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Abstract

This paper investigates a nonlocal version of a model for phase separation on an atomic
lattice that was introduced by P. Podio-Guidugli in Ric. Mat. 55 (2006) 105-118. The model
consists of an initial-boundary value problem for a nonlinearly coupled system of two par-
tial differential equations governing the evolution of an order parameter p and the chemical
potential w. Singular contributions to the local free energy in the form of logarithmic or
double-obstacle potentials are admitted. In contrast to the local model, which was studied
by P. Podio-Guidugli and the present authors in a series of recent publications, in the non-
local case the equation governing the evolution of the order parameter contains in place of
the Laplacian a nonlocal expression that originates from nonlocal contributions to the free
energy and accounts for possible long-range interactions between the atoms. It is shown
that just as in the local case the model equations are well posed, where the technique of
proving existence is entirely different: it is based on an application of Tikhonov’s fixed point
theorem in a rather unusual separable and reflexive Banach space.

1 Introduction

This paper deals with a nonlocal variant of a model for phase segregation through atom rear-
rangement on a lattice proposed in [36]. This model (see also [14] for a detailed derivation),
which is a modification of the Fried—Gurtin approach to phase segregation processes (cf. [24],
[32]), uses an order parameter p, which in many cases represents the (normalized) density of
one of the phases and attains values in the interval [—1, 1], and the chemical potential 1 as
unknowns. It is based on a local free energy density of the form

w=$(p7vp,u)=—up+F(p)+%|Vpl2, (1.1)

where o > ( is a physical constant and £ is a double-well potential, and leads to the evolution-
ary system

200ut + pOyp — App =0 (1.2)
—ocAp+F'(p)=p. (1.3)

The above equations are assumed to hold in () := €2 x (0,T), where (2 is a three-dimensional
domain and 7' is some given final time, and they are complemented with proper boundary and
initial conditions. Typical examples for the double-well potential F' are given by

Freg(r) :==(r*=1)*, reR (1.4)
Fiog(r) =((14+r)In(1+r)+ (1 —7r)In(l — 7)) — cr?, re(-1,1), (1.5)



where ¢ > 1 in the latter case so that F,, is nonconvex. The potentials (1.4) and (1.5) are usu-
ally referred to as the classical regular and the logarithmic double-well potential, respectively.
These potentials are smooth in their domains, where the derivative of the latter becomes sin-
gular at 1. However, one can even consider nondifferentiable potentials, where an important
example is given by the so-called double-obstacle potential given by

Foops(r) :=1(r) — cr?, reR, (1.6)

where ¢ > 0 is a positive constant and I : R — [0, +00| denotes the indicator function
of [-1,1], i.e., we have I(r) = 0if |[r| < 1 and I(r) = +oco otherwise. In this case, the
order parameter is subjected to the unilateral constraint |p| < 1 and (1.3) should be read as a
differential inclusion with F” representing the subdifferential 01 of I.

The system (1.2)-(1.3) constitutes a modification of the Cahn—Hilliard system originally intro-
duced in [8] and first studied mathematically in the seminal paper [23] (for a large list of refer-
ences on the original Cahn—Hilliard system, see [34]). It is ill-posed, in general. In fact, it was
pointed out in [17] that an associated initial-boundary value problem with zero Neumann bound-
ary conditions for both p and p may have infinitely many smooth and even nonsmooth solutions.
Therefore, two small regularizing parameters ¢ > 0 and § > 0 were introduced in [14], which
led to the regularized model equations

(e42p) O+ pdp — Ap =0 (1.7)

§Op—alAp+ F(p)=p. (1.8)
The system (1.7)—(1.8), which constitutes a modification of the so-called viscous Cahn—Hilliard
system (see [22]), was analyzed in the series of papers [14, 16, 18, 20, 11] concerning well-

posedness, regularity, optimal control and numerical approximation. Later, the local free energy
density (1.1) was generalized to the form

b =0(p,Vp, ) = —pg(p) + F(p) + % Vp|? (1.9)

with a function g having suitable (see below) properties. If one puts, without loss of generality,
£ = 0 = 1, then one obtains the more general system

(1+29(p)) Orpr + g’ (p) Oep — Ap =10 (1.10)
Op — o Ap+ F'(p) = 119 (p), (1.11)

which was investigated in the papers [19, 15, 17, 12, 13].

In the present paper, we replace the local term & \V,0|2 in the local free energy density by a
nonlocal expression. A prototypical case is to consider a total free energy functional of the form

Fnlp) = [ [~()9(p(a)) + Flot@))] do + o, (112

where
Q) i= [ pla) [ Ky =1 = plo) dy o,

Employing the techniques described in, e. g., [14], we arrive with the variational derivative
Blol() = [ klly—al) (1 —2p()dy. e, (113
Q
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of the functional Q at the following nonlocal variant of the system (1.10)—(1.11):

(1+29(p)) Qe+ g (p) Op — Apr =0 (1.14)
Owp + Blp] + F'(p) = 1 g'(p), (1.15)

which is the system that we will investigate in the following. However, we do not restrict ourselves
to operators B of the exact form given in (1.13). In fact, we consider general operators B acting
on functions defined in () that enjoy suitable properties. Very simple examples that satisfy the
conditions specified below are given by time convolution operators of the form

t
Blp](z,t) = / k(t —s)p(x,s)ds (1.16)
0
and spatial convolutions of the form
Blol(e.t) = [ Ky =) ol 1) dy (1.17)

provided that the respective integral kernels k& are smooth enough. For instance, the three-
dimensional Newtonian potential will be admissible. However, we will not be able to include
nonlocal-in-time nonlinearities of hysteresis type like the classical stop, play, Prandtl-Ishlinskii or
Preisach operators (for the definitions of these hysteresis operators, see, e.g., [7]).

