}
Obviously, '
]EUARe—ﬂ'y‘lEf,,AR(mz(a)) ZZEUARe—ﬂ'y‘lEi,AR(me(c)) H ]I{ml(m,a)eB,(,l’l)} (4.58)
) zEAR
It can easily be shown that, on the set {m(z,0) € B,,Vz € Ag},
- ¢
—Y B an(me(0)) 2 5 Y (lme(z, 0)l13 — 46”) (4.59)
zEAR
from which (4.58) yields
IE,, e—ﬁ“/‘lEf,,AR(mz(or)) > e—4677 ARl H IE, e%—l”me(z,a)llg ][{ (z,0) e 1)}
R = = me(z, o 5
L TEAR | - (4.60)
= e~ 487 |ARlp H Zwp.p (a(,B)el)
zEAR

contains the lowest minimum of @ in the neigh-

provided that p is sufficiently large so that Bf,l’l)

borhood of a(8)e!, which is the case if p > ¢4/ %, for some finite constant ¢ with a IP¢-probability
>1—e M,
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Next we derive an upper bound for the numerator of the ratio in (4. 55) Using the inequality
ab < %(a? + b?) we get '

THEL p o (ma(0)) < < Z [me(z, 0)|I3 (4.61)
:I:EAR
and whence
—By~1E! my(o 8t my(z,0)]2
-ZEUARC BY ™ B A g (ma( ))]I{O'EA+(R))} < EO'ARe P ZzeAR lme(z,a)ll; ]I{o'eA+(R)} (4.62)

Let us now recall that, by definition,

AT(R) = {a €s

VueArIreu : %Lnsme(“’s) —mpg(r, a)Hgk > (} (4.63)
Using that mr(r,0) = ¢ Zze,, myg(z, o) we have

)~ ma(r, )l < Zum(ﬂ’s)—m(m o)ll2 o (464)

:z:Er

so that

| e ]
AT(R) C {cr €S |VuearIren : LI,I;E I ; [m#®) —my(z,0)|2 > C} (4.65)

We will use the following fact

Lemma 4.6: Let {Xi,k=1,2,...,K} be a sequence of real numbers satisfying 0 < X < ¢ for

some ¢ < co. Let ( < ¢ and assume that
1 & -
72Xk >¢ (4.66)
k=1 )

For 0 < § < ¢, define the set Vs ¢ = {k|Xx < 0(}. Then

1-9)

|{1<k<K Xk>6g}|>K —5¢ (4.67)
Proof : Set Vi, ={1,...,K}\ Vs¢. Then
1
ZXk<— > Kt Y Xk_KclVac|+ SOCIVic| = (e~ 0)\Vacl +6¢  (468)

keVs,¢ kGV“
which, together with (4.67) implies the bound (4.68) ¢

Let us denote by Vs ¢(r) the set of all subsets S C {z € r} with cardinality £ L&?, respectively

volume

¢(1-9)
18] > yL2 5> % | (4.69)
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Then, since |[m(**) —my(z,0)|2 < 2, Lemma 4.7 implies

A*(R) C {a € 5| VueanTreusevs () : Voes » me(a,0) € BEC} (470)
Therefore
ZE("‘ARe—ﬂv"lE—i,AR(mz(v))]I{ko_eA_,_(R)}
8L 2
< IE = z€u Hmz(fﬂﬁ)llz][
ul_;[R R {ElreuESEVM(,) Vz € S, my(z,0) € Bs.} (4.71)

ﬂl mma'
HZ Z Ey.e? ~=ee Imeles)ls HI{mexo)eBac}

uEAR TEU SEV; ¢ (r)

Inserting this and (4.60) into (4.55) we have

< 7 HARI(16vE+4YM+485%) H >, > H ﬁ)el) H 23,8, p(’ﬁ(‘;)el)

wEAR TEU SE€V; ¢ (r) z€u\S Za,p,0(a

= 7 ' |AR|(167L+4y7M+46p%) H Z Z Tél Ts(z)
u€ARTEU SEV;s ((r)

(4.72)

where we have defined

2% p 50 = Bo e ¥ ImEliny (473)

mg(m,O') € BEC}
It follows from Proposition 2.3 of [BGP1] that

Zpp5 < exp (—ﬁe [qb(a(ﬂ)) —¢ %D | S (4.74)

so that using Lemma 3.1 we get that
7P < T exp (+ﬂ£c,/ ) <etPr eV EF (4.75)
z€u\S
with a IP¢-probability > 1 — (v£)"te~*™ On the other hénd, to bound Z; 4 5., we proceed as in
[BG2] and first note that ||me(z,0)||3 < 2 for all o. Next, we introduce the lattice Wy pr with

spacing 1/+v/€ in IRM and we denote by We,m(2) the intersection of this lattice with the ball of
radius 2 in IR™. We have

2¢
Weae(2) < exp (301 (37 ) (476)
Now, we may cover the ball of radius 2 in IRM with balls of radii p = +/M/{ centered at the points
of We 3(2). Supposing that §¢ > 5 this yields, '

Zepsc S Y. Umepg ) Zessml]
mEW, am(2) ) )

S Y Tem, oo (-0 (st - 1))

mEWe, n(2)

(4.77)
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Let us now assume that 6¢ — p satisfies the hypothesis of Proposition 3.2, then
Z; p5c < exp (—ﬂé (¢(a(ﬁ)) +e(0C—p) — 46— P\ F — 30" — 5% ln'(-,%—f))) (4

with a IPg-probability > 1 — e~°M, where €(-) is the function defined in Proposition 3.2. We will
assume that ¢ > \/%. Thus

7 T |
B < <—e[ea—*—caﬂ/MD 4.79
Zepplal@e) = O\ TP D ey w9
with a IPg-probability > 1 — e~*'M_ Thus the product Tél) Téz) defined in (4.72) is bounded by
TITS < exp (ﬂv‘lc [\/ u_ e(c)ISID | (4.80)

with a IP¢-probability > 1 — (y£)~1|S|e=<'M. Hent;e

Y > o

uEAR TEU SEVs ¢ (r)

STY X e (-pre[isio - ]) | (451)
u€AR r€u SeV; ¢(r)
' - In2
< xp (~0r7 Al [13¢ee0) = ol1ar)] — 15 - oy %))
with a IP¢-probability > 1 — (v)~'Re~M and finally, inserting (4.81) in (4.72) we arrive at

Gpvanlw] (AT (R)) <exp (—ﬂ'r‘lR ['ch(e(C )—¢ (\/_%Z + 8y + 2p2)]) - (482)

with a IP¢-probability > 1 — (v8)"1Re~°'t, where we have used the fact that M < £. ¢
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5. Self averaging properties of the free energy

In this chapter we study the self averaging properties of the free energy of the Hopfield-Kac

model with mesoscopic boundary conditions.

We denote the partition function on the volume A with boundary condition s a(ﬂ)e“ on the
left of A and s*a(B)e*" on the right of A by

lei’si) E_ZEO_A —ﬁ(H-yA(V)'*‘W A6 A(U'Al”"‘(“l * ))+W AB“‘A("A)Im(# ¢ ))):l (5.1)

and the corresponding free energy

+ g* ,si .
fé# ) )EfA —_ _M]‘ Z(# ) (5‘2)

To include the case of free boundary conditions, we set m(%:9 = 0.

We are interested in the behavior of the fluctuations of fA (u*,9%) around it mean value. We will
use the Theorem 6.6 of Talagrand [T2] that we state for the convenience of the reader. We denote
by IMX a median of the random variable X. Recall thatka, number z is called the median of a
random variable X if both IP[X > ] > 1 and IP[X < z] > L. '

Theorem 5.1: [T2]Consider a real valued function f defined on [—1,+1]N. We assume that, for
each real number d the set {f < a} is conver. Consider a bonvem set B C [—1,+1]Y, and assume
that for all z,y € B, |f(z) — f(y)| < k|lz — y||2 for some positive k. Let X denote a random vector
with i.i.d. components {X;}1<i<n taking values in [—1,+1]. Then for all t >0,

: 2
PF(X) - DAFCO| 2 6 <46+ e (~ 82 (53)

where b = IP [X ¢ B] and we assume that b < %
The main result of this chapter is the following proposition:

Proposition 5.2:. If v¢, M/{ and YM are small enough, then for all t > 0, there ezists a

universal numerical constant K such that
Hf”!‘q) -lEfAu' ’8 )|>t+K/ —1|A]
< Kexp (———IAK\/ 1+t2-1) )

(5.4)

Proof: Note first that the set {fa < a} is convex. This follows from the fact that the Hamiltonian

H, A is a convex function of the variable £. The main difficulty that remains is to establish that
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fa is a Lipshitz function of the independent random variables ¢ with a constant %k that is small
with large probability. To prove the Lipshitz cdntinuity of fa it is obviously enough to prove the

corresponding bounds for H, a(c) and W,Y,A’aiA(O'A]m(yi,si))‘

Let us first prove that H, A(0) is Lipshitz in the random variable ¢. Let us write £ = ¢ [w] and
¢ = {[w']. Denoting by {0 the coordinatewise product of the two vectors £* and o and Jy (i —7)

the symmetric y~!|A| x y~1|A| matrix with %, j entries, we have

|Hy,aw](0) — Hy,alw)(0)]| = (5.5)

S (e - 800), 4, e+ ¢40])

p=1

Since J, is a symmetric and positive definite matrix, its square root Jy ? exists. Thus using the

