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Abstract

We study the infinite integrable nonlinear Schrédinger equation (NLSE) hierarchy be-
yond the Lakshmanan-Porsezian-Daniel equation which is a particular (fourth-order) case
of the hierarchy. In particular, we present the generalized Lax pair and generalized soliton
solutions, plane wave solutions, AB breathers, Kuznetsov-Ma breathers, periodic solutions
and rogue wave solutions for this infinite order hierarchy. We find that 'even’ order equa-
tions in the set affect phase and ’stretching factors’ in the solutions, while ‘odd’ order equa-
tions affect the velocities. Hence 'odd’ order equation solutions can be real functions, while
‘even’ order equation solutions are always complex.

1 Introduction

It is well-known that the 1-d fundamental nonlinear Schrédinger equation (NLSE) is integrable
[1]- This fact has allowed the achievement of significant progress in the analysis of nonlinear
optics, water waves, BECs and many other fields of nonlinear physics. The possibility to write
solutions of the NLSE in analytical form stimulated numerous experimental works in these areas.
Initial developments in soliton solutions has been strengthened recently by the advances in
breather solutions. Various families of solutions have been presented in [2].

Although the NLSE is one of the fundamental equations in physics, it is not the only one which
is integrable. In particular, various extensions of the NLSE are known. For example, Painlevé
analysis of deformed NLS and Hirota equations has been given in [3]. Kano [4] considered small
perturbations of the NLSE that allowed him to keep the modified equation nearly integrable.
Such extensions expand the areas of applicability of integrable equations and provide efficient
ways for application of evolution equations in practice. For example, they may help to clarify the
physics of wave blow-up and collapse phenomena [5], as higher intensities require higher-order
terms to be included.

In the present work, we provide an extension of the NLSE to infinite order equations that com-
prise the NLSE hierarchy. Namely, we consider extensions of the NLSE where additional terms
can have arbitrarily large coefficients. This extension creates the infinite hierarchy of equations
that are integrable with infinite number of arbitrary real coefficients. The additional terms in the
equation include higher-order dispersion of all orders and higher-order dispersion of nonlinear
terms. The arbitrariness of coefficients allow us to go well beyond simple NLSE. We define the
invariant integrands of the NLSE as:
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where j = 1,2,3,---,00 and j; and j, are non-zero positive integers which add up to 7,
noting that order is important. For example, if ; = 1 there are no such integers and so the right
summation is zero, while for j = 4, we have (71, 72) = (1,3), (3,1) and (2, 2), so that:

Z (pjlpj2) = 2p1p3 +pg'
Jitje=4

We take p; = |1|? to start with. Hence, the first few functionals are:

pa = YUYy @)
= |¢|4 + ¢¢:t
=1 [wt(w*)z + 4w:|w’2 + w:tt] :

With this formulation, all signs are positive. Now, we define the jth operator in the NLS hierarchy
as

)
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where we have taken the functional derivative of the invariant to get the higher order operator.
Again, all signs are positive in each K;. For example, Ky = 9y 2 which is easily
recognizable as an NLSE operator.

For higher orders, the j* operator (j > 3) can be presented in the form:

_ P —%z» o2y
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There are only 2 terms when j = 3, as the last 2 terms reduce to zero: K3 = 1y + 6[t)]?1);.
For j > 4, the next term to be added is:

. ] aj—?; w*
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For 7 > 5, the next term to be added is:

" L
Finally, the term with no derivative in K is
AL (5)
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if jiseven, j =2,4,6,---, and zero if j is odd.

The equation which includes the whole infinite hierarchy is:

Fl(x,t)] =i, + Z(OzzjKQj —iagjy1Ky41) =0, (6)
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where each coefficient o, j = 2,3,4,5, - -, 00 is an arbitrary real number. In all expressions
here, x is the propagation variable and ¢ is transverse variable (time in a moving frame), with
the function |¢(, t)| being the envelope of the waves.

In the book [2] and many papers, including [6], [7], [8], we have taken cg = % This normalization
has certain convenient features. For example, rogue wave triplets with this scaling are circular
rather than elliptical in the (z, t)-plane [9]. On the other hand, some authors, e.g. [1, 4], set
oo = 1. Any value of ap can be used in our present work [10—13], including zero. Hence, our
solutions cover equations like v, — Ozg(wm + 6|1/1|22/1t) = (0, which do not involve the basic
NLSE operator at all. The latter is a significant advance over previous works.

