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1. MOTIVATION AND INTRODUCTION

1.1 Motvation. Questions on path measures pertaining to self-attractive random motions, or Gibbs mea-
sures on interacting random paths, are often motivated by the important réle they play in quantum statistical
mechanics. A problem similar in spirit to these considerations is connected with the polaron problem. The
physical question arises from the description of the slow movement of a charged particle, e.g. an electron, in
a crystal whose lattice sites are polarized by this motion, influencing the behavior of the electron and deter-
mining its effective behavior. For the physical relevance of this model, we refer to the lectures by Feynman
[E72]. The mathematical layout of this problem was also founded by Feynman. Indeed, he introduced a path
integral formulation of this problem and pointed out that the aforementioned effective behavior can be stud-
ied via studying a certain path measure. This measure is written in terms of a three dimensional Brownian
motion acting under a self-attractive Coulomb interaction:

@M(dw):—exp{ / / dods _AESL‘}P(dw),

where A > ( is a parameter, P refers to the three dimensional Wiener measure and 2, ; is the normalization
constant or partition function. One calls & = 1/ VA the coupling parameter. The physically relevant regime
is the strong coupling limit as o — oo, i.e., A — 0.

We remark that the above interaction is self-attractive, as the asymptotic behavior of the path measure
is essentially determined by those paths which make |w, — ws| small, when |0 — s| is also small. In other
words, these paths tend to clump together on short time scales.

The asymptotic behavior of the partition function Zy ; in the limit ¢ — oo, followed by A — 0, was
rigorously studied by Donsker and Varadhan ([DV83]). The intuition says that, for small A, the interaction
should get more and more smeared out and should approach the mean-field interaction

t t
1/ / dods ;
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Donsker and Varadhan proved this intuition on the level of the logarithmic large t-asymptotics for the partition
function on base of explicit variational formulas. More precisely, they showed that that the large-t asymptotics
of Z 4 coincides in the limit A — 0 with the large-t asymptotics of the mean field partition function

Ly — ”

where (Ws)se[o,oo) denotes a three-dimensional standard Brownian motion. In other words, they proved
Pekar’s conjecture ([P49]) and derived the following variational formula for the free energy:

1
lim lim —log Iyt = hm —log Zy

A—0t—oo {
1 (1.2)
= sup //dxdy ¢() —vaﬂz ,
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with Hl(R3) denoting the usual Sobolev space of square integrable functions with square integrable gradi-
ent. The variational formula in (1.2) was analyzed by Lieb ([L76]) with the result that there is a rotationally
symmetric maximizer 1)y, which is uniqgue modulo spatial shifts.



Given (1.2), it is natural to guess that the polaron path measure should somehow be related to the mean-
field path measure, given by

Py(dw) = — exp{ / / dads - }P(dw). (1.3)

However, even a clear formulation of such a relation is by far not obvious. Spohn ([Sp87]) presented a
heuristic analysis of the effective behavior of the polaron measure @A,t for A ~ 0, whose rigorous asymptotic
analysis remains open. The heuristic discussion in [Sp87] is based on the idea that, for the strong coupling
regime (i.e, A — 0), on time scales of order AL the polaron measure ]@A,t should resemble a process,
named as the Pekar process, whose empirical distribution can be guessed from the limiting asymptotic
behavior of @t o Lt_l, the distributions of the normalized Brownian occupation measures L; = % f(f ds dw,,

under the mean-field transformations IP;, whose rigorous analysis was also left open.

This paper is devoted to a precise analysis of the limiting behavior of the distributions of mean-field path
measures IP’t o L and a rigorous construction of the law of the aforementioned Pekar process. Hence, it
is a contribution to the understanding of the mean-field approximation of the polaron problem on the level of
path measures.

1.2 The model and the problem.

We turn to a precise formulation and the mathematical layout of the problem. We start with the Wiener
measure P on Q = ([0, 00),R?) corresponding to a 3-dimensional Brownian motion W = (W};);>¢
starting from the origin. Let

1 t
Lt = — / dS (SWS (1 4)
13 0

be the normalized occupation measure of W until time . This is a random element of M (IR?), the space
of probability measures on R?. Then the mean-field path measure P, defined in (1.3) can be written as

By(A) = L E[1, oxp {tH(L)}], Ace,

Zy
where Z, is the normalizing constant defined in (1.1) and
3
u—//“  nEM(RY, (1.5
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denotes the Coulomb potential energy functional of (i, or the Hamiltonian. It is the goal of the present paper
to analyze and identify the limiting distribution of L; under PP;.

We recall that the partition function Z; = E[exp {tH(Lt)H, which is finite in R?, was analyzed by
Donsker and Varadhan [DV83] resulting in the variational formula (1.2). For future reference, let us write

p= &mf{HWW—HM}Z sup {/ﬁ/<1d T vab} (1.6)
neMi (R3) weHl(Rd) R3 JR3
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where we introduced the functional
1
I(n) = 5Vl (17)

if u has a density 1) with p € H'(R?), and I() = oo otherwise. Note that this is the rate function for the
classical weak large deviation theory for the distribution of L, under IP, developed by Donsker and Varadhan
(IDV75-83]). We remark that both H and [ are shift-invariant functionals, i.e., H () = H(u % d,) and
I(p) = I(p*6,) forany x € R3.



We also recall (JL786]) that the variational formula (1.6) possesses a smooth, rotationally symmetric and
centered maximizer )y, which is unique modulo spatial translations. In other words, if m denotes the set of
maximizing densities, then

m:{u0*5$:x€R3}, (1.8)
where 1 is the probability measure with density 1/1(2). We will often write 1, = pg * 9, and write wg for its
density.

Note that given and (1.8), we expect the distribution of L; under the transformed measure @t to
concentrate around m and, even more, to converge towards a mixture of spatial shifts of i, thanks to the
unigueness statement for the free energy variational problem (1.6). Sucﬁa precise analysis was carried
out by Bolthausen and Schmock [BS97| for a spatially discrete version of IP;, i.e., for the continuous-time
simple random walk on Z instead of Brownian motion and a bounded interaction potential V' : Z¢ — [0, c0)
with finite support instead of the singular Coulomb potential = +— 1/|z|. A first key step in [BS97] was to
show that, under the transformed measure, the probability of the local times falling outside any neighborhood
of the maximizers decays exponentially. For its proof, the lack of a strong large deviation principle ([DV75-83])
for the local times was handled by an extended version of a standard periodization procedure by folding the
random walk into some large torus. Combined with this, an explicit tightness property of the distributions of
the local times led to an identification of the limiting distribution.

