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Abstract

In this article we give a general criterion for some dependent Gaussian models to
belong to maximal domain of attraction of Gumbel, following an application of the
Stein-Chen method studied in |Arratia et al.|(1989). We also show the convergence of
the associated point process. As an application, we show the conditions are satisfied
by some of the well-known supercritical Gaussian interface models, namely, membrane
model, massive and massless discrete Gaussian free field, fractional Gaussian free field.

1 Introduction

The main aim of this article is to study the fluctuations of the extremal process associated to
a class of random interface models including the discrete Gaussian free field (DGFF) and the
membrane model (MM). These models have gained prominence in recent years due to links
to other theories of statistical mechanics and probability such as the branching random walk,
the branching Brownian motion, and the Schramm-Loewner evolution, just to name a few.
It is known that in terms of infinite volume Gibbs measures these models undergo a phase
transition: for instance, the DGFF exhibits a phase transition in dimension two, that is, in d > 3
the associated infinite volume measure exists. After Bolthausen et al.| (2001 determined the
leading order of the maximum and Daviaud| (2006) investigated the high points in d = 2, the
extremal process for the DGFF was studied at the critical dimension by Biskup and Louidor
(2013)), Bramson et al.| (2013) and in the supercritical case it was handled recently in |Chiarini
et al| (2015a,b). It was shown that the ideas used in critical DGFF can be extended to
encapsulate many log-correlated models (see Ding et al [ (2015, Theorem 1.3)) so it is natural
to ask similar questions for the supercritical case. The main aim of this article is to extend
the ideas introduced in |Chiarini et al. (2015a)) to derive a general criterion for Gaussian fields
to belong to the maximal domain of attraction of the Gumbel distribution. We also check
that these conditions hold for some known fields. We point out that the examples we consider
crucially require the existence of the infinite volume Gibbs measure.

The main result of this article is Theorem [I} which gives some conditions on the field that
are relatively easy to check for the models we consider below. We use the Stein-Chen method
for Poisson approximation and in particular interesting results from Arratia et al.| (1989).
While the DGFF case was dealt in [Chiarini et al. (2015a)), the massive DGFF in d > 1 is
new and follows relatively easily. The model which is slightly more difficult to analyse (for
various reasons which we will point out later) is the membrane model. The membrane model
undergoes a phase transition in d = 4. Its extremal process has not been extensively studied
yet. The first order behavior of the maxima in the critical dimension was determined in [Kurt
(2009)) and the high points were studied in Cipriani| (2013)). The fluctuations of the maxima



are still an open question in any dimension. In this article we study the maxima and also the
extremal point process in the supercritical dimensions (that is, in d > 5). We also study the
fractional discrete Gaussian free field, namely the centered Gaussian field whose covariance is
given by the Green's function of an isotropic random walk. In this case it is known that there
are long-range interactions for the random walk in contrast to what happens for the DGFF,
which has nearest-neighbour interactions. The entropic repulsion for this model was studied
by |Bolthausen et al.| (1995)); see also |Caputo (2000) for further results on large deviations of
the Gibbs measure.

Outline of the article. In Section [L.I] we state our main conditions and the results. In
Theorem [I] we deal with maxima and give conditions for the scaling limit to be Gumbel. We
show that the argument for maxima can be extended to prove that the extremal point processes
converge to a Poisson random measure in Theorem 3] In Section [2] we give a brief introduction
to the models which satisfy the conditions of Theorem [I] The rest of the article is devoted to
the proofs. In Section [3| we prove Theorem [I] and Theorem [3] In Section [4] we show that the
models satisfy the assumptions of the main theorems.

1.1 Extremes of Gaussian fields

Denote by Vy := [0, n — 1]¢NZ% n € N, the centered box of side-length n and volume
N =n9, and given § > 0, which we fix now for the rest of the paper, let us denote by V]f, to
be the bulk of V, namely

Vzé; — {a eWn: |la—~| > 6N1/d, for all v € Zd\VN}.

Let Py and P be two (any) centered Gaussian probability measures on RZ. Let (Pa)aczd be
the canonical coordinate process for either P or P. Suppose also that ¢, = 0 Py-a. s. for
a ¢ Vi (clearly we should think of P as the finite volume measure). We indicate with gy (-, )
resp. g(, -) the covariance matrices for Py resp. P. We use the notation gy () := gn(a, @)
and, for a stationary field with covariance matrix g, we indicate with a slight abuse of notation
g(a) = g(0, a).

In the following theorem P is either Py or P.

Theorem 1. Let us define the centering and scaling by

loglog N + log(4) g(0)
by :=/g(0) |/2log N — == 11
v = Vg(0) | V2log 202lgN |7 T oy (1.1)

Assume that

(A1) limy_ oo Py = P in the weak topology of probability measures.

(A2) Let the measure P be stationary and g(0) € (0, +00). Assume further that lim o — 100 g(0) =
0.

(A3) g(a, B) +o((log N)™) < gn(a, B) < g(a, B) for all o, 3 € V3, and the error term is
uniform in o, 3.



(A4) Define r := 1 — sup,eza g(a)/g(0). For all o« € Vi, let By := B(«, sy)f} with
sy satisfying sy = o (Nd@i@). Let K := Vy \ B,. Define j, = E[p,|Fr] where
Fx =0(ps: B € K). We have that

lim sup Var i) (log N)2™ =0 for some § > 0.

N—oo aEV]{S]

Then with the scaling of ([1.1))

max,, o—0b _,
lim P ( Vw P N < z) = exp(—e %)
N—+o00 CLN

uniformly for all z € R.

Remark 2. 1 In Condition ((A4)) it not clear a priori that « is strictly greater than 0; as a
part of the proof we will show that x € (0, 1] under Assumptions (|A1))-(A2).

2 Condition (|A3)) is only needed in the finite volume case, that is, for the convergence of
the maximum under Py.

3 In most of the examples we will deal with later, sy in Condition (A4)) will be of order
(log N)T for some T > 0 and hence sy = o (Nd(;*ﬂ)) will be automatically satisfied.

Our next result extends the convergence of the maximum to point process convergence. It is
well-known that from the point process convergence one can derive the maximum, however
we would still like to study the latter alone at first, as the estimates used in the proof are
easier to present and can easily be implemented in the convergence of point processes. Let
E =10,1] x (=00, +00] and Vy as in the beginning of this Subsection. Let ¢,(+), x € E, be
the point measure that gives mass one to a set containing = and zero otherwise.

Theorem 3. Let (pa)aecze be a centered Gaussian field as in Theorem(] satisfying Assumptions

(AL)—|A4); then if ay and by are as in (1.1)),
d
M) =Y £(s w—bN)(') =1 (1.2)

acVn noaN
where 1 is a Poisson random measure on E with intensity measure given by dt ® (e *dz),

dt ® dz is the Lebesgue measure on E and < is the convergence in distribution on Mp(E)H

Remark 4. For the membrane model, the correct state space is in fact £ = [—1/2, 1/2] x
(—00, +00] due to the choice of Vyy. The computations can be carried through without any
issue.