Thus, the whole equation takes the form:

Flp(z, )] = iy,
+  apKs[(x,t)] —iag K[ (x,t)]
+ oy Ky(x,t)] —ias Ksli(x,t)]
+ asKg[t(x,t)] — iay Kq[t(x,t)]
+ asKs[(x,t)] — i agKolth(x, t)]
+ =0, 7)

where the combined operator F'[1)(x,t)] represents the whole hierarchy of integrable equa-
tions.

In the lowest, second order, we obtain the fundamental nonlinear Schrédinger equation:

sz + Q’ZKZ = wa + 042(¢tt + 2¢|¢‘2) = 07

Keeping additionally the third order operator /3, we obtain the Hirota equation:

i)y + (U + 20|07 — dag[u + 6[0]*] = 0.

In the next generalization, we keep K4 as the fourth order (j = 4) operator. It is known as the
LPD operator (starting with fourth order derivative):

Kip(2, )] = Yun + 8|0[*hu + 69|0|* + 4] |?
+ 6yt 4 207, (8)

Continuing the process, we can keep K5 as the fifth order (; = 5), i.e. quintic operator (starting
with fifth order derivative):

Ks[Y(z,t)] = Yun + 1O|¢|21/)ttt + 30|¢’4¢t + 109y,
1000 Yy + 200  Pyby + 1002);

This expression can be written in a shorter form:
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The quintic equation has been considered, in a different context, by Hoseini and Marchant [14].

Further, K is the sixth order (j = 6) , i.e. sextic, operator (starting with sixth order derivative):

K[ (x,1)] Yrtete (10)
(600 [4]* + 50(¥*)* Yy + 205y, | ©°
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10ty 50ty + 3¢* ] + 20007,

+104° [(47)* + 2075] + 2004,

We present the heptic and octic operators in the Appendix.
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We repeat, the coefficients «; are arbitrary real constants. They do not have to be small. This
allows us to go well beyond the simple extension of the NLSE with corrective and perturbative
terms. Particular case when only «i3 is nonzero, the equation is known as Hirota equation [6, 15].
Furthermore, when only a4 is nonzero, the equation is known as the 'Lakshmanan - Porsezian
- Daniel’ (LPD) equation [16—18]. In this case, the coefficients within the K4 operator (8) were
found using Painlevé analysis of the equation describing the Heisenberg spin chain. Thus, par-
ticular cases in the hierarchy have physical relevance. The equation when two coefficients a3
and ay are arbitrary has been considered earlier in [7, 8]. In particular, soliton solutions of this
equation were given in [7], while rogue wave solutions were presented in [8]. In those papers,
«y is denoted by . The KdV is studied in [19,20].

We believe that the sextic, heptic and octic operators of the NLS hierarchy are presented here for
the first time. Although we do not present here the ninth order operator Ky |[1)], with coefficient
(g to save space, the results we give for first-order solitons and rogue waves does include it
and all higher orders to infinity.

2 General observations

Scaling. If we have a solution ¥ (z, t; ag, aig, auy, - - +) of the full equation, then we can generate
a scaled solution by multiplying the function by an arbitrary real constant, ¢, multiplying ¢ by c,
leaving x unchanged and multiplying each «; in the soltuion by ¢’. Hence the new solution is
c(z, ct; Pag, Pagz, ctay, ). lfalla; = 0 for j > 3, i.e we have the fundamental NLSE
only, then the scaling as — c2aw, is equivalent to scaling z by a factor of ¢2, thus agreeing with
the well-known scaling of NLSE solutions (e.g. see [21] and Eq. (2.3) of Ref. [2]). However, when
more operators are included in the equation, it is important to note that the ;’s in the solution
are scaled, not the variable x. This will be clear from the solutions analyzed in this paper. This
scaling is not trivial, and so we retain the c factors throughout the solutions, for ease of use.

Odd-numbered equations. First, we make some general observations. If all even-labelled co-
efficients are zero, i.e. as, =0, n =1,2,3,-- -, 0o then we have

(e.)
Yy = E a2j+1K2j+1-

Jj=1



These can have real-valued solutions. For example, the first such equation is: ¢, = Oég(l/}mg +
6]1|*1;). If we assume that 1) = f(y) is a real even function where y = t + x v3, then for a
localised solution (f(y) — 0 fory — oo), we have vsf = a3 (f” + 2f3). For convenience,

we set f(0) = 1. This shows that v3 = a3 and f'(y) = f /1 — f2. Hence f = sech(y) =
sech(t + z v3).