However, in the continuous setting with a singular Coulomb interaction, the aforementioned periodization
technique or any standard compactification rirocedure does not work well to circurnvent the lack of a strong
large deviation principle. An investigation of [P, o L[l, the distribution of L; under IP;, remained open until a
recent result [MV14] rigorously justified the above heuristics, leading to the statement

l1msup—1og}P’t{Lt ¢ U(m } <0, (1.9)

t—o00

where U (m) is any neighborhood of m in the weak topology induced by the Prohorov metric, the metric that
is induced by all the integrals against continuous bounded test functions. implies that the distribution
of L; under I?Pt is asymptotically concentrated around m. Since a one-dimensional picture of m reflects an
infinite line, its neighborhood resembles an infinite tube. Therefore, assertions similar to are referred to
as tube properties.

It is worth pointing out that although requires only the weak topology in the statement, its proof is
crucially based on a robust theory of compactification X of the quotient space

M, (RY) — X
of orbits 1 = {pux0,: = € R3} of probability measures . on R¢ under translations and a full large deviation

principle for the distributions of Lt S /\/l (Rd) embedded in the compactlflcatlon In particular, this is based

on a topology induced by a different metric in the compactfication X. However, the statement (1.9) simply
drops out from this abstract set up, thanks to the shift invariance of the Hamiltonian H (1) as weII as the rate
function 1 ().

Note that, even after proving (1.9), smce m and hence any neighborhood of this shift-invariant set is non-
compact, the occupation measures L under IP’t could still fluctuate wildly in the infinite tube. The crucial
result of the present article says that this can happen only with small I@’t-probability and that the distributions
@t o Lt_1 converge weakly to an explicit mixture of the elements in m. The process corresponding to this
mixture is the aforementioned Pekar process.

2. MAIN RESULTS

We turn to the statements of our main results.



2.1 Convergence of @t o Lt_1 and identification of the limit.

Recall that 7 is the unique radially symmetric and centered maximizer of the Pekar variational problem
(1.6) and that i, denotes the probability measure with density wg = ¢g * 0. Here is the main result of the
present paper.

Theorem 2.1. Let @t denote the distribution of L; under ﬁPE Then,

AN fRB dz ¢0 )
hm Q= fRs 0 ol )

weakly as probability measures on M (R?).

In words, the distribution of the occupation measures under @t converges to a random spatial shift of the
maximizer @bg, and the distribution of this shift is )o(z) dz, properly normalized. The proof of Theorem
can be found in Section [4] For a heuristic sketch, we refer to Section [2.4] We also remark that, following
exactly the same line of arguments appearmg in the proof of Theorem [2.1] one can derive the asymptotic
behavior of the distribution IP’t o W' of the end point of the path W/, under ]P’t The limiting distribution is

equal to (Vg * o) (z) dz/ [os dy (Yo * ¥o) (y).

Let us now briefly comment on the limiting behavior of I/P\’t itself, which drops out from the main steps
for the proof of Theorem see Section for the main arguments in terms of a heuristic proof. This
limiting assertion is directly related to the interpretation of a process, the aforementioned Pekar process,
corresponding to this infinite volume limit of the Gibbs measures IP; as t — oo. Let us first remark on the
heuristic definition of the Pekar process set forth in [Sp87]. For any u € Ml(RS), let

() = (o o = [ 1

be the smooth Coulomb functional of .. Then via the Feynman-Kac formula corresponding to the semigroup
of A + A4, one can construct the measures

Wexp{ / ds (AY2) (W, )}dIF’ 22)

These probability measures then should converge, as t — oo, towards a measure which governs the law of
a stationary diffusion process (X ") c(0,o0), driven by the stochastic differential equation

Vi
0 )(Wt) dt.

Note that 1) is centered and the drift points towards the origin and suppresses large fluctuations. Further-
more, the process is ergodic with invariant measure %.

dX" = dW, + (

In the light of the above heuristic discussion, our main result has an interesting consequence on a rlgorous
level, as the proof of Theorem!reveals what the precise infinite volume limit of the path measures ]P)t itself
should be. Indeed, this is a spatially inhomogeneous mixture of Markovian path measures with generators

Ly, Ve

2 Uy
with the spatial mixture being taken w.r.t. the measure 1o (z) dz/ [ dy1)o(y). This assertion actually carries
the flavor of the classical Gibbs conditioning principle. Given the salient features constituting the proof of
Theorem (see Section for a heuristic sketch), a complete proof of this assertion therefore follows
a routine way. To avoid repetition, we refrain from spelling out the details and content ourselves only with
its statement, which clearly underlines the rigorous interpretation of the law of the Pekar process as the
aforementioned spatial mixture of Markovian path measures and justifies the heuristic discussion in [Sp87].

'V, xeR3




2.2 Earlier results: Tube properties under @t.
We collect here some crucial results from [MV14] and [KM15] that will be used in the sequel.

As mentioned before, a crucial first step is to prove that, under @t, the occupation measures L; concen-
trate with high probability in any neighborhood of m. This has been rigorously justified in Theorem 5.1 in
[MV14]:

Theorem 2.2 (Tube property under the weak topology). For any neighborhood U(m) of m in the weak
topology in M1 (R?),

1
hmsup—logIP’t{Lt ¢ U(m)} <O.

t—oo

In [KM15], this tube property in the weak topology has been strengthened in a “functional formin the strong
topology under the uniform metric. Note that H () = (u, Ap) = [(Ap)(z) u(dz), where we recall the
Coulomb functional A(z) of 1. We remark that the Coulomb energy of the Brownian occupation measure,

- 7)) = Ly(dy)
o) = adto = [ =4 [t &9

is almost surely finite in R3.

Let us write A(¢?)(z) = [ dy & r for functions 12, and recall that 12 = 12 % &,, denotes the shift of

the maximizer 12 of the second varlat|onal formula (1.6) by w € R3. The following theorem was coined as
the tube property for A; in the uniform metric (see Theorem 1.1, [KM15]).

Theorem 2.3 (Tube property under the uniform metric). Foranye > 0,

t—o00

lim sup —logIPt{ inﬂg3 HAt — A@Di“w > 5} < 0. (2.4)
we

As a consequence of Theorem[2.3] the Hamiltonian H (L) = (L., AL;) converges in distribution towards
the common Coulomb energy of any member of m:

Corollary 2.4. Under IP’t, the distributions of H (L) converge weakly to the Dirac measure at

H(wo) = //]R?’xR3 wo!:v - y? B dray

Finally, we state an interesting fact concerning the exponential decay of the probability of deviations of
the uniform norm of A; from zero. This fact followed from the exponential regularity estimates for A; in the
uniform norm derived in [KM15], see Theorem 1.3 and Corollary 1.4 in [KM15]. The following proposition will
be used often in the sequel.

