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Abstract

The present contribution investigates shape optimisation problems for a class of semilinear ellip-
tic variational inequalities with Neumann boundary conditions. Sensitivity estimates and material
derivatives are firstly derived in an abstract operator setting where the operators are defined on
polyhedral subsets of reflexive Banach spaces. The results are then refined for variational inequali-
ties arising from minimisation problems for certain convex energy functionals considered over upper
obstacle sets in H'. One particularity is that we allow for dynamic obstacle functions which may
arise from another optimisation problems. We prove a strong convergence property for the material
derivative and establish state-shape derivatives under regularity assumptions. Finally, as a concrete
application from continuum mechanics, we show how the dynamic obstacle case can be used to treat
shape optimisation problems for time-discretised brittle damage models for elastic solids. We de-
rive a necessary optimality system for optimal shapes whose state variables approximate desired
damage patterns and/or displacement fields.
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1 Introduction

Finding optimal shapes such that a physical system exhibits an intended behaviour is of great interest
for plenty of engineering applications. For example design questions arise in the construction of air-
and spacecrafts, wind and combustion turbines, wave guides and inductor coils. More examples can
be found in [5] and references therein. The physical system is usually modelled by a pde or a coupled
pde system supplemented with suitable boundary conditions. In certain cases the state is given as a
minimiser of an energy, e.g., an equilibrium state of an elastic membrane, which has to be in some
set of admissible states. The solution is then characterised by a variational inequality holding for
test-functions on the sets of admissible states.

The treatment of optimal shape and control problems for variational inequalities is substantially more
difficult as without constraints, where the sets of admissible states is a linear space. For optimal control
problems there exist a rapidly growing literature exploring different types of stationarity conditions
and their approximations (see, for instance, [14, 18]). However shape optimisation problems for sys-
tems described by variational inequalities are less explored and reveal additional difficulties due to
the intricated structure of the set of admissible domains. Some results following the paradigm first
optimise—then discretise can be found in [22, 21, 15, 19| and for the first discretise—then optimise
approach we refer to [3, 1, 10].

The main aim of this paper is to establish sensitivity estimates and material derivatives for certain
nonlinear elliptic variational inequalities with respect to the domain. Our approach is based on the
paradigm first optimise then discretise, thus the sensitivity is derived in the infinite dimensional setting.
In order to highlight the main arguments needed in the proof of these main results and to increase their
applicability, we investigate the optimisation problems firstly on an abstract operator level formulated
over a polyhedric subset K of some reflexive Banach space V. The domain-to-state map is there replaced
by a parametrised family of operators (A;) and sensitivity estimates are shown in Theorem 3.2 and
Theorem 3.3 under general assumption (see Assumption (E) and Assumption (O1)). By strengthen the
assumptions (see Assumption (O2)) differentiability with respect to the parameter ¢ has been shown
in Theorem 3.5. One crucial requirement is the polyhedricity of the closed convex set K on which
the operators are defined. The results are applicable for optimal shape as well as for optimal control
problems.

Equipped with the proven abstract results we resort to shape optimisation problems where the state
system is a variational inequality of semilinear elliptic type given by

ue Ky, and Vo e Ky, : dEQ,u;0o—u) >0

with the energy
1 A
E(Q,u) = / iyvuﬁ + §]u\2 + Wa(z,u)dz (A >0)
Q



and the upper obstacle set
Ky, ={ve HY(Q): v < g a.e. in Q}.

In the classical theory of VI-constrained shape optimisation problems established in 23], linear varia-
tional inequalities with constant obstacle and Wq(x,u) = f(x) for some given fixed function f : D — R
defined on a “larger set” D D {2 have been investigated by means of conical derivatives of projection
operators in Hilbert spaces dating back to [18|. For results on topological sensitivity analysis for vari-
ational inequalities and numerical implementations we refer to [13]| as well as [2].

In our paper we allow for semilinear terms in the variational inequality by including convex contribu-
tions to Wq with respect to u and also consider a dependence of W and g on € in a quit general
sense. As presented in the last section of this work 1o may itself be a solution of a variational inequal-
ity. Such general Q)-dependence of the obstacle will be referred to as “dynamic obstacle” in constrast
to the case of a “static obstacle” where 1q(z) = g(x) for some fixed function g : D — R.

To apply the abstract sensitivity results we perform the transformation u — y := u — 1q such that the
transformed problem is formulated over the cone H! (), i.e., the non-positive half space of H!(Q).
Existence of the material derivative § which turns out to be the unique solution of a variational inequal-
ity considered over the cone Ty, (H! (Q)) N kern(dE(u;-)) and strong convergence of the corresponding
difference quotients are established in Theorem 4.8 and Corollary 4.9. The variational inequality char-
acterising the material derivative % is then established in Corollary 4.11. Moreover in the case of a static
obstacle and H?(Q)-regularity for u we derive relations for the state-shape derivative v’ in Theorem
4.15 and Corollary 4.16.

The theorems for the abstract semilinear case are then applied to a specific model problem from
continuum damage mechanics. There one considers an elastic solid which undergoes deformation and
damage processes in a small strain setting. The state of damage is modelled by a phase field variable
x which influences the material stiffness and which is described by an evolution inclusion forcing
the variable x to be monotonically decreasing in time. We consider a time-discretised version of the
evolution system (but we stay continuous in the spatial components) where the damage variable fulfills
for all time steps the constraints

XN gXN‘l <... SXOS 1 a.e. in Q.
Such constraints lead to N-coupled variational inequalities with dynamic obstacle sets of the type

K1) = {ve HY Q) : v <x*lae in Q}, k=1,...,N.

Our objective is to find an optimal shape 2 such that the associated displacement fields (u’“)ff:1 and

damage phase fields (Xk)évzl minimise a given tracking type cost functional. We derive relations for
the material derivative and establish necessary optimality conditions for optimal shapes which are

summarised in Proposition 5.3.

Structure of the paper

In Section 2 we recall some basics notions from convex analysis and shape optimisation theory. We
derive tangential and normal cones of Ky, rigorously and prove polyhedricity of Ky, in Theorem 2.6.
The proofs require careful modifications of arguments from [18, 4, 12| since the underlying space in
our case is H'(2) and not ﬁl(Q)



In Section 3 we establish sensitivity and material derivative results in an abstract operator setting (see
Theorem 3.2, Theorem 3.3 and Theorem 3.5). Some results are even applicable to quasi-linear problems
such as to p-Laplace equations. The advantage of this approach is that the theorems can be applied to
a large class of optimisation problems including shape optimisation and optimal control problems.

This flexibility is demonstrated in Section 4 where semilinear VI-constrained shape optimisation prob-
lems with an energy and obstacle of type E(Q,u) and Ky, from above are treated. By applying the
abstract results from Section 3 we derive sensitivity estimates for the shape-perturbed problem in
Proposition 4.5, material derivatives in Theorem 4.8 and state-shape derivatives in Theorem 4.15.

Finally, in Section 5, we apply the still abstract results from Section 4 to a particular problem in
continuum damage mechanics where dynamic obstacles occur.

2 Preliminaries

2.1 Notation and basic relations

For the treatment of variational inequalities we recall certain well-known cones from convex analysis
(the definitions can, for instance, be found in [4, Chapter 2.2.4] and [23, Chapter 4.1|). Let K C V be
a subset of a real Banach space V and denote by V* its topological dual space.

The radial cone at y € K of the set K is defined by

Cy(K):={weV: Ht>0,y+twe K}, (1)
the tangent cone at y as
%
T,(K) := Cy(K) (2)
and the normal cone at y as
Ny(K):={w" e V*: Yve K, (w*,v—y)y <0} (3)

Furthermore we introduce the polar cone of a set K as
[K]° :={w" e V*: Yve K, (w", v)y <0}, (4)
and the orthogonal complements of elements y € V' and y* € V*

[y]" = {w" eV (wy)v = 0},
kern(y*) == [y* ]t == {w eV : (y*,w)y = 0}.
The normal cone may also be written as
Ny(K) = [Ty (K)]" = [Cy(K)]". (5)
In combination with the bipolar theorem (see [4, Prop. 2.40]) we obtain
Ty(K) = [T, (K)]")° = [Ny (K)J°. (6)
We recall that a closed convex set K C V' is polyhedric if (cf. [14])

Vy € K, Yw € N (K), C,(K)N[w]t =T,(K)nNw". (7)



Note that the inclusion “C” is always satisfied above. Due to Mazur’s lemma and the convexity of the
involved sets, the closure in V' can also be taken in the weak topology.

The following lemma shows a useful implication of (7) involving variational inequalities arising from
(possibly non-)linear operators.

Lemma 2.1. Let K CV be a polyhedric subset.

(i) Let A: K — V* be an operator and let y be a solution of the following variational inequality
ye K and Vo€ K: (A(y),¢—yv =0. (8)

Then it holds

C,(K) M kern(A(y)) = T, (K) 1 kern(A(y). (9)

(ii) For allv € V it holds

Cy(K) No—ylt = Ty(K) N [v - g™,

where y denotes the projection of v on K.

Proof. To (i): We infer from (8) that —A(y) € Ny(K). Thus definition (7) implies

Cy(K) Nkern(—A(y)) = T,(K) N kern(—A(y)).

The identity kern(—A(y)) = kern(A(y)) completes the proof.
To (): This follows from v —y € N, (K). O

2.2 Polyhedricity of upper obstacle sets in H'(Q)

Let us consider an important class of polyhedral subsets which will be utilized in Section 4 where
semilinear obstacle problems are treated. Let Q@ C R? be a Lipschitz domain and V = H'(£2). Moreover
let ¢b € V be a given function. We define the upper obstacle set as

Ky:={weH(Q): w<ae in Q}. (10)

In the remaining part of this subsection we will sketch the proofs for the characterisation of the
tangential and normal cones as well as of the polyhedricity of K, for reader’s convenience since such

obstacles sets are usually considered in the space bis 1(Q) in the literature. The adaption to H'(Q)
requires some careful modifications in the proofs.

Furthermore we denote with M, (Q) the Radon measures on 2. The Riesz representation theorem for
local compact Hausdorff spaces (see [6, Theorem VIII.2.5]) states that for each non-negative functional
I:C(Q) — R there exists a unique Radon measure u € M, (Q) such that for all f € C(Q)

100 = [ fau (1)
Q
In the sequel we will use the following notation for the half space

HY(Q) = {ve H'(Q): v>0ae. in Q}.