Similarly, the j = 2 equation, with y = t + x v5 reduces to vsf’ = a5 (f5y + 102 f3, +
30f*f' +40f f'foy +10f]). Then vs = a5 and f = sech(t -+ x vs). This pattern will be seen
later with more complicated solutions. We will be able to plot ¢ rather than just |¢| for these
solutions.

Even-numbered equations. If all odd-labelled coefficients are zero, i.e. ag,11 = 0, n =
1,2,3,---, 00 then the equation becomes:

Z’QZJC,; + Z CYQjKQj = 0.

Jj=1

Now the solutions take the form 1) = ¢**¢(t). In the NLSE case, when j = 1, for the localised
solution which is even in ¢, we have az (g7 + g*) = ¢g. For covenience, we now take g(0) = 1.
This shows that ¢ = ap and ¢'(t) = g /1 — ¢g2. Hence g = sech(t) and ¢ = e"*2*sech(t).

Similarly, for the j = 2 equation, we have vy (ga; + 8g%gar + 69° + 10997 + 29%ga) = ¢y,
and solution 1) = em“sech(t). Again, this structure will be seen for other types of solutions.

Plane wave solutions. In order to illustrate the usefulness of the approach, we start with the
simplest plane wave solution of the extended NLS equation. If a solution 1) is independent of ¢,
then we see from Eq.(5) that

Zw:r + ¢ Z (2:) a2n|w‘2n = 07
n=1

where (2:) is a binomial coefficient. So

i)y + 2000 0[? + 6| h|* + 200 |]® + - -+ = 0.

Thus, for the unit-background forward-propagating plane wave solution to Eq.(7), ¢, = exp(i¢ ),
we have (with 7 = 2n):

= (2n = (2n)!
<Z5:2042+6044+20046+...:Z(n>a2nzz<(n'))2a2n

n=1 n=1

Thus, for an arbitrary background of the plane wave, we can write the solution as

_ = (2n)! e
Y, = cexp <m02 Z %ancz 2)
n=1
= cexp |izc®(2ay + 6c%ay + 20c o
+70c%ag 4 252c%ag + - - -], (11)



recalling that vy does not have to be 1/2.

Here c is the arbitrary amplitude of the plane wave and the series in (4) contain even coefficients
of Eq.(7). The simple nature of the scaling is apparent, with arbitrary background level ¢ causing
each coefficient ars,, to be multiplied by ¢*". The expression (4) represents the solution of the
equation (7) of any order up to infinite one. The presence of only even terms in this expression
is related to the fact that we deal with the forward propagating wave. Any skewness in the
(x,t)-plane would result in addition of odd terms. We do not present this case as this would go
beyond the simplicity of our illustrative example. In order to construct more complicated solutions
of Eq.(7), we have to find its Lax pair. These solutions can also be found for the equation with
an infinite number of terms.

First order soliton solutions. The first order soliton of Eq.(7), taking a5 and all other coeffi-
cients «; to be arbitrary, is

s = ¢ exp(izgs) sech(ct + xvy) (12)
where the phase is:
Os = Z Qo™ (13)
n=1

2 2 4 6 8
= (g + Cay+ ctag+ Cag + Cag+ ),

and where the velocity is:

ve = Y o™t (14)

= Aag + Pas + oy + Sag+---).

The background level, c is arbitrary. It is clear from the expression that velocity depends on third,
fifth, seventh and ninth order coefficients, as,,11, while the phase depends on the fourth, sixth
and eighth order coefficients aiy,,. Plainly, for unit background, each term has unit coefficient.
When only a3, oy are nonzero, it reduces to a result in [7]. So this solution applies for infinitely
many orders in the original equation. It confirms and generalizes the brief derivations on odd
and even-numbered equations above.

3 Generalized rogue waves and related solutions

Again, we allow for all operator coefficients (c;, j = 3,4, 9, - - -, 00) to be arbitary. Then:
1+2:B,x ,
T, 1) =c |[d——— — 1] " 15
oot = [P ] (15)
where D(x,t) = 1 + 4B%x? + 4(ct + v, x)?, and
B, = ; ()2 Qo C (16)



= 2c% (g + 6c%ay + 30c* ag + 140c° ag
4+ 630c%ag + - - -).

Here c is the arbitrary background level. The coefficient ¢ in the exponential factor is then equal
to

o0

!
o = Y 20)] a2 (17)

= (n!)2
= 2% (g + 3c%ay + 10c* aig + 35¢° g
+ 126+ -+ ).

Finally, the velocity is

o0

2n+1)! "
Uy = Z%@MHCQ i (18)
n=1 ’

= 233 + 15¢% a5 + 70c* a7
4+ 315c%g + 1386¢% gy + - - -).