Proposition 2.5. Foranya > 0,

1
lim sup glogIF’{HAtHoo >a} <0.
t—o0

2.3 Tightness of the distributions of L; under ]IADt.
We now turn to formulations and brief proof outlines of main steps constituting the proof of Theorem

Even knowing the localization properties stated in Section the occupation measures L; could a priori
still float around freely in the infinite tubular neighborhood of m. The next main step is to justify that this can
happen only with small IP; probability, and this is our second main result.



Theorem 2.6 (Tightness). For anyn > 0, there exists k(n) > 0 such that, for any neighborhood U of the
set {u,: r € R® |z| < k(n)},
limsupP{L; ¢ U} <.

t—oo

We will actually prove a slightly weaker version of Theorem Combined with Theorem this result
will clearly imply Theorem 2.6

Theorem 2.7. There exists g > 0 such that for all ¢ < £, and for all ) > 0, there exist k(¢,1) > 0 and

u(e,n) > 0 so that
@t{ U {Lt € Us(ﬂx)}} <,

|z|>k(e,n)
forallt > u(e,n).

Section[3|is devoted to the proof qj Theorem The final step to prove Theorem is then to justify the
weak convergence of the measures Q; to the limiting measure appearing on (2.7). This follows from Theorem
and Theorem Section [4] constitutes the proof of Theorem Let us now heuristically sketch the
central idea behind the proof of Theorem which contains the heart of the argument for Theorem 2.1

2.4 Heuristic proof of Theorem[2.7/and Theorem [2.1}: Partial path exchange.

We now heuristically justify that, under I?Pt, L, can not build up its mass over a long time close to some i, if
x is far away from the starting point of the path. To estimate this event, we study the ratio

Py(L; ~ ) _ E{ exp{tH (L)} Liz,~p01 }
Pi(Ls = p1o) E{ exp {tH (L)} Uiz, mpmoy b

and show that this is small as ¢ — 0. For this, we emulate an approach similar to [BS97], which resembles
the Peierls argument in the Ising model.

(2.5)

It is reasonable to expect, that for the event {L, =~ u,} to happen, the path, starting from the origin,
reaches a neighborhood of x relatively quickly, say by time ¢, and concentrates in that neighborhood for the
remaining time time ¢ — . This leads to a splitting of the occupation measure

where L, ; denotes the normalized occupation measure of the path from ¢, to ¢ and Ly, is the normalized
occupation times of a path that runs relatively quickly from the origin to x. Although, ¢y < ¢, note that the
time ¢, should also get large as |x| gets large too. Note that this splitting the occupation measure L, also
leads to the splitting of the Hamiltonian

Lt(),t

to(t to)?

t2 —t t—
tH@Q:éUﬂLJ+2——F£RMmmM)+LTT—HU%g, (2.6)

where Ay (2) = [gs Li‘;’i(dly) is the Coulomb functional of L;, ;. Since t, < t, the first term on the

right-hand side should be negligible.

Let us turn to the second term, which makes the difference between L; ~ p, and L; ~ i, and makes
the ratio small as follows. Here, Theorem[2.3|plays an important réle. Note that with high pArobabiIity, on
{L: = p.}, we expect that Ly, ; = p, in the weak topology. Hence, Ay, + = A(f1,) with high P;-probability
in the uniform strong topology, and the second term can essentially be replaced by 2t0<Lt0, A(px)>. But
A(p,), being concentrated around x, has only vanishing interaction with L, as |z| is large. On the contrary,
on the event {L;, ~ po}, we have Ay ; ~ A(uo), which has a non-trivial interaction with L;,. Hence,
the difference made by the second term appearing in the numerator and the denominator in can be
quantified as —C' with some C' that depends only on 1, and % is large if |z| is large.



The third term on the right hand side of involves only the path on the time interval [t, | when it hangs
around x (for the numerator) respectively around O (for the denominator). To compare these two scenarios,
we just shift the path in the numerator (when it is close to x) after time ¢ by the amount of —x. The crucial
upshot is, due to the shift-invariance of the Hamiltonian H (L, ;), which is being exploited heavily, this path
exchange argument does not cost anything to the main bulk of the path in the long time interval [to, ¢]. If we
call the occupation measure of the shifted path Lffhi“), the only feature that essentially distinguishes H (L;)
from H (L{™™) is that the former has essentially no contribution from the interaction between the path on
[0, o] with the path on [t, t], where the latter has. For our purposes, we need to quantify this interaction, for
which we switch from our original measure P to the ergodic Markov process with generator

LN (WO) Av

2 Yo
starting from O with invariant measure 11y and density wg. Then the Girsanov transformation and the ergodic
theorem imply that, for ¢, large,

E{etoH(Lt()@“O)]l{th c dy}} ~ eptowo(O)i/Jo(y); (2.7)

where p is the variational formula defined in (1.6). Summarizing the contributions in the splitting (2.6), it turns
out that, on the event { L; ~ =},

H(LEShift)) ~ H(Lt) _I_ Cto
Substituting this in (2.5), we obtain

E{ exp{tH (L)} ﬂ{Ltzuz}} < e Cto E{ exp{tH (L)} ﬂ{Ltzuo}}-

Recall that ¢ is large, since |z| is large. Hence, the ratio (2.5) gets small uniformly in large ¢. This implies

that under P, L; must have its main weight close to the starting point. This ends our survey on the proof of
the tightness in Theorem [2.7]

The additional argument for the proof of Theorem [2.1] involves combining (2.7) with a similar statement
with the réles of 2 and 0 interchanged. Combining it with the aforementioned tightness argument then leads
to the conclusion

i Bl 1) (0) _ dn(=a)

t—o0 ]P)t(Lt ~ /,Lo) B 77b0(0) B QZJO(O)
The above statement then implies that,

__to(=x) (@)
f]Rs dy %(y) fRs dy %(?J) '

Combined with the tube property stated in Theorem Theorem [2.1] then follows. Justifying the above
heuristic idea will be the content of the rest of the article.

lim P,(L; ~ 1)

3. TIGHTNESS: PROOF OF THEOREM[2.6]

In this section we will prove Theorem Theorem [3.1] contains the main argument.
Let B,.(x) denote the ball of radius 7 > 0 around z € R and
7(x) = inf{s > 0: |W, —z| <r}
be the first hitting time of B,.(z). We also denote by &, () the time the Brownian path spends in B; (Wﬂ,(x))
after time 7,.(x), before exiting this ball for the first time.

Given any € > 0, we choose a radius 7. > 0 so that
re/2>1/e,  po(Brp(0)°) <&, ¥5(-) <eon By p(0)° (3.1)



We will denote by d the Prohorov metric on the set of probability measures on R?. This metric induces
the weak topology, which is governed by test integrals against continuous and bounded functions. For any
two probability measures 1, v on R3, we will also denote by ||« — v/|| v the total-variation distance between
pand v.