Schwarz inequality we may write

M ,
> (l#o — 40l Llgho + €40]) | <
pu=1
> 1320 — Eallla )| I3/ 2 g0 + E4o]l, (5:6)
p=1
<JrI-
where
M 1/2 :
7= (D sera e ) 67
p=1 .
and
u 1/2
J-= (Z([é"a — o], Jygho — é%])) < le— €l (5.8)
p=1
The last inequality in (5.8) follows since ||Jy|| < 1.
On the other hand, by convexity
M M
(J‘*‘)z <2 Z(&“UJ,YS"U) +2 Z(é“a’i,é‘“a)
. p=1 p=1 (59)
= 2H, alw](0) + 2H, A[w'](0)
Collecting, we get
| Hyalwl(0) = Hyalw')(0)] < V2€ = €ll2 (Hy,alw](0) + Hyalw](@)? (5.10)

This means that as in [T2], we are in a situation where the upper bound for the Lipshitz norm
of H, alw](o) is not uniformly bounded. However the estimates of Section 2, allow us to give

reasonable estimates on the probability distribution of this Lipshitz norm. Recalling (25) we have

o [SHP AH, A®0)] = 7Y AI(L6(1 + o))yt + 47M>] < 16e77 14 (5.11)
LN
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Therefore, using (2.1) we get

1P [ sup |H, a0)] 2 v~ AN(C + (1601 + e + 47M>]

AN

< 16670714 1P| sup |y (me(o)] 2 0|

oESA

To estimate this last probability, we notice that by convexity ‘

2(me(z,0),me(y, 0)) < me(z, 013 + Ime(y, o)II3

Therefore

VLB A(me(0))] = 1/2

Z J-ye(w - y)(me(fﬂy O'), me(y, U))

z,y€A

< /2 llme(a, 0|3

T€EA

Now we have

P {Sup £y |lma(z,a)ll3 = 207"11A!]
o€Sa zEA ’

<27 Al [e > lIma(z, 0|3 > 207"11A1]
€A

S‘ 2")’_1|A[ inf —2C‘y'1]A|t ]:[ H Ee iﬂ “0',-)2

<t 2
0st<1/ zEA p=1

Using the well known inequality [BGl] ’
IEexp | t£ Z oy —1—
'Lem ' 1 -
and choosing ¢t = 1/4, the r.h.s of (5.15) is bounded from above by
-1 C ;
exp | =y '|A| E—(1+M/2£)1n2
Collecting, we get

P I:sup 1/ Z lme(z, 0)|2 > v~ A2 (c+ (1+ M/ZZ ln2)] <e
) o€Sa €A

which implies, if v¢, YM and M/{ are small enough, that

P | sup |y a(0)] 2 77| (e + 1)] < 17em1 1A
ocESA
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(5.17)

(5.18)

(5.19)



which is the estimate we wanted.

- To treat the boundary terms, c.f (4.12), let us call W;: Alw] (respectively W,j' Alw]) the terms
corresponding to interactions with the left ( respectively right) part of the boundary 8A. We
estimate first the Lipshitz norm of W_ s [w], the one of W;’ alw] being completely identical.

(W alwl(oa,m® 7)) =W s [w'](oa, mE")|

<a(@) > ouel” - &) ( PP A( —j))

i€EA JjEO—A
A\ 2\ /2 (5.20)
< a(B) (Z(sﬁ‘ - & >2> oY L(z‘—j))
i€EA ieA \jes-A

< y2a(B)|€ — €|I3
<yM2)je - &|I3

where we have used the Schwarz inequality and

i€A \jeo-A

2
> ( PP AC —-j)) <yt (5.21)
Therefore if we denote by
Op = {5 € [-1,+1]7 7 AM| sup |Ha(0)] < 7 YA|(4e + 1)} (5.22)
ASYN

Using (5.3), (5.19), (5.20) and some easy computations, we get

B E - £2 -
P Hf/(f ) )‘ 2t7‘11A|] < 68e°7 1Al 4 gge~TwemY 1Al (593)
Choosing ¢ such that ¢ = -1—6—(-;—2_]_—57 we get
+ E ok -1
P (|77 - ps™ 7| 2 t7hAl] < 136 exp (—%[A[(\/l T —(1)) (5.24)

Finally, a simple calculation shows that (5.24) implies that
+ & + .+
|BrFE ) — BT < 544 /47 T[A] (5.25)

and this implies the claim of Proposition 5.2.
We will mainly use the Proposition 5.2 in the following form
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Corollary 5.3: If |A| < v~ 1g(v) for some g(7) with g(7y) 4 0 and v~ 1g(y) > c, for all v small
enough then there ezists a set Qg with IP[Q,] > 1 — K e~ ™* for some positive constants ¢

and K, such that for all w € Qg

ERE N _ .
wzg™ - B mzf™0) < ortemt (5.26)

Proof: The Corollary follows from Proposition 5.2 by choosing ¢ = y'/2|A|~Y/2(g(v))~/* ¢
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6. Localization of the Gibbs measures II: The block-scale

6.1. Finite volume, free boundary conditions

Instead of dealing with the measures Q(“ i’S*)[ ] immediately, we will first consider the simpler
case of Gibbs measures in a finite volume A = [v_,v4] of order |A| = o(y™!) with free (Dirichlet)
boundary conditions. This will be considerably simpler and the result will actually be needed as a
basic input in order to deal with the full problem. On the other hand, the result may be seen as
interesting in its own right and exhibits, to a large extent, the main relevant features of the model.
This may indeed satisfy many readers who may not wish to follow the additional technicalities.

With this in mind, we give a more detailed exposition of this case.

Our basic result here will be that the free boundary conditions measure in volumes small

1

compared to y~* are concentrated on “constant profiles” with very large probability. More precisely,

we have

Theorem 6.1: Assume that y|A| 10, B large enough (8 > 1) and yM(y) | 0. Then we can find
71> L>>1 and £ 10, such that on a subset Qx C Q with IP( ) < e~ 2 (M ywhere gv) 40
and v~ 1g(v) > ¢, we have that for all w € Qp

Gp,v,alw] (Euemg,ﬁ(u, o) = 0) < e InQ " (6.1)
and e
Gorle] (Bueanz,p(u,0) # mg g (u+1,0)) < e™EHO) (6.2)
where h(¢) = cBLe(¢) and €({) is defined in (3.15).

The proof of this theorem relies on a large deviation type estimate for events that take place on
a scale much smaller than the size of A. We will consider events F' that are in the cylinder algebra
with base I = [u_,u4] C A, where |I| < 1/(v£) is very small compared to A and that in addition
are measurable with respect to the sigma—algebra generated by the variables {m; (o, z)}zer. Let us
define the functions Uy “#% and 7 Aj ”‘ by

Uiinui (me) = £ Z J—yl(-’ﬂ —7) [[me(z) — ml(y)”%

4
z,y€EA “m (m) m(“i si)nz (6.3)
£ = ’
+ ’YE Z J.,g(m — - 2 2
TEA,yeEOA
and
T-X‘ﬂ’: (me) = 7 )(mz )41 foppma(@)) (6.4)
TzEA
where
__1 L mu(ea)E g,
forp.p(me(z)) = = 7 I Boe = T Ljim, (0,0)-me(a)ll2 o} (6.5)
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For any § > 0 define the d-covering F of F' as Fs = {0|3oreF : Vaerllme(o, z) — me(o’, )2 < 6}
With these notations we have the following large deviation estimates:

Theorem 6.2: Let F and Fs be as defined above. Assume that |A| < g(y)y~ where g(v)
satisfies the hypothesis of Corollary 5.3. Then there exist £,L,(, R all depending on v and a set
Q4 C Q with P[Q5] < Ke=0ON ™" 4 e=¢R/7 sych that for all w € Qy

3 L 1n Gy, [w] (F)

< -

(6.6)
inf F50 m(ml) mf]—'(ll“) (mg)} +er(6,L,M,(,R)

inf
pE,sF E(wr—us)<R [nuEF [w—w+] w57

and for any § > 0, for v small enough

InGg,,a[w](Fs)

N I

. . (,ui,.s:h) (1,1,1,1) :
- u:l:,si,:!:('u]}l::f—upm)SR ['ITLILHEfF ]:[w_ ’w+]1ﬁ77 (m'e) lnff -—1w+]aﬂ 'Y(mz)] - CT'(E, L’ M’ C’ R)
' (6.7)

where er(¢, L, M,f,R) s a function of a = yM that tends to zero as a | 0.