The velocity clearly depends only on the coefficients of odd-order operators: Hirota operator
with v = 6¢3 a3 when the other a;s are zero, the 5" order operator (quintic, with v = 30c s
when the other a;s are zero) , the 7" order operator (heptic, with v = 140c”a; when the
other a;s are zero) , etc. We note that the exponential factor, ¢, and stretching factor, B,., here
depend only on the coefficients of even-order operators. When «; = 0, for all j > 4, it reduces
to a result in [8].

If we have only even-numbered equations, then ¢,., B, are non-zero, and we obtain complex-
valued, zero-velocity, solutions resembling that of the NLSE (which is the a5 case). An example
is given in Fig.1.

Figure 1: Plot of the rogue wave, Eq.(15), solution of Eq.(7), withc =1, ay = i, and all other
Q;'s zero.

If we have only odd-numbered equations (see section 2), then ¢, = B, = 0, and we obtain the
real-valued solution A
rz,t)=c |———— —1|.
vlz,t) [4(075 + v, 7)? }

7



Then, along the diagonal line ¢t +v,. z = 0, we have ¢(x, t) = 3c. So, this solution resembles
a moving soliton on a background (though the shape is different from the ’sech’ function), and
does not have the single peak which is a feature of solutions of the full equation which contains
at least one even-labelled term. An example is given in Fig.2. Earlier works, e.g. [6], included
both ais and a3 terms, and hence found rogue waves with a single maximum.

Figure 2: Plot of the moving soliton on a background, Eq.(15), withc = 1, a5 = %6, and all
other ;s zero.

If we have at least one even-numbered equation with at least one odd-numbered equation, the
resulting solution looks like an NLSE rogue wave [22], with the central part having a velocity
(see [6]). An example is given in Fig.3. We stress that this is a remarkably simple result for
an equation that can contain hundreds of terms, each with various derivatives. It could help
explain the appearance of rogue waves in a multitude of physical, biological, financial and social
situations, going well beyond the j = 3, 4 cases that have been previously analyzed.

_ 1

Figure 3: Plot of the rogue wave, Eq.(15), withc = 1, ay = 1/4,a5 = 1,

zero.

and all other «;’s



4 Generalized Akhmediev breathers and related solutions

The basic NLSE breather explains the evolution of modulation instability (e.g. see sect.3.7 of [2]).
Here, we consider all odd and even-order equations. The odd-order equations basically modify
the breather velocity when compared to the basic NLSE breather, as is already known for the
Hirota (g # 0) case. On the other hand, the even-order equations basically modify the phase
of the basic NLSE breather and introduce a ’stretching factor’ in x in the non-phase part of the
solution. We take arbitrary background, i.e. any real ¢, while noting that the scaling is relatively
simple once the ¢ = 1 case is known. Thus, the general breather on arbitrary background c is:

op= e (14 " [KC(x) +iv4 — K2S(z)]
VA — w2 cos [k(ct + vyx)] — 20(2)
C(z) = cosh <Bb nﬂm> :
S(z) = sinh (Bb Hﬂx>

with K being an arbitrary real frequency in the range of modulation instability, i.e. 0 < Kk < 2.

(19)

where

Now, the velocity is:

_ - 2n+1 <2n—|— 1)' n (_1)7" 2r .|
SR ol (X; (n—r)!(2r +1)! )

n=1 r=

We now sum the series on the right, obtaining a closed form result:

2

n (2n+1 3 K
ZoéanCQ 1 ( i ) oI <1,—n;§;z)> (20)

where o [, means hypergeometric function [23]. In our range, if x is small, then this function can
be approximated:

3 2
2 F (17—71; 5 %) ~ 1 DRy E(n — e - (21)

3.

In fact, for any « in our range, o F (1, —n; 3; %) is exactly a polynomial in x with n + 1 terms,

with the highest power being x2". Thus:

w = asc’ (6 — /@2) + azc® (30 —10k2% + 54)
+ arc’ (140 — 7062 + 14K* — k%) + agc” (630
— 420K% + 126K — 18K° + k%) + g 't (2772
— 2310K7 + 924k — 198K° + 226% — £'0) + - -



For x — 0, from Egs.(20) and (21), we have

(n!)?

+14007¢" + 63009c® + 27720011¢M + - - -

- 2n +1)!
vp = Z Qo1 c2”+1w = 6azc® + 30a5c”
n=1

agreeing with rogue wave result Eq.(18). Thus, the velocity given by Eq.(18) is the low-frequency
(v — 0) limit (for any c) of Eq.(20).