The main idea of the proof is

& to reduce ourselves to show convergence in the bulk of Vy, that is, sufficiently inside
the box so as to neglect possible effects of the boundary;

*Bla, t) :=={B€Z: |la—B|| <t} and || - || denotes the {o,-norm.
® M,,(E) denotes the set of (Radon) point measures on E endowed with the topology of vague convergence.



& secondly, we will use a convergence-of-types theorem to show that “forgetting” the ran-
dom variables close to the boundary does not affect the scaling limit;

& finally, the core of the proof consists in applying a version of the Stein-Chen method that
will allow us to control the total variation distance between the law of the maximum
and the Gumbel distribution.

2 Examples

In this section we give some examples which satisfy the conditions of Theorem [I We will
handle

& the membrane model in d > 5,
& the massive Gaussian free field in d > 1,
@ the discrete Fractional free field with index s, s € (0, min {2, d}),

& the discrete Gaussian free field in d > 3.

For convenience we are going to recall some of the basic properties of these models which will
be helpful for proving Assumption —. Note that the last case was treated in |Chiarini
et al. (2015a)) and since this work extends it, the supercritical DGFF meets these conditions.
We do not discuss this model in further details here.

2.1 The membrane model

In this section we briefly recall the definition of the membrane model (see also Kurt (2008]),
Sakagawa|(2003))). Let Viy := [—n/2, n/2]?NZ<. The membrane model is the random interface
with zero boundary conditions outside V; whose distribution is given by

Puv(di) = 5 exp (—% Z(A%f) T agn TT (o). (21)

a€eZd a€Vy aeVy

where A is the discrete Laplacian. Here Zy is the normalizing constant. Note that by re-
summation, the law Py of the field is the law of the centered Gaussian field on Vy with
covariance matrix

G (e, B) = Gyy(a, B) = Cov[pa, 5] = (A%) 7 (a. ).

Here, A% (a, 3) = A%*(av, B) L, pevy} is the Bilaplacian with 0-boundary conditions outside
V. It can also be seen as a Gaussian field on Vi whose covariance matrix GG satisfies, for
o€ VN
{ A’Gy(a,B) =d(a, B), BEVN
GN(Oz,ﬁ) =0, ﬁ S 32VN.

€0(av, B) is the Dirac delta mass, i. e. 6(a, ) =1 <= a=p.



Here we denote 0,V :={f € Vi : Iy € Vi : |6 —~| < 2}. Itis known that in d > 5 there
exists P on R% such that Py — P in the weak topology of probability measures (Kurt (2008,
Proposition 1.2.3)). Under P, the canonical coordinates (¢4 )qcz¢ form a centered Gaussian
process with covariance given by

Gla, ) =2, 8) = > A, 1)A™(1,8) = Y T(e,1)T(7,8),

yEZL ~EZ4

where T' denotes the covariance of the DGFF. T" has an easy representation in terms of the
simple random walk (S,,),>0 on Z? given by

C(a, B) = Y Pa[Sm = ]

m>0

(P, is the law of S starting at «). This entails that

Glo, B) =Y _(m+1)Py[Sm = B] = Eap

m>0

> ﬂ{sngé}] (2.2)

£, m=0

where S and S are two independent simple random walks started at o and 3 respectively.
First one can note from this representation that G/(-, -) is translation invariant. Hence we shall
write G(«, B) = G(a — 3, 0) = G(a — ) with a slight abuse of notation, and the variance
will be denoted by G(0). The existence of the infinite volume measure in d > 5 gives that
G(0) < 400. Using the above one can derive the following property of the covariance:

Lemma 5 (Sakagawa| (2003, Lemma 5.1)).
G(a)

| —>+oo [|cr|[*—¢

+oo 4
Ny = (27r)_d/0 /Rd exp (L(C, 0) — %) dodt

Just as the DGFF enjoys the spatial Markov property, the membrane model does too. In the
finite volume case it was shown in |Cipriani| (2013)). The results extend easily by the DLR
formalism to the infinite volume measure:

=1 (2.3)

where

for any ¢ € S,

Proposition 6 (Markov property). Let (04 )acze and (¢o)acza be the finite and infinite volume
membrane model under the measures P and P respectively.

(a) Finite volume (Cipriani (2013, Lemma 2.2)): let B C V. Let Fg := o (¢, v € Vy\B).
Then
d /
{Vataen = {EN [Val F8] + ¥otacs (2.4)

where “L" indicates equality in distribution. In particular, under P (-), 1!, is independent
of Fp. Also {1\, }acp is distributed as the membrane model with 0-boundary conditions
outside B.



(b) Infinite volume: let K € Z[|, U := K° and for a € Z* define 11, := E[pa|Fx] where
Fr = 0(py v € K). Also define o, := @ — pio. Then ji, is F-measurable, moreover
under P we have that 1, is independent of y,, and distributed as Py, that is,

E[%W] = GU(aa ﬁ)

The spatial Markov property is a crucial tool in the analysis of Gaussian models. For the DGFF
it has been widely been applied for example to show properties in the percolation of level sets,
see Drewitz and Rodriguez (2015), Rodriguez and Sznitman| (2013), Sznitman| (2012). We
should stress that our proof of Proposition [] (b) follows the ideas of [Rodriguez and Sznitman
(2013, Lemma 1.2), although due to the lack of random walk representation for Gy some
more effort is required to achieve the result. In fact, we highlight the main challenges one
encounters in handling the membrane model in contrast to the DGFF:

& the covariance of the finite volume measure lacks a random walk representation and
hence many estimates rely on discrete potential theory as introduced in Kurt (2009,
2007)).

& The finite volume Gaussian field can be negatively correlated and hence applications of
the FKG inequality are not possible.

2.2 Massive free field

The second model we consider is the massive free field. For detailed properties of this model
one may refer to |Funaki (2005) or to the recent article by Rodriguez (2015).

Let ¥ € (0,1) be fixed. We consider the graph Z? U {*} where {x} is a cemetery state. On
this state space we define a Markov chain S, with transition probabilities as follows:

1
Pay ::§E<1 __0)1{a~ﬂ}; Da,x ::07 Py x = 1.

Let the canonical law of the chain starting at a € Z? be denoted by P% and its expectation
by E§. Given U C Z%, P§, indicates the law of the chain starting at a € Z“ either killed
uniformly at rate ¢ or when first entering U. When U = (), we denote P5o = Py. The Green's
function gy ¢ of this walk is

gowr(a, ) = P8, =] =Y (1—9)"P§[S, = B,n < Hy]

n>0 n>0
where Hy = inf{n > 0: S, € U}. When U = (), one writes gy(c, 5) = gg(av — 3,0) =
go(a — B). Take U C Z% and K C U¢, then by the strong Markov property one has

go.0(c, B) = gowurc(a, B) + Y P§ y[Hi < +00, X, = 3gow(7, ). (2.5)
yeK

de denotes the relation “finite subset”.