Proof: Relative to the interval I we introduce again the partition S from Section 4. While we will
use again the estimate (4.14) we treat the terms corresponding to Sg somewhat differently. Let us

introduce the constrained partition functions

2,y A[WI(F) = Gp v a[W)(F) Zp 4,0 (W] (6.8)

Just as in Proposition 4.1 we have that

Zp oy a(F NA*, 5%, ws)) < Zgya-({n(w-,0) = s-e“'}>z;’; 2 (E) Zg o ([, 0) = 5% )
X 687_1(C+27L) ’
(6.9)

and

-y s +
gy a(F 0VAWE, %, ws)) > Zg pa- ({n(w=, 0) = e P28 2 (F) Zp s (In(ws, 0) = st })
x =877 (¢+27L)
(6.10)

where A = [w_ + %, w; — 1] and AT are the two connected components of the complement of A

in A. Using the trivial observation that

ZﬂfY:A 2 Zﬁy'Y:A(‘A(l‘l'ﬂ: = 1‘7 'S:E = 1’71):':)) : (6'11)
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this combines to

Zé“iz:h)(F)
Goya (F NA(ET, 8%, wz)) < Zﬂ(i,1,1,1)

By, A
Zgya-({n(w—,0) = s7e* }) Zg, p+ ({n(wy,0) = s+e“+}) (6.12)

Zgaa-({nlw-,0) =€) Zga+((n(wy,s) =€}
« el (¢+2vL)

X

The point is now that the ratios of partition functions on A% are in fact “close” to one. Indeed we

have

Lemma 6.3: Let A=[w_ — L,wy + 1] with |A| <v7g(v), where g(v) 1 0 and g(v)/y > ¢>0.
Then

In Zgp.a({n(w-,0) = s7¢*" }) = InZp p a({n(w-, 0) = '})| < By [(glr))/* +10¢ + 48yL]
. (6.13)
with probability greater than 1 — e=e7" — Ke—elst) TV,

Proof: Introducing a carefully chosen zero and using the triangle inequality, we see that
10 25 5 ({10, 0) = 7€ }) = In Zp pa({n(w_, 0) = €1})
- - 0,0,u™ 8~ 0,0,1,1
< [ Zppal{n(w-,0) = s"e* ) =204 + 2000 —nZ s ({n(w-,0) = ¢})

+ ']-n Z(O:Osl‘_ys—) _ IEan(0,0,]J“,s")

Byy:A\w- By Aw-
(0,0,u7,87) (0,0,1,1)
+ |1E1n 2000 ) _ Bl Z0Y
0,011 _ 1 5(0,01,1)
+ ‘IE InZg 2 - — 1025 N

(6.14)
The third term on the right hand side of (6.14) is zero by symmetry, while the second and fourth are
bounded by Corollary 5.3 by v~1(g(7))~/* with probability at least 1 — e~ — Ke~cla() ™%,
-To bound the first term we proceed as in the proof of Proposition 4.1, part i, that is we use the

same decomposition as in (4.52) and (4.53). This gives that
In Zp oy A(n(w-,0) = 877 }) = ZIKTY = InZ_pfn(w-,e) =57 ) o
+0 (477 (¢ +27L))

The constraint partition function on the block w_ is easily dealt with. First, we note that by (2.5)
with probability greater than 1—exp(—cy™') we can replace the Hamiltonian by its blocked version
on scale L at the expense of an error of order y~1(16L). Then we can repeat the steps (4.58) to
%4.49 to get that with the same probability,

In Zy_p({n(w-,0) = s7e*"}) 2 =f77 [$(a(B)) + ¢* + 23] - By~ (16+L) (6.16)
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provided ¢ > 24/ -]1"[— Using (4.61) and the large deviation bound (3.3), we also get

InZy_py({n(w-,0) =s7e* }) < =By [¢(a(B)) — 5¢*] + By (167L) (6.17)

The same bounds hold of course for the the term with (s~, ™) replaced by (1,1), so that we get

an upper bound

Byt {487L +8¢ + -2;(2 | (6.18)

for the first term on the right of (61.9). Putting all things together, we arrive at the assertion of

the lemma.

Lemma 6.3 asserts that to leading order, only the first ratio of partition functions is relevant
n (6.12). On the other hand, since by Proposition 4.1, part (ii), we only need to consider the case
|A] < R, we can use the block approximation on scale £ for those, committing an error of order

By~ (Rv£) only. We will make this precise in the next lemma.

Lemma 6.4: For any (s*,pu*, ws) and I C A C A and any F that is measurable with respect

to the sigma algebra generated by {ms(c,z)}zer

Z( )8 )(F)
A Zﬁ(,lﬂl’[; oo ST N, Lo (m) i " (me) (6.19)
+¢ (|Alve+ Ay M| In 35| + IAI%)
and Y > 0 for sufficiently small
(# ,s )( Fs) ) (1111)
11 ""—>—,'f.7-' P fFA
Ch 250 = o Fapp (me) +ink (me) (6.20)
+ ¢ (JAlye+ |AlyM|1In 2| + |A| &)
with probability greater than 1 — e~¢lAl/7,
Proof: Using Lemma 2.1, we see that
R —8v=[B: (m, (o L (o YT s E)
Z(;f%, )( F) < E;Lim,(s)cF}€ A N ))+Ev.é( ¢(oa); | )] (6.21)
x P T1401A e
and » ,
* g% —Byt El m E me(o ,m("i'si)
285 0(F) 2 Bl oyerye ™7 Fralmell e B (moa) ) (6.22)

-1
« e—BY140|AlyL
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Now
EZA (mz(UA)) + E’A A (mz(o-A)[m(yi,si))

= 4 (m(oa)) +E2,12’9A (mz(aA)lm(“i’si)) > ”mz(;, z)|i3 3 [a(g)P

z€EA zEHA
'YEZ [[me(o, z)l3 Ua z)3 yE Z a(ﬁ :
z€A zEOA
1 ‘ .
= _§7£ Z J«/[(.’E - y) (mg(a, m): ml(o'a y)) - ’Ye Z J—Ye(.'L‘ —_ y) (me(x’ g)’m(“i:si))
- (= ,y)eAxA z€A,yEA ‘
+ L Z —(mz(:c 0') mz(m o' -|-fy€ Z ( (yi,si)’m(pi,si))
mEA a:EaA
Cpey I, 5~ O

z€A z€EHA
| (6.23)

On the other hand

Ime(o, z) — m=%)|2

’Ye Z Jvﬂ(x~y)||m£(0,m)_ml(gay)”% +,ye Z J (il? )

L TYEA 4 zC€A,yeoA 2
1 .
=—~f Z ng(a: - (me(O', :L‘),'mg(O' y)) - Z J.Yg(w - y)i (me(o'7 m),m(pi,s:‘c))
z,yEA TEA,yEA
1 1
S Jve<w—~y>§||m,e<a,m>n§+ve > e =) (glmeder o)l + o))
ST z€A €O ;
1 1 (u,s%)
=1L Y Jule—9); o @) mee,y) =78 Y. Tale —3)5 (malo,2),me55)
z,y€A TEA,yeEOA

£90Y Smie 2+ Y Fulo—9)5[a(8)?
TEA zEA,YyESA
(6.24)

Comparing (6.23) and (6.24) we find that

+ & \V2 2
B (me(0a)) + Exlpa (me(oa)m®*+9) 4923 ”—Mﬂe > [“(%)]
z€A , z€OA

\ my(o, ) — me(o,y)||3 me(o, ) — m#=s™) |2
Z’YZ Z J'yﬁ(m_y)” £( ) I E(U y)“Z +'Y€ z J—yl(m_y)” Z( ) > ”2
z,y€A z€A,y€edA
1
—vt > Julz— y)—[a(ﬁ)]zv
zEA,yE@A

= UL (me(0a)) - (IAI ﬂ
(6.25)
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where C(|A|, B) is an irrelevant o-independent constant that will drop out of all relevant formulas
and may henceforth be ignored. For suitably chosen p we introduce a lattice Wy, in IRM with
spacing p/ v/M. Then for any domain D C IRM, the balls of radius p centered at the points of
War,, N D cover D. For reasons that should be clear from Section 3, we choose p = 2\/_%_ . With
probability greater than 1 —exp(—cf), fup,,(me(z)) = oo if |m||2 > 2, while the number of lattice
points within the ball of radius 2 are bounded by exp (M In —12;4-‘1) But this implies that

. (IE"A Ty (oyerpe ™ BAlmeloa) B0 (metea)imts® si’)])

T u (6.26)
5——7—1ﬂn3?€f [fffﬁ’j me)— (1], ﬂ)] +14] (M|1n2A§|+2_[>
and also, if § > 24/,
- ' £ %
8 (E”Aﬂ{mz(v)eme_ 77 [BA(me(ea) +BL s (me(oa)im ™ ))]) (6.27)
6.27

- . E oE M
> 78 inf [Flps) (me) — C(1ALB)] - AT

Treating the denominator in the first line of (6.12) in the same way and putting everything together

concludes the proof of the lemma.$
An immediate corollary of Lemma 6.4 is

Lemma 6.5: For any (s* uE wy), |A| < v tg(y) and any F that is measurable with respect
to the sigma algebra generated by {my(o, z)}zer,

2InGpqa(F 0 A(pt, 5%, ws)) < - jnf ]-'(A"ﬂ’; )(mg)—l-inffg,;;l)(mg)
+d (713 +(gON)M* + ¢+ |AyE + |AlyM]|In 3] + IAI%)
| (6.28)

-1/2 — . " .
) —2e~¢/7 for some finite positive numerical constants

with probability greater than 1— Ke~c(s(")
¢ c, K.

Proof: This is an immediate consequence of (6.12) and Lemmata 6.3 and 6.4. ¢

We are now set to prove the upper bound in Theorem 6.2. Using the notation of Section 4 we
have that

InGgv,a(F) < In(Gpy,a(F NSR) + Gp 4,4 (F N SE))

s A(FHS%))
=1 FnS In (14 2202 K/
ngﬂy'Y;A( R) +in ( + gﬁ"y,A(F n SR)

—coBLR(e(C)
< 4M?2R su InGp . a(F N A(uE, %, w +ln( 4 20 (e
ui,s*,:‘:(wf—ui)SR vl ( i)) Gpy.a(F N Sg)
4 (6.29)
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where we used (4.14). We see that the last term can be made irrelevantly small by choosing R
sufﬁciently large. In fact, since we will consider events F' those probability will be at least of order

exp(—y~1BC), it will suffice to choose

1 .
R> m (6.30)

On the other hand, in order for the error terms in (6;19) to go to zero, we must assure that (note
that |A| = |I| + 2R is of order R) R(v£+ %) tends to zero. With & = yM, this means

R (w +5) 40 (6.31)

From this we see that £ should be chosen as v£ = /o while R must satisfy R/ | 0. (6.30) and

(6.31) impose conditions on L and ¢, namely that
'YL\Q{?_(C) +0 (6.32)

Of course we also need that ¢ | 0 and vL | 0, but clearly these constraints can be satisfied provided
that o | 0 as v J 0. Thus the upper bound of Theorem 6.2 follows.