Figure 4: Plot of the complex Akhmediev breather, Eqg.(19), solution of Eq.(7), with x = 1,¢c =
1, a4 = i, and all other «;’s zero.

Similarly, the ’stretching factor’ is given by:

> 2
By =2 ;) 042n+202n+2—(27zn—:_)21)! oFy (1, -n; ;; %)
= 2 [aoc® +auc’ (6 —K) 4+ asc® (30 — 106 + £*)
4+ agc® (140 — 7062 4 14k* — £5) + a0 (630
— 420K% + 126K — 18K° + K¥) + a19c™?(2772
—  2310K7% 4 924K* — 198K° 4 22k% — K'0) + .- -]

The k — 0 limit is
(2n +1)!

— — 2n+2
By(k =0) =2 Za2n+26 CIE

n=0

agreeing with rogue wave result Eq.(16). The phase is:
o0
2n)!
o= Z agnczn% = 2(ac® + 3ayc* + 10a6c® + - - -).
n=1 ’
Note that the phase matches that of the plane wave solution, Eq.(13), and the rogue wave,
Eq.(17). Thus, the rogue wave Eq.(15) can also be obtained as the low-frequency (x — 0) limit

of the breather given by Eq.(19).
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Figure 5: Plot of the real-valued non-breathing solution related to the Akhmediev breathers,

Eqg.(19). It is a solution of Eq.(7), withk = 1,c = —1, a5 = %6, and all other «;’s zero.

We have |¢(0,0)| = |¢|(1+ /4 — K?); this decreases from a maximum of 3|c| when k = 0 to
a minimum of |c| when x = 2. Again, if we have only even numbered equations, then v, = 0,
and the breather solution resembles that of the NLSE. An example is given in Fig.4.

If we have only odd numbered equations, then ¢, = B, = 0, and the solution ¢,(x, t) of Eq.
(19) becomes real-valued. An example is given in Fig.5. It does not ’breathe’ and so we can
describe it as a solution related to a breather. If at least one even and one odd coefficient are
nonzero, then ¢y, By, v, are all nonzero. The example of this solution is shown in Fig.6. It is
similar to the one in Fig.4 but has nonzero velocity.

Figure 6: Plot of the complex Akhmediev breather, Eqg.(19), solution of Eq.(7), with x = 1,¢c =
1, a4 = 1, a5 = £, and all other a;’s zero.

Beyond the NLSE solution, only the Hirota case [6] when v, = a3 (6 — k) and 4-th order

case [24] were previously known. This new solution can provide a considerable extension of
applicability to problems of modulation instability in physics, chemistry, etc.

11



5 Generalized Kuznetsov-Ma breathers and moving solitons

The NLSE Kuznetsov-Ma breather is given by Eq.(3.63) of [2]. The generalized Kuznetsov-Ma
breather can be written as: ‘
Um = C V26 (@m) (22)
2(1 — a1)Cs(z) — V2,/aiCy(z,t) + 2in/T — 2015, ()
V20, (z,t) — 24/a;Cs(x)

where

C(z,t) = cosh [2vT =2ay (¢t + vy )],
Cs(x) = cos (2\/1 —2a,B,, x) ,
Sm(z) = sin(2v1-2a,Bp ),

with a; being an arbitrary real number within the interval 0 < a; < % The velocity is:

n

= 2r — 1!}
Uy = § :4na2n+162n+1 (1 + E “#) (23)
r!
n=1

r=1
This can be written in closed form:

= 1
U = D Aag 24
n=1

\/1 — 2(1,1
B ng1 2+ DN 3. _ ]
aq —<n+1)' QFl 1,n+2,n+2,2a1
Thus, we have:
Uy = 4c*(ay 4+ 1)as + 8° (Ba? + 2a1 + 2) o
+ 32¢7(5a3 + 3a? + 2a; + 2)ar + 32¢%(35a]
+ 20a} + 1263 + 8a; + 8)ag + 128¢'(63a3
+ 35a} +20a% + 1242 4 8a; + 8)ayy + - -

The result in Eq.(24) can also be expressed as:

2”7104 " 62n+1
S Z n+1 (25)
— nly/1 — 2a,
[2“+1n! — (20 + 1)I1By o(2ar,m + 1)) } ,
where the incomplete beta function 55, (a, b) is defined as [, t*(1 —t)*~* dt.
For the upper point in the parameter range, i.e. for a; — % we have
. > 2n + 1)!0[2 +1
lim v,, = 02”+1( ~ (26)
Jm o = 2 (o

= 6c%as + 30ca; + 140¢" oz
+630%ag + 2772c oy + - - -,
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again agreeing with rogue wave result Eq.(18).

