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ABSTRACT. We analyze a model of relay-augmented cellular wireless networks. The network users, who move
according to a general mobility model based on a Poisson point process of continuous trajectories in a bounded
domain, try to communicate with a base station located at the origin. Messages can be sent either directly or
indirectly by relaying over a second user. We show that in a scenario of an increasing number of users, the
probability that an atypically high number of users experiences bad quality of service over a certain amount of
time, decays at an exponential speed. This speed is characterized via a constrained entropy minimization problem.
Further, we provide simulation results indicating that solutions of this problem are potentially non-unique due to
symmetry breaking. Also two general sources for bad quality of service can be detected, which we refer to as
isolation and screening.

1. MODEL DEFINITION AND MAIN RESULTS

In classical cellular networks users communicate directly with a base station over a wireless channel. This net-
work paradigm has been the foundation of modern cellular telecommunication and, so far, electrical engineers
have managed to adapt this model to new technological developments. However, as the growing number of
user devices makes it increasingly difficult to provide adequate quality of service (QoS) to all users within a
certain cell, LTE-A is the first standard to allow for augmenting the classical cellular set-up by the concept of
relays [1]. That is, instead of communicating directly with a possibly distant base station, user devices can now
connect to the base station indirectly by routing via a nearby relay. Hence, using relays allows for extension of
the coverage area of the base station and for offloading traffic from direct connections.

In this paper, we investigate a probabilistic model for the effect of relaying in a single cell in the asymptotic
setting of a large number of mobile users. Note that this is different from the thermodynamic limit considered
in [11] where both, the number of users and the size of the domain, tend to infinity. For related work in various
non-asymptotic settings, we refer the reader to [9, 118l [12, [19]. We assume the existence of a single base
station located at the origin. The mobile users in the associated cell are given by a Poisson point process XA
of trajectories with intensity function \iz(-), where A > 0. We assume that the distribution of the initial points
of trajectories is absolutely continuous with respect to the Lebesgue measure. Moreover, (i is assumed to be a
finite Borel measure on the set of Lipschitz-continuous trajectories £ = L7, (I, W), with Lipschitz parameter
J1, from the time interval I = [0,7T) to a window V. Here L is equipped with the supremum norm and W
is of the form W = [—r, r]d for some integer r > 1. For instance these conditions would be satisfied for a
random-waypoint model with bounded velocities, as described in [11].

For the network model, we follow the classical approach based on the signal-to-interference ratio (SIR) [3]. To
be more precise, we let £ : [0,00) — (0, 00) denote the path-loss function, which is a Lipschitz-continuous
function, with parameter .Jo, that describes the decay of the signal strength over distance, hence it can be quite
general as long as there is no singularity. Additionally, the ability of a receiver to decode a message is reduced
by interference coming from other users. In the literature, it is often assumed that interference caused by relays
can be neglected [17,120] since it is small when compared to the interference generated by actively transmitting
users. In contrast, in this paper we consider a scenario where extensive relaying may occur and therefore we
also take the relay-induced interference into account. Hence, our approach is related to the scenario considered
in [8]. Moreover, let us mention, that in our model we do not consider any form of medium access control, which
would attempt to reduce interference by coordinating the periods of active user transmissions. In other words,
in our model, the interference is generated by all users.

To be more precise, at time ¢ € I consider a fixed location 7 € WW. Then the interference at 7 is given by

I, X2 = > (I Xie —nl)

)(—Z'GAXA
where X ; denotes the i-th trajectory in X at time . Introducing the empirical measures
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respectively as a random element in M (L), the space of finite Borel measures on £, and in M (W), space
of finite Borel measures on 1. We note that the interference 1(7, X)‘) can be conveniently expressed as

A
I(n, X7*) = AL (£(] - —nl))-
Now, at time ¢t € I we define the SIR of a transmitter at £ € W and measured, at the same time, at a receiver
neWas

o E—n))
SIRA(&?% L)Vt) o )\L)\7t(£(‘ : _77‘))

Note that the denominator consists of the superposition of signal strengths coming from all network users, even
if the transmission originates at some user x = X; € X*. This does not comply with the standard convention
of omitting the signal of interest from the interference in the denominator. However, as we work in the limit where
A tends to infinity, contributions from a finite number of users can be removed or added without influencing the
final result. For the same reason, our model does not include noise.

By Shannon’s formula [4, Section 16], minimum data transmission rate requirements are equivalent to lower
bounds on the SIR. That is, a connection between £, € W is useful only if

SIRA(E; 7, Lag) = ALii‘(gﬁ(}n—’)ﬁ\)) > p.

In particular, if p is of the form p = A~!p/, then this requirement can be re-expressed as SIR(&, 7, Ly ;) > 0/,
where SIR(&,7m, Ly ¢) = ASIRA(, 1, Lx+).