Let us consider Z¢ with d > 1 and ¥ € (0, 1). First we consider the massive free field on Z¢,
that is with U = . For 9 € (0,1) we denote by P the law on R% of the massive free field,
under which ¢ = (¢;),cza are distributed as a centered Gaussian field with covariance

Es[pa0y] = g9(2,9).

A consequence of ([2.5]) is that Proposition [f] holds for the massive Gaussian free field, see for
example Rodriguez| (2015, Lemma 1.1).

2.3 Fractional fields

In this subsection we describe the fractional fields arising out of the Green's function which
are local times of an isotropic stable law. The entropic repulsion for such a model was first
undertaken in Bolthausen et al. (1995) and also further properties were studied in |Caputo
(2000). Let d > 1 and ¢, be the density of the symmetric isotropic stable law on R¢ for some
0 < s < min {2, d}. This means that the characteristic function of ¢ is given by

/ et g (3)dz = el
R4

for t € R? and some p > 0. Let Q(a, 3) for o, 3 € Z? be the transition matrix of an isotropic
a-stable random walk, that is,

Qa.0) = [ alo+(a- 5o (26)
v

where V = [—1/2,1/2]¢ and for a = (a1, . .., aq) € Z%, we denote by (a)* = (Jau|, ..., |a|9).
The Green's function corresponding to the above random walk is given by

+oo

=3 Q@ f) = (1-Q) (e ).

m=0

We consider the Gaussian interface model whose law on A @ Z¢ is given by

1
PS,A(dgp> = Z_ eXp H dﬁpa H (50 9004
A a€cl ag A
where the Hamiltonian is given by
1
=3 > ol = Q)ale, B)ps

a,BeEAN

and (I —Q)a = (0(a, B) —Q(c, 5))apen- Let G 5 denote the corresponding Green's function
for the killed random walk, that is,

GsAaﬁ

TA—1
Z ]l{sm /8}] (27)

Here P denotes the law of an isotropic random walk and 7, denotes its corresponding exit
time from A. It follows by calculations similar to Lemma 5 of |[Zeitouni| (2015) that (I — Q)4 is



symmetric and positive definite and hence the Gibbs measure exists by (Georgiil (1988, Propo-
sition 13.13) and moreover it is a centered Gaussian field on R* with covariance E,[pn 5] =
G5 a(a, B). Note that using the characteristic function of ¢5 and the fact that s < d it follows
that Ps,p = Pas A1 Z%. In this case the finite volume Gibbs measure also satisfies the DLR

equation. A consequence of the Markov property of the field is that one can write, for K C Z¢
and U = K¢,

Gi(, f) = Gop(a, B) + > Palry < +00, 5, =1]Gs(7, B). (2.8)
yeK
Note that using the above decomposition for K and letting Fx = o(pp : [ € K), one has
from Lemma A.2 of (Caputo| (2000,
_ _ _ d
po = Blpal Fx] = Y Po (Hx < +00, Sy, = ) s, a € Z%. (2.9)
BeK

Recall Hg :=inf{n >0: S, € K} and S, is the law of the isotropic random walk defined
above.

It is known from Bolthausen et al.| (1995) that
Gs(a, B)
wedllor = B~

where there exists ¢, > 0 such that

— 1 as [Ja— 3| — +o0o (2.10)

Jya k(@) 2|~ da
(27)c, fpa(1 — k(a)) 2] Toda

w(s,d) = < 400

and k(z) = }12?:1 cos ;. Note that since s < d we have the G4(a, 3) — 0 as ||a — ]| —
+00.

3 Proofs of the result of Section 1.1

3.1 Reminder on the Stein-Chen method

For the reader’s convenience in this subsection we recall the results from |Arratia et al.| (1989)
which we use crucially in our proofs, and also in order to fix the notations for the subsequent
Sections.

Let A be an arbitrary index set and (X, )aca be a sequence of (possibly dependent) Bernoulli
random variables of parameter p,. Let W := " _, X, and A := E[W]. Now for each o we
define a subset B, C A which we consider a “neighborhood” of dependence for the variable
X, such that X, is nearly independent from Xz if 5 € A\ B,. Set

bl = Z Z DPaPg,

a€A BEB,

b= Y E[X.Xg],

a€A a#BEBy



by = ZE [|E [ Xa = pa | Hill]

acA

where
Hi:=0(Xg: e A\ B,).

Theorem 7 (Theorem 1, Arratia et al.| (1989))). Let Z be a Poisson random variable with
E[Z] = X and let || - ||rv be the total variation distance between probability measures. Then

|LW) — L(Z)||lrv < 2(b1 + by + b3)

and
|P(W =0)—e?| <min {1, A"} (by + by + bs).
The “point process” version of the Poisson approximation Theorem reads as follows:

Theorem 8 (Arratia et al.| (1989, Theorem 2)). Let A be an index set. Partition the index
set A into disjoint non-empty sets Ay, ..., Ay. For any a € A, let (X,)aca be a dependent
Bernoulli process with parameter p,. Let (Y, )aca be independent Poisson random variables
with intensity p,. Also let

Wj=Y X, and Zj:=Y Y, and )\ :=E[W;]=E|[Z)].

CMEAJ' OtGA]'
Then

LW, W) — L(Zhs .., Z)|lry < 2min {1, 1.4 (min Aj)—l/Q} (2by + 2by + bs) (3.1)

where L(W1, ..., Wy) denotes the joint law of these random variables.

3.2 Proof of Theorem (1]
3.2.1 Reduction to the bulk

We begin by noticing that convergence is required only “well inside” V. More precisely, set
un(z) := by + anz. Recall that in this Subsection ¢, denotes the coordinate process under
P and G(«) denotes the variance.

Lemma 9. Let us denote by Ly = MaX,cys Pa and Jy = MaX, ey, \vi Pa- Assume that

1 < — _ A—2+dlog(1—-20) ) .
NEI—EMP(LN <ayz+by)=exp ( e ) (3.2)

Then it follows that

lim P < by | = —e %),
NiIJrrloo (géé{i/};gpa_a]vz—k N) exp(—e™ %)



Proof. First note that P(max,cy, o < un(z)) = P(max{Ly, Jy} < uy(z)). This implies
that P(maxaevy ¢a < un(2)) < P(Ly < un(2)) — exp (—e #F418(1=29)) by ([3.2)). Now as
d — 0 this gives an upper bound. For a lower bound, using P(AN B) > P(A) — P(B°) we
have

P (gg/}}\(] Pa < uN(z)> >P(Ly <un(z)) —P(Jy > un(2)).

Using the Mills ratio inequality

)
o—t2/2

1
(1—t—2)m§P(N’(O, 1>>t)§\/§t’ t >0, (3.3)

we have

P(Jy >un(2)) < Y, Plpa>un(2)) < Y

aeVn\VE a€Vn\Vy
(_ un(2)?