Theorem 3.1. Ife > ( is chosen small enough, there exists M (¢) > 0 such that formin{|z|,t,u} > M(e)
andany 6 € (0,1],

~ C
IF)t{Lt € UE(:U’x)agrs <I> > ‘977_7‘5 > u} S ge—u/C’ (3-2)

for some universal constant C' > 0. Here U (1) denotes the e-neighborhood of 1 in the Prohorov metric.

Proof. We will prove this theorem in several steps. To abbreviate notation, we will write

T:TTs(x>7 gzgrg(l’), By :Bl(WT)

Along the way, we will introduce positive constants ¢y, ¢o, c3, . . ., which do not depend on ¢ nor on € nor on
randomness, whose values will not alter after being introduced. However, there will be a universal constant
C whose value may and will change from appearance to appearance.

STEP 1: Let us first note that, on the event {Lt S UE(/LI)}, for some constant ¢; > 0,
T < et < t.

Indeed, let us choose M (¢) > r.. Since we are interested in the region |z| > M (¢), we have 0 ¢ B,_(z).
Furthermore, since |z| > r. and L; € U.(u. ), the time the Brownian motion spends outside B,._(x) is less
than a proportion of £¢. Hence, on the event {L; € U.(u,)}, 7 < c1et < ¢, for some constant ¢; > 0.

Now, let us estimate

tH(Lt)
E{e H{LtEUS(uw), £>0, T>u}}

tH(L¢)
S E{e ]l{LtEUs(,um), £>0, c15t27->u} }

1 c1et+60 H(L )

i tH (Lt
S I /u dto ]E{e ]l{LtEUs(Nw)a £>0, t027>t0—9}}
<1

ciet+1 (L)
tH(L+
=9y /u dtg ]E{e H{LteUs(um), Wi €B1, m>t0—0 } }

In the last step we have argued that on the event {£ > 0, ¢y — 0 < 7 < t}, the path is the on the ball B; of
radius 1 around W... Furthermore, we chose € > 0 small enough so that c;et+1 < ¢ for all sufficiently large
t, such that ty < t inside the integrand. Also, we will assume that t is so large that ty < ciet + 1 < Cet for
some C.

STEP 2: Le us fix tg € [u, c1et + 1] and write the convex combination

with

1 t
Ly = ow.d
to,t t _ to /t;) Wy S

denoting the normalized occupation measure of the Brownian path in the time interval [¢o, t]. Since,

| Lt = Lo tllrv < 2t0/t,



we clearly have d(Lt, Lt_to) < cye for some constant ¢y and all sufficiently small €. On the event {Lt €
Uc(p1,)}, we have Ly, € U,,.(p,). Moreover, let us also denote by

Lt t(dZ)
My) = [ 5o
ot 2 =y
the Coulomb functional of Ly ;.

Then, for some constant c3 > 0 to be chosen later,

tH(Ly)
]E{e ]I{LtEUE(#QC)’ WtOGBl,’T>t0—9}}

(3.5)

< E{ et(E)
= { Ltg 4€Uese (1), Weg€B1, m>t0—6, || Ay 1—A2 oo <cav/E

tH (L)
+ E{e ﬂ{LtEUe(Nz)v ||At0,t—/\1/}§Hoo>03\/E} }

The second term on the right hand side above can be rewritten as, for some constant ¢4 < cs,

tH(Ly)
E{e N, IIAtO,tA¢%|Im>C3\/E}}

(3.6)

_ tH(Ly)
= E{e ]l{LtEUE(,LLl‘)y Ai_A'l;Z};%”oo>C4\/g}}

tH(Lt)
* E{e ity A2V, IA-AvEoeve} }

Let us estimate the second term on the right hand side above. Note that

to
[A: — Ay tlloo = ?HAto — Nygtlloe < CellAy — Mg illos < Ce([|[Arolloo + Ao tlloo)-

On the prescribed events on the second term on the right hand side of (3.6),
1A = Asglloo = 1Augs = Aglloe = 1A = A3l = (€3 — ca) Ve

Hence, we have the estimate

tH(Lt)
]E{e ]1{||At()yt_Awa2cHoo>C3\/ga ||At_A¢a2c”oo$C4\/g} }

H(L) H (L)
SE{et ﬂ{|Atoum>as}}+E{et H{Ato»tnwbs}}

where a. = ac~'/2, b, = be~'/? for some a,b > 0. Estimating the right hand side will be the task of the
next step.

STEP 3: In this step, we show the following important lemma.

Lemma 3.2. Forany a,b > 0 large enough,

1 -
limsup sup t—logIP’t{HAtOHOO > a} <0,
0

t—o0 to<t

1
limsup sup
t—o00 to<t - tO

logI/P\’t{||At07t||oo > b} < 0.

Proof. Let us prove the first statement in (3.7) and denote by A, = {||A ||« > @}, and note that, for any
o>0,H(L,) = (As, Ly) < ||As|loo- We recall the convex decomposition (3.4). Then the Hamiltonian
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H(L;) also decomposes accordingly and can be estimated as

_ 12
H(Lt 0 <At0’ Lt0> + QM@\W Ltovt> + w

(t —to)?
t

H(Lto,t)

<ol Ay lloo + 2tol[Asyloo + H (L 1)

since tg < t. Then, by the Markov property at time %,

]E{etH(Lt) 1y, } < E{ (eC’to||AtO|oo 14, ) e@;fmzH(LtO,t)}
0 - 0
= E[{eCtOHAtO” N4, } Ew, {e(t?)QH(Lt—to)H
0 0
(t—tg)?
— E{eCtOAtoloo ]]-A } E{etH(LttO)}
to

In the last identity above we used the shift-invariance of H. On the other hand, by the above decomposition
of tH(L;), we have a lower bound for the partition function,

7, = E{etH(Lz)} > E{e(t_i())Q H(Lto,t)} — E{GWH(LFQ))}.