The stretching factor, B,, is given by:

= 1
B, =2 4"y, o2 [— (27)
> am [

B a1 (2n 4+ 1)U 3. . ]
a, —<7’L—|—1)‘ 2F1 1,n—|—2,n+2,2a1

Further,

lim B,, = 2c%ay+ 12¢*ay +60Sag

1
a1—>§

+ 280 Sag + 1260¢Paq + - - -,

i.e. it is the rogue wave result of Eq.(16). The phase is:

o

|
Om = Z%aznc%@al)” (28)

= 2a1(2c%ay + 12a;c* oy + 80a? Pag

+560a? g + 4032acPag + - - -),

n=1

recalling that we usually set aip = % For the upper point in the parameter range

lim1 bm = 2%+ 6ctay +208ag

a14)5

+ 70c® ag + 252¢Pqp + - - .

i.e. it is the rogue wave result of Eq.(17).

Figure 7: Plot of the Kuznetsov-Ma breather solution given by Eq.(22). It is a solution of Eq.(7),
with a; = §, ¢ = 1, a4 = 1, and all other a;’s zero.

So if we only consider odd-order equations, ie. those with coefficients a3, as, a7 etc., then only
the velocity changes, while the stretching factor, B,, and phase, ¢,,, are zero. This makes 1,

of Eq.(22) real. If we only consider even-order equations, i.e. those with coefficients ao, oy, ag

13



etc., then only the stretching factor, B,, and the phase, ¢,,, change, while velocity remains
equal to zero. Thus, the rogue wave given by Eq.(15) can also be obtained as the upper param-
eter (a; — 1/2) limit of the Kuznetsov-Ma breather of Eq.(22). Again here, if we have only even
numbered equations, then v,,, = 0, and the breather solution resembles that of the NLSE. An
example is given in Fig.7.

If we have only odd numbered equations, then ¢,,, = B,, = 0, and the solution 1, (z, t) of
Eq.(22) becomes real-valued. An example is given in Fig.8. In contrast to the odd-equations
Akhmediev breathers, these contain no trigonometric functions and hence do not feature peri-
odicity. We describe them as solutions related to the Kuznetsov-Ma breather. They resemble a
moving soliton on a background, like the rogue wave shown in Fig.2.

Figure 8: Plot of the non-breathing solution, Eq.(22). It is a solution of Eq.(7), with a; = %, c=

—1, a5 = 1, and all other a;’s zero. The background level is 3 and the maximum value is 2.

6 Periodic solutions

Elliptic dn solutions. The NLSE dn solution has been given in Eq.(3.65) of [2]. We are now in
a position to give periodic solutions of the full infinite equation, where we recall that o and all
other coefficients «; are arbitrary. It is given by:

s = c exp(izgy) dn(ct + xve, m), (29)

where dn is a Jacobi elliptic function [23], with real modulus m such that 0 < m < 1. For
definition of m, we have dn(y,m) = 1 — %m y? + - - -. The phase term is:

(2n)!
Ga = Z OQ”C%W o F1 (—n, —n; —2n;m). (30)
n=1 ’
We find that this can be expressed in terms of P,, the set of orthogonal Legendre polynomials
of the first kind:
= 2
2n,n
= g c'm" P, | — —1 31
(bd ; 2n n (m ) ( )
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These well-known polynomials are P (y) = y, P2(y) = 2 (3y* — 1), Ps(y) = 3y (5y* — 3) , Pa(y) =
£ (35y* — 30y 4 3) , Ps(y) = gy (63y* — 70y* + 15), etc. Thus:

¢s = (2—m)as+ (6 —6m—+m?) oy

+ (20— 30m + 12m* — m?) Cag + (70 — 140m
+ 90m? — 20m® + m*)cPag + (252 — 630m
+ 560m* — 210m* + 30m* — m°)c'%agg + - - -

Further, the velocity is:

s 2n)!
Ve = Z @2n+102n+1ﬂ oIy (—n, —n; —2n;m) (32)
n=1

(n!)?