To prove the lower bound, we will actually need to make use of the upper bound. To do
so, we need more explicit control of the functional F, i.e. we have to use the explicit bounds on

fz,8,p(me(z)) in terms of the function ® from Lemma 3.1.

Lemma 6.6: The functional F defined in (6.4) satisfies

+ gk ® g 1
FLo me) 2 UL (me) +9£ Y @2 p(me()) - 514107 (6.33)
TEA
and : ) In2
. n
int 75 (me) < |Algs(a(6)) +141 g5 (6:34)

where ¢p(a) = 9;— — 8~ 1ncosh(Ba).
Proof: Eq.(6.33) follows straightforward from (3.3). To get (6.34), just note that U is non-negative

and is equal to zero for any constant myg, while from Lemma 3.1 it follows that

In2

inf f. z)) < inf @, g(me(z)) + —
"::f](x)f ,ﬁ,p(me( )) me(z) ’ﬁ( -e( )) g,B
In

<8, 5(m"Y) + T

= ds(a(@) + %

(6.35)
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This concludes the derivation of the upper bound. We now turn to the corresponding low-
er bound. What is needed for this is an upper bound on the partition function that would be

comparable to the lower bound (6.11). Now

, ,
_— _ABH (0- ) ﬁa'YaA
Zpyp = Z Eqe™mmnn ]I{n(wi,a)ﬂi‘e“i}zwi s%) IE e~PHAloA)

(p¥,s%) (n(ws,o)=stert}
Z
= _-ﬁHA (o-A) ﬁfY’A -
o= (P;i) [E,e L tws o)=stent) [E,ePEA@N) (1~ Tiymz 0)m0)) (6.36)

= Z Eae—ﬁHA(aA)ﬂ{n(wi,,)wieui} (1= Gpy,a ({n(ws,0) = O})]_l
(u¥,s%) '

~ This is almost the same form as the one we want, except for the last factor. The point is now
that we want to use our upper bound from Theorem 6.2 to show that Gg A ({n(w+,0) =0}) is
small, e.g. smaller than 1/2. so that this entire factor is negligible on our scale. Remembéring our
estimate (4.14), one may expect an estimate of the order exp(—ce8L{€(()), up to the usual errors.
Unfortunately, these errors are of order exp(iﬁ’y“l((_f + L)) and thus may offset completely the
principle term. A way out of this apparent dilemma is given by our reinaining freedom of choice
in the parameters ¢ and L; that is to say, to obtain the lower bound, we will use a f and a L in
such that first they still satisfy the requirement (6.32) while second ¢y L{(e(¢) > v~1¢ + L. This is

clearly possible. With this in mind we get

Lemma 6.7: With the same probability as in Lemma 6.5,

% InGp,,a ({ﬂc,z(Wﬂ:, o) = 0}>
1-6 (8.37)
< VLl bl +¢ (YL + (g(0)4 + ¢ + Rye+ RyM|n %[ + RY)

Proof: The proof of this Lemma is very similar to the proof of (ii) of Proposition 4.1, except that
in addition we use the upper bound of Lemma 6.5 to reduce the error terms. We will skip the
details of the proof.$

Choosing L and ¢ appropriately, we can thus achieve that 1—Gg+.a{n(ws,0) = O})]—1 <2
so that
Zﬁ"Y’A <2 Z IE"'e_ﬁHA(gA)][{ﬂ(w:l:,a')=s="=e“i}
(u¥,s%)

- + +
<2(2M)* sup_Zp - ({n(w-0) = s=e* N2 X Zp i, (In(wso) = s¥er’})  (6:38)
BE,8

et8r 7 B(¢{+2vL)

(we will drop henceforth the distinction between L and L and ¢ and ¢). The first and third

factor in the last line are, by Lemma 6.3, independent of p*,s*, up to the usual errors. The
Y 0.9, 1Y p
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second partition function is maximal for (u*,s*) = (=, s~), (this will be shown later). Thus with

probability greater than 1 — e=c1! _ Ke—clg)H?
i ZYNF) e
gg’%A(FﬂA(# y$T,we)) 2> —-——Z’FZ’LLI’I) e~ B (¢ L+ (g()F) ‘ (6.39)
Byv,A

for some numerical constant c,¢’. Using the second assertion of Lemma 6.4 allows us to conclude
the poof of Theorem 6.2. $§

We are now ready to "prove Theorem 6.1:

Proof of Theorem 6.1: Notice first that the first assertion (6.1) follows immediately from
Lemma 6.7. Just note that

Gorale] (Fuennz,z (w,0) = 0) < 3" Gpali] ({ng, 2 (u,8) = 0}) < AJePEE) (.40
u€A
for suitably chosen L, 2. To prove (6.2), note that we need only consider the case where both n(u, o)
and n(u + 1,0) are non-zero. This follows then simply from the upper bound of Theorem 6.2 and
the lower bound

inf in ‘
F’-i 13:!: mzifl(U,mz)#Tl(u'i-l,mt)#O

U ) > 1t S Tz — y)lime(a) — me@d (6.41)

z€u ycu+tl

Using convexity, we see that

¥y Y Jrelz —y)lime(z) — ma(y)l3

cE€uy€Cutl

>0 Y DD Ime(z) — me(w)li3

r€u,sgutl TET YES
jr—s|<(vL)—1 -2

- | 2 (6.42)
>(L? Y £ mele) - £ muly)
r€u,s€utl z€r yEs 2
Ir—sl<(vL)—1-2
. . "
=0 3 Imi)—mi)l;
réu,s€u+l X
Ir—s|<(vE)~1-2
Inserting this inequality into (6.41) gives immediately that
inf inf v my >t S ((a(8)? - 2a(8))
pE,sE man(u,me)#n(utl,me)7#0 et :
Ir—s|<(vE)=1~2 . (6.43)

> (1 - 2vL)? ((a(8))* - 2a(8)¢)

From here the proof of (6.2) is obvious. $<O



This concludes our analysis of the free boundary condition measure in volumes of order o(y~1).
We have seen that this measures are concentrated on constant profiles on some scale L < 71
(microscopic scale). In the next subsection we will analyse the measures with fixed equilibrium

boundary conditions.

6.2 Finite volume, fixed symmetric boundary’ conditions

To proceed in order of increasing difficulty, we consider first the case where the boundary
conditions are the same on both sides of the box A. Since these are compatible with one of the
preferred constant profiles of the free boundary conditions measures and since the size of the box
A we consider is so small that by our self-averaging results we know that the random fluctuations
do not favour one of the constant values by a factor on the scale exp(ﬂfy“l), we expect that the
optimal profile will be the constant profile compatible with the boundary conditions. Indeed, we

will prove

Theorem 6.8: Assume that |A| < g(7)y~* where g(v) satisfies the hypothesis of Corollary 5.3.
Then there exist £,L,(, R all depending on v and a set Qy C Q with IP[Q] < Ke—elsm ™% 1
e~°B/7 such that for all w € Qy

gt i
( ) (1112) (6.44)
: : 18,1458 :
== :t(wi:lrg;:)SR [n:?efFf[w—,w+],ﬁ,7(m4) m”:[w-,w]ﬂ‘Y(me)J Fer(b L, M.¢ R)
and for any § > 0, for v small enough
5 ggi el(F)
( ) L ' (6.45)
. . My Sy [4y8 iy —_—
> — ﬂ:(wi'l'r’tfi)SR limllnefFf[w"w‘*' 8,,(Te) — 1nf.7:[w_’w+]!ﬁ,7(mg)] er(¢,L,M, ¢, R)

where er(¢, L, M,(, R) is a function of a = yM that tends to zero as o | 0.
An immediate corollary of Theorem 6.8 is the analog of Theorem 6.1 for the measures Q(” e )[w].