This mathematical setting can model different types of telecommunication systems. First, it can be interpreted
in the setting of machine-to-machine networks, where the number of devices is large but the amount of data
in each transmission is small [18]. Hence, a comparatively small SIR threshold can be sufficient to transmit
messages successfully. Second, our model can also be considered within a spread-spectrum setting with inter-
ference cancellation factor A\™!. Hence, the limit A tending to infinity describes a scenario approaching perfect
interference cancellation. We refer the reader to [12, 21} 22, 5] for further investigations of scenarios with sub-
stantial interference cancellation.

In the following, we conduct level-2 large-deviation analysis of certain frustration events. In particular, we will
see that the most likely option for a rare event to occur can be described by a certain finite Borel measure v €
M (W) that describes the asymptotic configuration of users under conditioning on the rare event. Therefore,
we extend the definition of SIR to arbitrary finite, positive Borel measures v € M (W) and also write

(=)
SREmY) = Jaa =)

forany &,m € W.

In order to keep the model flexible, we assume that the QoS of the direct link between £ and 7 is given by
D(ﬁ, 7, L/\,t) = g(SlR(f, 7, L)\,t))a

where ¢ : [0,00) — [0, 00) is a Lipschitz-continuous function which is strictly increasing on [0, p+) and con-
stant equal to ¢4 on [p, 00) for some p, ¢+ > 0. In particular, a quick calculation shows that D (&, ), L,\,t) =
cy if LA,t(W) < B = min{l,p;lﬁminzaéx}, where we put {iin = min&nEW €(|£ - 77|) and max =
maxg pew £(|§ — 1]). As for the SIR we define D for general v € M(W) by D(&,n,v) = g(SIR(§,n,v)).
Moreover, we set D(&,n,v) = cy if v(W) = 0. For instance, possible choices of g include g(r) =
min{r, K} or, motivated by Shannon’s capacity formula, g(r) = min{log(1+r), K} for some fixed K > 0.

If, a message is sent out from a user £ to a user 7 by routing via a relay at ¢, then the quality of the relayed
message transmission depends on both, the SIR from £ to ¢ as well as on the SIR from ( to 1. We will assume
that message transmissions are successful if the SIR of both links are above a certain threshold. In other words,
we assume that the connection quality experienced when relaying from x via z to y can be expressed as

F(ga Ca 7, L/\,t) = mln{D(€7 Cv L)x,t)v D(Ca m, L)\,t)}‘
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On the technical level of relays, this definition means that we consider full-duplex relaying. That is messages
are sent and received over the same frequency channel. Although half-duplex relays are often used today,
advances in techniques for canceling self-interference indicate that full-duplex relays will become an important
component in fifth-generation networks [23].

In Figure [f|we give a snap-shot illustration of this communication model using relays at time zero.

FIGURE 1. Realization of the network model. Points connected to the origin via blue solid
lines represent users with direct connection to the base station. Black dashed lines indicate
possible connections of users that cannot directly communicate with the base station but can
communicate with users with direct connection to the base station.

In the following we introduce several characteristics that describe the QoS in a relay setting.

1.1. Uplink and downlink quality of service. In the uplink scenario, the destination of messages sent out
from X; € XA by routing via a relay X; € X is the origin 0. Under an optimum relay decision, the QoS for
the relayed uplink communication can be expressed as

R(X’i,h o, L)\,t) - maX{D(X’i,ta o, L)\,t)v Xmea))({A F(Xi,tv Xj,t7 o, L)\,t)} (1)
J

In other words in (T), the user X; has the possibility to try to connect to the base station also directly. However,
if there is any other user X; such that relaying via X; offers a better connection, then relaying leads to a higher
QoS. A similar criterion has also been suggested in the engineering literature, see [6l 7, 120].

Similarly, if a message is sent out from the origin o to a user X; € X?, at time t, by routing via a relay
Xj € X?, then the quality of the relayed message transmission depends on both SIR(O,XN, LM) and
SIR(Xj+, Xit, L) vial'(0, X ¢, Xit, Ly ¢). Assuming an optimum relay decision, the QoS for the relayed
downlink communication can then be expressed as

R(o, Xit, L/\,t) = maX{D(o, Xit, L/\’t), Xma;(@ (o, Xt Xit L)\7t)}. (2)
3 tEXY



We can further extend the definition of R to arbitrary finite Borel measures v € M (W) and write

R(&,n,v) = max{D(&, n,v),v-esssupI'(§, ¢, n,v)}
cew

for any given £, € W. Here v- ess sup denotes the essential supremum w.r.t. v. Letmy : L — W, & — x4
denote the projection at time ¢ € I, then for the trajectory of QoS, i.e. for v € M(L) and x,y € L we define

R($, Y, D) = (R($t7 Yt, ﬂt))te[

and similarly SIR and D where 7y = v o 71;1. Note that R, SIR and D are elements of the space of bounded
measurable functions B = B(I, [0, 00)) equipped with the supremum norm and the associated Borel sigma
field. We will show in Lemmas and [3.5| that the path ¢t — R(zy,0,;) is continuous and also the map
x — R(z,0, D) is continuous.