5



With the help of the Riesz representation theorem we are now in the position to give a characterisation
of (cf. [4, Chapter 6.4.3] for H'(f2) instead of H(Q))

HY Q)% ={I € H(Q)": (I,v)n() >0 for allv € H} (Q)}.

Lemma 2.2. We have

Ud,uj}. (12)

HY Q)% = {I € H'(Q)": A pr € My (Q), Yo e H(Q)NC(Q), (I,v) (0 :/Q

Proof. Let I : H*(€) — R be a non-negative functional. Then the restriction Il i1 @)@ 1s @ non-
negative functional on the space H(Q)NC(Q) =: Y.

Now let y € Y be arbitrary. Then y* := max{0,y} and ¥y~ := min{0, y} (defined in a pointwise sense)
are also in Y and we find by non-negativity of L:

|Lyl = |L(y* +y ) = | Lly")+ L(y") | < | Ly™) —L(y7) |

>0 <0 >0 >0

< |L(y" —y7)l = L(Jy|)
= L(ly| = 1[ylloc) +llylloc L(T)
<0

< [yl L(1).

Thus Iy is continuous in the C(€2)-topology. Since Y is also dense in C(Q2) the functional I[y has a

unique continuous and non-negative extension I : C'(2) — R over C(Q2). By the Riesz representation
theorem (see (11)) we find a € M4(Q) such that I(v) = [svdpu for all v € C(9Q).

Conversely, let I be in the set on the right-hand side of (12). Then we know (I,v) g1y = [qvdur >0
forall v € Yy := {v € Y : v > 0 pointwise in Q}. So by density of Y} in H} () we obtain
I e HY Q). O

Remark 2.3. Note that, by an abuse of notation, the right-hand side of (12) is sometimes written as

HY(Q)* N M,(Q) (see, e.g., [4, Chapter 6]).

For the notion of capacity of a set, quasi-everywhere (q.e.) and quasi-continuous representant where
X

refer to [12, Chapter 3.3]. The following result is an extension of (11) valid for elements from H'(Q)* .

Lemma 2.4. For all I € H'(Q)% and all f € H'(Q) we have f € L1(Q, ps) and
(L, ) = /Qfdub (13)

where f (defined on Q) denotes a quasi-continuous representative of f and py the measure from (12)
of Lemma 2.2.

Proof. The proof of this lemma requires some substantial modifications of [4, Lemma 6.56] and refer-

ences therein which were designed to the situation V = H L(Q). In our case we will need the following
auxiliary results:



(a) For an arbitrary D C R? the capacity of D calculates as
cap(D) = inf {HU”%—Il(Rd) : v € H'(R?) and v > 1 a.e. in a neighborhood of D}.
See [12, Proposition 3.3.5| for a proof.

b) Any function f € H'(Q) can be approximated by a sequence {f,} € C°(R%) in the sense that
c
fn— fin H 1(]Rd) as n — oo by extending f to R% with compact support and then uses an
approximation argument via Friedrichs mollifiers.

The proof carried out in the following steps on the basis of [4, Lemma 6.56] and the references therein
(see also [12, Théoréme 3.3.29] for the case V = H!(R?)):

Claim 1: There exists a sequence {fn} C C°(RY) s.t. folo — f in HY(Q) and g.e. in Q

Let {f.} be given by (b). By resorting to a subsequence (we omit the subscript) we may find || f,, —
Fll ey < 27"n~! and therefore

. n . n 2
DA furr = fallipgay < D4 (1 far = Flmgay + 1 fn = flmgae)” < +oo. (14)

n=1 n=1

We define
Bui={r € Rt |fun(e) - fulw)] = 277},
Since |fn41 — fn] is a continuous with compact support in R?, the set B, is compact and
2"+1|fn+1 — fnl =1 holds in a neighborhood of B,,.
Thus by (a)
cap(By) < 4n+1an+1 - an%{l(Rd)-
Using this estimate, the sub-additivity of the capacity (see [12, Remarque 3.3.10]) and (14), we obtain:

cap( U By,) anp By) < Z4"+1||fn+1 Fall3p ®ey =0 asn— oo (15)
= k=n

Now let n € N and z € Q \ ;2,, B be arbitrary. Then {fx(x)}x>n is a Cauchy sequence since for all

m > n:
m—1 m—1
(@) = fa(@)] < D [frar(@) = ful@) < D275
k=n k=n

We denote the limit with f(x) and gain for all N, K > n:

(@) = fn(@)] < | f(@) = fra (e |+Z et (2) — fr(@)]

—0 as K—00 <2-* since zeQ\U2,, Bx

A limit passage K — oo then shows

@) = fn(@) < Yy 27m



This estimate implies that {fy}n>n converges uniformly to f on the set Q\ [J3, By. Due to (15) we
obtain Claim 1.

Claim 2: If cap(A) = 0 for a Borel set A C Q than u;(A) =0.
Let € > 0 be arbitrary. By (a) we find a function v € H'(R?) such that ull ) < € and u>1ae.

on A. where A. is a neighborhood of A. Thus there exists a Lipschitz function f6 : — [0,1] such
that
0 if 2 € R\ A,
fo(x) =4 €(0,1) ifze A\ A,
1 ifx € A.

Then f: —u <0 a.e. in  and by Lemma 2.2

pr(A) = /A]ldul < /Qfe dpr = (I, fe)m) = (Lw @ + (L fe —w)m o
—_————

<0 since fe<wu a.e. in

The limit passage € \, 0 yields to claim.

Claim 3: f, — f in L'(Q, pr)
Lemma 2.2 implies for every n,m € N

/ = Fanldiir = (I, 1o = ey < Wizt -1 o — Fonllin (16)

where f,, is the approximation sequence from Claim 1. Since f,, — f in H'(Q) we obtain from (16)
that {f,} is a Cauchy sequence in L'(Q, ;). Thus there exists a limit element § € L'(, u;) and
a subsequence (we omit the subscript) such that f, — ¢ in Ll(Q pr) and pointwise pj-a.e. on Q.
However, by Claim 1, we already know that f,, converges q.e. to f on Q and, by Claim 2, we find that
this covergence is also pur-a.e. Thus f =g pr-a.e.

Conclusion:
Finally, Lemma 2.2 shows for every n € N

It = [ Fdu.
With the properties proven above we can pass to the limit n — oo and obtain (13). O

We are now in a position to characterise the tangential and normal cones in K. The proofs of the
following results are based on arguments from [18, Lemme 3.1-3.2, Théoréme 3.2|.
Lemma 2.5. Let y € Ky, and Ky, be as in (10). Then it holds
Ty(Ky)={uec H(Q): 4 <0 qe. on {j=1}}, (17a)
Ny(Ky)={I € H'(Q)*: I € H'(Q)% and u;({§ < ¥}) =0}, (17b)



where § denotes a quasi-continuous representant of y (the same for @ and zﬁ) and py € My(Q) the
measure associated to I by Lemma 2.2.

Please notice that the sets
{f=0}={ze€Q: (=) =
<} ={eel: j@) <

are calculated for arguments in Q (not only in Q).

Proof. From the definitions (1)-(3) we see that
Ty(Ky) = Ty—p(K),  Ny(Ky) = Ny—y(K)
with K :={w € H(Q) : w <0 a.e. in Q}. Thus it suffices to prove the assertion for K, = K.

We firstly prove (17b).

“C™ Let I € Ny(K). Then by using definition (3) and choosing v = y + w for an arbitrary w € H(Q)
with w < 0 a.e. we obtain (I, w) 1 gy < 0. Thus I € H'(€2)% and by Lemma 2.2 we find the associated
measure ¢ from (12). On the other hand by choosing v = ¢ and v = 2y in (3) yields (I, y)g1(q) = 0.
From Lemma 2.4 we obtain

/gjdul =0 with a quasi-continuous representant g of y. (18)
Q

Since y < 0 a.e. in Q we find § < 0 q.e. in Q (see [12, Remarque 3.3.6]). This implies in combination
with (18) that [5|g]dus = 0. Thus f{g<0} |g| dpur = 0 and therefore pr({y < 0}) = 0.

“D” Let I € HY(Q)% with pur({g < 0}) = 0. Now let v € K be arbitrary. The splitting v = max{v, y}+
min{0,v — y} implies
(Lv =y o) = (I, max{v, y} — y) g1(q) + (I, min{0,v — y}) g1 ()
<0
< / max{0, 7} — gdur + / max{0, 7} — gdus
{§=0} {j<0}

=0 since pr({§<0})=0

< / max{0,0} du; =0.
{§=0} =~

=0 since vEK

Hence I € Ny(K).
Now we prove (17a). By applying the bipolar theorem as in (6) as well as Lemma 2.4, we find

T,(K) = {u c HY(Q): /adw < 0for all I € H Q)" with 1({f < 0}) = 0}
Q

= {u c HY(Q): / adpy <0 for all T € HY(Q)% with p({g < 0}) = 0}.
(=0}

From this representation we see that the “2™inclusion in (17a) is fulfilled. Conversely, let u € T),(K).
By definition of T} (K) given in (2) we find a sequence v, € K and t, > 0 such that t,(v, —y) = u

9



in H'(Q) as n — oo. This implies for a subsequence (we omit the subindex) t, (%, — §) — @ q.e. in €.
Since v, € K we see that

tn (0 — 9) = ty0, <0 qe. on {g =0}.
Thus 4 <0 g.e. on {g = 0}. O

Theorem 2.6. The set Ky, is polyhedric.

Proof. Let y and w as in (7) and let v € T, (Ky) N [w]*. Then there exists a sequence v, — v strongly
in H(Q2) such that v, € Cy(Ky). Define

v}, := max{vy, v}.

By resorting to quasi-continuous representants we find by Lemma 2.5
v<0gqe in{y=0} and v, <0qe in{y=0}
and thus
v), <0 q.e. in {y = 0}.
Moreover by definition of v/,
v—v;z <0 g.e. in €.

Invoking Lemma 2.5 again yield v, € T, (Ky) and v — v], € T, (Ky). Since w € Ny(Ky) we see by (5)
that

(w,v),) <0 and (w,v—v}) <0.

Taking also (w,v) = 0 into account we obtain from above that (w,v},) = 0. Thus v;, € Cy(Ky) N
[w] 0

2.3 Eulerian semi and shape derivative

We recall some preliminaries from shape optimisation theory. For more details we refer to [5].

Let X : R — R? be a vector field satisfying a global Lipschitz condition: there is a constant L > 0
such that
|X(z) — X(y)| < Lz —y| forall 2,y € RY.