Free energies of the form (1.12) have been proposed in [30, 31] and rigorously justified as
macroscopic limits of microscopic phase segregation models with particle conserving dynamics
(see also [9]). In [30, 31], starting from a microscopic model, the authors derived a macroscopic
equation for phase segregation phenomena that turns out to be a nonlocal version of the well-
known Cahn—Hilliard equation. From the mathematical viewpoint, this nonlocal Cahn—Hilliard
equation is simpler than our system (1.14)—(1.15) and has received a good deal of attention
in the last decade (see, e.g., [4, 5, 21, 26, 28, 33, 35]). Most of the theoretical results are
devoted to well-posedness and some are concerned with the long-time behavior of solutions.
Well-posedness and regularity issues were analyzed for an equation with degenerate mobility
and logarithmic potential in [28] (cf. also [21, 26, 27]). This fact required to show preliminarily
that a solution stays eventually strictly away from the pure phases: the so-called separation
property. For the constant mobility case and regular potentials, some existence, uniqueness
and regularity results were obtained in [4, 5, 33]. Nonsmooth potentials are considered in [21].
The existence of a (connected) global attractor has been proven in [25] for constant mobility and
singular potentials. This has been done by exploiting the energy identity obtained in [10] as a by-
product of results related to a phase separation model in binary fluids. The question whether the
global attractor has finite (fractal) dimension was examined in [29], where the authors proved the
existence of an exponential attractor. In [1], an equation that is the conserved gradient flow of a
nonlocal total free energy functional is considered: the functional is characterized by a Helmholtz
free energy density, which can be of logarithmic type. We finally mention the paper [37], in which
a distributed optimal control problem is studied for a nonlocal convective Cahn—Hilliard equation
with degenerate mobility and singular potential in three dimensions of space.

The present paper is organized as follows. In the next section, we will list our assumptions,
state the problem in a precise form and present our results. The corresponding proofs will be
given in the last two sections. We remark at this place that the mathematical techniques em-
ployed here to prove existence differ significantly from those used in, e.g., [14] to handle the



local case. Indeed, while in [14] a retarded argument method was utilized, we apply Tikhonov’s
fixed point theorem in a rather unusual functional analytic framework, namely in the space
L0, T; H'(Q)) N L'*(Q).

Now, we list a number of tools and notations employed throughout the paper. We repeatedly
use the Young inequalities
1
ab < §a® + =V and ab < dav + (1 — 9)brv
forevery a,b >0, § > 0, and 9 € (0,1), (1.18)

as well as the Hoélder and Sobolev inequalities. In our three-dimensional framework, the latter
read

H'(Q) C LP(Q) and ||v], < Collv||mq) foreveryv € H'(Q)andp € [1,6],
(1.19)
where Cq, depends only on 2, and the embedding H'(Q) C L?() is compact if p < 6. We
also recall the continuous embedding

(L0, T L*()) N L*(0, T; H'(Q))) C (L'3(Q) N L73(0,T; L'*3(Q))),  (1.20)

which is a consequence of the Young, Sobolev and interpolation inequalities. In particular, there
holds the inequality

[0ll Lrors@ynzz0m a1 ) < Comax{|[v]| L2 (), [Vllr2 @)}
for every v € L>°(0,T; L*(Q)) N L*(0,T; H(Q)), (1.21)

where Cy depends only on €2 and 7. Finally, in order to avoid a boring notation, we follow a
general rule to denote constants. The small-case symbol c stands for different constants which
depend only on €2, on the final time 7, the shape of the nonlinearities and on the constants and
the norms of the functions involved in the assumptions of our statements. A small-case symbol
with a subscript like ¢ indicates that the constant might depend on the parameter ¢, in addition.
Hence, the meaning of ¢ and cs might change from line to line and even in the same chain of
equalities or inequalities. On the contrary, we mark precise constants that we can refer to by
using different symbols, e.g., capital letters, like in (1.19). Also, for the sake of brevity again, we
use the same symbol ¢ to denote different continuous functions on [0, +00) with the above
dependence.

2 Statement of the problem and results

In this section, we describe the problem under study and give an outline of our results. As in the
introduction, € is the body where the evolution takes place. We assume 2 C R? to be open,
bounded, connected, and smooth, and we write || for its Lebesgue measure. Moreover, I and
0, stand for the boundary of €2 and the outward normal derivative, respectively. Now, we specify
the assumptions on the structure of our system. We assume that

B :R — 2% is maximal monotone with 0 € 5(0) (2.1)

7 : R — R s Lipschitz continuous (2.2)

g: D(B) — [0,400) is C? bounded and concave, and
¢’ is bounded and Lipschitz continuous. (2.3)



In (2.3), D(3) is the effective domain of 3. For r € D(/3), we also use the symbol 3°(r)
for the element of 3(r) having minimum modulus (see, e.g., [6, p. 28]). Notice that, in the
notation used in the introduction, /' = 3 + 7. Moreover, let us point out that, in the case when
D(f) = R, our assumption (2.3) necessarily implies that g is a constant function, so that our
system (1.14)—(1.15) completely decouples; on the other hand, the significant physical case for
our model (see [36, 14, 19]) corresponds to a bounded interval for D(/3) (C [—1, 1], say) and
in this framework g may be rather general.

Next, in order to list our assumptions on the nonlocal operator B and even for a future conve-
nience, we set
Vi=H'(Q), H:=1L*Q) and W:={ve H*(Q): dv=0} (24
Q=0 x(0,t) for0<t<T and Q:=Qr. (2.5)

As for the nonlocal operator B, we assume that it maps L*(0,7; H) = L?*(Q) into itself, is
causal, and enjoys the following properties:

B:L*0,T;H) — L*(0,T; H); (2.6)
Blul|g, = B[v]|g, whenever u|g, = v|g,, foreveryt e (0,T7]; (2.7)
B(LP(@r)) € LP(Qr) and | B[v]]lLri@n < Crp(l + vllLoan)

forevery v € LP(Q),t € (0,T],andp € {2, %, 6}; (2.8)
I1Blu] — Blellzan < Collu— oz

for every u,v € L*(Q) and t € (0,T]; (2.9)
B(L*(0,T;V)) c L*(0,T;V) and, forevery v € L?(0,T; V) and t € (0,7,
| Jo, VBlv] - Vudads| < Cp(1+ [, (Jv* + |Vol?) de ds) . (2.10)

In the above formulas, C'z ,, and C'p are given structural constants, and, for any Banach space X,
the symbol || - || x denotes its norm. The same notation is then used also for powers of X . How-
ever, in the following we simply write || - ||,, for the standard norm in LP(€2), for 1 < p < 4-o0.