1.2. Statement of results. The point processes of users that are frustrated due to failing to attain certain
types of QoS is the principal object of investigation of this paper. For the uplink, the rescaled random measure
associated with this point process is defined as

where 7 : B — [0, 00) is a bounded and measurable function. In particular L\ [r] € M(L). More generally,
if v € M(L) then 0"P[7] is defined as a measure in M (L) via

dv'P[7] = _

4 (x) = 7(R(z,0,D)).
Note that 7, [ 7] does not suffice to describe traffic overflow arising from a large number of users communicating
via a small number of relays. In practice, users communicating via the same relay have to share its bandwidth.
Consequently, even if a user has good QoS but no direct connection to the base station, communication at full
bandwidth cannot be guaranteed. In other words, the system can have many connected users but still suffer
from small throughput. In that sense, also the random measure of users that have bad QoS, with respect to
direct communication with the base station

—dir 1 D
Ly~ "r] = Y > 0x,7(D(X;,0,Ly))
XjEX/\

is an important quantity. Again for 7 € M (L), 7“P~9"[7] is defined via

dﬂupfdir _
@) = (Dt 0.7)).
For the downlink we define g
doe° _
U7 (2) = r(R(o,.7).
and analogously for Dd°_d”[7']. Since our main theorem will be about large deviations of all the four above

quantities, let us introduce the following short hand notation
—di —di
Ly[r] = (L[], P [ma], L[], LS° " [ra))

and, more generally,

P[T] — (D“p[Tl], PUP_dir[TQ], DdO[Tg]’ ljdo—dir[7_4]) 3)
where T = (7;)icq1,....4}-
Let IC = IC(I, W) denote the space of measurable trajectories with values in W, equipped with the supremum
norm. We are interested in random variables F'(Ly[7]) where F' : M(K)* — [~o0o,00) and 7; : B —
[0,00),7 € {1,...,4}, exhibit some appropriate monotonicity properties. More precisely, 7; is assumed to be

a decreasing in the sense that for all v,~7" € B with v, < ~; for all t € I we have 7(y) > 7(v). Moreover,
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F is assumed to be increasing in the sense that for all 7, 7' € M(K) with 7 < &’ we have F'(0) < F(7').
Here we write 7 < 7/ if 7(A) < /(A) for all measurable A C K. We alsoputv < ' if v < 0/ and v # 7',

For example, consider the measurable functions F}, : M(K)* — [—o0, 00),

(Zi)ieqa,...ay = {
for some b € R* and Tae: B —[0,00),

. T
s {1 it [ 1{n < c}dt > a,

0 if 7 (k) > b foralli € {1,...,4}
—0o0 otherwise

0 otherwise.

Note that 7, . is measurable. In particular, for Ta ¢ = (Tai’ci)ie{lw./}},
Eexp(Fb(La[Ta.c])) = P(La[Ta,c](£) > b),

where we put a < b for vectors a = (ay,...,a4), b = (by,...,by) € R*ifa; < b;foralli € {1,...,4}.
This describes the probability that more than Ab; users experience a quality of connection of at most ¢; for a
period of time of more than a; foralli € {1,...,4}.

In the following, it will be convenient to consider functions F' : M (K)* — [—00, o0) that are compatible with
suitable discretizations of K. To be more precise, we work with triadic discretizations of VW and I and therefore
introduce the sets B = {37 : m > 1}. A triadic discretization is chosen to ensure that spatially, the origin
is at the center of a sub-cube and that T/ is a union of sub-cubes of the form As(¢) = ¢ + [—dr, dr]¢ with
(€ 82rZ%. The space and time discretizations are given by

W5 =02rZnW and Iy =6T(Z+ 3)N 1.

Now consider two operations relating the discretized path space Il = ng‘s of functions mapping from I to
W5 to the continuous space K. Note that M (Ils) can be identified with [0, 00)™s. We discretize € K by
evaluating x at discrete times in I5 and spatially moving x to the centers of sub-cubes, i.e. let us denote the
discretized path o(x) € Ils by

0: K —1ls z = (0(wt))te;
where o(x;) denotes the shift of x; € W to its nearest sub-cube center in Ws. For v € M(K), the mappings
o also induces an image measure, which we will denote by

¢ =vop e M(Iy). (6)
Second, we can embed a discretized path z € Il as a step function into XC. That is,

- . T A | 1 "
v: 1y — w (Zizo [i(ST’(iH)&T)( )u%w)tek'

Again, for v € M(Ils), the mapping ¢ induces an image measure, which we will denote by

t=poi e M(K).

|

For & € B we say that a function F' : M(K)* — [—o0, 00) is d-discretized if F'((72)") = F () holds for all
v € M(K)?. For instance, the functions F(77) as defined in (@) are J-discretized for every 6 € B.