Then we associate with X the flow ®; by solving for all z € R?

d
£<I>t(ac) = X(®Pi(z)) on [-7,7], Po(x)==z. (19)

The global existence of the flow ® : R x RY — R¢ is ensured by the theorem of Picard-Lindelof.

Subsequently, we restrict ourselves to a special class of vector fields, namely C*-vector fields with
compact support in some fixed set. To be more precise for a fixed open set D C R? we consider
vector fields belonging to C¥(D, R?). We equip the space C¥(D, R?) respectively C°(D, R?) with the
topology induced by the following family of semi-norms: for each compact K C D and muli-index

a € N? with |a| < k we define || f|| k.o := Supyeg |0%f(x)|. With this familiy of semi-norms the space
C*(D,R?) becomes a locally convex vector space.

Next, we recall the definition of the Eulerian semi-derivative.

10



Definition 2.7. Let D C R be an open set. Let J : = — R be a shape function defined on a set
of subsets of D and fix k > 1. Let Q € Z and X € C¥(D,R%) be such that ®,(Q) € Z for all t > 0
sufficiently small. Then the Eulerian semi-derivative of J at Q in direction X is defined by

dJ(Q)(X) := lim (@) = T(Y)

20
t\.0 t ( )

(i) The function J is said to be shape differentiable at Q if dJ(Q)(X) ewists for all X € C°(D,R?)
and X + dJ(Q)(X) is linear and continuous on C°(D,R%).

(ii) The smallest integer k > 0 for which X v+ dJ(Q)(X) is continuous with respect to the C¥(D,R%)-
topology is called the order of dJ(2).

The set D in the previous definition is usually called hold-all domain or hold-all set or universe.

In the case that the state system is given as a solution of a variational inequality we cannot expect
dJ(2)(X) to be linear in X. However we have the following general result:

Lemma 2.8. Suppose that the Bulerian semi-derivative d.J(2)(X) exists for all X € C*(D,R?). Then
dJ()(-) is positively 1-homogeneous.

Proof. Let A > 0 be arbitrary. We write ®}* for the flow induced by AX. By definition (19), we see
that @} and @, solve

CEN (@) = AX @ (@), SN (@) = AX @)

as well as @)% () = x and ®f (z) = z. Uniqueness of the flow implies ®}* = ®X. Finally,

J(23%() — J () J(25,() — J()

dJ(Q)()\X):P\ZI(l) ; :%i\{‘r[l) = AdJ(Q)(X).
O
The following result can be found for instance in [5]:
Lemma 2.9. Let D C R? be open and bounded and suppose X € Ccl(D,Rd).
(i) We have
6CI)tt— ! —0X strongly in C'(D,R%%)
8(1)'5_; -1 ——0X strongly in C'(D,R%%)
det@?g)—l —div(X) strongly in C(D).
(ii) For all open sets @ C D and all ¢ € W,L(Q), > 1, we have
Mft_(p —Vp- X strongly in L, (£2). (21)

11



3 Abstract sensitivity analysis

In this section we will derive sensitivity estimates and relations for material derivatives under general
conditions. We start in Section 3.1 with minimisers of certain p-coercive energy functionals and deduce
a Holder-type estimate with exponent 1/p. We present an example which includes the quasi-linear
p-Laplacian —A,(-) = div(|V - [P72V+). Then we proceed in Section 3.2 with solutions of monotone
operators where we are able to improve the estimates from Subsection 3.1. For the case p = 2 we even
establish a Lipschitz type sensitivity estimate. Finally in Subsection 3.3 we strengthen the assumptions
in order to establish the weak material derivative. A crucial requirement will be the polyhedricity of
the underlying set.

In this whole section V' will denote a Banach space, K C V a closed convex subset and 7 > 0 a fixed
constant.

3.1 Sensitivity result for minimisers of energy functionals

Our starting point is a family of energy functionals
E:[0,7] xV =R,
where we denote the set of attained infima at ¢ € [0, 7] by

X(t):={u"eV: ;g{E(t, ¢) = E(t,u")}. (22)

Our aim is to establish a general result showing the convergence of minimisers of E(¢,-) to minimisers
of E(0,-) as t N\, 0. Before we state our abstract sensitivity result, we recall [20, Theorem 1| which will
be used in a subsequent proof:

Theorem 3.1 (|20, Theorem 1|). Let ] be a seminorm on V. Let E : V' — R be an energy functional
such that for all v,w € K the mapping s — (s) := E(sw+ (1 — s)v)) is C! on [0,1]. Let us denote by
A K — V* the Gateauz-differential of E which is supposed to be p-coercive on K :

do > 0,Vu,v € K, (A(u) — A(v),u —v)y > ajv —wl’.
Then every minimum u of E on K satisfies:
YwekK, S[u—f <EBu) - E@).
p
In what follows let F satisfy the following assumption:
Assumption (E) Suppose that the energy functionals E(t,-) satisfies for a given p > 1:

(1) Je1 > 0,3e2 > 0, Vo € K, E(-,p) is differentiable and

vVt € [077—]7 615E(t7§0) < ClHSDH}I)/ + c2;

(1)) J¢ >0, 3IA >0, Vp € K, Vt € [0, 7],

E(t,¢) = cllolly, — A;

12



(i1i) ¥t € 0,7], E(t,-) is Gateauz-differentiable and
do > 0,Vu,v € K, (Ai(u) — A(v),u —v)y > afv —w?,
where (A¢(v), w)y = dE(t,v;w) and [] is a semi-norm on V;
(iv) Yv,w e K, Vt € [0, 7],

s 7(s) := B(t,sv + (1 — s)w) is C1(]0,1])

Now we are in the position to state and prove our sensitivity result:

Theorem 3.2. Let E: [0,7] x V — R be a family of energy functionals satisfying Assumption (E) and
let X (t) be non-empty for every t € [0,7]. Then X (t) = {u'} is a singleton and there exists a constant

¢ > 0 such that for allt € [0,7]:
[u! —u] < ct'/P.

Proof. Let t € [0,7] and u' € X (t). Let us first show that u! is bounded in V uniformly in ¢. According
to Assumption (E) (i)-(ii), the definition of u! and the mean value theorem, we obtain n; € (0,t) such
that

cl|u'[lf; — A < E(t,u')
< E(t,u®) (23)
= E(0,u°) + td,E(n;, u)
< B(0,u”) + t(cr|ul]} + c2).

This shows that ||u'||y; < C forallt € [0, 7] for some constant C' > 0. Furthermore applying Theorem 3.1
by using Assumption (E) (iii)-(iv) shows

clut —uP < E(t,ut) — E(t,u°), (24)
clut —u')P < E(0,u°) — E(0,u"). (25)

Adding both inequalities, applying the mean value theorem twice with some 7, (; € (0,¢) and using
Assumption (E) (i) and the estimate (23) yields

2c[u — u'P < E(t,u') — B(t,u") + E(0,u°) — E(0,u")
< (OB (myu") = HE(G, )

2
<tC([u' %, + [[uO]) (26)

(23)
< 1001+ [,

This finishes the proof. O

Example (p-Laplace equation)
As an application of Theorem 3.2 let us consider the p-Laplace equation

—div(|VulP2Vu) = f in K=V =WQ)
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on a bounded Lipschitz domain §2 and the associated energy given by

1 °
E(0,¢) = © / Vl? dz — / fodz, peW(Q).
P Ja Q

By applying integration by substitution, the energy of the perturbed equation transported to €2 via
integration by substitution is of the form

Bt ¢) = ; /Q £(0)| BVl d — /Q f(t)pda,

More generally we assume that £ : [0,7] — R and B : [0,7] — R?*? are C'-functions which satisfy
£(0) = 1 and B(0) = I. Moreover let f(0) = f and f(-,x) be differentiable and f'(t) € Ly (Q) be
uniformly bounded where p’ = p/(p — 1) denotes the conjugate of p. We check that the assumptions
in (E) are satisfied:

Indeed, we have

/ ¢t rB )Vol? + £ B(V el 2B(1)Ve - B/(H)Vedz — / F(t)pde.

Thus applying Holder and Young s inequalities we verify Assumption (E) (i):
Q)< [ €W IBOVL +EOIBOTe B0V B()Tpde— [ [0)pds
< /Q Vel + 17/ ()l de

’ 1
p £ (4)]|P Al
< eVl + LPIF O, + el
On the other hand using Young’s and Poincaré’s inequality with small ¢ > 0
Bt 0) 2 cIVelly, = 1/0' () TTIFON, <l
)= Lp Ly/w-1 Lp
> cillgllyy — e —elloll,

Thus we have verified Assumption (E) (ii). Assumption (E) (iii) follows from uniform p-monotonicity
of —A,(-) and Assumption (E) (iv) by direct calculations.

Finally we may use Theorem 3.2 and obtain |ju! — u”WI:)l(Q) < ct'/? for some constant ¢ > 0 and
all sufficiently small ¢ > 0. In the case of the usual Laplace equation, that is for p = 2, we get
= ul 1) < et/

3.2 Sensitivity result for uniformly monotone operators

In this section we develop sensitivity results for variational inequalites involving uniformly monotone
operators. Let V be a normed space and K C V be a closed convex subset.

Assumption (O1) Suppose that (A;) : K — V*, t € [0,7] is a family of operators such that for a
given p > 1:

(1) 3a >0, Vt € [0,7], Vu,v € K:
allu — o[y, < (Ai(u) — A(v), u—v)v;
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(ii) Yu € K, 3¢ > 0, Vt € [0, 7], Vv € K,
[(Ae(u) — Ao(u),u —v)v| < ctfju —vl|v.

Theorem 3.3. Suppose that (A;) : K — V* is a family of operators satisfying Assumption (O1). For
every t > 0 we denote by u' € K a solution of the variational inequality

u' € K and Vv € K, (Ay(u'),v — u')y > 0. (27)
Then there exists a ¢ > 0 such that

1
vte[0,7]:  flub —ullly < etrT.

Proof. Taking into account Assumption (O1) and (27):

allu’ = uOlff, < (A(u') = Ap(u®), v’ —u)y

< —(Ar(u),uf — )y
= (Ao(u®),u’ —u®)y + (Ao(u®) — Ar(u?), u" — uO)y
< [(Ao(u?) — Ap(u”), v’ —u)v|

< ct|ut — u®||y.

Remark 3.4. In the important case p = 2 Theorem 3.3 yields a Lipschitz type estimates.