Theorem 6.9: Assume that y|A| | 0, 8 large enough (8 > 1) and yM(y) | 0. Then we can find
v 1> L > 1 and € | 0, such that on a subset Uy C Q with IP(Q%) < e~ where gv) 40
and v~ g(vy) > ¢, we have that for all w € Qp

Gt (w] (Bueans 5 (v, 0) # se*) < e~E9C0) (6.46)

where h(¢) = c¢B¢e(¢) and €(() is defined in (8.15).
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Remark: Eq. (6.46) implies that with IP-probability one

lim n Gt w] (vuemg, 1 (u,0) = se“) =1 | (6.47)

Proof of Theorem 6.8: Many of the technical steps in this proof are similar to those of ‘the
" preceeding subsection, and we will stress only the new features here. Let us fix without restriction
* of generality (u,s) = (1,1). We consider again the upper bound first. Proceeding as in (6.1), the
first major difference is that (6.12) is replaced by

Z(lvlif‘_:s-) ZX‘Zysi-) (F) Z(l‘+’3+’171)

1 1,1,1) By A \w— By, At\w eyt L
6 S (F oA = 5%, wg)) < LI Z L) Z(1 D) £ox e D) (6.48)
ﬁ,'y,A‘\w_ A ﬁa7 ,7,A+\w+

where we have also used (6.15) through (6.17) to replace partition functions with boundary condition
on one side and constraint on the other by partition functions with two-sided boundary conditions.
While in the free boundary condition case, by symmetry, the ratios of partition functions on A*
were seen to be negligible, we will show here that they favour (u%,s*) = (1,1). To make this
precise, define for any box A = [A_, A\] with |A| = o(y71),

(ﬂ7§’u$s)

- Z
(2,5,p,8) — “Byv,A .
PﬁmA = Z(LLLY) (6.49)
By, A

In the case of symmetric boundary conditions, Corollary 5.3 provides the following estimates

e—cﬂ'y'l(g('y))ll4 S Pﬁ(l’:fAﬂas) < 66’37_1(9(7))1/4 (6.50)

All we need are thus estimates on the quantity P}f‘ Sik3) for (&,8) # (p,8). Without loss of
generality we may consider the case (fi,5,u,s) = (1,1,2,1) only. As shown in the forthcoming

lemma, the quantity

(1,1,2,1)
PO = Sup :77[w—+11w+'—1] (6.51)
[w_,wy]CAUBA Z(1 1,1,1)
lw.—wyI<2R By, [‘Ul +1 w+_1]

with R chosen as in (6.31), will prove to be of special relevance in estimating Pﬂg’l;ff’l). It hasin a
reasonable sense the interpretation of the'probability of having a “jump”. Note that the logarithm
of Py is self-averaging so that, up to the usual error terms, by Corollary 5.3, the random quantity

can be replaced by the following deterministic one

Py=  sup ~exp(lEan(1121) —IEln Z(llll) ) (6.52)

(10w JCAUOA fw_+1,w4—1] Biv,[w- +1,w+—1]
Jw_ ~w,|<2R

With this notations we have the
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Lemma 6.10: Assume that R satisfies (6.30) and that |A| < v~ 'g(v) where g(7) is chosen as in
Corollary 5.3. Then, there ezists £, L, L, , ¢ all depending on v such that, with a probability greater

than1—e~ 7 R_K e‘cl'(g('Y))_m, where K, c,c’ and ¢’ are strictly positive numerical constants,
PN < Pye Tt er WL MGR) (6.53)
”Y’ "
and, if in addition |A] > R,kfor'y small enough,

Pé,l;f}f’l) > Pye~7 e’ (0LMLR) (6.54)

where, er'(¢, L, M,(, R) is a function of a that tends to zero as o | 0.

- Remark: Lemma 6.10 states a very crucial result that can be paraphrased as follows: If the
boundary conditions over a volume A with [A| = o(y™1) require a “jump”, than this jump takes
place somewhere in the volume over a region smaller fhan 2R; in particular, and this will become
evident in the proof, there will occur one single “jump”. Note that we cannot determine the precise

location of this jump. The optimal position will be determined by the randomness.

~ The proof of Lemma 6.10. relies on the important fact that, as stated in the next lemma, the

quantity Py is exponentially small.

Lemma 6.11: With the notations of Lemma 6.4 we have:

—cM

i) With a probability greater than 1 —e , for some constant ¢ > 0,

P> e~ 38717 a%(B) g~ ey (Ryt+RyM|In 3 |+R ¥ +2R152) (6.55)

it) There exists >0 depending on B such that for all §0 > > 2a(B) 2 , with a probability

greater than 1 —e™¢ ‘M , for some constant ¢’ > 0,

POSe—ﬁ"/'l\/e(C-)( 12((a(B))? —4¢2)-3 e(f))ecﬁ—y*l(R-yl+R'yM|\1n%H—R%) (6.56)

We will assume in the sequel that the parameters ¢, L, M and R satisfy the set of conditions
(6.30) to (6.32) from Section 6.1. It is then clear that the parameter ¢ in part ii) of Lemma 6.11
can always be chosen in such a way that the exponential decrease of the first term in the r.h.s. of
- (6.56) compensates the increase of the second one. We will postpone the proof of Lemma 6.11 to

the end of this subsection.

Proof of lemma 6.10: Without loss of generality we will, for convenience, consider only sets A
of the form A = [A~ — — AT+ ] where A\* are assumed to be integers. We start with the proof of
the upper bound (6.53). Let us define the set

B = {0 :Vuean(u,0) € {0,e',€%}} ‘ ' (6.57)
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We further define

_ [sup{ue Ao =520+ 1] n(y,0) - e'} , if such u exists
(o) = { A-—1 , otherwise (6.58)
_ [inf{u € (ui(o),Ax + 3] | n(u,0) = e?} , if such u exists
uz(0) = {)\_,_ +1 , otherwise (6.59)
and we set ~
B(u1,up) = {o € B | u1(0) = u1,uz(0) = ua} (6.60)

A piece of profile between locations u; (o) and us(o) will be called a “jump” between equilibrium

(1,1) and (2,1). For R chosen as in (6.31), we will set moreover

C= U B(u1,uz) (6.61)
A_—1<u; Cug <Ay 41
lug—uy|<2R :

and
D= U B(uy,us) (6.62)

A;—lsul <up<Ap+1
lug—u1|22R

Obviously,

1,1,2,1 1,1,2,1 1,1,2,1) / e
z{et =z (B) + 250D (B) (6.63)

and
Z5 0 (B) = 2850 (C) + 28530 (D) (6.64

Now, on the one hand, we have

1,1,2,1 1,1,2,1
Zé:'YsA )(D) < Zﬁ(aﬂ’: ) (Vu1<u<u2n(u, 0-) = 0)
(1,1,1,1) Z (1,1,1,1)
Bsrs A Ao =1Sus <upSAp+1 B, A ‘
lug —uy|22R (6.65)
' Z,B,'y [ul,uz] (Vu1<u<uzn(u U) - 0) +C'3 -1 L+¢+ 1/4
< > et 7 (YL Ha () )
Ao —1Sup<ugSAip+l ﬂa'Y’[ulauZ]

fug—uy]22R

where we have proceeded by complete analogy with the proof of the upper bound of Theorem 6.2
(see (6.8)-(6.12) and Lemma 6.3) to chop out the partition functions in [A-—3%,u1] and [ug, Ay + 3],
and where we have dropped the boundary conditions of Zg . (4, u.] in the numerator of the last line.
This holds with a probability greater than 1 — K e—clgt) /2

it then follows from the proof of Proposition 4.1, part ii), that, with a probability greater than
1— e'—clM — Ke_c(g('Y))—l/z)

. Up to some minor modifications,

(1 1,2, 1)( )
z’”d o < [A2emPERCO ey (YEA I ~ (6.66)
ﬁ,—Y,A '
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On the other hand, we have also that, with a probability greater than 1 — K e"c(g('Y))_l/z,

,1,2,1 1,1,2,1 ' : —
Zé%‘Y];Az )(C) Zé:’Y:{ulj'lruz_l] (Vu1<u<u2n(u, 0) — 0)
Z(LLLI) Z (1,1,1,1)
By, A A-—lup<upSAg+l Byv,[u1+1l,u2—1]
. fug—uj|<2R (6.67)

% eeBT (Y LHCH(g()*)

< 2R|A|Pye® ™ (L a(n)?)

From now on we will abstain from specifying the probability with which our various estimates hold;
this will straightforwardly follow from the different results called into play. Now, using the lower
bound (6.55) of Lemma 6.11 and recalling that R is chosen large enough to satisfy the constraint
(6.30), we see that the r.h.s of (6.66) is negligibly small compared with that of (6.67). Combining
this with (6.63) and using Corollary 5.3 we then arrive at

2423
(1,1,1,1)
Zﬁa'Y,A

< Pyes BT (L+CHe(m) ) (6.68)

We are therefore left to consider the constrained partition function Z ﬁ(,l,jll’f’l) (B°®). By definition,
for any o € B¢, there must exist u € A such that n(u,o) = se#, with (s, u) € {(1,1),(1,2)}. This

means that we can define the four random locations

ui (o) =sup{u € A= — 3, A+ + 3] [ n(u,0) € {0,€°}} (6.69)
4oy - finf{ueuf (o), A+ + 1] n(u,0) = e’} , if such u exists and
vz o) = {/\+ +1 , otherwise (6.70)
and «
ui (o) =inf{u € A- = L, Ay + 1] | n(u,0) € {0,€'}} (6.71)
1, - _ 1 . .
u (o) = {i\u—piul €A —,uz(0)] | n(u,0) =€} ;i;l;(:"};izeex;sts and (6.72)

and can be sure that, for all ¢ € B¢, uJ (o) < uf (o). In other Wofds, any configuration in B¢
contains two “jumps”. The following two events, B~ (u; ) and B~(uJ ), describe, respectively the

leftmost and rightmost of these jumps. For uy > A_ —1 we set

B7(uz) = {C’lvA-—1<u<u;’7(u’0) € {0,e'}, n(uy,0) = €', \7’u2—<u<u1-77(u, o) = O} (6.73)

while v
B=(A- = 1) = {o¥r- 1cucu (s, 0) = 0} | (6.74)

Similarly we set, for u} < Ay +1,

Bt(uf) = {0 Vs cucrt-1(8,0) € 0,67}, m(uf,0) = 2 Vys (e urn(u,0) = o} (6.75)
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and

Bt(s+1) = {a Val 41cucrto1n(,0) = o} - (6.76)

Proceeding in the (by now) usual way, we see from here that

1,1,2,1 (w77t st)
Zgo i (B?) 2z iyt 110
< sup sup 2 1 20D
ZhbD) AL —1<u; <up <uf <uf <hpt1 6o ey | 200D
B TSR R SR R ST Gt ehzay) © Bmlur +3uf -4
Llp™,s™) — (= 7BTsT,2,1)
z! (B () ZW e Bt (uf 6.77
o —pap - BT ) 2 gy (BT () (6.77)
X .
LL,1,1) T,L,L1)
A 1i,,—-_1 Z + 1
B A-—gzur —3 Bvi[uz +35,24]

x |A|4Mze°ﬁ“’__1 (YLH+¢+Hg()M*)

Clearly, each of the two terms in the second line of (6.77) is boﬁnded as in (6.68), so that, up to

the error term, we get the relation?