Examples. Itis obvious that convolution type integral operators of the form (1.17) or (1.16) sat-
isfy the conditions (2.6)—(2.10) provided the kernel k is smooth. However, hysteresis operators
like the classical stop, play, Prandtl-Ishlinskii or Preisach operators are not included. The reason
for this is that these operators carry a nonlocal memory with respect to time. For instance, the
one-dimensional stop operator S (to take the simplest of these four operators) only enjoys (cf.
[7]) the nonlocal Lipschitz property

[Slpa](t) = Slp2l(1)] < 2 max [pi(s) — pa(s)|

0<s<t

for every t € [0,7] and every p;, p» € C°([0,T]), and it is easily seen that the validity of the
Lipschitz condition (2.9) cannot be guaranteed, in general.

As a further example for which the conditions can be verified, we consider the integral operator

KmuwaAMW—ﬂmwm% @11)
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which acts on functions defined in {2, and its counterpart B acting on functions defined in (),
which is given by (1.17). We assume that k € C°(0, +00) satisfies the condition

k(r)| < Cyr™® Vr>0 withsomeC; > 0anda < 3. (2.12)

Such kernels belong to the class of weakly singular kernels. Obviously, (2.7) holds, and since 2
is a bounded domain, it is well known (see, e. g., [2, Sect. 8.10]) that, for any p € (1, 4+00) such
that o < % where i—i—% = 1, the linear operator K" maps L”(§2) continuously (even compactly)

into C°(€2) and thus into LP(€2). It is then an easy exercise, using Holder's inequality, to show
that for a < % the corresponding operator B satisfies all of the conditions (2.6), (2.8) and (2.9).

In order to satisfy also (2.10), we need additional assumptions, for instance, that k is continu-
ously differentiable on (0, +00) with

K (r)] < Cor™® ¥Yr>0 withsome Cy >0and 3 < 2. (2.13)

Indeed, under this assumption we have for any v € L?(0,T; V'), using the continuity of the
embedding V' C L%(Q) and the fact that % <3,

<[ |vop + / /|y—x\ﬂ\v<y,s>|dy
Qt t 1JQ

dy 5/3
S C 0 ‘VU|2 + C/ |:/Q m} HU(S)H%dJL’dS

< / (o + VoP).

2

Vv - VB[] dx ds

l

Finally, we observe that in the important case of the (long-range) three-dimensional Newtonian
potential k(r) = % for which we have o = 1 and 3 = 2, both (2.12) and (2.13) are fulfilled.

At this point, we can describe the problem to be investigated. We assume that

o €V and pg >0 ae.inf (2.14)
po €V, po€ D(B) ae.inQ and po|B°(po)|""? € L'(Q) (2.15)

and look for a triplet (i, p, &) satisfying

p€ HY0,T; H)N L=(0,T; V)N L*0,T; W**2(Q)) (2.16)
pw>0 aein@ (2.17)
peL®0,T:V) and 8p € L'3(Q) (2.18)
£€ L*0,T; H) (2.19)

and solving the initial-boundary value problem

(1429(p)) Ot + 119’ (p) Oop — A =0 ae.inQ (2.20)
Op+&+m(p) + Blp] = ng'(p) and € B(p) ae.in@ (2.21)
o,u=0 aeond (2.22)
1(0) = po and  p(0) = po (2.23)



where X :=T" x (0,7).

Here are our results.

Theorem 2.1. With the assumptions and notations (2.1)—(2.10) on the structure, assume (2.14)—
(2.15) on the initial data. Then, problem (2.20)—(2.23) has at least one solution satisfying (2.16)—
(2.19).

Theorem 2.2. Under the assumptions of Theorem 2.1, suppose in addition that

po € L=(2) and po (50(00))5 € LY(9Q). (2.24)
Then the solution to problem (2.20)—(2.23) is unique and also satisfies
pe L*(Q), dpe Q) and £ € L(Q). (2.25)

Remark 2.3. One can prove at least the existence of a solution to the more general problem
obtained by replacing equation (2.20) by

(1+29(p)) e+ g (p) Dup — div (1) Vi) = 0, (2.26)

where k : [0,+00) — (0,+00) is a bounded continuous function such that 1/ is also
bounded (like the uniformly parabolic case discussed in [19, 17, 13], while the degenerate case
also treated in [19] is more delicate). Moreover, one can insert a nonnegative source term u in
the right-hand side of (2.26). The requirement u > 0 is needed to ensure that ;1 > 0, as one
can see by testing the equation by the negative part of y (like in the proof of [19, Lemma 4.1]),
and a sufficient condition that allows to generalize our results is u € L°°(Q)). The introduction
of such a source term would be necessary if a distributed control problem with the control «
were to be studied. However, as the uniqueness of the solution would be needed in order to
construct the control-to-state mapping, and since a continuous dependence result would have
to be proved, one should consider the situation of [13] concerning the potential and other data
(see, in particular, [13, formulas (2.9)—(2.12)]).

3 Existence

In this section, we prove Theorem 2.1. Our argument relies on a fixed point argument applied
to a well-defined map p — p — p involving equations (2.20) and (2.21), separately. In our
construction, we will need two different extensions of the function g to the whole of R. Although
we will use the same notation in both cases, there will be no danger of confusion, since these
extensions will be used in different steps. Furthermore, it will become evident that the constants
related to these extensions, e.g., some Lipschitz constants, depend only on the corresponding
constants related to the original map g.

The functional analytic framework. In order to make it precise, we first perform a formal
estimate and construct a basic bound M. To this end, we formally multiply (2.20) by 24 and
observe that

{(1+29(p)) O+ g’ (p) Oep} 210 = 0, (1 + 29(p)) >} (3.1)

7



Hence, by integrating over Q; with t € (0,7T"), we have

/Q (1+ 2g(p(t))) [ + /Q 1V = / (1+ 29(p0)) 110/

The function g is nonnegative. However, for reasons that will become evident later on, we want
to use just the inequality g > —1/3,i.e., 1 + 2¢g > 1/3. We conclude that

max{ |/l 0.7,y 1V 1l 220,22y b < B(1+ 2 sup g) [lpoll - (3.2)

Now, we owe to the embedding inequality (1.21) and deduce that

HHHLlO/S(Q)mL?(O,T;V) < My = Cy (346 sup 9)1/2 [ 120l - (3.3)

Notice that the real number M, just defined depends only on €2, T', g and fi. At this point, we
can make the first choice we need and anticipate the next one. The used notation should help
the reader, since M and R are the spaces in which 1 and p are sought, respectively. We set

M = LY3(Q) N L*(0,T;V) (3.4)
Mo:={veM: ||[v|m <My and v > 0ae.inQ} (3.5)
R = WHB(0, T; LY3(Q)) N L0, T; V).