20 ) Vo(0) < C (1= (1—26)%) =0

eX
< |Vw \ VR

2un(z)
as 6 — 0, where in the third inequality we have used Assumption in the case P = Py.
Combining this with (3.2]) and then letting  — 0, one obtains the lower bound. m

Now we have to take care of the convergence on the bulk. The cardinality of the set we are
working with will be slightly less than that of the original set and we need to be careful with
it. More concretely, if we have my = |[V3| ~ (1 — 20)?N random variables, the next Lemma
will allow us to derive the convergence of the maximum in Viy on the scale uy(z) from that
on Uy, (2). The following lemma is a consequence of Resnick| (1987, Proposition 0.2) and for
a detailed proof we refer to |Chiarini et al.|(2015a, Lemma 8).

Lemma 10. Let N > 1, Fy be a distribution function, and my := |V3|. Let ay and by be
as in (1.1). Ifimy_ oo En(Qmyz + bimy) = exp(—e™?), then

Nl_i)ffrloo Fy(anz +by) = exp (—e #Fdlesll=20))

3.2.2 Proof of Theorem [1

We start with the proof of convergence in the bulk. Define, for all & € V}}, po := P(ps >
umN(z))' and

Xa = ]l{soa>umN(Z)} ~ Be(pa).
We furthermore introduce W := Zgil Xo. Of course W is closely related to the maximum
since {maxoéevfsV Yo < umN(z)} = {W = 0}. We will now fix z € R and A := e~*. Our main
idea is to apply Theorem [7] To this scope we define B, as in the assumptions of Theorem []]
and show that by, by and b3 as per Theorem [7| converge to zero.
b = Zaeva Z,@eBa Paps- Exploiting the fact that for a fixed z one can choose N large
enough so that uy(z) > 0, it follows that

wm y (2)2

e 2900 (O)
Pec = V2T U (2) g

10



where in the case P = Py we have used Assumption (A3)). By the equality |V = my we

get that
um y ()2 2

e 2900 o, (A9
_— 0 <cmlsdeQZ:ol.

d
by < mysy

Note that in the last line we have used the weaker assumption sy = o (m]lv/d> compared to

the Assumption (A4)) on sy.
i b2 =D 0ca D arsen, E[XaXp| First we need to estimate the joint probability

P (o > tmy (2), 8 > tmy (2))

To do so, we will prove it suffices to treat the case where P = P, and then see that the same
term with Py is “almost” the same when N is large. Denote the covariance matrix of the

vector (¢a, ©g) by
G(a)  Gla, B)
G(a, B)  G(B)

for G the covariance matrix of PP (so it can be either g or gx'). Note that, for w € R?, one has

dg =

G(a)wi + G(B)w? — 2G(a, B)wiws
G(a)G(B) — G(a, B)? ‘

wh S5 w =

Using 1 := (1, 1)T we denote by
A =g, (2) (17557Y),, i=1,2

For P = P, one can see immediately that for i =1, 2

Uy (2)(9(0) — g(e, B))
9(0)2 = g(a, B)2

On the other hand, for Py, using the lower bound given in Assumption (A3)),

A =

» GO -Gled) . (00)~glo. B) +o((loxN)™)
1= D EIGE) = Gla, BF = D 907 — gla, B2 + o (g M) )
RFAY UE!CY

with the same estimate holding for A,. Observe that the same argumentation shows also that

2(9(0) — g(ev, 5))
9(0)? = g(a, B)?

in the Py case. Exploiting an easy upper bound on bivariate Gaussian tails (see Savage|(1962)),
we consider first the P case and obtain

Uy (2)2 17851 = 1y, (2)? +o0(1) (3.6)

11



1 Uy (2)? 71
Qet S PN, PP " g b 1)
b (9(0) + g(a = B3))? exp (_umN(z)2 2(g(0) — g(a — 6)))
27 (9(0)? — gla = B)?) 2t (2)? 2 9(0)2 —g(a—B)?

3/2
g(a=p)
1 (1+ 9(0) )

~ 4rlogmy <1 B g(aﬁ))1/2

g(0)
3/2
gla—p)
(H 900 )

(1 _ 9(04—/3)>1/2
9(0)

where in the second-to-last inequality we used w.,, (2)? = b2, + 29(0)z + g(0)*2*/b2, = and
the bound of b7,

1
P(‘pa > umN(z),wg > umN(Z)) < %|

29000 _ 9(0) __ 29(0)=
mpy 90 +g(@=5) (471' logmN>g(0)+9(a—6) e 90 +g(a—5

) +o(1)

_ 29(0) __ 29(0)=
my 50t B ¢ 50 eta—p to) (3.7)

IN

g(0)(2logmy — loglogmy — logdm) < ban < 2¢(0)logmy.

Note that in the second line, when dealing with P = P, we can use so that a multiplica-
tive factor (1 4 o (1)) would appear in the fraction and an additive o (1) would appear in the
exponential due to the error terms in (3.5]), (3.6)), but we can drop them without influencing
the asymptotic. Hence is valid under P. We make now the following claim on the variance
of the measure P (which we will prove in a moment):

Claim 11. (@)
gla

sup —= <1
acZd\{0} g(O)

Now assuming it, we have that 1 — k := sup,cza (o 9(@)/g(0) € [0,1). From this we derive

9(0) 1 g9l — B)

O iga-B-2-n ™ 0 tga-n

We obtain thus

<1-&. (3.8)

P (00 > Umy (2), 08 > Uy (2))
€D 6D (2 — K)3/2 ,

K1/2 mpy (=% max (6722 ]l{zgo}, e 2%/(2=n) ]l{z>0}) .

We get finally for some constants ¢, ¢ > 0 depending only on d, § and «

2 — k)2 _ _ _
b2 < CmNS?V%mN (2-~) max (e 2z l{ZSO}v e 22/(2=k) ]1{Z>0}>
< c'mN_@fﬂ) sﬁl\, max (e_QZ 1<y e 2%/(2=n) ]1{Z>0}) )

Since k/(2 — ) > 0 and Assumption holds, we have that by = o(1). What is left to
conclude is to show Claim [I1]
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Proof of Claim[11. The fact that g(«) < g¢(0) follows from the Cauchy-Schwarz inequality;
equality holds if and only if ¢, = Apy + B P-a. s. for some A, B. By E[¢,] = 0 we have
B =0 and by E [p2] = E [p?] we obtain A =1, in other words ¢, = ¢, a.-s. Since the field
is stationary, we know
E [pop2a] " E[papra] = E [wogal “E " 9(0).