Then, for ty < ¢,
@t{Ato} < ]E{eC’toHAtoHoo ]]Ato} < ]E{e2CtOHAt0H°°}1/2P(At0)1/2.
By Proposition[2.5] for any a > 0,

lim sup — logP{AtO} = limsup — log P{||As||loc > a} < 0.
to—00 t top—00 2

The proof of Corollary 1.4 in [KM15] reveals that the above negative exponential rate can be made as large

as needed if we chose a > ( large enough. Hence, the first assertion in (3.7) is proved, once we justify, for

any C' > 0,

lim sup 2— log E{eCtOHAtO lloo } < 00. (3.9)

to—o0
This assertion will follow from the regularity properties of the random function = +— A;(x), derived in
in [KM15]. Indeed, note that, by successive conditioning, the Markov property and the shift-invariance of
|| A1]|co, it is enough to justify that some exponential moment of || A ||~ is finite. Note that, we can write, for
any 0 > 0,

1
d
[A1]Joo < sup | Ay (1) — Ay (22)] + sup / e (3.10)

z1,02€R3: |x1—22|<S €73 |Ws - .Z‘|

Let us now handle the first summand. In Lemma 2.4 in [KM5] we proved that, for any 7 € (3, 3), if

o[ ) ]

where p = ﬁ > landa =1—2n > 0, then, for some 5 > 0,
E(M) < co. (3.11)

Using the Garsia-Rodemich-Rumsey estimate, we also proved that (see page 13-14 in [KM15]), for some
fixed constant v > 0,

1—2n [° MY,
sup |A1(x1)—A1(x2)‘§ﬁ1—/pn/0 log (1—1-%) u”*du.

|1 —22|<d



Now if we choose ¢ small enough, then the right hand side above is smaller than
1—-2n

pie
for some constant C'(d) which goes to 0 as & — 0. Hence, for any C' > 0, by (3-11), we have

E{ecsupzlzz<é ‘Al(ml)‘Al(“)‘} < 0.

C(8)log (M v 1)1/p

Let us turn to the second term on the right hand side of (3.10). Since we are interested in the behavior of the
path in the time horizon [0, 1], it is enough to estimate the supremum in a bounded box. We will show that,
for any fixed § > 0 and any C' > 0,

ods 3 ' ds
ELS;; exp{C’/O m}] < (2/6) E[exp{C’/O |W5|H < 0. (3.12)

|lz<2

For any > 0, we can write 1/|z| = V, (z) + Y, () for V,(z) = 1/(|z|* + n*)*/2. Since, for any fixed
n > 0, V,, is a bounded function, the above claim holds with V; (W) replacing 1/|W;|. Hence, (by Cauchy-
Schwarz inequality, for instance), it suffices to check the above statement with the difference YU(WS) which
can be written as

oL L \PARPll 1
CUT R AR T RV RE a4 Rl i laP el

= n‘lsb(z),
7

1 1

1
) =] JTERE T JIERE

One can bound ¢(x) by ﬁ since it behaves like ﬁ near ( and like ﬁ near oo. In particular
x

() < VT

G

with

Hence, for (3.12), it suffices to show, for > 0 small enough and any C' > 0,

[exp{C’b\/_/ |W|3/2H<oo. (3.13)

For this, we appeal to Portenko’s lemma (see [P76]), which states that, if for a Markov process {IP*} and
for a function V> 0

1 ~
sup E@){/ V(Ws)ds} <~v<1
0

zcRd

1 ~
sup IE“”{ exp {/ V(Ws)ds}} < 0 < 00.
z€RI 0 1— Y

Hence, to prove (3.13), we need to verify that

1 2
supIE“”){/ 3}—sup/da/ § p{—u}<oo.
z€R3 o |Wyl2 z€R3 R3 |y| )5 20

One can see that )
1 1 —
sup/ dy 3—Sexp{—u}
zer3 Jrs  |y|2 (270)?2 20

then
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is attained at z = 0 because we can rewrite the integral by Parseval’s identity as

olél® . 1
fome{ =T 0 e

where ¢ > 0 is a constant. When 2 = 0, the integral reduces to fol o~3/% do, which is finite. This finishes
the proof of the first assertion in (3.7). The second assertion follows essentially the same arguments, if we
upper estimate by Markov property,

i _
E{etH(Lt) ]1{||At0,too>b€—1/2}} < E{e i H(Lto)}E{eC(t to)”AtfO“"“]1{||At_to||m>bs—1/2}}

and lower estimate

2
Z, = E{e00}) > E{et 10w},
Lemma|3.2]is proved. O

STEP 4: We continue with the proof of Theorem[3.1] Let us pick up from (3.6) and turn to the first term on
the right hand side. We show that, for & chosen as before (in the statement of Theorem and for small
enough € > 0,

1 ~
limsupz logIP’t{Lt € U.(itz), ||A — A2 o0 > 04\/5} < 0. (3.14)

t—o0

By Theorem [2.3]it is enough to justify,

1 ~
nmsupglogm{Lt € Un(s), A = Av2oe > cav/,
t—oo

(3.15)
inf [|A; — A2 < c4\/E} < 0.
yeR3

Suppose y € R? be such that |y — x| < /&. Since 12 is a smooth function vanishing at infinity (see [L76])
and the Coulomb function = — 1/|z| liesin L] .(R?), the function A2 = 1)2x1/| - | is smooth and hence

loc
a Lipschitz function. Hence, for some c5, we have

| A3 () — Ay ()] = [Ag3(0) — AYg(y — o) < esv/e.

Then, if we chose ¢, > ¢, on the event, ||A; — Av?]|o > cav/E, for [y — 2| < g,
[A: — A2l > (ca — c5)v/e. (3.16)

On the other hand, since ¢§ is concentrated at 0, a simple argument using polar coordinates and triangle
inequality shows that, if |y — x| > /g,

|AY2(z) — Ap2(2)| = [A92(0) — AYR(y — z)] > covE.
Hence, for |y — x| > € and for any n > 0,

1A = AY2[loe = sup | A (w) — Ag2(w)]

wER3

Li(dz) — 5 d Li(dz) — g d
- ‘Awi(m) - AwZ(x)l - ’/B (z) ( Z‘)Z —wx’(Z) : +/B (z)e ( Z’>Z —1/;|<Z> -

206\/__:/3 Lt(dz)+/3 M+l< 1 /\1,Lt—¢§>}

() |z — x| () |z — | A\l —zl
I L,(dz 2()dz 1
Z06\/—_ / t( )‘l' wO( ) +—d<Lt,@Z)§):|
L JB,(0) 2| B, (0) |z — n

[ Ly(d
> cg/e - / ! Z)+n2+5],
L J B, (0) n

2]



since Ly € U.(¢?). Let us chose n = +/¢. Then above estimate and (3.17) imply that, for B.15), it is
enough to derive, for some constant ¢; > 0 and £ small enough,

1. = Li(d
limsup—logIP’t{/ (dz) > C7\/E} < 0.
B /z(0)

t—o00 t |Z|

But the above fact follows from [KM15] (see the proof of Eq.(3.6), p.15, [KM15]). Hence, (3.15) is proved.

STEP 5: We return to (3.5). The arguments of Step 3 and Step 4 above imply that for our purposes, it is
enough to study the first term on the right hand side of (3.5). Handling this term will be the goal for the rest
of the proof. First, let us write,

E{etH(Lt) 1

Lto,tewczs(ﬂw)7 WtOEBL 7'>t0_97 ||At0,t_A¢%||oo§C3\/g} }

< ]E{etH(Lt (3.17)

1
{Wto €B1, T™>t0—0, [[Atg,t—AYZ|lo<c3v/E, || Aty Hoo§08571/2}

+ IE{etH(Lt)]l{||At0||<>o > 085‘1/2}}.