The next steps are devoted to the construction of the maps F; : My — Rand F, : R —
M. The fixed point argument will be performed on the map F := Fy0 F; : My — Mj. The
definition of F7 is based on the solution to the Cauchy problem for (2.21), for a given u, i.e.,

Op+E+m(p)+ Blpl =pg(p) and € B(p) aein@,  p(0)=py. (3.7
We have to prove a well-posedness result.

The first approximating problem. In the following, we always assume that 1 € M, which
implies, in particular, that ;> 0 almost everywhere in (). We introduce a proper approximating
problem depending on a positive parameter . Namely, we replace (3 in (3.7) by its Yosida
regularization 3. at level . We recall that (3. is monotone and Lipschitz continuous on R and
that | 5.(r)| < |B°(r)| for every r € D(f3) (see, e.g., [6, p. 28]). Next, we replace 1 on the
right-hand side of (3.7) by 7. (), where the truncation map 7; : R — R is defined by

T.(r) := max{—1/e,min{1/e,r}} forr € R. (3.8)

Finally, we temporarily extend ¢ to the whole of R (still terming the extension g) in such a way
that
g is a concave C? function and ¢’ is bounded and Lipschitz continuous. (3.9)

We stress that we do not require g to be globally positive so that such an extension actually
exists. At this point, we consider the problem of finding p. such that

Orpe + B:(pe) + m(pe) + Blpe] = Te(n) g'(pe) ae.in@Q and p-(0) =py. (3.10)

As it is not completely obvious that such a problem has a unique solution (due to the presence
of the nonlocal operator B), we give a proof of well-posedness. For a while, we do not stress



the dependence on ¢ (which is fixed) and often avoid the subscript . Clearly, the solutions
p. € HY(0,T; H) of (3.10) are the fixed points (which necessarily belong to H'(0,T’; H))
of the nonlocal operator S : L*(0,T; H) — L*(0,T; H) defined by

S[v](t) == po —{—/0 (Te (1) g'(v) — 7= (v) — B[v])(s) ds,

where, for brevity, we have set 7. := [3. + 7. In other words, for u,v € L*(0,T; H), u = Sv
means that

uwe H'(0,T;H), dwu="Tc(u)g (v) —7(v) — Blv] and u(0)=po.  (3.11)

We claim that some iterate S™ of S is a contraction. To this end, let v; € L?(0, T’; H) be given,
and set u; := S[v;] for i = 1, 2. We immediately have, for every ¢ € [0, T,

/\ul — ug(t |2 ]ul—uQ|2

| 7-(p) (g'(01) = g(»—mwm—%%»—umﬂ—mmﬂ?

T3 Q:
Now, we recall that 0 < T.(u) < 1/¢, that ¢’ and . are Lipschitz continuous, and that (2.9)
holds. Then, by using this and applying the Gronwall lemma, we obtain that

|S[v1] — S[vg]||%oo(07t;H) < Cllv, — vg||%2(07t;H) forevery t € [0, 7], (3.12)

where we have marked the constant by using the capital letter C' for future use. This inequality
holds for every vy, vy € L2(07 T; H) and will be applied to different functions. We now aim to
show that for arbitrary vy, vo € L?(0,T; H) and every positive integer m it holds

Cmtm—l
(m—1)!

Indeed, (3.13) with m = 1 concides with (3.12). By assuming that m > 1 and that (3.13) holds,
and applying (3.12) to S™"[v;] and (3.13) to v;, we deduce that

|S™ [v1] — Sm[vg]H%w(O’t;H) < |v1 — vg||%2(07t;H) forevery t € [0,7]. (3.13)

1™ ] = 8™ [0 050y = IS S™ (1] = S S™[v] 051

< IS o] = Sl = © [ 1657 n) = ™))y s
Cm m—1 Om+1tm

< C«/O m ||U1 112”%2(073;11) ds < o ||Ul U2||%2(0,t;H)'

Therefore, (3.13) holds for every m, whence S™ is a contraction in L%(0,T'; H) if m is large
enough. This proves that the approximating problem (3.10) has a unique solution p. € H' (0,7,
H).

Construction of the first map: existence. Next, we will derive some priori estimates and
then let ¢ tend to zero. By testing the equation in (3.10) by p., we obtain, for every ¢ € [0, T,

3 08 [ o= [1ml+ [ (T00910) =700 = Bl
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The second term on the left-hand side is nonnegative since (3. is monotone and 3. (0) = 0 due
to (2.1). As for the right-hand side, we owe to the definition of 7., the Lipschitz continuity of 7
and (2.8), and see that

/ (Te()d (pe) — m(p=) — Blpe]) p- < 0/ (14 [l + [ul?).

t t

By applying the Gronwall lemma, we deduce that

10cll oo,y < (L4 |l zeorm)) < e(1+ |[pllwm)- (3.14)

Furthermore, as po € V and (2.10) holds, one can prove that p. belongs to L?(0,T; V), so
that (3.10) can be differentiated with respect to the space variables. Let us skip this and just
derive a bound. We take the gradient of equation (3.10), multiply the resulting equality by V p.
and integrate over ();. We obtain that

1 1
5 [ Ve + [ aoiver =5 [ 190
Q Q: Q

+ [ (T 0V Tp. + T IV = 7' (0T = VElp.] - V).

t

Both integrals on the left-hand side are nonnegative, and the second term in the volume integral
on the right-hand side is nonpositive since 1+ > 0 and g” < 0 (cf. (3.9)). Moreover, 0 < 77 < 1,
¢’ and 7’ are bounded and (2.10) holds. Hence, with the help of (3.14) we deduce that

L1908 et [ (419041907,
Q t
Therefore, by applying the Gronwall lemma, we conclude that

19l ity < (L4 [ Vpllioran) < e(L+ [llaa). (315

Next, as 1 € L'%3(Q), we derive an obvious bound for the family {T.(x)} in L'%/3(Q).
Moreover, (3.14)—(3.15) and the embedding (1.20) imply that {p.} is bounded in the same
space, whence the same follows for {m(p.)} and { B[p-]} (see (2.8)). Since ¢ is bounded, we
thus have

IT=(1)g (pe) — (=) — Blpelllprorsigy < e(1+ [|ptllam)- (3.16)

We term D the right-hand side of (3.16) and set f. := T.(1)g'(p:) — 7(pe) — Blp], so that
(3.16) becomes || f- || f10/3(q) < D.