Our main result is a large deviation analysis of the quantities F'(L[7]). Since this result is a level-2 large
deviation result, the relative entropy plays an important réle. For v, ¥’ € M(L) the relative entropy is defined
by

W(o|7') = / f(@)log f(x)a(dz) — (L) + 7/(L)

if the density diz/di’ = f exists and h(D|7') = oo otherwise. Let us write u.s.c. for upper semicontinuous
and l.s.c. for lower semicontinuous.



Theorem 1.1. Let7; : B — [0,00), fori € {1,...,4}, be bounded, measurable and decreasing functions
that map trajectories v to zero if y; > c forallt € I. Further, let F' : M(K)* — [—00, 00) be an increasing
function that is d-discretized for some § € B, bounded from above, and maps the vector of zero measures to
—00. Ifthe T; 0 1 are u.s.c. as functions on [0, 00)!s and 7 +— F(") is u.s.c. as a function on M(I15)4, then

1
limsup ~ logEexp(F(Ly[7])) < — inf {h(p|p) — F(v[7])},
msup § log Eexp(F(Ia[r]) < = _inf {(s17) ~ F(5lr])}
whereas if the T; 01 are |.s.c. as functions on [0, 00)’s and 7 +— F(*) is I.s.c. as a function on M (I15)*, then

liminf g Bexp(F(La[r)) = = int | {h(o|i) ~ F(7[r)}.

Let us note that the semicontinuity properties of 7 — F'(v*) and 7; o 2 can be checked on finite-dimensional
spaces due to our discretization assumption. This is much simpler than considering F' and 7; on their infinite-
dimensional domains.

As a special case of Theorem|[1.1|we obtain the rate of decay for the frustration probabilities P(Lx [Ta,c](£) >
b) where T,  is defined as in (). Furthermore, we put [0, T) = [0,7)* and [0, c) = [0, c;)*.

Corollary 1.2. Leta € [0,T),b € R* andc € [0,c, ). Then,

.1 : o
lim +log P(Ly[Tac](£) > b) = — p;a[falf}f( L)>bh(1/\u)-

Finally, we provide a formalization of the observation that the probability of unlikely frustration events decays at
an exponential speed.

Corollary 1.3. Leta € [0,T), b € R, c € [0,cy) and assume that (1 + €)ji)[Tac](L) < b for some
e > 0. Then,

1
lim sup X log P(L)[Tac)(£) > b) < 0.

A—00

The remainder of the paper is organized as follows. First, Section [2| provides an outline of the proof of The-
orem by stating two important auxiliary results, Propositions and They are proved in Section
One important ingredient in the proof of Theorem[1.1]is a sprinkling argument that is established in Section
Section [5] concludes the proof of Theorem[1.7] whereas Corollaries [1.2] and [1.3] are established in Section [g]
Finally, Section[7] provides selected simulation results.

2. OUTLINE OF THE PROOF OF THEOREM [T 1]

The mathematical analysis of relay-based communications is substantially less technical if we discretize the
possible user locations. To be more precise, users are no longer distributed according to j: but according to i€
as defined in (6). In other words, we subdivide the path space into cylinder sets and assume that at times 5 all
users are located at the sites in Ws. By the assumptions on i we have that

ks = max i°(u
§ = Maxji (u)
tends to zero as J tends to zero.
Let us introduce the analogue of 7[7], as given in (@), in the discretized setting. For a general v € M (Il;)

and a general bounded 7 : [0, 00)% — [0, 00), DUP[7] is given as a measure in M (Ils) via

doUP[r
U 0) = (B0, er,
v
and similarly for 7“P~4I"[7], p9°[7] and 74°~4I"[7]. Finally we put,

17[7_] — (DUP[TlL Dup—dir[TQ]’ ﬂdo[Tg], ljdo—dir[7_4])

where 7 = (Tl')ie{l,...,ll}'



The following proposition establishes dominance relationships between 7-frustrated users with respect to & and
2 for small values of the discretization parameter §.

Proposition 2.1. Lete > 0, then there exists 8’ = §'(¢) € B such that forall 6 € BN (0,0"), v € M(L),
andt; : B — [0,00) bounded and decreasing for alli € {1,...,4},

[(1 = e)pe)[r oa] < (F[7])? < [(1 +€)7¢)[T 01].

Working in the discrete setting simplifies the situation substantially. Instead of Poisson point processes on L,
we can consider independent Poisson random variables attached to every element of the path grid Ils. In
particular, the relative entropy for the discretized setting is given by

h@li®) = 32 h(o(u)|e(w).

uelly
where for a > 0 and b > 0 we write h(a|b) = alog § —a +b.

Proposition 2.2. Let0 < o < 2 andT; : [0,00)’ — [0,00), fori € {1,...,4}, be bounded, measurable
and decreasing functions which map trajectories vy to zero ify; > c. forallt € 1. Further, let F' : M(H5)4 —
[—00, 00) be any increasing measurable function that is bounded from above. Furthermore, assume that F'
maps the vector of zero measures to —oo. If I and 7; are u.s.c., then

tim sup SlogEexp(F((aL§)lr]) < - _ it {h(713?) - F((07)r])}

whereas if F' and T; are I.s.c., then

liminf  log Eexp(F((aL)[r]) >~ _inf {h(v]¢) ~ F((an)lr])}.