Example (p-Laplace equation)
It can be checked that the p-Laplace example from Subsection 3.1 where A; is given by

<At(u)a90>v‘{,£ = /Qé(t)lB(t)Vu\p_QB(t)Vu'B(t)VSD— ft)pde

also fulfills Assumption (O1). Thus in this case Theorem 3.3 gives a sharper estimate than Theorem
3.2.

3.3 Variational inequality for the material derivative

In the previous section we have shown that under certain conditions on (A;) satisfied for p = 2 the
quotient (u’ — u®)/t stays bounded. In this subsection we additionally assume that V is reflexive and
that K C V is a polyhedric subset. Then there will be a weakly converging subsequence of (u’ — u®)/t
converging to some z € V. If this z is unique the whole sequence converges and additionally satisfies
some limiting equation which is the subject of this subsection.

Let (A¢) be as in Subsection 3.2 and define in accordance with (22) for all ¢ € [0, 7] the solution set of
the associated variational inequality as

X(t):={u' € K: Vo€ K, (A(u),p—u') >0} (28)

We will write u := u? and A := Ap. The variational inequality for the material derivative will be
deduced from the following assumptions:

Assumption (0O2) Suppose that the family (A;) satisfies

15



(1) for allv,w eV and allu € K,

(OA(w)w, v}y = lim <A(“ +tw) = Alw). U>V

t\0 t
and (w) (w)
, . Ai(u) — A(u
(A(u), v}y = },{%< t 7v>v
exist;

(ii) for all null-sequences (t,), for all sequences (vy,) in V converging weakly to some v € V', for all
uln € X (t,) converging strongly to some u € K, we have

(A, =t (A0 ““<“t">,vn>v;

n—0 n

(iii) for all null-sequences (t,), there exists a subsequence (still indexed the same) such that u'" €
X (tn) converges storngly to uw € K and (u,, — u)/t, converges weakly to some z € V' and

) ) A tn _A tn _
<8A(u)z,z)v§hnm_§gf< (v )tn (u),u T u>v

and for all (v,) in V' converging strongly tov € V:

(DA(w)z, o)y = lim <w’v”>v'

n—0 n

Theorem 3.5. Let V' be a reflexive Banach space and K C V' a polyhedric subset. Suppose that
A+ K — V*, t € [0,7] is a family of operators satisfying Assumption (O1) for p = 2 and (02).
Suppose that ut € X (t), i.e., u' solves

u' e K, (Au'),p—u)y >0 VpeK. (29)
Then the material derivative @ := weak — limy o(u' — )/t exists and solves
U € Ty(K) N kern(A(u)) and (30a)
Vi € T,(K) Nkern(A(w)) @ (0A(u)i, p — a)yy > —(A'(w), ¢ — )y. (30b)
Proof. Let us firstly show (30a). We get by (29)

Vo e K(Q): (Aul) o —u) >0, (31)
Voe K(Q): (A(u),p —u) > 0. (32)

Thus testing (31) with « and (32) with u! and dividing by ¢ > 0, we obtain by setting 2 := (u! — )/t
(Ag(uh), 2 <0, (A(u), 2" > 0. (33)

By invoking Theorem 3.3 with p = 2 we know that u’ — u strongly in V' and that 2! is bounded in V/
which allows us to choose a weakly convergence subsequence with limit @ € V. We find (by omitting
the subscript)

(Ar(u'), 2") = (Alu), @)
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= () - A, 4 (A AN

. " 0
—0 by Assumption (02) (i) —0 by Assumption (02) (iii) -

Therefore passing to the limit in (33) gives 0 < (A(u), %) < 0 and thus u € kern(A(u)). Furthermore
we know by the definition of the radial cone that 2! € C,(K). Taking the weak convergence z! — 1 in
V and Mazur’s Lemma into account we find @ € T,,(K). Thus (30a) is proven.

Now we will show (30b) by using (29) and obtain for every ¢ € V:

(Au) — Aw), o —u') = (A(u') = Ag(u"),  — u') + (As(u') — A(u), — u)

(Au') = As(u), o — u') = (A(u), o — uf).

(34)

v

By definition of the radial cone Cy(K) (see (1)) we find for every ¢ € C,(K) a t* > 0 such that for all
t € [0,t*]: u+ ty € K. Plugging this test-function into (34) we obtain for all ¢ € Cy,(K)

(Au) = Aw), to — (u" —u)) > (A(u') — Ay(u'), to — (u' —u)) — (A(u) to — (u' —u)).  (35)

t

Dividing the previous equation by #? and setting 2! := (u® — u)/t, we obtain

ty _ ty _ t
(ATA o) - (AZAD o) S-S o)
Now let ¢ € Cyu(K) N kern(A(u)). Then because of (A(u),p) = 0 and the definition of u € X (0)
(testing the relation in (28) with '), we find

—(A(u), p — =) 2 0.

Thus (36) reads

(A=A s (A=A (37

Using Assumption (O2) we may take the limsup on both sides to obtain (note that —limsup(...) =
liminf —(...))
(OA(u)z,p — 2) > —(A'(u), o — 2) Vo € Cu(K) N kern(A(u)).

Via density arguments we obtain the inequality for all ¢ € C,(K) N kern(A(u)). Finally using poly-
hedricity of K and Lemma 2.1 (i) finish the proof. O

4 A semilinear dynamic obstacle problem

In this section we are going to apply the theorems from Section 3 to generalised obstacle problems
with convex energies. present a generalised obstacle problem. It also covers previous results from [23]
where the zero obstacle case has been treated as a special case. A non-trivial example from continuum
damage mechanics is presented afterward in Section 5.
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4.1 Setting and state system
Let D C R? be an open and bounded subset. We consider a convex energy of the following type
B(@up) 1= [ 51Vl + 5lef + Wae.p)de, € H'(@), (38)
where 2 C D is a bounded Lipschitz domain and A > 0. The energy is minimised over the convex set
Ky () = {p € H'(Q) : ¢ <tg ae. in Q}.

A particularity of this setting is that, besides the density function Wgq, also the obstacle function g
is allowed to depend on the shape variable  (the precise assumptions are stated below in Assumption
(A1)):

dynamic density function: Q— Wq
dynamic obstacle: Qg € HY(Q)

In the special case g = 0 we write K(Q) := Ko(Q).

Remark 4.1. (i) An important class which is covered by our setting are static obstacle problems
where g := V|q with a given function ¥ € H?(D).

(i) The energy E(,-) is motivated by time-discretised parabolic problems, where an additional -
convex non-linearity may be included in E. By choosing a small time step size, the incremental
minimisation problem may take the form (38).

In context with time-discretised damage models in Section 5 we are faced with iterative obstacle
problems. In this case the obstacle g itself is a solution of a variational inequality describing the
damage profile from the previous time step. As we will see it suffices to have H'(Q)-regularity of
the damage profile provided that the material derivative of the obstacle exists in H'(Q)) and the
initial value is in H?(Q)). We will present this application in the last section.

For later use we recall that the Sobolev exponent 2* depending on the spatial dimension d to the space
H(Q) is defined as

24 if d> 2,
2% := < arbitrary in [1,4+00) if d =2, (39)
400 if d=1.

Its conjugate (2*) is given by % with the convention that (2*) := 1 for 2* = +o00. For well-posedness
of the state system we require the following assumptions (note that we restrict ourselves to the convex
case which will be exploited in the next sections):

Assumption (A1) For all Lipschitz domains Q C D it holds:

(i) Wal(x,-) is convex and in C1(R) for all x € §2;

(ii) the following map H*()) — R is assumed to be continuous (in particular the integral exists)
y / Wa(z,y(z)) dz
Q
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and bounded from below by
| Wae.yta)) do > —cllyllm + 1)

(iii) for all y,p € H*(Q):

Q t

) dz — / O Wa(z,y)pdx ast ™\, 0
Q

(in particular the integral on the right-hand side exists);
(iv) P € Hl(Q)

Remark 4.2. Assumption (A1) (iii) and the continuity property from (A1) (i) are satisfied if, e.g.,
the following growth condition holds: There exist constants €,C" > 0 and functions s € L1(2) and
7 € Lig+y (S2) such that for all x € Q and y € R:

(Wa(z,y)| < Cly[* ¢ + s(),
10,Wa(z,y)| < Cly|* ! +r().

The assumptions in (A1) in combination with the direct method in the calculus of variations imply
unique solvability of the variational inequality fulfilled by the minimisers of E(£2,-).

Lemma 4.3. Under Assumption (A1) the energy (38) admits for each Lipschitz domain Q@ C D a
unique minimum u (depending on Q) on Ky () which is given as the unique solution of

u € Ky, () and Vo € Ky, () :

(40)
/QVU V(e —u)+ Mu(p —u) + wo(z,u)(e —u)dz >0,

where
wo(r,y) = I Wa(z,y).

In the sequel we will treat the variational inequality (40) by making use of the transformation for the
state variable and its test-function:

y:=u—1vqand ¢ := ¢ — Pq.
The variation inequality becomes a problem involving the standard obstacle set
K(Q):={p€ HY(Q): ¢ <0ae. on Q}.
Substituting above tranformation into (40) we obtain the following variational inequality:
y e K(Q) and Yy € K(9) :
/QVy-V(so—y)+Ay(¢—y)+wa(ﬂf7y+wﬂ)(s0—y) dz (41)
>~ [ Vo V(e =)+ Male - y)ds

Hence it will suffice to investigate the solution y to deduce properties of the function wu.
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4.2 Perturbed problem and sensitivity estimates

In this subsection we prove a shape sensitivity result for the variational inequality (41). In what
follows let us denote by ®; the flow generated by a vector field X € C1(D,R?). For Q C D denote by
O := D4(Q), t > 0, the perturbed domains (see Subsection 2.3 for more details).