1,1,2,1) .
Z( sdydy (Bc) o
By A D.\2 87, ut st
oo = (o) Sup sup P rgﬁv e :*‘Ll] (6.78)
Z,B,‘YsA ) /\_—ISu;<u1—SuT<u;‘S,\++1 (= 87)#(1,1) RN R S

(uF,sF)#(1,2)
and combining this with (6.63) and (6.68) we arrive, still up to the error term, at
P£1’1’2'11) S pO + (Po)z sup sup P(#-,S—,l‘+;3+),

—4l a1
Ao —1<u] <ul <uf<uf<ap4l woamiEay Pl FEuTES]
(nF,sT)#(1,2)

(6.79)

We immediately see from this recursion that the supremum over the p*, s* will be realized for
(u=,s™) = (u*,s). But putting the estimates (6.50) together with the upper bound (6.56) of
Lemma, 6.11 and Corollary 5.3 we get that, for small enough 7, POP;?A:[Z‘IL?_ 1ty << 1. From
this the upper bound (6.53) is readily obtained. ¢

We now turn to the proof of the lower bound (6.54). First note that for any [w_,w4] C A,
ziteD >z (A1, 1,2,1,ws))

143y 1,1’211 0’0:2,1 —_ -1
> 2573 (In(w-,0) = e NZRFT 2500 (In(ws, 0) = PPe®r™ (¢+210)

(6.80)

where we obtained the second inequality by proceeding just as in (6.9). The difficulty thus lies

in establishing a corresponding upper bound for the partition function Z é;’,l’}i’l). But this can be
done by, basically, repeating the proof of the lower bound of Theorem 6.2. Ie., we first use the

decomposition (6.36) to write

or.m + %) 1,1, -1
Z = 3 BeeHrale A Waalam®TIN g ety [ Y ({n(we, 0%) = 0]
P ‘ :

(6.81)

2 Observe that this inequality shows in particular that the probability of having more than one jump is bounded

by the square of the probability of having one jump.
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anticipating that g(l - 1) ({n(w+,0%) = 0}) can be shown to be very small. We will prove that
Lemma 6.7 still holds When the Gibbs measure with free boundary conditions in (6.37) is replaced
by ggljj” Assuming for the moment that this is true we get, as in (6.38) and with the same
choices of the parameters ¢ and L,
1,1,1,1 1,1,0,0 8 0,0,1,1 | +
Zgyin'™ <22M)* sup 2550 (nfw-r0) = =8 )2L5 2008 (nfwy ) = 572" )
=87 ({+27L)

(6.82)
Next, proceeding as in (6.48) to replace constramed partition functions with free boundary condition
on one side, by partition functions with two-sided boundary conditions, we have

1,1,0,0 - * 5T ,0,1,1 _ +
2300 ({n(w_,0) = 5= }) 280527 200N (n(wy,0) = s*ert})

élff-o)({n(w— o) =)z 200 (n(ws,0) = 1))

(1a1’/-‘ I ) ( ) (u :3 71 1) C7—1(C+27L)
SPB:'Y:A—\W— A ﬁ:”f Pﬂ '7:

<e® 1AL+ (M)

(6.83)

where, to obtain the last line, we used (6.50) to treat terms with symmetric boundary conditions
while we used, in the case of asymmetric boundary conditions, the upper bound (6.53) of Lemma
6.10 together with Lemma 6.11 and Corollary 5.3. From this and (6.82) it follows that, up to the
error term, ‘
1,1,1,1 L1, o 0 1,1,1,1) ,(0,0,1,1

Z§hD < 9(2M)? s, 7 28599 (fn(w-, ) = 2L ’Z},,v,,y({n(wﬁa) =e'})  (6.84)
Following a procedure with which the reader is now well acquainted, (6.80) together with (6.84)
easily yields (6.54) by choosing w_ and w; as those which satisfy the constrained supremum
~problem in (6.51). Of course we must ask that |A] > R to ensure that this choice is always
possible.

To complete the proof of (6.54) it remains to show that Lemma 6.7 holds when replacing Gg A
by g(l LY 7 do S0, all we need is to prove the analogous of Lemma. 6.5 for the measure Gg (1 y 1 1),
But thls is an immediate consequence of (6.48). Indeed, we can for the present purpose be content
with the bounds from Corollary 5.3. to estimate (although roughly) the first and third factor in
the r.h.s. of (6.48), while ﬁsing Lemma 6.4 to treat the middle term. This concludes the proof of
Lemma 6.10.{ | 4

We are now ready to continue the proof of the upper bound of Theorem 6.8. Remember that
we were left in (6.48) to estimate the ratios of partition functions in A*. In the case of asymmetric
boundary conditions i.e., (u®, s¥) # (1,1), Lemma 6.10 enables us to replace these quantities by

the corresponding ratios in boxes of length at least R. More precisely, consider two boxes A’ and
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A such that A’ C A and R < |A'| < |A| <y~ 'g(y) where g(v) is chosen as in Corollary 5.3. Then,
Lemma 6.10 implies, for any (4, §) # (u, s), that

f 5’ I&d _lv T" 1‘I 4 .
Pg(fi,’, 214,8) <Pp§f‘7’,1{f )e+7 (er'(€,L,M,{,R)+er' (¢,L,M,(,R)) (6.85)

Therefore, defining the boxes A~ = [wo+1-Rw_+ %] and At = [wy—Lwy — %+ R), adjacent

to A on its left, respectively right hand side, we have, up the the error terms,

(1,1,1,1) 1,1 )Z(#E’Si)(F) )

shyds T 32y 13 71 1

gﬁ’77A (F n A(u 8 ,wi)) < P \w By Z(1 1,1 1) K+\w+76y7
AByy

(6.86)

By (6.50) a relation of the form (6.84), and hence (6.86), tr1v1ally holds in the case of symmetric
boundary conditions. From here we can easily reconstruct the ratio of partition functions in A =
A-UAUA™T with (1,1,1,1)-boundary conditions. Le., proceeding much along the line of the proof
of the upper bound of Lemma 6.10 (using in particular (6.84)) we obtain, up to the usual error

term,
1,1,1, . +
2o (P 0 {n(we,0) = s*e7))

gSbUD (F 0 A(u®, 5%, wa)) <

ﬁ:'Y:A ZQ:I,LI)
ABy
Z(l 112y (6.87)
A,Byy
- Zg 1,1 1)
DBy

The upper bound of Theorem 6.8 then follows from (6.87 ) and Lemma 6.4 just as the upper bound

of Theorem 6.2 follows from Lemma 6.5.

At this point, the proof of the lower bound (6.54) is a siinple matter. In full generality, for
arbitrary A = [w_ + 3, w4 — 3] and any (i, s),

ooy ZEEO(F 0 AE = p, 5% = s, ws))
g[(a”";:}{‘: )(F) _>— ﬁ771

2 (6.88)
(4]

Proceeding as in (6.9) to bound the numerator in (6.87) and using (6.84) to treat the denominator

we get ;
Zari ) (F 0 Ap* = p,5* = 5, ws))
ép'!sxlys)
s
(6.89)
5 3,14,8 ,0,4,8
285200 (n(w_,0) = set}) 285 (F) 20042 ({n(wsy, 0) = se?})

18y '3, 14,8 0 0., 438 _
2o (e, o) =Y 2T 25 (n(ws,0) = 1))
Again, we recognise in the first and last factor above the quantities Plg" , e ) for which we have the

estimates (6.50). Thus, up to the usual error term,

Z(F‘:s’.urq)(F)

(/11 7[‘15) A,ﬁ,’)’ —

gﬁ"y’ ( ) 2 Z(#,S,#,S) . (6.90)
Ay
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Now, (6.90) and Lemma 6.4 yield (6.45) by choosing w4 as the solutions of the variational problem
n (6.44). This completes the proof of Theorem 6.8. <

We finally are left to give the proof of Lemma 6.11

Proof of lemma 6.11: To prove the lower bound"(6.55), just note that for any event F satisfying

the assumptions of Lemma 6.4, and, making use of the lower bound (6.20), we have.

Py > exp (—ﬁfy_l |:mlflefF f[(,\lll,’f;l])(mz) - inf'7:[(«\1 1; 1] ( 0})

(6.91)
% g1 (Rrt+RyM|1n 3 |+RY)
Now, choosing the event F' as
F= {{mg(x)}zeIInig(z) = a(B)e'Vz < 0,my(z) = a(B)e’Vz > 0} (6.92)

it easily follows from the definition (6.4) of F together with the estimates of Lemma 3.1 and

Proposition 3.2 fha,t, under their respective assumptions,

In2 M
1n€fF .7-"[(1_1 2, 1)(mg) 1nff[(/\1 1; 1])(mg) < 1nf U[(,\1 1f 1]) (mg) + 2R— Bl + R’[
my
(6.93)
a2(,8) m2 M :
< J— jukiall
S + 2R [ +R

from which (6.55) follows. To prove the lower bound (6.56) we make use of the bound (6.19) of

Lemma 4 to write

R< s exp (_m—l [mff[g;j D _y(me) —inf FLLAD (mz)D
A-1fu3<ug LA +1 (6 94)
lug—ug [<2R . .