The difficulty of the proof of Proposition lies in the discontinuity of the function v +—> V[T]. Indeed, if the
number of users on a certain site tends to zero, then in the limit other users cannot relay via this site. This might
lead to a sudden drop in the QoS and therefore to a sudden increase of frustrated users. Hence, we have to
deal with the continuity problems arising from configurations that exhibit sites with a small but positive number
of users. A standard approach to deal with such pathological events would be to use the method of exponential
approximations [10, Section 4.2.2]. However, on an exponential scale, having a small but positive number of
users on a certain site is not substantially less probable then having no users on this site. Therefore, exponential
approximation does not seem to be an appropriate tool. We will use instead the sprinkling technique from [2].
That is, by increasing the Poisson intensity slightly, we add a small number of additional users in a way that
after the sprinkling every occupied site contains a number of users that is of the same order as the Poisson
intensity. We show that the assumption of observing a sprinkling of the desired kind comes at negligible cost on
the exponential scale and that on the resulting configurations the map v +— v[7] exhibits the desired continuity
properties.

3. PRELIMINARIES
Before we come to the proof of Proposition[2.1]and Proposition we establish some preliminary results.

3.1. Monotonicity and continuity properties of QoS trajectories. In the first lemma, we show certain mono-
tonicity properties of D (&, n,v) and R(§,n, ) with respect to the measure v € M (W5) for the sites of W
that have measure zero under v. In the following, we write X2 = AL§ and V' (v) = {¢ € Ws : v({) = 0}.

Lemma 3.1. Let§ € B and £, n € W be arbitrary.

(i) Ifv,v € M(Wys) are such thatv < v/, then D(&,m,v") < D(&,n,v).

(iy Ifv,v' € M(Wy) are suchthatv < v/ and D(§,n,v") < ¢y, then D(&,m,V') < D(&,n,v).

(iii) Ifv, v € M(Ws) are such thatv < v andV (v) = V(V/'), then R(&,n, V') < R(&,n,v).

(iv) Ifv,v) € M(W;s) are such thatv < v/, V(v) = V(') and R(,m, V') < ¢y, then R(&,n,V) <
R(&,n,v).



)\/
W) IfN > X > 0ando € (0,1) are such that i&éﬁj}
é

D(E,U,Lit) < D(,n, aLf\,’t) foreveryt c Ij.

< 1+ %' then, almost surely,

Proof. First, we note that
SIR(E,n, V') v(l(]-—nl))

SIR(&m,v) — V/(e(|- =)’
so that the monotonicity properties of g imply the first two claims. Clearly, this monotonicity also extends to
expressions of the form I'(¢,n, ¢, v) with £&,1,( € Wj. Moreover, under the additional condition V' (v) =

V(1) the measures v and v/ have the same zero-sets, which gives claims (iii) and (iv).

Finally, the last of the asserted inequalities is equivalent to
Lo a0l - =nD) = L3, - =nD) _1-0
LS (] - =) T o

This time, we obtain that
LS, (0 - =nl)) = LS (0| - =nl)) X350 - =nl)) — X3, (] - —nl))

LS (e - =) N X5 (el =)
_ Lo X25(W5) = X3, (W)
= Lmin X3, (Ws) ’
as required. O

In the next lemma, we relate essential suprema w.r.t. path measures and their time projections. We will write
A€ to indicate the complement of a set A.

Lemma3.2. Letv € M(L),x € L andt € I, then

vp-esssup I'(zy, n, 0,04) = v-esssup I'(xy, yt, 0, ).
new yeL

Proof. We first show >. Let IV; be such that ;(N;) = 0 and define N = {y € L : 7 € N¢}. In particular
v(N) = 0 and it suffices to show that

sup DI'(x¢,m,0,0¢) > sup (x4, yt, 0, 11).

nE(N¢)© yeEN®
But this is trivially true. For the converse, <, let N be such that 7(N') = 0. We define Ny = (m;(IN¢))¢ and
note that 7rt_1(Nt) C N. Indeed, suppose that v € N¢, then v, € m;(N¢) and thus ¢ ¢ N; which implies
that v ¢ w;l(Nt). Since m; is continuous, by [13, Theorem 13.2.6], IV; is a universally measurable set and
there exist Borel measurable sets A, B C W suchthat A C Ny C B and (w; ' (A)) = o(x; ' (B)). This
implies, that 7¢(B) = 1:(A) < v(N) = 0. From this it follows that N; is a 7; nullset. Hence, it suffices to
show that

sup I'(z¢,n,0,0¢) < sup I'(z, yt, 0, ).
neBe¢ yeN¢©

But this is also true since by construction, for every n € B¢ C (V)¢ = m(N€) there exists a y € N such
that n = y;. O

Remark 3.3. Lemma|3.2/remains true if the uplink I" is replaced by the downlink I".