Perturbed problem
The solution y; € H'(Q;) to the perturbed variational inequality to (41) satisfies

yr € K () and Vo € K(Q) :

/ Vye - V(e = ye) + M@ — o) + w2, 50 + Yo, ) (¢ — ye) do (42)
Q

2= | Vo V(e =) + Mo, (e = ) de.
t
We will sometimes write y:(X) = y; to emphasise the dependence on X. Please note that in general
yo(X) = (X)) for all t > 0 and for all vector fields X € C}(D,R?) with the property X -n = 0 on 9.
This implication will be used in the forthcoming Lemma 4.14. Throughout this work we will adopt the
following abbreviations:

’LUE((.%,(,O) = th(q)t(x)>90)v W)t((x,gp) = Wﬂt(q)t(x)a@)a ¢§( = T/JQt o Py, (43)
A(t) = £(t)(0%,) " (0%:) T, £(t) == det 0%y, y' =y o By
and (for ¢t = 0)
V(@) = val@), w(z,¢)=uwk(z, ).
From Lemma 2.9 we can directly infer the following convergences and estimates
Lemma 4.4. Let X € C}(D,R?) be given. Then it holds:
(i) the convergences ast \ 0:
Alt) -1 oY Cov T T mdid
— A'(0) = div(X)I — 09X — (0X) strongly in C(D,R*?), (44a)
E) =1 oy — g R
T ¢'(0) = div(X) strongly in C(D); (44b)

(ii) there is a constant t* > 0 such that

Vi €[0,¢*],Vz € D,Y¢ € RY,  A(t,z)¢ - ¢ > 1/2[¢]%,
vt €[0,t],Yz € D, £(t,x) > 1/2.

Performing a change of variables and using (Vy) o ®; = (0®;)~7V(y o ;) it is easy to check that the
transported function y' (which is defined on ) satisfies the relation

y' € K(Q) and Vo € K(Q) :
/QA(t)Vyt Ve =) +EDN (0 — ') + EDw (29" +Uk) (0 —y') de (45)

> / _AW)V - V(g — o) — €O (o — o) o
Q
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For later usage let us introduce the bilinear form
al (v, w) = /QA(t)Vv - Vw + £(t) dww dz,
the operator A; : Ky, () — H'(Q)* by
(Aulo),w) oy = o', 0) + [ €t (o vy da (46)
and the “shifted” operator A; : K(Q) — H'(Q)* by
Ai(v) = Ao + ). (47)
By making use of this notation the variational inequality (45) can be recasted as

y e K(Q) and (Ai(y'), o —y) g >0 for all p € K(Q). (48)

In the following we also write A := Ay and A := A,.

Sensitivity estimate
Our goal is to apply Theorem 3.3 designed for abstract operators. For this reason we make the following
assumption in addition to (Al):

Assumption (A2)
(i) VX € C1(D,R%), 3¢ > 0,Yt € [0, 7], Vx € H(Q),
e 0) = w0l e <
(i1) VX € CH(D,R%),3c > 0,Vt € [0, 7], ¥x1, x2 € H' (),
[wh (5 x1) = wk (x| g (9) < elixa = xellm )
(i) VX € CL(D,R%),3c > 0,Vt € [0, 7],
0% — ¢llg) < ct.

We are now in the position to prove the following sensitivity result:
Proposition 4.5. Let the Assumptions (A1)-(A2) be satisfied. Then the family of operators (A;)
defined by (47) fulfills

(1) Ja >0, It* >0, Vt € [0,t*], Yo, w € K(Q),
allv —w|3 gy < (Ai(v) — Ar(w), v — w); (49)
(1t) Yv € K(Q), 3c > 0, 3t* > 0, Vt € [0,t*], Vw € K(Q),

[(Ae(v) = A(v),0 = w)| < etl|v — w0y (50)
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Proof. To (i): We first show the monotonicity estimate (49). With the help of Lemma 4.4 (ii) and
monotonicity of w in the second variable (see Assumption (A1) (i)) we obtain for all v,w € H'(Q)
and all small ¢ > 0

;/Q|V(v—w)|2—|—)\\v—w|2dx
< a'(v—w,v—w) (51)
4 /Q £(8) (wh (2, 0 + ) — whe (2, w + ) (0 + ) — (w0 + ¥)) da

Thus (49) is shown.

To (ii): Let us fix v € H'(2). Then by applying Holder inequality, Sobolev embeddings and the
assumptions in (A2) we find for all w € H(Q)
|

(Ar(v) = A(v),v —w)
< / (A(t) = I)Vv - V(v —w) dx-i—/ A(t) — Dv(v —w)dx
Q Q
SNAB =T Lo IVl Lo [V=w)llLy  SAER =1 Log V]l Lo llv—wlLy

" /Q (A — V) - V(o — w) + ME@DS — ¥)(v — w) da

S(HA(??)—IIILoo VY il Ly IV =Vl Ly +AIE(E) =1 oo Hw&lle+A||w3(—wHL2) lv—wl| ;1
+ /Q (£(8) = Dyt (2, v + ) (0 — w) da

€@ =1l oo S (@ v+ )l

(2%)/ Hv_wllHl

+ /(wg('(xvv + k) — wh (z,v + 1)) (v — w) de.
Q

Sl (@095 ) —wt (20D L gy 0wl g1 S (95—l g llv—wll

+ / (wh (z,v + ) —w(z,v+ 1)) (v —w)dz.
Q

Sllwle (@vtd) —w(@ ot )l o llv=wll g1 < ctllo—wl

(2*

Taking Lemma 4.4 into account and using Young’s inequality, we obtain the assertion. O

The desired Lipschitz estimate immediately follows from Theorem 3.3 since Proposition 4.5 proves that
Assumption (O1) are satisfied for p = 2.

Corollary 4.6. Under the assumption of Proposition 4.5 there exist t* > 0 and ¢ > 0 such that
1y =yl < et forallt € [0,t7].
4.3 Limiting system for the transformed material derivative
In Corollary 4.6 we have established a Lipschitz estimate for the mapping ¢ + y'. In this section we are

going to prove that there is a unique element g in H'(€2) — called the material derivative — such that
(y* — )/t converges strongly to ¢ in H'(2) which is uniquely determined by a variational inequality.
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In order to derive the differentiability of y* we impose the additional assumptions to (A1) and (A2):
Assumption (A3)

(i) w(z,-) is of class C*(R) for all x € §2;

(ii) for all X € CY(D,R?), there exists a function wyx : @ x R — R such that for all ¢, — @ strongly
in H'(Q) we have wx (-, ) € L(+y(Q) and for all t,, \, 0
w_@?(w (Pn) —w(-, ¥n)
tn

— wx (-, ) strongly in Lz« (2) as n — oo;

(iii) for any given sequences @, — o in HY(Q) and t, \, 0 with (o, — @)/t, — 2 weakly in H'(Q):

w('v @n) - w('7 ‘:0)
n

— yw(-, @)z strongly in Lz+y(€2) as n — oo;

(iv) for all X € CH(D,RY) there exists a function Yx € H'(Q) such that

U —

" — iy strongly in HY(Q) as t \, 0.

Remark 4.7. (i) Property (iii) from Assumption (A3) is satisfied if, e.g., there exist a constant
C >0 and a function s € L%(Q) such that for all x € Q and y € R:
|Oyw(z, y)| < Cly|* + s(z)
with the exponent a := % The constant « is chosen such that the function x — Oyw(z, ¢(x))z(x)
and x — [f'(p(x))z(x) are in Lo+ (Q) for given ¢,z € H'(Q).
(ii) A useful consequence of properties (ii) and (iii) is the following continuity
W (- on) = w(-, ) strongly in La+y (2) as n — oo.
for all @, — @ strongly in H () and t, \, 0.
(iii) Let X € CH(D,R?) be given. Then we have by using property (iv) from Assumption (AS3)

—A(t)V¢E<+V¢ N —A/
t
WYk +Y
t

(0)Vy) — Vibx strongly in Lo(€, RY),
¢'(0)y — bx strongly in Lo(S2, Rd).

We are now well-prepared for the derivation of the material derivative.

Theorem 4.8. Let (A1)-(A8) be satisfied. The weak material derivative 7 of t — y' ewists in all

directions X € CH(D,R?%) and is characterised as the unique solution of the following variational
nequality

{ ¥ eNSy(f() and Yo € S,(K) : 52)
OA(y

( )50 —m = — (A W), o — 1),
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where gy(K) denotes the closed and convex cone
Sy(K) = T,(K) N kern(A(y)). (53)

The functional derivatives A and A’ are given by

OA()i ) = aly + dx o) + /Q dywle.y + ¥)jpde, (54)
(A (y),0) = /Q A(0)Vy - Ve +€(0) Ay + w(z,y + ) pda
+ / W (2, + )¢ + Dyw(,y + B)xep dz (55)
Q
+ / A'(0)Vy - Vi + £(0)Mpp da.
Q

Proof.

Ezistence of y: We want to apply Theorem 3.5. For this we need to check Assumption (O2). To this
end we notice that by Corollary 4.6 y;, — u strongly and (y, — y)/t, — 2 weakly in H'(Q2) for a
suitable subsequence t,, ~\, 0.

B We check (02) (ii): Let v, — v be a given weakly convergence sequence in H*(2). Then

<-/Zttn (y'") = Aly™) vn>

n

A(tp) — 1 ty) — 1
= / Altn) =1 Vy'n - Vu, dz +/ Eltn) = 1 t) ()\yt” +wh (z,y'" + 1#3?))% dz
Q Q n

n
—[q A (0)Vy-Vvdz = [ & 0)(Ay+w(z,y+))vde by Remark 4.7 (ii)
tn tn in tn tn
WP (x —w(zx,
+/ x(z,y +wx>t @y V%) g
Q n

=[x (z,y+¢)vdz by Assumption (A3) (ii) and (iv)

w(z, Y + ) —w(z,y + 1) w(z, Yy + ) —w(z,y + 1)
+/Q P vndx—/Q i )

n dx

/

= [ Oyw(@,y+) (z+x v da— [ Oyw(zy+)zv de = [ dyw(zy+v)dxvdz by (A3) (iii)-(iv)

A(t,) — 1 t,) —1
+/( ) ngg-an—kL t) on da.
Q

tn n

——Jq A’(O)V;-FVv—i—ﬁ’(O)wvdx
B We check (02) (iii):

<ft(yt") — Aly) yt» — y>

tn "t

tn __ 2 tn __ 2 tn _ tn _
:/ ‘vy y‘ +/\‘y y‘ dx+/ wiz,y™ +9) —wz,y +P)y —y
al t Q t

n n

liminf > [, [Vz|2+X|z]? dz — [ Oyw(z,y+v)|z|2 by Assumption (A3) (iii)
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and for all o, — ¢ strongly in H(Q):

Aly') — Aly)
e

tn _ tn _
:/vy Y g n+/\y <pndx+/w(x’y tY) —w@y+Y) g,
Q ln tn Q tn

= [o VaVetizpde — Jq Oyw(z,y+¢)zp by Assumption (A3) (iii)
B Property (02) (i) follows from the above calculations.
Uniqueness of 3: Assume two solutions g and 2 for (52). Testing their variational inequalities with 2
and g, respectively, and adding the result yields
(DA()j — 0A(y),5 — 2) < 0.
The left-hand side calculates as
(0A)G — 0A(y)2,5 — 2)
=a(y—2,9—2)+ /Qﬁyw(:v,y + )|y — 2* da.
Due to the convexity assumption in (A1) (i) we find 9,w > 0 and see that
a(y — 2,y — %) <0.
We obtain y — 2 = 0. O

By exploiting the specific structure of A; and Assumption (A3) we can even show that the strong
material derivative exists.