This implies that for k£ € N, g(k«) is a strictly positive constant, which contradicts the fact that
limjja )~ 1o0 (@) = 0. For [|a|| large, by the asymptotics of g(cr) we have sup 1~ g(a)/g(0) <
1/2 for some R = R(1/2). Then let us consider the ball B(0, R). There we cannot have that
there exists an o with g(ag)/g(0) = 1, otherwise, as we have just seen, g(kay) would be
constant for all k € N, so maxaep(o,r) 9(r)/g(0) < 1. We can take then

(@) 1 9(a)
sup —= <max< -, max —-—= <1
aczd\{0} 9 (O) 2" aeB(0,R) g(O)

Q

O

iii. by = ZaeV]‘f] E[|E [Xs — pa | Hil|]. It will be convenient to introduce another o-algebra
which strictly contains H; = o (Xﬁ eV Ba), namely

Hg 2:U(g052 6GVN\BQ>.
Using the tower property of the conditional expectation and Jensen's inequality

E[[E [Xo = pa | Ha]l] = E[|E[E [Xo — pa | Ho] | Ha]l
S E[E[E[Xo = pa | Hall| Ha]] = E[[E [Xa — pa | Ha][].

We now use the following Lemma which follows from [Zeitouni| (2015, Lemma 4) and Janson
(1997, Theorem 9.9).

Lemma 12 (Conditional laws). Let K := Vi \ B, where a € V5. Define 1o, := 00 — jla, @ €
74, then it follows that 1, and p, are independent. Also the following properties hold:

(i) The law of (fia)acza is that of a centered Gaussian with covariance matrix given by
(Z T(a, §)G(3, 5))
(eEK a, BeZd

(ii) The law of ¢, under P(- | Fi) is that of a centered Gaussian such that 1, = 0 a. s. if
a € K, and with variance Var [¢p,] — Var [u,] (in particular it is deterministic and does
not depend on the values (Y4)ack )-

for some deterministic T.

Proof. (i) It follows from |Zeitouni| (2015, Lemma 4) that

ta = Elpal Fx] = Y T, )¢5,

yeK
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where T'(a, 7) = > i Gla, )G (&, 7). Note that for a € K we have that T'(a,7) =
d(a, ). A relevant observation is that 1, and s, are independent: indeed for a L'-random
variable ¢, and a sub-sigma-field Fg, one has that ¢, — E[p,|Fk] is independent of any
Fr-measurable Y (Friedli and Velenik, 2015, Lemma A.55). Now 1o = >° ) T'(@,7)py is
Fx-measurable and hence is independent of ¥, = v, — E[pa|Fk].

(ii) The proof can be found in Janson| (1997, Theorem 9.9). O

It is worth noticing that in some cases (for example the DGFF or in the MM) the law of v, has
a more explicit representation, and it is indeed that of a DGFF or MM with Dirichlet boundary
conditions outside B,,.

We will now prove a claim that will be of key importance in estimating the convergence of bs.

Lemma 13. It holds that

lim sup (ﬂ — 1) Uy (2)? = 0.

N—+oo peps \ Var [tha]

Proof. With the help of Lemma [12] (i) and Assumption we have

90) | Varlu)+o()

U= Varlwa] T 9(0) — Var[u] £o (D)

Using Assumption (A4)) it follows that (log N)Var [11,] = o (1) uniformly over all o € V3 and
hence the claim follows since u,,, (2)* = log N + o (log N). O

We proceed by showing bs = o (1) . Let us call Px the law of ¢ under the conditioning of Ha.
Noting that p is Hy-measurable, we see that (¥q)aeza\x Under P has covariance structure
which was explicitly stated in Lemma [12] (ii). We write

EIE(Xe —paltall] = E [[Bx [1y, i, ) ~Po)

= E ‘EK [1{¢a+ﬂazumz\l(z)} _pa}

ﬂ{ﬂw(uw @) "}

+ E ‘EK [1{¢a+ua2umN(z)} _pa} 1{#a§(un»N(z))_(l+0>}

with 6 as in Assumption (A4]). Let us handle T} first. Using the estimate P (JAV(0,1)] > a) <
e"/2 for 4 > (), we get that

F <|ua! > (umN(Z))*lfe) < e (e ()R @Varle), (3.9)

Hence note that, using Assumption ((A4)), we have, for some constants C, C; > 0,

-1
Z P (‘Ma‘ > (umN(Z»ilie) S CeXp _logmN C11 <<logmN)2+0 sup Var [ﬂa]) -1

[
aEV]{s, aeVy

14



where we have used that uy(z) ~ by and by ~ C+y/2log N. Hence we have Zaeva T, is
going to zero. Note that 75 can be tackled using calculations similar to b3 in (Chiarini et al.
(2015a)) and Lemma [13] For completeness we provide a few details:

E |:|]P)K('¢o¢ T+ o > Uy (Z)) - poc| l{ma\S(UmN(z))_l_g}
=K |:(]P)K(wo¢ + o > Uy (Z)) - pa) 1{\Ma\§(umN(z))_l—9} 1{pa<]P’K(TZ)a+/La>umN(z))}:|

+ E [(pa - PK<wa + o > UmN(Z))) ﬂ{luag(umN(z))fl—G} ﬂ{pQZ]‘P’K(wa—&—ua>umN(z))}}
= T271 + T272. (310)

We treat first 75 5. Under the event {|,ua| < (umN(z))_l_e} one obtains

Pa — PK(wa + o > umN(Z))

um y (2)2 9 (um p (2)—pa)?
& Vg(0)e 2000 (1 < v/ Var [1,] ) ) VVar [va]e Harlva]

- V2T U (%) Uy (2) = fa V271 (U (2) — fa)
wm o (2)2 um ()2 | paumy (2) 2
9@ 5 (o) /T BTty (=)ol 7o0a1) 207 ST~ o)
— (6]
V2T Uy (2) 9(0) (Umy (2) — Ha)
um (z)2 _ (0) um (2)2 °
9(0)e” 2000 |- (140(1) \/Var[%]uz\/(z)eo Tagar) 2 o) (3.11)
v 27TumN (Z) g(O)UmN (Z)(l — Umy (z)7270)

In the last line we used the fact that |pa| < (um,(2))"'?. By bounding the indicator
functions by 1,

E {(pa — Pr (Vo + fta > Umy(2))) ﬂ{lualé(umN(z))flfg} ]]-{pazlpK(¢a+p,a§umN(z))}:| < (3.11).

Now

by < Y (i +T) Y Tito(l)=) T+ » Trato(l). (3.12)

acVy agVy a€Vy acVy

By (3.11)) and Lemma [13]
umpy (2)2

Y Thp<my \g/gz 2(gz<o)> o(1)=e"Wo(1). (3.13)

Analogously, > ,cys T2,1 = o(1). Plugging (3.13)) in (3.12)), one obtains b5 = o(1). The

argument to obtain uniform convergence is an immediate application of Pdlya's continuity
Theorem (Pdlya, 1920, Satz I), since the limiting distribution function exp(—e~?) is continuous.
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3.3 Proof of Theorem 3

Proof. The proof follows ideas similar to |Chiarini et al.| (2015b) and hence we shall only briefly
sketch the steps.