Next, we transfer regularities of paths supported by 7 € M (L) to the QoS trajectories D and R.
Lemma 3.4. Letv € M(L), then for any x € L we have that

(i) t — D(zy,yt, ) is Lipschitz continuous for all y € L and
(i) t — R(x¢,0,04),t — R(o,x, 1) are Lipschitz continuous.
8



Proof. First note that if D(E) = 0, then by the definition of g, D and R are constant and hence Lipschitz
continuous. Let (L) > 0. Next we show that t — SIR(z+, v+, ) is Lipschitz continuous. Indeed, since .,y
and / are assumed to be Lipschitz continuous, comparing the numerator in SIR gives

[(|zs — ys|) — €(ze — yel)| < o(|zs — 2| + |ys — we]) < 2J21]s — 1]
which tends to zero as s tends to t. For the denominator, using the above, we have
s (€(] - —ys|)) — (L] - =) = [P(L(|ms(-) — ys])) — 2((Ime () — ve]))| < 2T hv(L)]s — t].

Using this we can conclude

gmax 2J2J1
SIR(zs, ys, Vs) — SIR(x¢, yz, 74)| < +1
‘ ( 51 Ys S) ( ty Yt t)‘ = (gmin )D(ﬁ)gmm
where the Lipschitz constant depends on v but not on  and y. Now, since g is assumed to be Lipschitz
continuous, (i) follows from the definition of D. For R(x, 0,7) in (ii) we note that taking maxima is Lipschitz
continuous. Hence, it suffices to show that ¢ — ;- esssup, cy ['(x¢,m,0,14) is Lipschitz. Let ¢ > 0 be
arbitrary. We can use Lemma 3.2 to lift the essential suprema to the path level and estimate

|s =1

U-ess sup F(CUt, Yt, O, Dt) — v-ess supf(ms, Ys, O, Ijs) S F(xh Yt, O, Dt) - P(Q:Sa Ys, O, Ijs) + 2e (8)
yeLl yeLl
for some y = y(xy) € N where N = N(x5) is a v-nullset. Since I is given as a maximum of Lipschitz
continuous functions, with parameter independent of  and vy, in the r.h.s. of (8) we can further estimate

F(l‘t,yt,O, 7775) - F(xsaysaov ﬂs) S O[|5 - t|

for some constant ov > 0. Sending ¢ to zero and using the symmetry in s and ¢, this gives the Lipschitz
continuity. For R(o, x, ) the proof is analogous. O

Note that by the above lemma, for x,y € £ and 7 € M(L), D(x,y, ), R(z,0,7) and R(o,z,7) are
elements of 5. The following lemma establishes continuity and in particular Borel measurability for the QoS
quantities as functions of Lipschitz paths. Let us write || - || for the supremum norm.

Lemma 3.5. Lety € L andv € M(L). Then, as mappings from L to 3

(i) @ — D(x,y, ) is Lipschitz continuous and
(iy * — R(x,0,7) andx — R(o,x, V) are Lipschitz continuous.

Proof. As above, note that if D(ﬁ) = 0, then by the definition of g, D and R are constant and hence continuous.
Let 7(L) > 0. Next we show that = — SIR(x, y, ) is continuous. Indeed, for any x, 2" € L, we have

1 / J2
T sup [€(|ze — ) — (|2 —wel)| < T——
Eminy(ﬁ) tel | (‘ ! gminV([')
where the Lipschitz parameter is independent of . Now, since g is assumed to be Lipschitz continuous,
part (i) follows from the definition of D. For R(x,0,7) in part (i) it suffices to show that the function = +
(7¢-esssup, ey T'(w¢,m, 0, 7¢) )ser s Lipschitz continuous. Let & > 0 be arbitrary, ¢ € I and x, 2" € L then
we have

HSIR(:C7y7 ]7) - S|R(£Ul,y7 D)H < H‘T - xIH

vp-esssup ['(xy,m, 0, 7)) — p-esssup I'(x}, 1, 0, ) < (w4, m, 0,0) — T(x},m,0,7) + 2 (9)
new new

for some n = n(xy) € N¢where N = N(z}) is a i-nullset. Since I is given as a maximum of Lipschitz
continuous functions, with parameter independent of 7, in the r.h.s. of (9) we can further estimate

F(xt7n707 Ijt) - F(;U:f’naO? ljt) < Oé|.1‘t - I'H

for some constant o > 0. Sending ¢ to zero, using the symmetry in = and 2’ and taking suprema over t, gives
the Lipschitz continuity. For R(o, x, 7) the proof is analogous. O
9



The following results are for the discretized setting. Note, that in case of relayed communication, the QoS
of a given user is very sensitive to the distribution of the surrounding users. This is due to the fact, that the
disappearance of possible relays might lead to a sudden decrease in QoS. This is captured by the fact, that the
function 7 +— R(x,0,7) is only |.s.c.