Again the argument of Step 3 implies that, for ¢ chosen large enough, the second summand above is expo-
nentially small in £y if ¢ > 0 is chosen small enough and %, is chosen large enough, see (3.7). Hence, we
turn to the first summand on the right hand side.

Let us rewrite the decomposition of the Hamiltonian in the first line of (3.8)

tg)?

t2 to(t —t t—
tH(L,) = ?0<At0, Ly) + 2¥<Ato, Lit) + (TH(LW). (3.18)

We will handle the three contributions on the right-hand side separately. The first term is relatively easy to
2
handle. Recall that we assumed that ty < Cet. Hence %0 < Cety. Hence,
o
7H(Lto) < CetoH(Ly,) = Ceto( Ay, Ly ) < Cetol| Ay, |loc < C/elo, (3.19)
on the event { || Ay, ||loo < cse™ 2}

The second term is estimated on the prescribed event { || Ay« — AY2|| < ¢3¢, 7 > to — 0} as follows:

O I0) Ny L) < 0OV + ol L)

< toC'V/E + to(AY2, Lig—g) + (AY2, || Lty — Lto—o]| oy ) (3.20)
< tyCve + to(AY2, Lyy—),

2

In the last line we used the fact that

20 2
2 = Lol < 2 < 2 s 0V

Let us now estimate (A2, Ly, _¢) on the event {7 > ¢, — 0}, for which we want to use the fact that 1>
puts most of its mass around B,_/»(x), while on the event under interest, the Brownian path until time ¢y — ¢
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has not yet touched B,._(), recall the requirement (3:1). Then,

<A¢§J Lto—9> ]1{7'>t()—9}

200 Ly
:/ Lto—@(dz>/ —wx(y) 0 9d?/+/
B, j2(z) B, ja(x)° ly — 2| B
2
_|_/ Ltog(dz)/ wx(y) d
By, a(2)° B, jp(@)nBi (=) [Y = 2|
2 dy
< 7"_ +e Lto_g(dZ> m +¢€ Lto_g(dZ>

< Ck,

Uiy
Lto_g(dZ)/ ) dy
(z)e B,_ j5(z)°NBi(2) ly — 2|

re /2

(3.21)
where we used that [y — z| > r./2 in the first integral, while ¢)2(-) < € on B,_s(z)* for the second and
third integral and that |y — z| > 1 in the third integral. Furthermore, recall that 2/r. < . If we combine
(3-20), (3-22) and (3.18), we have an estimate for the first term on the right hand side of (3.17):

tH(Lt)
E{e ' ﬂ{wtoeBl, 7>t0-0, [ Mgt~ A2l o Seav/E Ao Scos—1/2 } } 022

2
< CVE I o T H (Lt .
IAty,t—Ap2]loo <can/e Wi, 631}

Let us denote by F;,; the canonical o-field generated by (Ws)se[tmt]. We claim that, on the event
{I1Asy.: — AVE]|oo < c3v/E, Wy, € By}, we have

t—tp)?
E, [etH(Lt) |Ft0,t} > exp {09150 + %H(Lto’t)}. (3.23)

Let us first finish the proof of Theorem 8.1 with this estimate. Note that,
{ x(etH ‘fto t)} el / Ex{Ex{etH(Lt)‘Eo,t} ﬂ{"Ato,t - Aw:%HOO S 63\/57 Wto € dy}}

By
0($7 y) tH(Lt)
Eoq E; {e }JT;SO t} Il{”Atot A@/J ”oo < 03\/_ Wto € dy}
B Dio(y,0)

Note that, if M () is chosen large enough, then fory € By = B1(W.), t > u > M(e) and |z| > M(e),
we have py, (z,y) > pi, (y,0). Then,

Zt 2 / Eo{EI{etH(Lt)|fto,t} ]l{HAto,t - A¢i"w S ce, Wto € dy}}
By

t —to)?
= ec9t0E0{ exp {%H(Lto,t)} ]1{HAto,t - A¢3«||oo <cg, Wy € Bl}}

Let us combine the above estimate with (3.22) and recall the conclusions of Step 3 and Step 4. Then, if we
go back to (3.3), we conclude that

~ cret+1
IP’t{Lt € U.(pz), & > 0,7 > u} < —/ dto eCVEto g—coto

This proves Theorem



STEP 6: It remains to prove (3.23). Let us again recall the splitting introduced in (3.18). Then, we have a
lower bound

t—ty)? t—t
tH(Ly) > %H(Lto,t) + 2t

0 <Ato,t7 Lt0>

t— )2 [
> —( r 0) H(Lto,t) + Cty <A¢§> Lt0> o <Lt0’ Ato’t N A¢g>:|
(t B tO)Z . (3.24)
> TH(LtOi) + C1750 <A¢§> Lt0> - HAt07t o Aw§||oo:|
(t — t0)2 [ 2
> " H(Lu) + Clo | (A5, L) — /e
on the event || Ay, » — AYZ]loc < cy/E. Hence, we infer, on {[|Ay ¢ — AYZ |0 < ¢/, Wiy € Bi}y
E, |:etH(Lt) ’ fto’t}
(3.25)

_ t—to)?
Z (& CvEto exp {%H(Lto,t)} Ex{ exp {tOH(Lto X /LI)}| Wto € Bl}
Now we only need to handle the expectation on the right hand side.
We consider a diffusion with generator

1 Vi,
(Yz) _— .
c 2A+(%> v

corresponding to an ergodic Markov process IP{¥=) starting from z with invariant density 1)2(+). From the un-
derlying expectation £, on the right hand side of (3.25), we want to switch to the corresponding expectation
El=) By the Cameron-Martin-Girsanov formula ([SV79]),

dP, B 0 Ve (ws) | Ve (ws)
dPg (W) Fiy - {_ 0 wx(‘%) Ta(ws) Wt 2/0 ¢x(ws) ds}
to A
= exp [log tha(wo) — log ¥y (w,) +% i f?—f:d;)dS} (3.26)

x 1 [ Ay, (w
= Yal) exp {— Ata(ws) ds}.

’ll)x (wto ) 2 0 1/]:1: (ws)
Let us recall the variational formula (1.6). A simple perturbation argument shows that the maximizing function
Yy € H'(R?) satisfies the Euler-Lagrange equation ([L76])

(%AJF /R %o(v) dy)wo(iv) = piho(). (3.27)

s |z —y

We multiply (3:27) on both sides by vy (), integrate over R? and recall that ng 12 = 1to see that

QZ}O 7/’0) 1 2
p=| [ [, B o

Now we divide (3:27) by %(x), plug in x = W(s) and integrate on the time interval [0, Z,] to get

to A@/)[) o Awo( )
s */ / We—yl 2, wenwy O FHH e ®no)

= pto

2 Jo
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Repeating the same argument for )2 = 12 * §,, we get

to A .
- A.(W;) 4 + toH (Lyy, ® ) = pto. (3.28)

2 o Ya(W5)
We plug in this identity in (3.26) and perform a change of measure in the expectation of the right hand side

of (3.25). Then,

Em{ exp {toH (L, ® 11z) }| Wiy € Bl} > /B E, {exp {toH (L, x pz) } L{W,, € dy}}

:W/@%%ﬂ%ﬁ%}
B1 x

— Pl e 0(0) )]P"W{Wto € dy}.