Step 1: reduction to bulk. For § > 0, recall that the bulk is denoted by V. Let us denote
by
JHOED SETANG)
aev](\s] n QN

It is well-known that M,,(E) is a complete, separable metric space endowed with a metric d,,.
First we show that for any € > 0,

lim lim sup P [d,, (., 7)) > €] = 0. (3.14)

=0 p—ioo

To prove ([3.14) it is enough to show that, for any continuous, positive, compactly supported
function f on E we have

lim limsup P ([, (f) — 1, ()] > €] =0.

0 notoo

Since f is compactly supported we can choose zy € R such that the support of f is contained
in [0, 1] X (29, +00). Therefore

E[[m(H)=ny(N] =E || D f(%’%;b]v

a
aEVN\V](S]

) e

<swplf(2)] Y Plea > axzo+ bl

CVGVN\VJL\S/

g
[O8)

2 C(1— (1 —28)%)e

Hence ((3.14)) follows by taking § — 0.

Step 2: convergence together. Let us denote by 7° a Poisson random measure with intensity
g ®(e~*dx) on E. Then it follows from the proof of Theorem 2 of (Chiarini et al.| (2015b)

that 7° KR n. By Resnick| (2007, Theorem 3.5) to complete the proof of Theorem [3|it is enough
to show that for any fixed § > 0, 1’ <, n° as n — +o00.

Step 3: Kallenberg’s conditions. To show the convergence of 1% to 7°, it is enough to show
the following two conditions due to Kallenberg (Kallenberg, 1983, Theorem 4.7).

i) For any A bounded rectangle in [0,1]? and R = (x,y] C (—o0, +q]
Elip(A x (,y])] — Elf’ (A x (z,9])] = [AN[6,1 = 8] (7 — 7).

We adopt the convention e~ = 0 and the notation |A| for the Lebesgue measure of
A.
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ii) Forall k> 1, Ay, Ay, ..., Ay disjoint rectangles in [0,1]? and Ry, R, ..., Ry, each
of which is a finite union of disjoint intervals of the type (z, y] C (—o0, +00],

P(n2(A1 x Ry) =0, ..., n%(Ay, x Rg) = 0)

— P (1 (A x Ry) =0, ..., 7°(Ax x Ry,) = 0) —exp( Z|Am61— 4w (R ))
(3.15)

where w(dz) := e *dz.

Note that the first condition follows from (3.3]) and the expansion of (ayz + by)?, z € R. For
the second condition we use Theorem . To apply the result, let us denote by Z; := nA; NV}
and Z =7, U---UZ. We are setting B, := B («, sy)NZ where sy is as in Condition (A4]).

Let Xo = Lyeusy _py if @ €75 and po = P 2t e By Let W) = Y0, Xa and 2
be as in Theorem Bl Then the left hand side of (3.15) is given by P[W, =0, ..., Wy = 0]
and the limit on the right side is P[Z; = 0,..., Z; = 0]. Hence to show ({3.15)) we only need
to show that by, b, and b3 go to zero. Since the proof of this fact is similar to the proof of
Theorem [I] we leave out the details to avoid repetitions. O

4 Proof of Assumptions for examples in Section 2

4.1 Proofs of basic properties of membrane model

We introduce some well-known notations of stopping times for the simple random walk S,,
which will be used throughout this section. Let K be a subset of Z%. Let us recall Hyx :=
inf{m >0: S, € K} and 7 ;= inf{m > 0: S,, ¢ K} to be the first entrance time and
first exit time for the walk. In this section we show that the MM satisfies the properties of
Theorem [I] The following lemma shows monotonicity of the variance which becomes crucial
in the proof of Assumption ((A4]).

Lemma 14 (Monotonicity of variances). Let A C B @ Z%. Then for all « € A

Gala,a) < Gp(a, ).
Proof. We recall (2.4)), that is, for a MM % under Py

{atacs = {Es [ValFpua] +U},cs
where ¢’ has the law of a MM on A with zero boundary conditions in B\ A. Therefore
Gp(a, a) = Gale, a) = Ep [(Ep [¢u|Fpa])?] > 0.
O

The next lemma shows the Markov decomposition of the covariance function in terms of
random walks.
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Proposition 15. Let A C 79, A° := 7%\ A. The equality

G(a7 /8) = EA(OZ, ﬁ) + Eoz (G<SHA07 ﬂ) ]]'{HAc<+OO}) + Eoc (:H-{HAc<+oo} HACF(SHACaﬁ))
holds for all o, 3 € Z®. Here we denote G a(a, ) = > ;20 (k + 1)P, (Sk = B,k < 7a) and
T, B) = 352 Pa(Sk = ).

Proof. Let ©,, be the canonical time shift on the space of nearest neighbor trajectories. Then
we see that one can write, by Fubini's theorem,

G(o, ) = Eq <Z(k +1) :[I‘{Skﬁ}>

k=0

TA—1 oo
=E, <Z (k + 1) ]l{skﬁ}> + E, (Z (/f + 1) ﬂ{Sk:ﬂ} ]l{TA<+OO}>

k=0 k=Ta

+oo (e}
= (k+1)Po(Sy = B,k < 74) + Eq (ﬂ{mm} S (k+7a+1) IL{SHTA:ﬁ})
k=0

k=0

+oo
Gala, ) + Eq (1{TA<+OO} (Z(kﬁ +1) ]l{skﬁ}> o @TA> +

k=0

+o0
+ B, (TA ]1{TA<+00} (Z H{Skzﬁ}> © @TA>

k=0

+o0
= @A(a, ﬁ) + Ea (1{7'A<+oo} ESTA (Z(k + 1) ﬂ{sk=5})> +

k=0

+o00
+ Eq (TA ]1{TA<+00} ESTA (Z H{Skﬁ}>>
k=0
= Ga(, 8) + B (Try<to0) G5y, 8)) + B (74 Liryro0) (52,0 8)) -

Now use H 4. = T4 to complete the proof. O

It now becomes important to understand how Gy, and Gy, =: Gy differ. The non-trivial
answer to this query says that essentially in the bulk they turn out to be close. This was derived
in the following

Theorem 16 (Kurt (2008, Corollary 2.5.5)). Ford > 4 and 0 < 6 < 1, there exists a constant
cq = cq(0) such that
—_— 4—d
sup |Gn(a, B) — Gn(o, B)] < caN'7 .

«, ﬁGV]‘E,

4.2 Proofs of Assumptions for the membrane model
We are now ready to prove the results for the MM by showing that the assumptions of

Theorem (1| hold. For the membrane model we take sy = (log N)¥ with T' > (2 +6)/(d — 4)
for some 6 > 0.
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Proof of Assumptions in Theorem [l Conditions (A1) and follow immediately from dis-
cussions in Subsection 2.1l and Lemma 3l

Condition ((A3)): Observe that from the proof of Kurt| (2008, Proposition 2.1.1) it follows that

Gy(a, @) < Gnyi(a, a). By the representation Gy (o, o) = Y sevaa, Iy, B)T v (6, @)
and the fact that 'y (o, 5) < T'(«v, 3), the upper bound follows. Now we show that there exists
a constant C' = (C(d, ) such that for a, 3 € V3,

4—d

Gy(a,B) > G(a, ) —CN @ .