Corollary 4.9. We have for all X € C}(D,R%)

Y —

. Ux strongly in H' (). (56)

Proof. We test the variational inequality (48) with ¢ = 3! and for t = 0 with ¢ = y. Adding both
inequalities yields

(Ai(y") — Aly),y' —y) <0.
Dividing by #? and rearranging the terms we obtain by setting 2! := (y* — y)/t

a(zt, 2")

<—/Q ()t vyt Vtda / 5 tztdm

X(x73/ + w_tx)t— w(z,y' + %()) Jtde

wX z,y' +v) +

A
_/ $y+¢x) (x’y+¢)ztdx
Q
k
B

t
A@W?ﬁ% — Vi . Vzt dr — / )\ﬁ(tﬁ/& — djzt dz
Q
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The known convergence properties shows as ¢ \, 0 for a subsequence

B (1) —<A’(y>,y>—/Qayw<x,y+w>|z‘12dx—/gwx-vydx—/ﬂwxydx.

=:%(0)

However testing (52) with ¢ = 2§ € S,(K) we also obtain (DA(y)y, 7)1 > —(A'(y), ) which is
precisely

All in all we get

limsup a(2%, 2*) < limsup B(t) = B(0) < a(y, 7). (58)
AV N0

The weak convergence 2! — g in H'(Q) implies liminfy\ o a(z?, 2*) > a(y, §). Together with (58) this
gives a(z%, 2") — a(y,y) as t \, 0. This finishes the proof. O

Remark 4.10. If we assume that

for functions To(-,-) : @ x R — R and Ti(-,-) : Q@ x R — R4 we may rewrite the variational
inequality in (52) by using Lemma 4.4 as

8o —§) + /Q Byw(z,y + V)i — ) de
Z/Q&(x,erw;w—?)):8X+£o(w,y+w;w—?))-Xd$
o — ) + /Q dyw(z,y + ¥)i(p — ) da,

where we use the abbreviations

iy +i0) = = (Vi +v) Vot (My+9) +wlwy+0))e) I
+ Ve V(y+¢)+ VW +y) @ Ve —Ti(z,y +¢)p,
Lo(x,y +¥;0) === To(x,y + ).

4.4 Limiting system for the material derivative

So far we have derived an equation for . Since we are interested in the original problem (40), we may
now use Theorem 4.8 and the transformation y = u — 1 to obtain the material derivative equation for
(40). It is clear that y = @ — ¢»x and we conclude with the following result:

Corollary 4.11. Under the assumptions (A1)-(A3) the material deriative i = u(X) of solutions of
the perturbed problem to (40) in direction X € CY(D,RY) ewists and is given as the solution of the
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following variational inequality:

i€ SX(Ky) and Vo € Si¥(Ky) :
a(t, o — ) + / Oyw(z,u)u(p — ) de
Q

> — / A'(0)Vu - V(g —u) +&(0)(Au+w(z,u))(p —u)dz
Q

- /Q iy (w, u)(p — @) da,

where '
S{?(Kd,) = Tu(Kw) N k:ern(A(u)) +Yx.

In particular under the additional assumption in Remark 4.10
a(u, o —u) + / Oyw(z,u)u(p — ) d
Q

> / Li(z,u; o —u) : 0X + Lo(x,u; 0 — 1) - X d.
Q

Proof. We obtain from Theorem 4.8 that @ € S,(K) + ¢x and for all ¢ € S, (K) + vx:
<8A(u - 1/1)(10 - 1/}X)v ¥ - U>H1 2 _<*’le(u - 1/})7 ¥ — u>H17
which is precisely the inequality in (60).
It remains to show S{¥ (Ky) = Sy(K) 4 1x which is equivalent to T, (Ky) N kern(A(u)) = T,(K) N

kern(A(y)). Indeed, by definition (47) we find
kern(A(u)) = kern(A(y))
as well as by (1)-(3)
Tu(Ky) = Tu—y(K) = Ty(K)
O

Note that we get the following characterisation of S;* by using Lemma 2.5 and the definition in (53):

0 €SX(Ky) & ¢—1ix € Tu(Ky)Nkern(A(u))

N { 0 € HY(Q) Withgpﬁ@ﬁx q.e. on {u = ¥q},
(A(u), o —x) = 0.
Moreover under an additional assumptions we obtain the subsequent translation property:
Lemma 4.12. Suppose that u,vp € H?()) and let ¢ € HY(Q) be with
¢ =0 g.e. on the coincidence set {x € Q : u(zx) = Y(x)},
where C~, w and 12 denote quasi-continuous representatives for (, u and . Then we have
+( € Ty (Ky) Nkern(A(u)).

In particular

(+ S (Ky) = Sy (Ky). (61)
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Proof. 1t is clear from the assumption that :tC~ = 0 g.e. on the coincidence set {u = 9}. Thus £¢ €
Tw(Ky). Furthermore y = u — 1) satisfies the variational inequality (see (48) with ¢ = 0)

(A(y), o —y) >0 forall p € H(Q) and ¢ <0 a.e. in Q.

From the H?(Q)-regularity of u and ¢ we deduce that (in a pointwise formulation) A(y) = 0 a.e. in
{z € Q: u(x) < ¢(z)}. In particular we see that

(A(y), @) =0 for all ¢ € HY(Q) with {z € Q: p(z) =0} D {z € Q: u(z) = ¢¥(z)} ae.

Testing with ¢ = +( yields +¢ € kern(A(y)) = kern(A(u)).

Finally, ¢ € T,(Ky) N kern(A(u)) implies ¢ + S5 (Ky) C Si¥ (Ky), and —C € T, (Ky) N kern(A(u))
implies ¢ + SX (Ky) 2 S5 (Ky). O

In the following 9q is referred to as a static obstacle if there exists a fixed function ¢ € H 2(D) such
that 15 = 1|g for all Lipschitz domains  C D.

Remark 4.13. Let X € Cg(p,Rd). Suppose that g is a static obstacle, u € H*(Q) and {X =0} D
{a = vat ge in Q. Then ¥vx = Vipg - X and the assumptions from Lemma 4.12 are satisfied for
¢ =Yx and we obtain

+ix € Tu(Ky) Nkern(A(u)).
In particular
SX(Ky) = Tu(Ky) N hern(A(u))
and

X o € HY Q) with ¢ <0 q.e. on {u = 1q},
p €S, (Ky) { (A(a), o) = 0.

4.5 Limiting system for the state-shape derivative

The state shape derivative of u at € in direction X € C}(D,R?) is defined by
u =u(X):=14—0xu on{ (62)

where u solves (40), 4 solves (60) and Oxu := Vu - X. It is clear that u’ € Ly(€2). Thus in general the
state shape derivative is less regular than the material derivative. Another important observation is
that the boundary conditions imposed on 7 on 9 are not carried over to u’.

Lemma 4.14. Let X € C! (D,RY) be a vector field satisfying X -n = 0 on 0. Then the state shape
derivative vanishes identically, that is, u/(X) =0 a.e. on Q.

Proof. The X-flow ®; leaves the domain € unchanged, i.e., ®,(Q2) = Q for all ¢ € [0, 7]. Consequently,
ur = u() = u(Q) = v and thus u' = uy o &, = v o &, for all ¢ € [0,7]. Hence by Lemma 2.9 (ii) we
may calculate the material derivative % as

u—u  uod® —u

t t

— Oxu strongly in La(92).

Thus @ = dxu and consequently u’ = 0. O
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Now we are prepared to prove the main result of this section which gives a simplified variational
inequality for the state-shape derivative u' under certain conditions. To derive this result we will
assume the enhanced regularity u € H?(2). Preliminarily we observe from Corollary 4.11 and by using
the relation (62) that

u' € SX(Ky) and Yo € S5 (K,) :

ol — ') + /Q Oy, w (o — o) da

/ / /! / (63)
—/QA (0)Vu - V(o — ')+ €(0) (Au + w(z, u)) (¢ — o) da

—a(Oxu,p —u') — / Oyw(z, u)oxu(p —u') dz,
Q

where

SX(Ky) = Tu(Ky) Nkern(A(u)) +x — dxu.

We notice that in general the cone S x (K) depend on the vector field X . In the case of a static obstacle
problem (see Remark 4.1 (i)) we derive the following result:

Theorem 4.15. Suppose that (A1)-(A3), (59) and u € H?(Y) hold. Furthermore let 1q be a static
obstacle function.

Then S is independent of X € C}(D,RY) with
Sf(K@ = Tu(Ky) Nkern(A(u)) =: Su(Ky) (64)
and the state shape derivative is the unique solution of

u' € Su(Ky) and Ve € Sy (Ky) :
o —u) /awxu —)dz (65)
> /FGl(x,u;ga —u')n-n(X -n)ds,
where
&1z, u;0) := Li(x,u;0) = Vu® Vo
with £1 from Remark 4.10.

Proof. By using the assumption ¢y = Vi) - X we find on the coincidence set {u = ¥q} (here we
resort to quasi-continuous representants):

Yx — Oxu = hx — Ixq = 0.

Lemma 4.12 applied to ¢ = ¢x — dxu yields +(¢x — dxu) € S, (Ky) and therefore (64).

Furthermore by using the notation in Remark 4.10 and the identity (note that u € H?({2) by assump-
tion)

V(0xu) = (0X)T (Vu) + (6°u) X
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the variational inequality in (63) rewrites to u’ € S, (Ky) and for all ¢ € S, (Ky):

alulsip =)+ [ Oyl upi (p — ) ds

; (66)

2/ S (x,u; 0 — ') : 0X + So(z,u;0 —u') - X du,
Q

where

Go(w,u, @) := Lo(x,u, p) — yw(z,u)pVu — (9*u) Ve,
Si(z,u, ¢) == Li(z,u, ) = Vu® Vo.