We can derive a similar estimate for {3.(p:)} using the following strategy. We set v, :=
|B-(pe)|7/3 sign B.(p.) (with sign 0 := 0) and observe that v. € L>(0,T; H) since f3. is
Lipschitz continuous, p. € L>(0,T;V) and V' C L'/3(Q) by (1.19). Then, we multiply
(8.10) by v, and integrate over (). We have

/ B(p(T)) + /Q B = [ Bulm) + /Q L1 () [/ sign B,

where we have set
EE(T) = / WE(S)!?/?’ sign B.(s)ds forr € R.
0

10



Note that /. is nonnegative, | 3.(r)| < |r||8-(r)|7/3 < |r| |3°(r)|"/? for every r € D(3) and
(2.15) holds. Then, by applying the second Young inequality (1.18) with ¢ = 3/10, we deduce

that
) 3 7
[ioore < [imlseore+ 5 [ 1800+ 5 [ 8.0
Q Q Q Q

3 7
< 2 ploss _/  (p.)]10/3

whence immediately
/ ‘6€<p€)’10/3 < ¢+ DW/3,
Q

We conclude that

18=(p)ll pross gy < e(1+ Nlullag) - (3.17)
By comparison in (3.10) and thanks to our previous estimates, we easily infer that also
10epz | proraq) < (1 + [lpllwm) - (3.18)

At this point, it is straightforward to deduce that (for a subsequence)

Pe — P weakly star in L>°(0,7; V)
Oip. — Oip  weakly in L1%3(Q)
Be(pe) — & weaklyin L3(Q).

Moreover, {p.} converges to p strongly in C°([0, T]; LP(€2)) for p < 6, due to the compact
embedding V' C LP() (see, e.g., [38, Sect. 8, Cor. 4]). In particular, p(0) = pg. We also
derive that { B[p.]} converges to B|p] strongly in L*(0,T’; H) by (2.9), while {¢'(p-)} and
{m(p-)} converge to ¢'(p) and to 7 (p), respectively, strongly in C°([0, T'|; LP(£2)) by Lipschitz
continuity.

Next, as 1 € L**/3(Q), we see that {T. (1)} converges strongly to jin LI(Q) for ¢ < 10/3,
so that {T.(u) ¢’(p-)} converges to pg’(p) strongly in L*(0,T’; H). Finally, since {3-(p-)}
converges to & weakly in LZ(Q) and {p.} converges to p strongly in L2(Q), we can apply,
e.g., [3, Lemma 2.3, p. 38] to conclude that also p € D(3) and £ € (B(p) a.e. in () (whence it
follows that p takes its values in the domain of the original map ¢ (cf. (2.3)). Therefore, (p, &) is
a solution to the Cauchy problem (3.7) with the given p. Notice that, just by semicontinuity, the
a priori estimates (3.14), (3.15), (3.17), (3.18) are conserved in the limit, i.e.,

1ollR + 1€l 1os gy < (14 |lpllm) for every € Mo, (3.19)

with obvious definition of |||z by (3.6).

Construction of the first map: uniqueness. Let (p;,&;), i = 1,2, be two solutions to the
Cauchy problem (3.7) for the same 11 € M. We write the equation for both of them and multiply
the resulting equality by p := p; — p2. Then, we integrate over ();. We obtain

3 r0r+ [ @

= [ (g =)o~ [ (wto) = wlp)o~ [ (Blp) - Bloa))o.

t
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The second integral on the left-hand side is nonnegative by monotonicity. The first one on the
right-hand side is nonpositive since 1« > 0 and ¢’ is nonincreasing by the concavity assumption
(2.3) on g. By accounting for the Lipschitz continuity of m and (2.9), and using the Gronwall
lemma, we conclude that p = 0, i.e.,, p1 = p2. By comparison in (3.7), we see that also

&1 =&
At this point, we can define the first map F; : My — R as well as the auxiliary map G; :
My — R as follows:

for p € My, Fi(p) and Gi(u) are the components p and £
of the unique solution to (3.7). (3.20)

By the definition of F; and Gy, (3.19) yields

1F G+ 19l porsi) < ¢ (L+ lllla) < e (L4 Mo) forevery pu € M. (3.21)

Construction of the second map: existence. Now, for a given p € R, we would like to
consider the initial-boundary value problem given by (2.20), (2.22) and the first initial condition
in (2.23). However, the terms g(p) and ¢'(p) might be meaningless since g is not necessarily
everywhere defined (cf. (2.3)). Hence, we suitably extend g (in a different way with respect to
the temporary (3.9), despite of the notation we are going to use) to a C'! function defined in the
whole real line R by preserving some of the properties postulated in (2.3). Namely, still writing
g for this new extension for the remainder of the present section, we require that

g and ¢’ are bounded and Lipschitz continuous (3.22)
g(r) > —1/3, ie, 1+42g(r)>1/3, foreveryr € R. (3.23)

Thus, the problem we consider is

(1+29(p)) Oupp+ pg'(p) Oip — Ap =0 ae.inQ,
Op=0 aeond, pu0)=u. (3.24)

The equation in (3.24) is linear, but its coefficients are not smooth. Therefore, we regularize
them by introducing p. as smooth as needed and satisfying

Pe — P strongly in H'(0,T'; H) and weakly starin L>(0,T; V) (3.25)
Oipe — Opp  strongly in L'93(Q). (3.26)

Without loss of generality, we can also assume that

| ol e o, mynLee 0,y < 1 A4 || pll 10,71y Le 0,751y (3.27)
[0cpell 1oy < 1+ [10epl| Lrors ) - (3.28)

The approximating problem to be considered is then

(1 + 2g(pa)) atﬂe + e g,(p€> atpe - AME =0 ae.in Q7
Oupte =0 ae.onX, p(0) = pp. (3.29)

12



It has a unique solution . € H'(0,T; H) N L*°(0,T; V)N L*(0,T; W) (for the definition of
W, see (2.4)), thanks to the regularity of the coefficients and the uniform parabolicity ensured
by (3.23). Moreover, the solution is nonnegative. Indeed, by testing the equation by —2p_,
where 1 is the negative part of ., and using the identity

(14 29(p:)) Oupc + 1 g (pe) Oup=) (=217 ) = 0 (1 + 29(p2)) = ),

we immediately obtain that
[+ 20600 P + [ 1902 =0,
Q Qt
whence (cf. (3.23)) we conclude that i = 0, i.e., 1. > 0.