Let us write Gn (o, 5) = G(a, B) — R(a, B) where R(a, B) := G(«, f) — Gn(a,y). First we
look at the error R(«, 3). Note that

R(a, 8) = (G(a, ) — Gn(a, B)) + (Gw(a, B) — Gn(a, B)). (4.1)

The second summand in (4.1)), thanks to Theorem , is bounded by ¢(d, 6)N%. To tackle
the first term we use Proposition [15}

G<a76) - GN<O‘76>
= Z Pa |:HZ‘1\VN < _'_OO’SHZd\VN = ’Y:| G(’.}/?ﬁ)

YEAVN

+ Z Ea [HZ"Z\VN IL{HZd\VN<+OO} ]1{5 }] F(Vaﬁ) (42)

H =y
~yeIVN zd\Vy

Note that since o, 3 € V]{S, we have from Lemma 5| that, if V is large enough,

_ 4—d
> P, [sz\vN <00, 81, = ﬂ G(y.B) < 2my sup |y —BII** < C (6N,
yEIVN VEOVN

For the other term in (4.2) first note that M, := ||S,||> — n is a martingale (Lawler, 1991,
Exercise 1.4.3) and that Hza\y, = Ty, =: Ty under P,. Following the idea of Lawler (1991)
before Equation (1.21), we apply the optional sampling theorem which yields

Eo [1Sry]I*] = Ea [rn] = Ea [M

TN

] = Eo [Mo] = [[aff®

so that

E, [sz\VN 1y } < Ea[rv] = Ea [I1S0 7] = lla®

HZd\VN<+OO}
Since S;, € OVy
Eo [1S[I”] = llall* < c(d, §)N*/“. (4.3)

Using this we have

> Ea [sz\vN L0y, <o) 1 {SH }] INCNG)

Y
yEIV N

zdh\vy

< sup ['(v,0)E, {H Ay 1 }
VeV (.0) ZAVN H Hya, v, <too}
4—d

< C(d, 5)N*T* N4 < O(d, 5)N"=".
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Combining these inequalities we have that for o € V3, 3 € V3, R(a, 3) < C(6,d)N @ and
hence Condition is proved.

Condition under P: fix K := Vy \ B(a, sy), U :=Z*\ K = (Z%\ Vy) U B(a, sy).
Note that in the decomposition in Lemma [6] we have that 1, and v, are independent. Also
we know that v, is distributed as Py by Proposition [6] Hence we have
Var [,ua] = Var [p,] — Var [1),] (4.4)
G(0) — Gu(a, @)
(G 0) — Gu(a, @) + (Gu(a, ) — Gyla,a)) =: By + By (4.5)

(
where Gy(a,a) = 3,-o(k + 1)Po[Sy = o, k < H]. First we deal with E; using Proposi-
tion [I5

G(0) — Gy(a,a) =
= Z P.[Hk < +00, S, = 7]G(7y, ) + Z E. |:HK L{f e <to0} ﬂ{SHK:,Y}] [(v, ).

yeK yeK

One notes that

Ey <sup G(v, @) 4+ sup ['(v, 0)Eq [Hg iz <+o0}] - (4.6)

yEK veK

Since the SRW is transient in d > 5 we have 75, < +00 P,-almost surely. Using the same
idea which led to (4.3]) we get

Ea [HK IL{HK<+OO}:| = E, [TBQ ]]-{TBQ<+OO}] < C<d7 6)5?\/
Hence plugging this estimate in (4.6)) one gets that
Ei <C (sy %+ sy %sy) = Csy .

Note that this gives a bound on E; and hence we are left with E» = (Gu(a, ) — Gy(a, a)).
Note that B, C U = (Z¢\ V) U B(a, sy). Since we know that variances increase as shown
in Lemma [L4] the inequality G, (o, a) < Gy (a, @) holds. Actually it follows that for a € V7,
we have Gy (a,a) = Gp,(a,a). Indeed, using the fact that B(a,sy) € Vi (that is, for a
walk starting at «, 7y = 7, ) we have

Gu(a,a) =G, (a,a) = Z(n + 1)Pq [Sh = a,n < 78,]

n>0
We need to now look at G, (a, ) — G, (a, ). Let us denote the bulk of B, as
B(a,sy)’ :=={p € B(a,sy) : |8 — 7| > dsn, for all v € B, sy)°}.
Observe that o € B(a, sy)°. Hence using Theorem [16)

Ey, = EU(Oéa Oé) - GU(O[, Oé)
S aBoé (CY, Oé) - GBa (Oé, Oé) S sup ’aB(a,sN)(Qa ’7) - GB(a,sN)(@a ’7)|

'YEB(CM,SN)(S

= sup ‘aB(O,sN)(Oa 7) - GB(O,SN)<O’ ,7)‘ < C<da 6)3% 4

763(07 S]\f)<s
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Recalling (4.5)) we have just proved that Var [u,] < C(d, 6)sx . Since sy = (log N)T with
T > (2+6)/(d—4), Condition follows.

Condition under Py the proof is very similar to the argument under P and hence
we briefly sketch it. Note that Var [u,] = Gy (a, a) — G, («, ). As before from Theorem
it follows that |Gy (a,a) — Gn(a, )| < caN*™ and |Gp, (o, @) — G, (o, )| < casy?,
therefore it is enough to bound |Gy (a, a) — Gp, (o, @)|. Note that 75, < 7y, Py-almost
surely. Hence we have that

|Gn(a,a) = Gp, (o, 0)| = Z(m + )P, [Sh = a,m < 1y] — Z(m + DP[S,, = a, m < 1p,]

m>0 m>0
= Z(m + DP,[Sm = «, 7B, < m < Ty]
m2>0
+oo
=E, [(Z(m + 7, +1) H{Sm:a,m«vN}) o @TBa]
m=0
MP =
= > PalSr,, =Gn(v,0) + > Ed [TBQ ﬂ{s%zy}} In(y, @)
YEOBqo YEIBq
< sup Gn(v,a) + sup T'(v,a)Eq [75,]
v€OBa YEIBaq
< CdSZ]lV_d.
In the last line we have used previous estimates to conclude that E,[75,] < cs%. ]

Proof of Proposition[f (b). Recall K = Vy \ B,, U = Z*\ K in what follows. First observe
that as in proof of Theorem [I] it follows that 1, is Fx-measurable and hence is independent

of wa = Pa — E[Qpa|fK]

To show the next part of the lemma, we follow the proof of Lemma 1.2 of Rodriguez and
Sznitman| (2013) and hence we need to show that