Similarly, this can be simplified to

o0
2
ve =Y 0 'm" B, (— - 1) (33)
n=1 m
where P, is a member of the same set of orthogonal Legendre polynomials of the first kind. So

ve = (2—m)cPas+ (6 — 6m + mz) cas + (20
— 30m 4+ 12m* — m*)c"a; + (70 — 140m
4+ 90m? — 20m® + m*)Pag + (252 — 630m
+ 560m* — 210m® + 30m* — m®)cMag; + - -

As with most solutions, the even order equations affect the phase, while the odd order equations
affect the velocity. In this case, the solution functions have the same form, though the set of
coefficients (the «;'s ) differ. If we have only odd-label equations, then ¢4 = 0 and solution of
eq.(29) is real.

If m = 1we have P, (1) =1, and
ce®dn(ct + vox, 1) = ce* " sech(t + vyx),

since ¢g(m = 1) = Y7 | a,, agreeing with Eq.(13), and v = > | 9,41, agreeing with
Eq.(14). Thus, we have reproduced the fundamental 'sech’ soliton result covering all operators.

Elliptic cn solutions. The NLSE cn solution has been given by Eq.(3.66) of [2]. We now give
the elliptic cn solution of the full infinite equation. We can write it in a convenient way using
hyperbolic functions, as follows:

ct+ zv. 1

m, 5 COSh2 (C) (34)

)y = £ coth(¢) "% cn

V2

where cn is a Jacobi elliptic function [23], with { real. With our modulus definition, cn(y, m) =
- %y2 + %(% + m)y* + - - -. The phase term can be expressed in terms of P,, the set of
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orthogonal Legendre polynomials of the first kind:

b = Y azc™sinh " (Q) P, (sinh’()) &
n=1
= agc? + She* [3sinh’ (¢) — 1] esch ()
=88 [5sinh®(¢) — 3sinh?(¢)] esch®(¢)
255 [355in®(C) — 30sinh*(€) + 8] escl ()
—|—a§0 c'°[63 sinh™(¢) — 70sinh®(¢)

+15sinh?(¢)] esch'®(¢) + - - -

This can be re-expressed in more compact form:
. = act+ %04[3 — esch*(Q)] + %06[5 — 3cesch?(Q)]

+ 0;)8 A[35 — 30 csch®(¢) + 3 esch®(¢)]

& 00065 _ 70 sel() + L5 esch* ()] +

Similarly, the velocity is:

Ve = Z Qony1c™sinh ™" (¢) P, (sinhQ(C)) (36)
n=1

= asc®+ %05[3 — csch*(Q)] + o;7 ¢’[5 — 3 csch*(¢)]

35 — 30 csch*(¢) + 3 esch®(¢)]

+ %011[63 — 70 csch?(¢) + 15 esch®(¢)] +

where P, is a member of the same set of orthogonal Legendre polynomials.

On the other hand, the solution can be written without hyperbolic functions:

o= CVEFT o enlyAe + a3 (1+57) @

Then
¢c - io: a2n62nsn Pn (1) (38)
n=1 s
= oyt %64(3 — %)+ %cﬁ (5 —3s5%)
+%a8 (35 — 3052 + 354

+O‘§° (63— 7052 +155%) + -
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and

- 1
Ve = Z Qo167 P, (g) (39)
n=1

= Caz+ %05(3 — §%) + %07 (5—3s%)
+%c9 (35— 3052+ 3s%)

+%e“ (63— 7052+ 155%) + - -

Again, the even order equations affect the phase, while the odd order equations affect the ve-
locity. If we have only odd-label equations, then ¢. = 0 and solution of Eq.(34) is real. In this
case, the solutions have the same form, with the set of coefficients (the «;’s) being different.
If s = 1,iesinh(¢) = 1, we have P, (1) = 1, so the solution given in Eq.(37) reduces to
Eq.(12), viz. c €+ sech( t + v,z), as was the case in section 6.

7 The case of z-dependent coefficients

Solitons. We have considered the coefficients to be constants, but we now allow them to vary
on propagation, so that a,,, = «a,,(x). In a fiber, this would correspond to different sections
possessing different physical and optical characteristics. For example, suppose that just one of
the coefficients, viz. ap;(x) in Eq.(6) is non-zero. Then

Wy + Osz(.CIZ) K2j<x7t) =0,

for a particular j. We note that /5;(z,t) contains no derivatives with respect to z. We now
transform to a new variable, X, such that

dX .
e ag(x) t.e. X = /agj(a:) dx.

Then iy + K;(X,t) = 0. Here the coefficient is a constant, viz. unity, and we can use
the constant-coefficient solutions already found, simply by making the replacement: aip;x —
f as;(x) dz. The velocities, stretching factors and phases are modified in this way for all the
solutions given above. For example, if we take j = 1, we have the NLS only, Ky = )y +
2]1)|? 1. The soliton solution is, from Eq.(12), 1) = expliaax] sech(t). When ap = an(z), we
have ¢ = expli [ az(x) dz] sech(t).