Recall that P{’=) is ergodic with invariant measure p,.(dy) = ¥2(y) dy = ¥3(y — x)dy. Hence, by the
ergodic theorem,

lim inf 7% Ex{ exp {toH (L, ® Mm)H Wy, € Bl}

[t

5 Yoy — )

We choose, 0y (&) such that, for ¢y > oq(¢),

1/10( — x)dy = 10(0) i Yoy — x)dy

Ex{ exp {tOH(LtO ® ux)}‘ Wy, € Bl} > ePto/2,

Since we are interested in the regime |z| > M( ), we need to pick M(e) > o¢(g). We combine this
estimate with (3.25) to prove (3.23). Theorem[3.1]is proved. O

To finish the proof of Theorem we need two more technical estimates.

Recall that for any > 0, 7 = 7,.(z) denotes the first hitting time of the ball B,.(z) and { = &, ()
denotes the time the Brownian path spends in By (Wfr(m)) after time 7,.(x), before exiting this ball for the
first time. It is well known that, for any 6 > 0,

]P’{ﬁgﬁ} SC’exp{ —%} (3.29)

Lemma 3.3. Uniformlyint > 0,7 > 0,z € R3,

éiir(l)I/P\)t{ﬁ,,(x) <0, 1.(x) < t} = 0.

for some C > 0.

Proof. We now split at two time horizons 7 and 7 + &:

T t—T7—
Ly = ZLT + %Lr,wg + %me,v (3.30)

This also leads to a similar decomposition of A;.

We also write

T t—7—
Li=—L+ tgbﬁm
t—1—¢&

Arie



and
T t—1—-¢
LQ/ = ELT + fLT-‘rf,t-‘rﬁ
T t—17—-¢&
A;’ = ;AT + fAT_A'_E’tJrg.

This leads to one crucial upshot. Consider the process { Y}, defined on {7 < t} by

v W fors <t
T | Wy forse[rt],

which jumps at time 7 from W.. to the boundary of By (W..). On {7 < t} consider also Z; = W,,, — W,
for s < &. This is a process starting at 0 observed until the first time it hits the boundary of B; (0). We
consider {Z;},, process modulo rotations, i.e. we write

== |:(WT+S - Wf)ogsﬁﬁ]

where [-] denotes the equivalence class under the action of rotational group on the whole path in R3. Since,
the distribution of a Brownian motion on the boundary of a ball (when started at the centre of the ball) is the
uniform harmonic measure on the sphere, the process {Y;} and (¢, =) are independent under PP.

The splitting of the Hamiltonian according to (3.30) is:
tH (Lt) =1 <L:f7 A;) +¢& <LT,T+§a A;> +¢ <AT,T+§7 L:€> :

We fix some constant @ > 0. Then on the events { [|A}]| ., < a}, { [|Arrsell, < a}and {€ <0 <1},
we have

tH (L) <t (L, A\}) +2a < t (L}, A]) + 2a. (3.31)

Note that ||AL|| . > aimplies ||A;|| .. > a. Therefore,
tlloo [e¢)

@t{s <0 rie< t} < ﬂ%{g <0 7 4E<t Nl <a Al < }

(3.32)
B Il > af + B el >0 1
We can estimate the first probability on the right hand side above, since by (3.31),
B oxp [ (L] e <6, 7+ € <t [N < IAvrsel, <)}
(3.33)
<o el 11 A0 14 < ).
Furthermore, since the Hamiltonian ¢ (L, A}) is independent of £ under P, we have,
(3.34)

Also, since,
t(Ligr, A1) < 2|[Aa| o + ALl 1 (Laerr, Aveg)

we have the estimate,

E{ eXp [t <Lt+1, At+1>] } S E{eQIAlHOO }E{e”/\t”ocetH(Lt)}.
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Summarizing (3.32)-(3.34), we have,

_ P (¢ <0) R
Pt{€§9,7+§§t} < m]E{e2IIA I }e2 Et{e”A [ }

+fr>t{ 1A, > a} +R{ [Arrsell, > a, €< 1}.
By (3.30), we then have,

limsup@t{f <O, 7+E< t} < Sup@t{ [Adlloo > a} +sup1@t{ [Arrielloe > a, €< 1}-
t,x t

0—0 t,x

Since by Corollary [2.5 sup I@t Ay|| . > a} — 0fora — oo, we only have to prove that
t 00

lim sup]IADt{ |Arriell, >a, £ < 1} = 0.

a—00 ¢

This can again be proved in the same way exploiting that || A -.¢||__ is a function of the equivalence class
= and invoking the above independence argument. We drop the details to avoid repetition. [

Lemma 3.4. Foreveryn > 0 there exists 1o = ro(n) € N such that,

sup Z I/F\)t{TT(O) < \/F} <. (3.35)

t>1 r>ro

Proof. Forany r > (, we again use the splitting of the Hamiltonian as before and use the estimates obtained
in Lemma[3.3]to get,

C
< =

|H<Lt) - H(L\/F,t+\/?)| =7 \/FHA\/FHOO

Then,

E{etH(Lt) 1{r, < \/;}} < E{eC\/FIIAﬁIIoo]l{TT(O) < \/;}} E{etH(Lﬁ,tJrﬁ)}
1/2 1/2
= ]E{eQC‘/ﬂAﬁ”w} P{TT(O) < \/77} ]E{etH(Lt)}.