Lemma 3.6. For all u,v € Il;, the maps v + D(u,v,v), v — R(u,0,v) and v — R(o,u,?) from
M(IIs) — [0, 00)% are continuous, I.s.c. and I.s.c. respectively.

Proof. It suffices to show that the maps v — D(§,n,v), v — R(§,0,v)and v — R(0,&,v), as maps from
M (Ws) to [0, 00), are continuous, I.s.c. and I.s.c., for all £ € W. Let 1, be a sequence in M (W) which
tends to v. First note that if v, (1Ws) = 0, then there exists m € N such that v, (Ws) < f3, foralln > m,
which implies that R(0, &, v,,) = R(0,&,vx) = R(§,0,vn) = R(&,0,vi) = D(§,0,vy,) = D(&,0,v4) =
¢y for all n > m. Second, assume that v, (1) > 0 for some 1 € Wy, then the continuity of v — SIR(&, n, v)
at v, implies the continuity of D and I" at v,. This is the first part of the statement. Moreover, since we work in
the discrete setting, the essential supremum in the definition of R(&, 0,v) and R(0, £, /) can always be written
as a maximum and, for the uplink, it suffices to prove that v — max,cw 1{v(n) > 0}I'(§,n,0,v) is |.s.c.
Furthermore, since M (W) is finite dimensional, there exists m € N such that v,,(n) > 0 for all n > m and
all n with v, () > 0. For such n we have

max H{Vn(n) > O}F(&.? 1,0, Vn) Z max ]]'{U* (77) > O}F(gv 1,0, Vn)
new new

where the r.h.s. tends to max,ecw 1{vx(n) > 0}I'(&,7, 0, v«) by continuity. But this is lower semicontinuity.
For the relayed downlink, analogue arguments apply. O

Let us call a function f : [0,00)™ — [—00,00) decreasing, if f is decreasing w.r.t. the partial order on
[0,00)™ given by z < y if and only if x; < y; forall 1 < i < m. f is called increasing if — f is decreasing.
Further we call a function g : [0,00)™ — R™ u.s.cif g is u.s.c. as a mapping in every coordinate 1 < i < m
in the image space. g is called |.s.c. if —g is u.s.c. We will need the following general auxiliary result on the

composition of semicontinuous functions.

Lemma 3.7. Let f : [0,00)"™ — [—00,00) and g : [0,00)" — [0,00)™, where g maps bounded sets to
bounded sets andn, m € N.

(i) Ifgisls.c. and f is decreasing and u.s.c., then f o g is u.s.c.
(i) Ifgisu.s.c.and f is decreasing and I.s.c., then f o g is l.s.c.
(iiiy Ifg isu.s.c. and f is increasing and u.s.c., then f o g is u.s.c.
(iv) Ifgisls.c. and f is increasing and I.s.c., then f o g is l.s.c.

Proof. We only prove the first claim, since the others can be shown using similar arguments. Assume that
v € [0,00)™ are such that limg_,oo v = v, for some v, € [0,00)". Then, we have to show that
limsupy,_, o, f(g(vk)) < f(g(vs)). After passing to a subsequence, we may replace the lim sup on the
l.h.s. by a lim. Since g maps bounded sets to bounded sets, we may pass to a further subsequence and
assume that g(1) converges to some v/ € [0,00)™. Since g is I.s.c. V] = limy_,o0 gi(Vk) > ¢i(v4)
forall 1 < ¢ < m and thus, since f is decreasing, we have f(v/) < f(g(vs)). Hence, using the upper
semicontinuity of f, we arrive at

lim f(g(vg) < f(V') < flg(ws))-

k—o0

as required. O

Remark 3.8. By part (i) of the above lemma we have, under the assumptions that 7 is u.s.c. and decreasing,
the map 7 +— 7(R(u, 0, 7)) is u.s.c., where we also use Lemma Moreover, by part (iii) of the above lemma
can be used also to show that the map 7 — F(7[7]) appearing in Proposition is u.s.c. for any increasing
and u.s.c. function F'.



3.2. Sprinkling construction. As mentioned in the paragraph after Proposition[2.2] the main difficulty in ana-
lyzing the empirical measures L[] comes from the discontinuity of the indicators 1{L (u) > 0}, u € ;.
In other words, the configurations that constitute obstructions in applying the contraction principle from large-
deviation theory [10, Theorem 4.2.1] are those exhibiting d-discretized trajectories with a small but non-zero
number of users. Now, we show that a small increase in the intensity of the Poisson point process provides us
with a sufficient amount of additional randomness allowing us to exclude such pathological configurations. In
other words, we make use of a sprinkling argument in the spirit of [2].