At this point, we perform the estimate that formally led to (3.2) and was based on the inequality
(3.23). Since here the argument uses p. and p., the calculation is completely justified. Hence,
we obtain (cf. (3.3))

||Na||L10/3(Q)mL2(0,T;V) < M. (3.30)

Now, we estimate some norms of . in terms of suitable norms of p.. The symbol ® denotes
possibly different continuous functions, as explained at the end of Section 1. First, we test the
equation in (3.29) by 0, /.. By accounting for the boundedness of ¢’ and owing to the Hélder,
Young and Sobolev inequalities, we have

1
/(1—{—2g(p5))|8t#5|2+§/Q|Vﬂa(t)|2
1
<! / Vol + / e |Bup-| Do
Q Q¢
t

< c+c/ 112 (8)[l6 [10: 02 (5) 3 (| Orpac (5)]]2 ds

0

1 t
ey [t + e [ 10613 o)l ds
Qt 0

At this point, we recall (3.23) once more and observe that (3.28) implies

T
LAH&mwwéﬁécwmaﬁwm”§00+H&N%M@Q.
Therefore, we can apply the Gronwall lemma and conclude that (see (3.6))

| e || 112 (0,1, )AL oo 0,1y < (D(HPHR) (3.31)

Next, we estimate the first two terms of (3.29) by accounting for the Lipschitz continuity of ¢
and ¢’. We also use the Hélder and Sobolev inequalities and owe to (3.27)—(3.28) and (3.31).
We easily see that

(1 +29(p:)) atﬂa"LQ(O,T;L3/2(Q)) < cf[(1+ [pe]) at:“EHH(O,T;L?’/?(Q))
< ¢ (14 llpelle=zis@) 10l 2.y < @(llpllr)

19" (pe) pe atpeHL10/3(0,T;L15/7(Q)) < cfpe atlos||L10/3(0,T;L15/7(Q))
< ¢ |\ pell oo om0 () |epell pross o rprors(yy < @(llollr) -
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As 10/3 > 2 and 15/7 > 3/2, by comparing the terms of the equation in (3.29), we deduce a
similar bound for Ay, in L2(0, T; L*/?(Q2)), whence immediately
||M€||L2(O,T;W2»3/2(Q)) < (I)(H,OHR) (3.32)

by elliptic regularity. At this point, it is straightforward to see that we can let € tend to zero to
obtain a solution p to the problem (3.24). Moreover, all of the uniform estimates shown above
are preserved in the limit, so that we have

pe Mo and |l ommnceo.rvinezorweaeg) < @(olz)- (3.33)

Construction of the second map: uniqueness. Next, we prove that, for a given p € 'R, the
solution  to (3.24) is unique. We pick two solutions 1;, © = 1, 2, write the equation of (3.24) for
both of them, multiply the difference by . := p; — 2 and integrate over ();. Then, the identity
(3.1) holds true for i, and we have

[ 2utoton) o+ [ 9 o

Thus, by (3.23) we conclude that (11 = .
At this point, we can recall (3.33) and define > : R — M, as follows:

forp € R, Fa(p) is the unique solution ji to (3.24). (3.34)
We then define F by:
F: My— My isgivenby F := Fro0F;. (3.35)

The fixed point argument. We want to apply Tikhonov’s fixed point theorem to . To this
end, we observe that the Banach space M is both reflexive and separable and that M, is a
nonempty, bounded, closed and convex subset of M. Hence, if we endow M with its weak
topology, then M, is compact, and the topology induced on it by the weak topology of M is
associated to a metric. Therefore, in order to apply Tikhonov’s theorem, we only need to show
that F is sequentially continuous with respect to the weak topology of M. This is equivalent to
showing that, for every 11 € M, and every sequence {7i,,} of elements of M converging to 7i
weakly in M, the sequence {F(1,,) } converges to F(jz) weakly in M.

To this end, let 7i,,, i € M, be such that i, — 7 weakly in M, and set p,, := F1(fi,),
&= Gi(m,), and py, := F(i,,) = Fa(pn). Thus, we have

Oipn + & + (pn) + B[pn} = [y, g/(pn)
and &, € B(pn) ae.in@, pa(0) = po (3.36)

and we observe that the estimate (3.19) for p,, and &,, becomes
onllR + [1€nllrors(gy < e(1+ [[Tallae) <.
Therefore, we have
pn — p  weakly starin R and strongly in C°([0,T; H) (3.37)
& — & weaklyin L193(Q) (3.38)
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for some p and £ in the above spaces, at least for a subsequence (which is still indexed by
n € N). Now, we show that p = F1(fr) and £ = Gy (), i.e.,

Op+&+m(p)+ Blpl =7g(p) and {€B(p) aein@, p0)=py. (3.39)

Indeed, the above strong convergence for {p,, } implies both the Cauchy condition p(0) = py
and the strong convergence in L*(Q) of {m(p,)} and {B|p.]} to 7(p) and Blp], respec-
tively, thanks to assumptions (2.2) and (2.9). Furthermore, we also have £ € (3(p) by, e.g., [3,
Lemma 2.3, p. 38]. Finally, {¢'(p,,)} converges to ¢'(p) strongly in C°([0,T]; H), and {1z, }
converges to 7z weakly in L2(0, T'; H), whence it readily follows that {1z, ¢’(p,)} converges to
14 (p) weakly in L*(Q). Therefore, the pair (p, &) is the unique solution to (3.39), and thus
p = Fi(fx). Moreover, the limit of {p,,} is uniquely determined, from which we may conclude
that all of the above convergences, in particular (3.37) and (3.38), which were initially proved to
be valid only for suitable subsequences, hold in fact true for the entire sequences.