Picking any vector field X € C}(D,R?) with X-n = 0 on I we know from Lemma 4.14 that u/(+X) = 0
and it follows from (66)

/ Si(z,u;@) : 0X + Sp(z,u;9) - Xdzr =0 (67)
Q
for all ¢ € S,(Ky). Then integrating by parts in (67) shows the pointwise identity

—div(Si(z, u(z); ¢(x))) + So(z, u(z); p(z)) =0 a.e. on Q. (68)
Now for an arbitrary X € C1(D,R?) and ¢ € S, (Ky) we consider the additive splitting X = X, + X7

for X,,, X7 € C}(D,R%) such that X,, = n(X -n) and X7 = X —n(X -n)on . Then X7-n=00onT
and we get

/ Si(z,u;9) : 0X + Sp(x,u; @) - X do
Q

= / Gi(z,u; @) : 0X7 + So(x,u; @) - Xpde
Q

=0 by (67)

(69)
+/ Si(z,u; @) : 0Xp + So(z,u; @) - X, do
Q

~~

partial integration and (68)
= / Si(z,u;9)n - Xy ds.
r

We may test (69) with ¢ =« since v’ € S, (Ky). Then multiplying the resulting identity with —1 and
exploiting linearity of &y and & with respect to ¢ yields

/ S1(x,u;—u') : 0X + So(w,u;—u') - X dr = / &1 (x,u; —u)n - X, ds. (70)
Q T

Now we find by letting ¢ = ¢ € S,(Ky) be arbitrary, adding (69) and (70), and again exploiting
linearity

/61($,u;<p—u/):6X+60(a;,u;g0—u’)‘Xda:—/61(:c,u;cp—u’)n~Xnds.
Q T

In combination with (66) we obtain (65). Uniqueness of «’ is implied by uniqueness of 4 (see Theorem
4.8). 0
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It is readily checked that
Si(z,u;o)n-n=—-Vru-Vrp — (Au+w(z,u))e forall ¢ € Sy(Ky).

Thus we conclude this section with an explicit formula for the shape derivative in the case of a static
obstacle.

Corollary 4.16. Under the assumption of Theorem 4.15 the shape derivative u' is the unique solution
of the following variational inequality:

u' € Syu(Ky), a(u,o—u)+ /Q Oyw(z, u)u'(p —u') dx
> — / Viu- Vi(e — o) + (Au + w(z, u)) (X -n)(e —u)ds
r

for all p € Sy(Ky).

4.6 Eulerian semi-derivative of certain shape functions

We adopt the notation from Subsection 2.3 and denote by J : Z — R a shape function. Application of
Corollary 4.11, Lemma 2.8 and the chain rule yield the following result:

Corollary 4.17. Let (A1)-(A3) be satisfied and let Q € = be a Lipschitz domain, X € C1(D,R%) and
D, : Q — Qy be the associated flow. Suppose that for all smallt > 0

J() = 3(Py, uh),

where
J=3(®,u): COY(RY) x HY(Q) - R

is assumed to be a Fréchet differentiable functional and u' € H(S)) the transported state u' = uy o ®;
with the unique solution uy of (40) on €.

Then the Eulerian semi-derivative exists and is given as
dJ(Q)(X) = (deJI(Id,u"), X)cor(aray + (duI(Id, u°), itx) pr1(q),

where Ux denotes the unique solution of (60).

In particular dJ(Q)(-) is positively 1-homogeneous.

5 Applications to damage phase field models

In this section we investigate shape optimization problems for a coupled inclusion/pde system describ-
ing damage processes in linear elastic materials. Our aim is to apply the abstract results from Section
4 designed for semilinear variational inequalities with dynamic obstacles to such concrete application
scenarios. In this way we demonstrate how necessary optimality conditions for shape problems can be
derived for relevant engineering tasks.
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5.1 Physical model

The physical model under consideration was derived in [9] and is described in the time-continuous
setting by the following relations:

Uy — div((C(x)s(u)) =4, (71a)

0 € Do) + Xe — AX + L€ ()(w) 2 () + 1/(x), (1)

with the damage-dependent stiffness tensor C and the damage potential function f. The variable u
denotes the displacement field, e(u) := 2(0u+ (9u)?) the linearised strain tensor and y is an internal
variable (a so-called phase field variable) indicating the degree of damage. In terms of damage mechanics
X is interpreted as the density of micro-defects and is therefore valued in the unit interval (cf. [17]). In
this spirit we may use the following interpretation:

1 < no damage in x,
Xx(z) =< €(0,1) < partial damage in =z,

0 < maximal damage in z.

The system is supplemented with initial-time values for y, u and wuy, Dirichlet boundary condition
for u and homogeneous Neumann boundary condition for x. The governing state system (71) can be
derived by balance equations and suitable constitutive relations such that the laws of thermodynamics
from continuum physics are fulfilled. We refer to [9] for more details on the derivation of the model.

A main feature of the evolution system (71) is the uni-directionality constraint y; < 0 enforced by
the subdifferential 91(_ o)(x¢). This leads to non-smooth /switching behaviour of the evolution law by
noticing that (71b) rewrites as

d, ifd<0 1
Xt = {0: ; p ; 0’ with the driving force d = Ay — 5@’(X)5(u) ce(u) — g (%).

A weak formulation of (71) and existence of weak solution can be found in [11] with minor adaption.
Existence and uniqueness results for strong solutions for the above system with higher-order viscous
terms are established in |7]. For the analysis of quasi-linear variants of (71) and for rate-independent
as well as rate-dependent cases, we refer to [16] and the references therein.

The following remark justifies that the phase field variable x takes only admissible values provided
HY(0,T; H(Q))-regularity and mild growth assumptions on C and g. In that case it is not necessary
to include a second sub-differential of the type dlj 1;(x) in (71b) in order to force x to be bounded in
the unit interval. The precise assumptions for C and g will be stated in (D1) below. At this point they
are assumed to be continuously differentiable.

Remark 5.1 (Maximum principle). Suppose that C'(x) = 0 and ¢'(x) =0 for all x < 0. Then a weak
solution x € HY(0,T; H*(Q)) of (71b) is always bounded in the unit interval as long as the initial-time
value x(0) = x is.

Proof of Remark 5.1. Because of x;(t) < 0 for all times ¢ € [0,7] and x(0) € [0, 1] we obtain x(¢) < 1.
It remains to show x(t) > 0.
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Please notice that we cannot directly test (71b) with (x7); since x~ := min{0, x} is not necessarily
in H'(0,T; H'(Q2)) even for smooth y. Instead, we test the inclusion (71b) with (m(x)); where m.
denotes the following concave C1:'-approximation of min{0, -}

x, if x € (—o0, —¢,
me(x) = ¢ —1=(z — 3¢)?, if x € (—e¢, 3¢,
0, if x € (3¢, +00),

we obtain by simple rewriting

/ |Xt e + va( ) v(me(X))t + (VX - vme(X)) : v(mE(X))t dzdt

+ / (5C00=(w) < () +9/() +€)ml ()i dedt =

where the function ¢ satisfies § € 0(_o )(xt) pointwise. We obtain by noticing that m(-) — (:)~ :=
min{-,0} strongly in H!(R) and weakly-star in WL (R) as ¢ \, 0:

/ e Pl () dar e+ /\Vme () — [Tme(x(0))]? dz
= [ 1(x7)¢|> dzdt =1 [ VX ()12 VX~ (0)[2 dz

+/ (Vx - Vixe) (1 = my (x)me(x) dxdt+/ [Vx[?(1 = me(x)m! (x)x: dedt

>0 due to m/ <0, x¢<0,m.€[0,1]

—0

+ / (%C'(X)s(u) re(u) +4'(x) + f)mQ(X)Xt dzdt = 0.

= [/ (1@ “)e(u)e(u)+g’ (x - )+€)Xt da dt

We have by assumption C'(x~) = 0 and ¢’(x~) = 0. Furthermore £ x (x); = 0 since £ = 0 as long as
Xt < 0. All in all we find by passing to € \, 0

1
2/ V()2 = [V |2dm+//| W2 dzdt < 0.
Q

Since x7(0) =0 in Q we find x~(¢£) = 0 in Q for all times ¢ € [0, T. O

In the next section we will consider a time-discrete version of (71) where such a maximum principle
can also be obtained.

5.2 Setting up time-discretisation scheme and shape optimisation problem

The shape optimization problems will be performed on a time-discrete version of (71) and for two
spatial dimensions. Let {0, 7,27,..., 7N} be an equidistant partition of [0, T]. The positive parameter
7 > 0 denotes the time step size. In the remaining part of this work we make use of the following
assumptions:

Assumption (D1)
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(i) d=2;

(ii) The damage-dependent stiffness tensor satisfies C(-) = c(-)C, where the coefficient function c is
assumed to be of the form

c = c1 + ¢y where c; € C*(R) is convex and cy € C?*(R) is concave.
Moreover, we assume that c,cy,cf,ch, c are bounded and as well as
c(z) >n for all xz € R.

with constant n > 0. The 4™ order stiffness tensor C € LRGN RET) is assumed to be sym-
metric and positive definite, i.e.

Cijik = Cji = Ciiij and e : Ce > nlel? for all e € Rem's

(iii) g is assumed to be of the form
g = g1+ g2 where g1 € C*(R) is convex and gy € C*(R) is concave.
Moreover we assume g; and g5 to be Lipschitz continuous;
(iv) £F € Ly(D;R?) for allk =0,...,N;
(v) d* € H*(D;R?) for all k =0,...,N;
(vi) initial values: u®,v® € H?(D;R?) and x° € H?(D).
Let Q C D be a given Lipschitz domain. In this section a time-discrete model to (71) will be investigated

in a thermodynamically consistent scheme (in this context it indicates that the time-discrete energy-
dissipation inequality is satisfied). A related time-discretisation scheme has been used in [7]. For all

ke {l,...,N} we are looking for a weak solution of
uf — 2uF—1 4 uF2 .
= - le((C(Xk)E(uk)) = ¢k, (72a)
k_ k-1 k_ k-1
X —X X —X -
0 € Dl oeq () + = A+ g1 + g0

(72b)

(00 + ) Ceut ) - (),

In accordance with the time-continuous model from the previous section x°, u® and u=! := u® + 7v°
are the initial values and the boundary conditions are chosen as

Vx-v=0, u*=d* onaQ. (73)
For notational convenience we will write z = {u”, \* }]kV:O'

Remark 5.2. (i) Ezistence of weak solutions for (72) can be obtained by alternate minimisation for
each time step by firstly solving (72b) and then solving (72a). In particular the solution x* from
(72b) is the unique minimiser of the strictly convex potential

Ty — kel
F(x) = /Q %!VX\Q + §|%|2 + %(Q(X) + () Ce(uF ) s e(uhTt) da
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+/Qg1(x)+gé(x’“‘l)xdw-
over the convez set
KF1.= {X e HY(Q) : x < X"t ae in Q}

As we point out later a higher integrability result from [8] yields e(u) € Ly(Q2) for a p > 2. In
combination with the embedding H' () < L,(Q) for every ¢ > 1 valid for d = 2 and Assumption
(D1) (ii), the potential term [ 1 (c1(x) 4+ ch(x*71)x)Ce(ub~1) : e(uh~1) da in F is well-defined.