« 87 (Ryt+RyM|ln 34 |+RY)

(6.56) is then an immediate consequence of (6.94) together with the following proposition

Proposition 6.12: There ezists (o > 0 depending on B such that for all (o > ¢ > 2cz(,6)1/—]‘£i
and for all bozes A

i 72 (mg) — g G me) 2 /e (Vi@ - 40 =3/ed)  (65)

with probability greater than 1 —e~°M,

The proof of Proposmon 6 12, Wthh is somewhat technical, W111 be the object of Section 7.
With this, the proof of Lemma 6.11 is concluded. <
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6.3 Finite volume, fixed asymmetric boundary conditions

In this last subsection we consider the case where the boundary conditions to the right and to
the left of the box A are distinct. We would expect here that the optimal profile will be the “jump”

profile compatible with these conditions. We will prove

Theorem 6.13: Assume that |A| < g(v)y™" where g() satisfies the hypothesis of Corollary 5.3.

Then there ezist £, L, ¢, R all depending on v and a set Qp C Q with IP[Q5] < Ke=set) ™ L g=c/v
such that for all w € Qy, for any (,3) # (u, s),
Y {1,8,14,8
FRIETLIE) |
<—  inf inf  FE) () g FOL20 (0 V| L en(e, L M, ¢, R) (6:99)
T E(wir—us)<R |mEeF fw-,wy] me [w- ,w4] y Loy VL, G,
and for any 6 > 0, for v small enough,
’Y Lt ] '
,6 In gﬂﬂv AI.J [ ](FJ) ,
> — inf inf FESR) () 1nf]-'(1 122 (ol (e, I, M ¢ R) (6.97)
T E(wi—ui)SR |[meEF [w_,wy] ¢ [w_,w+] £ s Lsy V1, G,

where er(f, L, M, {, R) is a function of a = yM that tends to zero as {0.

Proof: The proof of Theoreimv6.13 presents no additioné,l technical difficulties compared to that
of Theorem 6.8. We shall thus be very brief and restrict ourselves to detail the only subtle step.
This one enters in the proof of the upper bound for the quantity g}f‘ ,f,’(”)(F N A(u®, sT,ws)).
From now on we will place ourselves on the subset of the probability space on which our various
estimates from Section 6.1 and 6.2 hold. Without loss of generality we may only consider the case
(i1, 3, 1,8) = (1,1,2,1). It is a simple matter to establish that

Z(lilvl‘—is )Z(p 8 )(F) Z(l‘ )8 72 1)

1 1,2 1) 17,A \w— A ﬁ Y A+\w+7ﬁ77 -1 +~L
,a DA (F 0 A(F, 5%, wa)) < 0L ZAI2D) 3121 x e () (6.98)
By, A~ \'w— A7:39'7 A+\w+ﬂ,7

Just as in (6.86) we replace the ratios of partition functions in boxes Ai above by the correspondmg '

ratios in boxes A% of length R. Thus, up to neghglble €rrors,

(.u %)
g 1 1,2, l)(F sl A( S w:f:)) P(l Lp",s ) AaﬂfY (F) (.“+93+’211)

M I (6.99)

From this we want to reconstruct the Gibbs measure in A = A~ UAUA™ with (1,1,2, 1)-boundary
conditions. Treating the numerator just as in (6.87), all we need is to show that, still up to negligible

€rrors,

(1,1,0,0) (1,1,2,1) »(0,0,2,1) _ (1,1,2,1)
2809 ({n(w-,0) = e NZEREV 20D ({n(w_, o) = ¢) 2 207 (6.100)
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To prove this we start by piecing together the first and second term in the Lh.s. of (6.100). Using
in turn the lower bound (6.54) and the upper bound (6.53),

(1,1,0,0) _ 1y ~(L1,2,1) _ 5(1,1,0,0) iy p(L1L,2,1) 5(1,1,1,1)
Z3 o Unlw—,0) = e 250" = 227" "({n(w-,0) = e })Prjsy" " Zajply

Z(l,l,l,l) Poe—'y—ler'(ﬂ,L,M,f,R) (6101)

~

T A-UABy
>Zg,1,2,1) e_~,-1(er'(z,L,M,c‘,R)+er'(e,L,M,q,R))
T ATUABy

where we have in addition used (6.84) in the first inequality. In the same manner

Z(1,1,2,1) Zio’o’z’l)({n(w o) =e€?}) > ZA1,21) oy (er' (4,1, M., R)+er’ (£,L,M,(,R)) (6.102)
A—UAaﬁfY A+aﬂa‘7 -’ - A,ﬂ,’)’ .

Combining (6.101) and (6.102) thus gives (6.100) and making use of the later with (6.99) yields,

up to the usual error term,

Z,.(.}’l’z’l) (F)
1,1,2,1 A8,
g[g,“/,A )(FOA(/‘:E:S:E,'LU:I:)) < 7?1‘,7'1‘,2‘,17— (6.103)
AByy

The upper bound (6.96) of Theorem 6.13 now simply follows from (6.103) just as the upper bound
of Theorem 6.8 follows from (6.87). The proof of the lower bound is a mere repetition of that of
the lower of Theorem 6.8: simply substitute the boundary conditions (1,1,1,1) by (1,1,2,1) and
use (6.100) instead of (6.83). This concludes the proof of Theorem 6.13.$.

Finally, we want to give a characterization of the typical profile in the case of asymmetric
boundary conditions. The relevant estimates and notations for this have been introduced already

in the proof of Lemma 6.10.

Let us define the events

E’if‘j\s,# o) = {al 3 uosulfzxxRV,\_Su<Uonf’ﬁ(u,0') = set /\VUO@SMU&E(U,U) = s'e“l} (6.104)
Rk Bl

Theorem 6.14: Assume that vy|A| | 0, B large enough (8 > 1) and YM(v) { 0. Then we can

find v~ > L> 1 and ¢ | 0, such that on a subset Q2 C Q with P(Q5) < e~ f(¢") we have that

for all w € Qp ‘

gg,‘::f’SI)[w] (EEAS’“,’SI)) >1 _ oRe~Le() (6.105)

Remark: This theorem implies that for any volume A such that v|A| | 0, vwe have IP-almost
surely,

3 (;I.,S,p.’,sl) (l“isaplasl) —
lim L] (Bl ) =1 (6.106)
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(Here one may, to avoid complications with the “almost sure” statement due to the uncountability
of the number of possible sequences 7,, assume for simplicity that lim, ;¢ is understood to be taken
along ,so‘me fixed discrete sequence, e.g. v, = 1/n. To show that the convergence holds also with
probability one for all sequences tending to zero, one can use a continuity result as given inLemma
2.3 of [BGP2]).

Proof: The proof of this Theorem follows from Lemma 6.10 and its proof. We leave the details to
the reader.

We are now ready to state a precise version of the main result announced in the introduction.
We define the events ‘ '

B = {0 Vueane 1 (u,0) = se“} (6.107)

and set
EO,A = U(p,a)EéfXS) o (6108)
B0 = Ugu syt BV - (6.109)

This this notation we have

Theorem 6.15: For any macroscopic boz V such that lim, o y|V| =0, IP-almost surely,

lin liry Gpy.alw] (Boy UBLy) =1 (6.110)

Proof: This theorem follows immediately Corollary 4.2 and the Theorems ‘6.9 and 6.14. The
remark after (6.106) also applies here.$
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7. Conclusions and conjectures

In the preceeding sections we have labored hard to prove that typical profiles in the one
dimensional Kac-Hopfield mbdel are constant on a scale of the order o(y~!. The careful reader will
have noticed the cénspicuous absence of any argumént that would proof that they are non-constant
on any larger scale. The reason for the absence of such an argument lies in Section 5. There, we

x
) that imply that they are typically

prove upper bounds on the fluctuations of the quantities f ‘,g“ oo
not larger than \/m_] . What is not shown, and what would be needed, is that these fluctuations
are actually of that size, and in particular that for p # 4/, f(A“ i#3) fx‘ R typically differ
by a random amount of that order. We certainly believe that this is true, but rigorous proofs of
such statements are notoriously difficult to obtain and many problems in the theory of disordered
systems are unsolved for very similar reasons. To our knowledge the only known method in this
direction is the work of Aizenman and Wehr [AW] that yields, however, no good quantitative results
for finite volume objects. In fact, it appears that even the uniqueness of the Gibbs state in two
dimensions (which one should expect to be provable with this method) cannot be shown using their
approach (just as, and for similar reasons, is the case in the two dimensional spin glass). A general
method that would allow to get lower bounds on fluctuations corresponding to Theorem 5.1 is thus

still a great desideratum.