At this point, by setting for convenience ji,, := F2(py), we have

(1 + 2g(pn)) Oppin, + tin G’ (pn) Oy — A, =0 ace.in Q,
O, =0 ae.on, p,(0) = o (3.40)

and (3.33) for p,, becomes

pn € Mo and ||Nn||Hl(o,T;H)mLoo(o,T;V)mL?(0,T;W2a3/2(ﬂ)) < (I)(HPnHR)
As {p,} converges to p weakly star in R, {1, } is bounded in the above norm. Thus, we have
o — f1 weakly starin H'(0,T; H) N L>(0,T; V)N L*(0, T; W2>3/2(Q))  (3.41)

for some p € H'(0,T; H)NL>(0,T; V)N L?(0,T; W?3/2(Q)), at least for a subsequence
(which is still indexed by . € N). We prove that = F(p), i.e., i1 solves (3.24). Indeed, since
{pn} converges to p strongly in C°([0,T]; H), {g(p,)} and {¢'(p.)} converge in the same
space to g(p) and ¢'(p), respectively, just by Lipschitz continuity. Furthermore, {0/, } and
{0ypn} converge to O,p1 and O;p at least weakly in L?(0,T; H). Hence, we can pass to the
limit in the equation of (3.40) and deduce the first equality in (3.24). On the other hand, it is clear
that both the boundary condition and the initial condition in (3.24) follow from the convergence
of { i, } to . We conclude that ;1 = F»(p), that is, p is the unique solution to (3.24). In view
of the uniqueness, we may infer that (3.41) holds true for the entire sequence.

Finally, we recall that p = J;(fx). Hence, we have proved that 1 = F(fi). In conclusion,
Tikhonov's theorem can be applied, and F has at least one fixed point ;1 € M. If we consider
any such  and the corresponding pair (p, &) given by p := Fi(u) and & := Gy(p), then
the estimates (3.19) and (3.33) are valid, so that the triplet (1, p, &) is a solution to problem
(2.20)—(2.23) satisfying the regularity conditions (2.16)—(2.19).

4 Uniqueness and regularity

In this section, we prove Theorem 2.2. More precisely, we first derive (2.25) for every solution
and then show that the solution is unique.
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So, we fix any solution (i, p, &) to problem (2.20)—(2.23) satisfying (2.16)—(2.19). In order to
prove the regularity part of the statement, we would like to test (2.21) by £°. As no further
summability of £ besides (2.19) is known, we approximate p and £ as follows.

First auxiliary problem. We observe that B[p] € L?(()) and consider the problem of finding
(p, &) satisfying (2.18)—(2.19) and

0p + & —m(p) — ng'(p) = —Blp] and €€ [(p) ae.in@Q @1
p(0) = po. 2

Obviously, (p, ) is a solution satisfying the regularity conditions (2.18)—(2.19). We claim that
there cannot exist another such solution. To this end, let (p;,&;), i = 1,2, be two solutions
satisfying (2.18)—(2.19). We write (4.1) for both of them, multiply the difference by p; — ps, and
integrate over (); to obtain

3 L= 0P+ [ (€= &)or =)+ [ (e 0 = (o) o1~ o)

Q¢ ¢

= —/ (71'(,01) — 7r(p2))(pl - p2)'

t

The second and third integrals on the left-hand side are nonnegative since (3 is monotone, 1 is
nonnegative, and ¢’ is nonincreasing (see (2.3)). Thus, by accounting for the Lipschitz continuity
of m and applying Gronwall’s lemma, we obtain p; = po, which proves the claim.

Second auxiliary problem. Now, we choose pi. € L>(0,7; V)N L*>®(Q) with . > 0 such
that
fe — p strongly in L>(0,7;V) (4.3)

and consider the Cauchy problem

Orpe + Be(pe) +m(pe) — peg'(pe) = —Blp] ae.in@Q and p.(0) = po, (4.4)

where (3. is the Yosida regularization of 3 and where g denotes the extension of g to the whole
real line R which was introduced in Section 3 and has the properties listed in (3.9).

Since all of the nonlinearities on the left-hand side are Lipschitz continuous (uniformly with
respect to both space and time, since . is bounded) and Blp] € L*(Q), problem (4.4) has
a unique solution p. € H'(0,T; H). Moreover, since Blp] € L*(0,T;V) by (2.10), one
can easily prove that p., O;p. € LQ(O, T;V) and that the equations can be differentiated
with respect to the space variables. Thus, we can argue as we did for the proof of (3.15) (in
particular, using 1. > 0 and ¢” < 0) and derive a bound for the family {p.} in L>°(0,T; V).
At this point, it is straightforward to show that {(p., 8-(p-))} converges to some (7, £) weakly
in H'(0,T; H) x L*(0,T; H) (as ¢ tends to zero, at least for a subsequence) and that (p, £)
is a solution to problem (4.1)—(4.2). But, as shown in the previous step, (p, &) is the unique

solution to this problem. Therefore, we have proved that
(p=, B:(p=)) — (p, &) weaklyin H'(0,T; H) x L*(0,T; H) (4.5)

and that the convergence holds true for the whole family.
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Regularity. Next, we prove that £ € L5(Q) and 0;p € L5(Q)) . To this end, we consider the
solution p. to (4.4) and first show that the family {&. := 3.(p.)} is bounded in L°(Q)). We write
the equation in (4.4) in the form

atps + gs = fs = Neg,<,0€) - 7T(p6) - B[p] and fe - ﬁs(pa)- (4-6)

By (4.3) and the Sobolev inequality, {x.} is bounded in L>°(0,7’; L5(f2)) and thus also
in L5(Q). Since ¢’ is bounded, also {/.g'(p-)} is bounded in L°(Q). Moreover, {7 (p.)}
is bounded in L%(Q), since 7 is Lipschitz continuous and {p.} is known to be bounded in
L>(0,T;V). Finally, as (2.8) holds with p = 6, we derive that B[p] € L5(Q). Thus, f. €
L5(Q) and { f.} is bounded in L°(Q). We skip the simple proof that £. € L°(Q) for € > 0
and just derive the bound we are interested in. We multiply (4.6) by &> € L5/°(Q) and integrate

over (. By noting that 0;p. £° = atgg(pg), where

B(r) = /OT(BE(S))5ds forr € R,

we obtain

| At + /Q ¢ = [ Bto) + /Q 7.6 < [ Il el + /Q LI,

As [3. is nonnegative by (2.1), | 5.(r)| < |3°(r)| for every r € D(/3) (see, e.g., [6, p. 28]), and
thanks to the second condition in (2.24), we can owe to the Holder and Young inequalities in
the last term and deduce that {£.} is bounded in L°(Q). By comparison in (4.6), it turns out
that also {J;p. } is bounded in L°(Q). On account of (4.5), we deduce that £ and J;p belong
to L5(Q), i.e., the second and third assertions in (2.25) are proved.