The first expectation grows like exp{C+/r} by and the probability IP’{TT(O) < \/7_”} decays like
exp{—C7r3/2}. This proves the lemma. O

Finally we are ready to prove Theorem
Proof of Theorem[2.7} Given any ) > 0, by Lemma|3.3] we choose 6(n) > 0 so that

B0 <o} <3 (236)
for any ¢, 7, 2. From lemma 3.4 we choose r(1/3) so that
@t{TT(O) < /7 for somer > 7“0(77)} <n/3. (3.37)

For any given & > 0, we pick u(e,7) > 0 so that u(e, 1) > max { M (e),r(n/3)*} such that

% exp{ — u(e,n)/C’} <n/3, (3.38)



where C'is the constant coming from Theorem and this does not depend on ¢ or 7. Now, let us choose
the radius 7. as required in (3.1). Then, for

|z| > k(e,n) := max {M(e) + 7o, ule, 7])2}, (3.39)

on the complement of the event in (3.37), we have 7,_(x) > 7'3(5 »(0). Hence, according to Theorem
we have

I/Est{Lt € Ue(pa), & () > 0(n), 7. (2) > ule, n)} <n/3. (3.40)

Let us combine (3:36), (3:37) (3-40) and stare at the requirement (3.39). We have proved Theorem O

4. IDENTIFICATION OF THE LIMITING DISTRIBUTION: PROOF OF THEOREM [2.7]

In this section we will finish the proof of Theorem Note that, by the tube property in Theorem for
the statement in Theorem it is enough to prove, for any = € R?,

_ (=)
fRS dy wo (y) 7
for any € > 0 small enough. Given the estimates developed in Section [3] the proof of the above claim,

modulo slight modification, follows the same spirit of arguments as in [BS97] for random walks on a lattice
with a bounded interaction.

lim @t{Lt e Ua(ux)} (4.1)

For our purposes, in addition to the estimates in Section 3] we will need another technical fact.
lim lim sup sup @t{ |Wt0‘ > 6} = 0. 4.2)
l—=00 (oo to<t

The proof of the above fact is essentially a repetition of the argument of the Proof of Theorem and we
drop the details. Then, combined with Theorem the above fact implies that, for any £ > 0 small enough
and any 7 > 0, there exists k(1) and £(n) (both independent of €) such that, for all t > t*(e,n),

mmﬁ{ U Uelpa),

to<t
0= |z|<k(n)

I%JSHW}Zl—n (4.3)

Hence, to derive (1), we fix z € R3 and > 0 so that, |x| < k(n) < £(n). We will choose some
to = to(n) later, which will not depend on e. For such £, let us again invoke the splitting (3-18). Then, by

(@3), fort > t(e,n),

~ 1 t2
R{MG%WQ}ZEEFm{fH@M+
t

2ot — t t—ty)?
_j%_ﬁg%ﬂm»+L7;L

H(L)}

(4.4)
L€ Vo). W] < 0} | + Ol

Since t > t*(e,n), if t*(e, n) is appropriately chosen, then

{Lt € U€/2(:u’$)} C {Lto,t S Uz—:(,uw)} - {Lt € U2€<,U/:v>} (4-5)
Furthermore, since Theorem[2.2 holds for any ¢ > 0,

lim sup I@’t{Lt € Upe(pa) } — @t{Lt € UE/Q(/,L;L-)}:| =0. (4.6)

t—o00
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Hence, for t large as before,

2t0(t — to to)?

~ 1 t2 t—
Pt{Lt = Ug(uw)} = —E[exp {—OH(LtO)—l— (Lty, Aigt) + (T

7 t

H(Lto,t)}

(4.7)
YL € U)W | < €} + 000

Now, along a similar line of arguments presented in Step 2, Step 3 and Step 4 in Section [3] we want to make
some replacements in the first two summands in the exponential above. Indeed, again, for ¢t > t*(e,n)

chosen appropriately and for ty = to(n) large enough (whose choice, as mentioned, will be made later), we
can estimate the first summand

t2
D H(Lu) < Cetoll Al < CVEty + Cetol| gl T{ 1Ay oo > ™72},

This causes an error O(ty+/€) in the exponent and an additive error O(n) (coming from the exponentially
small error in tq = to(n). We refer to (3.7) for details. Similarly, in the second summand in the exponential in

(.7), we can replace Ay, ; by Av)? by making an exactly similar error, see (3.14) for details. Summarizing,
for /eto < 1, we have

I@{Lt S Ugwx)}

1 t—ty)?
_ ?]E{exp {QtoH(Lto ® ) + (t=to)° . 0) H(Ltmt)}ﬂ{mo,t(x),
t

1
= — E [exp {QtoH(Lto & /Lz)}'Wto € dy‘|
(0)

tJ By

W] < 0} |1+ 0vEw) +0t0)

E, {exp {h—%)ZH(Lt_tO)}.H{FHO (a;)}} (1 + O(\/Eto)) + O(n),
where we denoted the event

thto(@ = {Ltfto € UE(Mx)a HAt—to - Aw:%Hoo < C\/E} (4.9)

At this point, we will work with an ¢ = £(7) dependent on 7 so that

Vety = Veto(n) <,

after choosing to = to(7), whose choice will be made precise below. Hence, for t > t*(£(n), n), the error
O(4/t) can be absorbed in the summand O(7).

Recall the measure tilting argument (3.26). Then (3:28) and the ergodic theorem for the measure P+
with invariant density wz again implies, as before,

E [exp {ztOH (Lt, ® ux)}‘wto € dy} = (—ZES? epf0/2> PEZ()%“’EE d‘i?;)

uniformly in |y| < 2¢(n) and for ty > to(n, £(n)). Here we have also used that,

(4.10)

Pm<Wt0 S dg/) = pto (33', y)dy = t(;d/2 (1 + 0(1>)7
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uniformly in |y| < 2¢(n) for the above choice of ty. Hence, for tg > to(n, £(n)) we have,
]P)t{Lt S Ue(ﬂx)}

ePfO d/wa( ) (t _ t0)2
€2 % Y.\ dy s (y)E, B ) 1 0
e B O e ) R

- # [ o0t =18, e { CS A ) 1 0] + 00

SRR ()
- wo( )21
0 7y {00 D] <000

Let us explain the last three steps: In the equality above we used the definition of F;_¢,(0) from (4.9), while
in the following estimate, we have used that |z| < k(n) < £(n). In the last estimate, we again mvoked

(4.10) and the bound (3.24).
Furthermore, by using (4.5) and (4.6), we conclude, for t > t*(c(n),n),

/B o dy ¢0(0)4o(y)E, [exp {(t_t—tO)QH(Lt_to)} 1, (0)] +0(n)

I/P\)t{Lt € Ua(:uz)} %E ;IPQ{Lt € Us(po), Wio| < 257;} +O(n)
< ZOE ;m{Lt c UL (MO)} +om).

The above estimate holds true for ¢ = (1) chosen as before. However, we can combine the above state-
ment with the tube property in Theorem which holds for any € > 0. Hence, the above estimate holds for
any fixed € which is small enough (but independent of 1), if ¢ is chosen large. We conclude,

limsup@t{Lt c UE(,ux)} < ¥=(0 )hmmfPt{Lt e, (,uo)}
t—00 1/’0( ) t=o0

Since the réles of  and 0 can be interchanged in the above display, we have proved
im P{Li € U(pa)}  .(0)
t—00 Pt{Lt € Ua‘(,UJO)} ¢0(0)
This proves the desired claim and finishes the proof of Theorem O
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