(i) Under the additional assumptions that c1(z) > c1(0) and g1(x) > ¢1(0 ) for all x < 0 as well
as ch(x) < 0 and gh(x) < 0 for all x € [0,1] we obtain that F(max{x 0}) < F(x*) (cf. [16,
Proposition 4.1]). Thus x* is bounded in the unit interval as long as x* -1 18.

(iii) The discretisation scheme above is motivated by the fact that the associated time-discrete energy-

dissipation inequality is obtained by testing (72a) with u¥ —uf=! — (d¥ — d*~1) and (72b) with

x* — x*1, adding and using convezity and concavity estimates (cf. [7, Lemma 2.9]).

For the shape optimisation problem it is convenient to rewrite the pde/inclusion system (72b) as

uf e dt + ﬁl(Q;RQ), and Vo € ﬁ[l(Q;RQ) :

E_ o k-1 k—2 T4a
/Qu 2u72 tu 0+ C(xMe(ub) : e(p) dx:/ﬂfkwpdx (74a)
Y* e K* ' and Vo e KF1:

k k xF—xF! k 1k 1 k—1 k
/QVX -V(w—x)Jrf(w—x)Jr(gl(x)+92(X ) (e —x")dz (74D)
+ [ SO + 0O s e(ut ) o~ 1 do 2 0.

In other words the state system is given by coupled variational inequalities with dynamic obstacles for
the N time steps. The obstacles are determined as the solutions of the damage variational inequality
from the previous time step.

Statement of the shape optimization problem
Our aim is to determine an optimal shape €2 € = from a suitable class of domains such that a tracking
type cost functional

N N
Au
J(Q2() = 5D Q) — ufl7 ) + gz ) = X7 (75)
k=1 k=1

is minimised under the constraint that
z(Q2) solve (74) on Q for all k € {1,...,N}. (76)

The functions uff € Ly(D;R?) and Xff € Lo(D) for k = 1,..., N are prescribed displacements and
damage patterns. Since the state z(2) is uniquely determined by €2 we may equivalently say that we
aim to minimise the shape function

J(Q) = J(2,2(2)). (77)
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5.3 Material derivative and necessary optimality system

Let us fix a vector field X € C1(D,R?). In accordance with Section 4 the associated perturbed solutions
of (72a)-(72b) on Q := ®4() are denoted by z; = {u}, xy}I_, whereas the transported perturbed
solutions are indicated by z' = {ub*, x®}X . Note that z° = z.

We proceed inductively over k = 1,..., N and assume that the strong material derivatives at the time
steps k — 1 and k — 2 exist, i.e. for a subsequence t \, 0

uk—Lt _ qk—10

; —u" ! strongly in H(€;R?), (78a)
wh—2t _ k=20 s . ,

. —0u""“ strongly in H (Q;R?), (78b)
FLt k=10

" — x*71 strongly in H(€). (78¢)

Material derivative for the x*-variable
We want to apply Corollary 4.11 which is based on Theorem 4.8 to establish the material derivative
for the x*-variable and its variational inequality.

To check that the Assumptions (A1l)-(A3) are fulfilled we require higher integrability estimates for
u*~bt Note that u*~1* satisfies equation (84) below for & — 1 which is the unique minimiser of

u — 2uk—2t 4 k-3t

> cu— £ uda.

Uu) = /Q E(COE1)e! ()« () + £(1)

over u € d¥1 + ﬁl(Q;RQ), where
e (u) = %((au)(a@)—l + ((ow@e) ™). (79)

By using the calculation (here S(A) := 1(A + A”) and B := 0®,)
Ce'(u) : €' (u)
= Ce(u) : g(u) — CS((Ou)(1 — B)) : S(Ou) — CS((0u)B) : S((0u)(1 — B))
> Ce(u) : (u) — c|oul?|1 — B| — ¢|0u)?|B||]1 — B]

and Korn’s inequality, we find a t* > 0 and constants cp,c; > 0 such that for all ¢ € [0,¢*] and
u e d!+ HY(Q;R?)

/Qé(t)C(X'”’t)€t(u) ve'(u) dz > cof|QulZ, — eaf|ulZ,.
Then the higher integrability result from [8] shows that there exists a constant p > 2 independent of ¢

such that u*=1 € W} (Q;R?) and [Ju*~1f W (o;R2) 1s uniformly bounded in ¢ € [0, ¢*]. In combination
with (78a) we see that

w5 w0 strongly in W(}(Q;Rz) as t \, 0 for all ¢ € [2,p). (80)

Furthermore we deduce from (78c) by the Sobolev embeddings in 2D

Pt k10
— ¥ strongly in L, () for all ¢ € [1,00). (81)
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and from (78a)

51t(uk:—1,t) _ 5(u"3_170)
t

S 2@ — L (@ 10X) + (0t L)@X))T) = ex( )
strongly in Lo (€2; R**?). (82)

The damage variational inequality (74b) can now be rewritten in the abstract form (40) by setting Wo
in the energy (38) as follows

Wal(z,y) == — %xk_l(w)y + %(cl(y) + (X (2)y) Ce(u T (2)) : e(u* ()
+a1(y) + (" (@)

Note that Wq(z,-) is convex in our discretisation scheme and that

whe(,p) = — XM @) + 5 (6 ) + GO (@) Cet (M ) - (b))
+91(y) + (M (@)
Recall that w% (z,y) = w(z,y) = d,Wa(z,y).

With the help of the convergence properties (78a)-(78c), (80), (82) and (81), we see that Assumptions
(A1)-(A3) are fulfilled with

dyule,y) = 3¢l ()Celu™ (@) : cu () + (),

x(e,y) = = 857 ) + S @) (@) Celut (@) - (o (@)
+ O @) Ce (a1 (@) £x (! (2) + g5 (¢ (@)% (@),

Applying Corollary 4.11 yields existence of the strong material derivative x* which satisfies the following
variational inequality:

¥ € §* and Vo € S
. . 1. ) . .
/vak V(e —x") + ;xk(so —X") + Oyw(z, x*)xF (o — XF) dw
k k X’g k k
> = [ AV V(o) + €0 (2 +ulen)) (e - ) da

- [t - ) da,
Q

with
Sk .= T\ (K* Y N kern(A(X"®)) + x*!

and A’(0) and &’(0) are given in Lemma 4.4 and A = Ay is defined in (46).

Material derivative for the u*-variable

We only sketch the proof of the strong material derivative 11* in the following and make use of standard
calculations. The main ingredient will be the uniform boundedness of Huk’tHWé(Q;RZ) with respect to ¢
and for some fixed p > 2.
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The perturbed and transported equation to (74a) is given by

kit k—1, k—2,
/ g2 T e O ) : () da = [ewest-oar
Q T Q

for all ¢ € bif L(Q;R?), where £(t) is defined in (43) and & is defined in (79). Therefore by testing
(84) and testing (74a) with ¢ = uf* — u®0 — (d*' — d¥?) and subtracting the result, we obtain the
sensitvity estimate

Huk,t o uk,O

‘Hl(Q;RQ) S ct.
Thus we may choose a weak cluster point u* € H'(Q;R?) such that for a subsequence
k.t k,0
u b — u 9
— u® weakly in H1(Q;R?).

Considering difference quotient of (84) and passing to the limit shows that ¥ is the weak solution of
the following pde:

k k—1 k—2 -k k-1 | k-2
u” — 2u +u u” —2ua +u
/95,(0)

5 ®+ 5 pdx

T T

+ [ (EOCOE) + COHF) + COPx () o) + COHIe(u) s ex(p) da

for all p € Iofl(Q;]RQ) and uF = d* on 9O where d* = 9xd* and ¥ = dxf*. Here, ¢y is defined in
(82).

k k k—1 k—2
)

Furthermore, it is not hard to see that the solution 0" is unique for given functions u”, u*~*, u
ub =t ah 2 k) Xk £F £ and dF. Indeed, given to weak solutions u¥ and 0§ of (85) we find after
subtraction

[ it = i)+ C=(it - i) () da = 0

T

Testing with ¢ = ﬁ’f — 1'1]5 yields uniqueness.

Finally, subtracting from the difference quotient taken from (84) the equation (85) and testing with

o= “kt%“ko —uf— (dk’t%dk’o — dk> (the d-terms are necessary to achieve 0-boundary conditions for
the test-function), we find via a limit passage

aFt — k0 i

— u* — 0 strongly in H'(Q;R?) as t \, 0.

Optimality system
We conclude with a necessary optimality system. Let a Lipschitz domain €2 C D with its state z =
{u*, x*}¥_ be a minimiser of J from (77). Given an arbitrary vector field X € C}(D,R?%) we obtain
the associated flow ®;, the perturbed domain € := ®;(), the transported perturbed solution z’
{uk,t’ Xk’t}kN:D and

N N
A A
J(Q) = 7“ Z/Qf(t)\uk’t —uf o ®yPda + % Z/Qf(t)\xk’t —xF o @2 dua.
k=1 k=1
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By calculating the Euler semi-derivative of J and using the relations for the material derivatives above,
we have proven the following results:

Proposition 5.3. Under the assumption (D1) the optimality condition dJ(2)(X) = 0 is given in the
volume expression of the shape derivative by

Py Ay o
_u / k k)2 X / kE__ k2
0= [ Ot —uPar+ Y [ SO xR da
k=1 k=1
N N
Y / (0 — ) - (0 — Oxub)de + 2y S / O = B — ) da,
k=179 k=179

where for all k =1,...,K:

u” fulfills (74a) with u* = d* on 69Q, X" fulfills (74b),
u® fulfills (85) with u* = d* on 99, X" fulfills (83).
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