In order to complete the proof of (2.25), we observe that
dip € L73(0,T; LY3(€0)),

thus we can account for the assumption 1y € L>(Q2) to infer that u € L>*(Q), i.e., the
validity of the first assertion in (2.25), by repeating the argument developed in the proof of [14,
Thm. 2.3], which is based on the above summability of 0;p. We should remark that the quoted
proof is performed with g(r) = r; however, only minor changes are sufficient to arrive at the
same conclusion in the present situation (see also the proof of the analogous [19, Thm. 3.7] in
an even more complicated case).

Uniqueness. We closely follow the proof of [12, Thm. 2.6] and adapt the argument developed
there to our situation, also giving the details for the reader’s convenience. Indeed, on the one
hand, some of the estimates have to be changed due to the presence of the nonlocal operator B;
on the other hand, it has to be clear that the further assumptions that were made in [12] in order
to prove a more complicated statement are not used here.

To begin with, we pick two solutions (p;, p;, &), @ = 1,2, recalling that p; € L*°(Q)) by the
above proof. We write (2.21) for both of them in the form

Opi + & = w;, (4.7)

where
w; = 1; §'(pi) — 7(pi) — Blpil- (4.8)
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We infer that

(Opp1 — Op2) + (&1 — &) = wy —wy ae. in@ (4.9)
Olpr — po| + & — &| < |wy —ws| ae. in@. (4.10)

The equality (4.9) is an obvious consequence of (4.7), while (4.10) can be proved by pointwise
multiplication of (4.9) by sign(&§; — &) in the set where &; # & (since either p; # po and

sign(p1 — pa) = sign(&y — &) or dyp1 = Jyp2) and by sign(py — py) (with sign 0 = 0) in
the set where & = &,. From (4.9) we obtain that for a.a. (x,t) € @ it holds (where we avoid
writing the x variable for brevity)

/ Bupr(s) — Bupals)| ds < / 64(s) — Ea(s)| ds + / jwn(s) — wa(s)| ds

while (4.10) yields that

() = pat \+/|§1 e |ds</rw1 A(5)] ds.

By addition, we deduce that

t
I1(8) — pa(t)] + / Oupr(s) — Aupals)| ds < 2 / i (s) — wa(s)| ds.
0

At this point, we recall (4.8) and infer that

t
p1(t) — pa(t)] + / 0un(s) = Ol ds < [ 1(5)ds, where
0
f=lp1 = pa| + [ — p2| + [Blp1] — Blpa]|- (4.11)

Here, and in the remainder of the proof, c depends also on ||1;||z(g), ¢ = 1,2. We deduce
that

)= < | [ 105 ans | [ omts)-apslasf < [ 560

Y

whence also (by integrating over ) and using Schwarz’s inequality)

[ =t <e [ 152 e[| [0 - oo

Now, we have that

<c [ |fI%
Qt

|fI? < C/ (Io1 = po* + |1 — paf?)
Qt t

by the definition of f and (2.9). Therefore, we conclude that

/ )= O <D [ (1= ool + s = o) @.12)
Q t

t 2
/ D1 () — Dupa(s)| ds
Q'Jo

gc/(mrwm%wm—uﬁy (4.13)
t
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where we have marked the constant in (4.12) for future use by using the capital letter D.

At this point, we turn our interest to the first equation of our system. We write it in the form
Opui — Apti = 119’ (pi)Oupi, (4.14)

where u; := (1 + 2g(pi))ui, for 7 = 1, 2. Then, take the difference and integrate with respect
to time. With the general notation

(1% v)(t) ::/0 v(s)ds, tel0,T],
we have

(ur —uz) = 1% Ay — pi2) = 1% (1119 (p1)Oep1 — pag' (p2)0ipo2) - (4.15)

Then, we multiply (4.15) by 111 — p and integrate over ();. The contribution arising from the
Laplacian is nonnegative. Now, we owe to the assumptions (2.3) on ¢’ and to Young’s inequality
to obtain that

|1 — pa]* = clpr — paf®.

DN | —

(ur — uz) (g1 — p2) >
Hence, we have

1

|M1 - M2|2
2Jq

0 lp1 — 02!2 + / (1 * (mg'(m)@tm - uzg'(pz)@tpz))(m — fi2)

1
\Pl—p2!2+1 i — piol®
Qt Qt

S 2
+c/ (s = sl 1o = o+ 10 = Dupu 7 )

1
|Pl pa|? 4 = 1 |#1 o

//m e dr+c [ | [0 - ol arf

5 1
|P1 =Pl |M1 2?
/ / (11 — p2)] dSJrC/ ‘/ |Oupr — 81:/)2()6”‘-
Therefore, we find that

i —po)* < e [ |p1— pof?
Qt Qt

+C/Dt</cgs\(u1—u2)|2)d8+0/t
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On the other hand, an integration of (4.13) over (0, t) yields the estimate

s 2 t
L1 oo —oealar] <c [ [ (o= pal 41 = ol
Qt 0 Qs

0

t
<c ’P1—P2|2+C/ (/ |M1—/~L2|2>d3~
Qt 0 Qs

Hence, we obtain that
t
D41 [ -l e [ o-pP e [ ([ lm-mP)ds. @)
Qt Qt 0 s

where D is the constant appearing in (4.12). At this point, we take the sum of (4.16) and (4.12)
to arrive at the estimate

t
/Im(t)—p2(t)|2+ i — po)* < c Ipl—p2|2+0/ (/ I(m—u2)l2> ds.
Q 0 Qs

Qt Q¢

Applying Gronwall’s lemma, we conclude that p; = ps and 13 = ps. Then, a comparison in
(4.7) yields & = &, and the proof is complete.
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