We can generalize this by allowing all operator coefficients to be non-zero and to be functions
of x. Then the soliton solution of maximum amplitude c is

Ym = cexpli Z A" Jon(10)] (40)
n=1

xsech[t + Z A" Ty (2)],

n=1
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where J,,(x) = [ oy, (x) d. If each coefficient is constant, then J,,,(z) = a2, and

VY = ¢ expliz Z " (g sech(t + x Z A" Mag, 1],

n=1 n=1

as in Egs.(13) and (14).

Figure 9: Plot of soliton, Eq.(40), moving under the influence of operators with variable coeffi-
cients.

To plot an example, let us use Gaussian functions to switch the operators ‘on’ and ’off’ during
soliton propagation. We set as(z) = exp[—32?], as(z) = —exp[—i(z — 3)%], au(z) =
expl3(z — 6)%] and as(z) = 2exp[—5(z — 9)°]. Hence J, = /Ferf(%), etc. We plot
the solution, from Eq.(40), in Fig.9. Clearly, the 3-rd order operator, mediated by a3 moves
the soliton towards the right, while the 5-th order operator, mediated by a5 moves the soliton
towards the left. The other 2 operators affect phase only, and not velocity. In parts where the
Gaussians are almost zero, the soliton propagates with unchanged velocity and phase.

Using Eq.(15), or varying az (), the NLS unit-background rogue wave becomes

1+4didy(z) 1} Q2iT2(7)

41
1+ 4% + 16J3 (x) @)

vlat) = |4
Kuznetsov-Ma breathers. We now consider a Kuznetsov-Ma breather, but allow for variable
coefficients. We take

x — 10 x — 20
o) = 7 sech? ( 3 ) , az(x) = —?Zysech2 (T) ,

) = L sech’ (1‘ = 90)

We can still use the result of Eq.(22), again with each a,,z with [ () dz. Here we take
a; = 1/8. Thus v, of Eq.(24) is replaced by: v,, = —9v tanh (””_850) , B,, of Eq.(27) is
replaced by: B,, = 47 [4tanh (2Z2) + 3tanh (£322)] , while ¢,, of Eq.(28) is replaced
by:

—10 - 90
¢m:4ytanh(x S >+%tanh<x g )
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This example, with v = % is shown in Fig.10. In this figure, the angled propagation (at around
x = 50) is due to non-zero velocity (v,,) being introduced by the third-order operator, with
coefficient a3 (), as this operator differs strongly from zero only around x = 50. The breather
peaks, around x = 10 and x = 90, are due to the influence of coefficients az(x) and ay(x),
respectively, as these coefficients differ substantially from zero only near these values of x.
Hence, as in Fig.7, peaks occur in these regions.

Figure 10: Plot of Kuznetsov-Ma breather in the case of variable coefficients. The pattern shows
the influence of 3 operators with coefficients which vary on propagation.

8 Conclusion

In conclusion, we have presented the infinite integrable NLSE hierarchy beyond the Lakshmanan-
Porsezian-Daniel equation, which is a particular fourth-order case of the hierarchy. Specifically,

we have presented explicit forms of the equations and given generalized soliton solutions, plane

wave solutions, Akhmediev breathers, Kuznetsov-Ma breathers, periodic and rogue wave solu-

tions for this infinite order hierarchy. We have found that ’even’ order equations in the set affect

phase and 'stretching factors’ in the solutions, while 'odd’ order equations affect the velocities.

Hence 'odd’ order equation solutions can be real functions, while 'even’ order equation solu-

tions are always complex. Of special interest is the possibility of using variable coefficients in

the hierarchy to influence evolution dynamics. Examples of such evolution are given.
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9 Appendix

Following eqgn. (10), we now present K7, the seventh order (j = 7) , i.e. heptic, operator
(starting with seventh order derivative):

K7[y]

+ o+ o+t o+

e + TOY0; + 11200 ¢y |

98|40 * e + 70V [ty [(¢:)2 + 2¢*¢:t}

O (200 + Yut)] + 280705,

14ap[y* (20|¢t|2¢t + ¢ttttt> + 3wy,

20y + 2Uuuth; + Py + 200000y (V)]

140[0)( %4y + 7047 (1*)?

14 (58 + 3Uithyn) V. (42)

There is an infinite number of higher-order operators. The highest one that we provide here is
K, which is the eighth order (j = 8), i.e. octic, operator (starting with eighth order derivative):

=
<
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