A natural question that poses itself is of course “What about dimensions greater than one?”.
Here, again, conjectures come easy, but at some of them niay be provable. First, as mentioned, we
would expect that in dimension d = 2 we still have a unique Gibbs state. This is motivated by the
fact that at least the block-approximation looks very much like a multi-state random field model,
for which this result would follow from Aizenman-Wehr. But as for a prdof, see above..... The same
argument suggests, on the basis of the results of Bricmont-Kupiainen [BrKu] and Bovier-Kﬁlské
[BK] that in dimension d > 3 we will have many Gibbs states, at least one for every pattern and its
mirror image. We would expect that this can actually proven, although technically this Would be
quite hard. To our surprise, it turns out that such a result is not even known in the ferromagnetic
Kac model (see Cassandro, Marra and Presutti [CMP)] for a conjecture), and techniques to take
into account the the weak but long range interaction in proofs of phase-stability have still to be
worked out. However, this problem appears to be solvable. This entire line of research is very

interesting and will be pursued in forthcoming publications.
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Appendix A: Proof of Proposition 6.12

In this section we prove a lower bound on the infimum of the free energy functional over all the
profiles that form an interface between a “phase” where the local overlaps are close to a(8)s~e*”
and another one where they are close a(,@)s+e"+. In the case of the ferromagnetic Kac model,
the shape of the interface was described in [COP] chap. 6. In the case of the Kac-Hopfield model
due to our restricted knowledge of the Hopfield model free energy with fixed overlaps, we cannot

perform such a detailed analysis..

Instead of working with the full free energy functional F defined in (6.4) we will replace it by
a lower bound (that is also suitably normalized to have its minimal value equal to zero) defined as
follows: Given a macroscopic volume A that could be chosen without lost of generality to be [1, u3]
we denote by
FES=vE T 4t Y 07 (me) | (8.1)
z€int A

where

£ ot mo(z) —m 2
VET =t Z Joe(m —y) [l () - ()13
a:,yeintz
llme(z) — m(#i,si)”% (8:2)
+9 Y Julz—y) :

z€int Z,yeaZ

and for any ¢ > 2a(8)(2£)'/? ( cf Proposition 3.1),

e ={l, STAm@ e esG ey

The set of profiles that form an interface between the (s~, u) and the (s, ™) within the volume
A is denoted by '

T*(R) = {me(e), = € A | my(z) = a(B)s™e" Yo <0,my(z) = a(B)ste"” Vo >ys}  (84)

where y3 = sup{yl|y € us}

Proposition 6.12 then follows immediately from

Proposition 7.1:There ezists a (o = £(8, M, £) such that for all ¢, o > ¢ > 2a(B)(2)Y/2, we

“have

inf _ 5 > /(0 (VI2((a(B))? — 407 - 3v/(0) (8:5)

mlETi(A)

Proof:
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For any given profile in Ti(ﬂ) we denote by
y1 = sup{z > 0|||me(z — 1) - a(ﬁ)s et Hz < C} (8.6)
the last exit of the ( neighborhood of the (s=,u7) phase and
v2 = inf{e >y, [me(e) —a(B)ste <} (8.7)

the first entrance in the ¢ neighborhood of the (s, u") phase after y;. Notice that by definition
- of T%(A), y1 and ys exist and satisfy 0 < y; < yo < y3. We defined also the overlap increments:

D(z) = my(z) — my(z — 1) ‘ (8.8)
We write for 1l =yg <z; <91
ma(z1) — a(B)s e Z D(z) (8.9)

and for i = 1,2 and all y; < ;41 < ¥iqa

Yi

me(ys) —me(z:) = Y D(a)

c=x;+1

(8.10)
Tide1
me(iy1) —me(y) = > D(z)
z=y;+1
at last .
3
a(B)sted” —my(zs) = Y. D(z) (8.11)
z=z3+1
We define now the quantity
3 Yi - T; 2 Yi 2
c=> 3 > D@)| +| Y, D) (8.12)
z=z;+1 2

i=1 z;=y;_1+1 ||z=yi-1+1 9

£ & ,
we first show that £ can be bounded from above in term of Vf . Then we will bound from
below L by solving elementary variational problems. Putting those two bounds together will give

ut,s
a lower bound for VZ ’

Let us start with the upper bound. We first perform for each value of b € 1,...,[1/v£] a block
summation with blocks of length b, the location of the leftmost part of the first block being a point
z €1,...,b. Explicitly, calling ‘

ub+z

D(u,bz)= = >  D(z) (8.13)

z=(u—1)b+z+1
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we write

@1 2 (2]
> D(@)=> D)+ Y. D(ub,z)+Dy(z1,b,2) (8.14)
=1 T=1 u=1 . '
where | o
Di(z1,,2)= >  D(a) (8.15)

m=[ﬂb——:]b+z+1 ’
The second sum in the r.h.s of (8.14) will be called the bulk term, while the first sum and D will
~ be called boundary terms. We have also
[2452]

Y D(@)=D_(zi,b,2)+ . D(u,b,2)+Dy(y:b,2) (8.16)

=i+l u=[ZE2=2] 40

with the ‘boundary’ terms
[ZE=2 bt btz+1

D_(zi,b,z) = > D(z) (8.17)
T=z;-1 )
and v
Di(ynbz)= >, D) (8.18)

e=[8 2 b+z+1
We have also

e (=]
Z D(z) = D_(yi—1,b,2) + Z D(u,b, z) + Dy (z:,b,2) (8.19)

z=y;_1+1 uz[%l-—z} +2 ’

here the ‘boundary’ terms are:

bbtz+1

[2=4=]
D_(y;—1,b,2) = Z D(z) ‘ (8.20)
z=y;—1+1 :
and %
D, (z;,b,2) = Z D(z) (8.21)

a:=[5;—z]b+z+1

For a given b and z, the Schwarz Inequality implies

2
S D) <
r=y;-1+1 9
T — Yo+ 1 A 2 & 2 2
<—b_ - 2> I1D—(yi-1,b,2)||2 + Z (1D (u, b, 2)[13 + || D+ (s, b, 2)|13

u= [-——-——-—-—-——yi'—ljl_z] +2
(8.22)
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We want to take the mean of the two sides of (8.22) over all the possible choices of block lengths
binl,...,[(v€)"! and zin 1,...,b. To do this we use a weighted mean for the block lengths and

an uniform mean for the z € 1,...5. We use

(&)~ _ -
[”Z 607160 + D [60 +1)
6 (8.23)
—17y31 '
= ([(4)™))*5 (14 0(8)
to define a weighted mean on 1,...,[(y£)~!. Performing explicitly these weighted means gives
Y D@ <
T=y;_1+1 9
3 (:c Yi—1+1+ 2 ) ‘
i~ Yi-1 — 92
(O~ (1+O(v9)) 7t (8:24)
[(¢07] [=52]
> > I, b 215 + > 1D(w,b,2)113 + || D+ (i, b, 2) |13
b=1 =z=1 u=[yi-1:-1-=]+2

and by the very same argument

yi 2

> D(@)|| <
c=z;+1 2
3 (y- —z;+1+ > '
(T L+ 0oy \* 5T (8.25)
(9] & [#7] :
S Y | ID=@ib 23+ > ID(u,b,2)|5 + Di(3i,b,2)l13
b=1 =z=1 u___,[g;b_—il_*_z
Collecting the ‘bulk’ terms in (8.24) and (8.25) to bound £, it is not difficult to check that
Yi [(’Ye) 1] b
[(v9)~1)° (1 + O(v8)) mg ;,Z
NS B 2
2 1
(mi A %) D Dbl (y,- PR ;z) > IDwh R
u=[ =1 4 u=[ 5= 42
(9] &
318" 1+ 00) (s = t) (3~ i + > Z Z 1D(u,b, )]
e 1 1m]
<3(1+0(v8) (ve(ys —yi1) (Ye(ys —wic1) +2) Y, Tyelz — y) [ma(a) — me(y)ll3 ;
Yyi—15z,y<yi
(8.26)
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It remains to consider the "boundary” terms, putting together the terms Dy (z;,b,2) and
D_(z;,b, z), it is not too difficult to check that

3 c b
[(v0)=1]® (1 + O(v4)) 2 2.

Ti=y;—1 b=1 =z=1
2

(25 =2 ]b+btz+1

(wi — i1+ 14+ %) mz D(z)|| + <yi —z;+1 + %) Z D(z) 2

z=[Z7E btz +1 ) z=z;+1 ,
-2
ss(<yi—yi~1+;é>ve> S Tl —y) Ime(e) - ma(y)]2
Yi—1<2,y<y:
’ (8.27)

Therefore we get
L< 42 Ye(Yyi — yi-1) 7£(yz Yi-1) + 3) Z Jye(z — y) [me(z) — me(y)|2 (8.28)
i=1 yi—1<z,y<y:
which is the upper bound we wanted.
Now we want to bound from below L. Notice first that by solving explicitly the variational
problem we have that for all my,mq € IRM

inf {[ime(a) —ma]3 + me(a) —mall3)

1 (8.29)
> ={lmy —ma3
using (8.6) and (8.7) and convexity, we get
C2 1 9 CZ
L2 (y1—y0)%5 + 52 — yo)lme(yr) — me(y2)ll3 + (3 — y2) =
) I 2 (8.30)
2 §(y2 — 1) ((a(8))* — 4¢?)
Orr the other hand, c.f (8.3), we have
¥ Y BT (me(=)) = vE(y2 — y1)e(¢) (8.31)
z€int A ‘
therefore, introducing the macroscopic variables u; = vly; we get
' ~ &
FE > (g —w)e (C)+-———-—((a( ))? — 4¢?)
4 u +3 ) (8.32)

> /e(0) (VI2((@()? — 4% - 3V/<(0))
where the last step follows from the explicit computation of the infimum over all possible values of

ug — u1.Q
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