E [L14((¢a)aev)] = Ev [La((pa)ac)] VA E Ay (4.7)
where Ay is the canonical o-algebra on RY. Let (ci)o<i<n € U and V be a finite set such
that K U{ay, ..., ax} C V C Z% Now by Dynkin's  — X theorem it suffices to assume that

for A of the form
A= Aao X ooo X Aan < RU\{@O7W7an}

where &k > 0 and A,, € B(R),i=0,1, ..., k. Consider on R" the law of the finite membrane
model, that is, the centered Gaussian field with covariance Gy («, ). We indicate the law by
Py and its canonical process by {¢} } _ . Now we define p}, = E [p}|F)] where Fii =
o(py : 3 € K) and also denote 1)) = gof — pY . Finally, we claim holds because of the
following statement:

Claim 17 (DLR equation for an infinite set). As V 1 Z¢ we have
Ev\k[Lav ((a)aevix)] = Ev [1a((¢a)acv)] (4.8)

and

By [ Lav (08 crie) | = BlLa(Wa)acv)] (4.9)

where AV = Ay, x - x A,, x RV\EWeowan} " n particular, the limiting law Py exists.
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Before we embark on showing the Claim, let us clarify its meaning and why it implies (4.7))
(which is nothing but the DLR equation for an infinite set U, see |Friedli and Velenik| (2015,
Section 6.2.1)). Since U is infinite, this is, a priori, a non-trivial statement. Recall that, due
to Proposition [f] (a), for a finite volume V'

Ev\k[1av ((Pa)acvii)] = Ev [HAV ((w(‘x/)aev\Kﬂ ' (4.10)

We are now letting V' 1 Z? on both sides of (4.10), so that:

EV\K[ﬂAv((SDa)aeV\K)] 4j0 Ey [ILAV <(¢X)QEV\K>}

(4.8) l (%.9)

Ey [HA((QDa)an)] E [HA((wa)an)}

(#.7)

(where “I" indicates the equality we must still show). This completes the proof of (4.7) and
hence the proof of Proposition [f] (b). O

Proof of Claim[IZ We discuss only , since follows similarly. We use Giacomin| (2010,
Proposition 2.1) and the uniform bound on G\ g (e, @), o € Z* to obtain that the measures
{Pv\k}veze are tight. Therefore it suffices to show that G\ converges pointwise to a
bounded limit. An application of (Georgii (1988, Theorems 13.24, 13.26) yields that

GU(Oz, ﬁ) = lim Gv\K(Oé, ﬁ)

Vizd
exists. One sees that G satisfies the following boundary value problem: for o € U
A2GU(O[75):5(057 5)7 BEU
Gn(a, 3) =0, B € dU.

This shows that the centered Gaussian random measure with covariance Gy exists and is the
weak limit of Py g as V' 1 Z%. In particular (4.8)) holds true. O

4.3 Proof of assumptions for massive DGFF

We introduced the massive discrete Gaussian free field in Subsection [2.2] Here we briefly point
out the how the assumptions of Theorem [1]are satisfied for this model. We denote by Py  the
law of the massive free field with zero boundary conditions outside Viy, namely ¢ = (¢4)qezd
under Py y is the centered Gaussian field with covariance structure

Ey n [pats] = go.vg (. )

where recall gy ve(a, ) = Y2, 50(1 — 0)™Pg [Sm =, m < Hyc]. Hence using the repre-
sentation it follows that gy ve (o, ) — gg(, 8) as Vv 1 Z%. Consequently Py y — Py and
hence Assumption follows. For detailed proofs of the above facts see |Friedli and Velenik
(2015, Section 7.5).

For the next assumptions the decay of the covariance is needed.
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Lemma 18 (Friedli and Velenik (2015, Theorem 7.48)). There exists a constant c() > 0
such that for o # 3 € 74,

exp (—¢(d)[lor = B)) < gola, B) < %exp (=c@)la =Bl

Note that this implies that the covariance decays exponentially to 0 and hence Assumption (A2)
follows. To show the next assumption we take o, 3 € VJ. We observe that by (2.5) and
Lemma [18 we have

govg (0, B) = go(a, B) — Y P§ [ijg < 400, Sy = ’Y} 99(7, B)

YEAVN

> go(a, B) — sup g9(7, B8) > go(o, B) — %exp (=c(w, )NV . (4.11)
yeoVN

Hence Assumption (|A3)) immediately follows. Let K = Vi \ B, as in Assumption (A4)). First
note that by the Green's function decomposition we have for § € K

go(, B) = go.xc(c, B) + ) P§[Hi < +00, Sy = 7]g9(7, 5)

yeK

=Y P§[Hk < +00, S, =1g0(7, )

YEK

where we have used the fact that o ¢ K and § € K implies gy i (o, ) = 0. Using the above
identity we have

Var [:ua] = Z qug[HK < +OO7SHK = B]Pg[HK < OOaSHK = 7].919(677)

ByeK
=" P[Hx < +00, Sn, = Blgala, B)
BeEK
1
< sup gg(a, §) < sup —e~ Dbl < Ce=e@sn, (4.12)
BeK ek U

Now note that taking sy = log N we have (log N)?*%Var [u,] < (log N)*** N—<) — 0 for
any 6 > 0 and uniformly for all o € V3. Hence Assumption (A4) follows.

4.4 Proof of assumptions for fractional fields

In this subsection we point out how the fractional field described in Subsection satisfies
the assumptions in Theorem [1] Note that due to the transience of the walk Assumption (A1)
follows. More precisely, looking at the representation in it follows that Gy, (o, 3) —
Gs(a, 3) and hence P, y — P;. Also note that Assumption follows from (2.10)). Let us
prove Assumption . Since we have a lot of freedom in tuning parameters for the model,

assume sy = (log N)ﬁ, & > 2, to fix ideas. We can then take N large enough so that for
all 3€ Z% and ~y such that || — || > s, (2.10) yields

1 _ 3 o
§ws,d||ﬁ - 7”8 d S Gs(ﬁa 7) S §ws,d||ﬁ - ’YH d' (413)
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With this choice, since sy is much smaller than 0N, for all § € V]é, and v € OVy the
inequalities hold. Observe that by the decomposition of the Green's function (2.8) we have,
for a, 3 € V3,

Gav(0,8) = Gul@,B) = 30 Pa |1y < 400,80, =1 G.(3,9)

’YEZd\VN

Therefore analogous computations to (4.11)) (with the appropriate changes due to the repre-
sentation ([2.8))) yield

s—d

Govy (o, B) > Gy(a, B) — sup Gy(7v, B) > Gs(a, B) —c(6)N 7 .

YEZINVy

Moreover as in (4.12)) one can see that

3 3 3
Var [lua] S sup Gs(a7 B) S = sup ws,d”ﬁ - a||s—d S _ws,dsi\[_d - _ws,d(log N)_g'
BeEK 2 gek 2 2

Any 6 < £ — 2 allows to say that limy_. o (log N)?>**Var [u,] = 0 uniformly for o € V.
Hence the above arguments show that the fractional fields satisfy Assumptions ((A3]) and (A4)).
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