In order to perform the sprinkling operation with parameter g € (0, 1), we define Xg\ and X(;X as above with
N = (1 4+ &1)\, where we put &7 = 250/@5_1. In the following, we always assume that 6 € B is sufficiently
small to ensure that k5 < 1. Now, for u € II5 we put

Q={uelly: L}, (u) <eo} and V ={uelly: L§(u) =0}
denote the sets of all quasi-empty and virtual sites of 115, respectively. We write
E.,={QcV}
for the event that all quasi-empty sites are virtual. Similarly, we introduce the event
P N
EL, = {X5(I1s) = (1 - e2) X5 (I1s)},

where g9 = 4e13; 1 #115(1 + p(Ils)) and #I1s denotes the number of space-time sub-cubes in the dis-
cretization I15. Now, the following two auxiliary results, formalize the sprinkling heuristic described above.

Lemma 3.9. For all sufficiently small ey € (0, 1) there exists A\g = \o(€q) such that

P(Ez, N EL X)) = exp(—/E0N)L{L, (II5) = fo/2}
holds almost surely for all A > \g.

Proof. The proof is based on the observation that Xg‘ is obtained from Xéx by independent thinning with
survival probability 1/(1 4 1), see for example [16}, Section 5.1]. In other words, for every u € IIs there exist
N!, = X} (u) independent Ber(1/(1 + £1))-distributed random variables {Uk(u) }1<k<n: such that

N,
X3 (u) =" Ug(u).
k=1

In terms of the Bernoulli variables, E.,, is the event that U (u) = O holdsforallu € Q and 1 < k < NJ. Now,
we let £ denote the event that X (u) > (1 — 1) X3 (u) holds for all u € I \ Q. Since #Q < #I15,
this implies that X3} (ILs) is bounded below by

(1—en) X (I5\ Q) = (1 — e1)(X3' () — X3(Q)) = (1 — en) (X} (I15) — #1Lse0N).
If additionally { L$, (ILs) > f3,/2} occurs, then we may extend the above estimation as follows
X} (I) = (1 - e1)(1 - 245208, ) X3 (1) = (1 — e2) X7 (ILs).

Therefore, E! N {L$,(Il5) > ,/2} C E., and it remains to bound P(E., N E;’0|X§") from below. First
note that

P(E! X)) > P(Up(u) = 1forallu € TTs\ Qand 1 < k < NL|X}) > (14 &) 2uwens Vo,

0
By the law of large numbers, if the N/, in X3 is large, P(X3 (u) > (1 — &1) X3 (u)|X}") is close to one.
Together, this implies that there exists ¢; > 0 such thatIP)(Eé’o|X§‘/) > ¢1 holds almost surely for every A > 1.
Hence, since conditioned on Xg‘/, E., and EZ are independent, we obtain that

P(B., N E!|X}) = P(E. | X3 P(EL X)) > (612 1) Xue@ Nugy > (g2~ 1) N #llsgy

0

In particular, observing that —eg log(£127") € o(,/20) concludes the proof. O
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In the following, we extend the definition of 1 to measures on Ils and define V (7) = {u € Il : v(u) = 0}.
Furthermore, we put

El = E.,n{V(L}) = V(LS)}.
Lemma 3.10. For all sufficiently small ey € (0, 1) there exists A\og = Ao(€0) such that
A
P(EZ,|X5) = exp(—v/€0A)

holds almost surely for all A > Ag.

Proof. First, we note that H., C E,, where H,, denotes the event that N|| > £o)\’ holds for all u €
I5\ V(L$). Here N/ = X3 (u) — X (u) is independent of X2 (u) and Poisson distributed with parameter
(N — N’ (u) > eoN. In particular, similarly to the proof of Lemma there exists ¢; > 0 such that

P(H.,|X3) > ¢ holds almost surely for every A > 1. Therefore, conditioned on X3, the independence of
{V(L§) = V(LS,)} and H, gives that

P({V(LY) = V(L{)} N Heo|X3) = P(V(LS) = VI(L$)|X3)P(He, | X3).

Since, the r.h.s. is bounded below by exp(—f¢(ILs)(N — \))c1, we conclude the proof. O

3.3. Relative entropies under linear perturbation. Finally, it will be convenient to quantify the impact of
multiplication of measures by scalars on relative entropies.

Lemma 3.11. Leta > 0 and v € M(L) be arbitrary. Then,
hav|i) = ah(#|i) + alog(a)7(£) + (1 — a)(L).

Proof. The claim is trivial if 7 is not absolutely continuous with respect to fi. Otherwise, writing f = dv/dju we
have that

el = a(_ [ 1og folda) = #(£) + (0)) + alog(@)n(0) + (1 - )i(L),

as required. U

As a corollary, we obtain the following bounds on h(av|fi).
Corollary 3.12. Letv € M(L) ande € (0,1/2) be arbitrary. Then,
h((1+e)p|p) < (14 3e)h(w|n) + 3ea(L).

and
h(1 —e)p|p) = (1 = 3e)h(v|p) — 3ep(L).

Proof. By Lemma[3.11]the claims are equivalent to
(14e)p(£)log(1 +¢) < 2e(h(P|m) + 20(L)).
and
(1 e)p(L)log(1 - &) > —2¢(h(v|) + 2a(L)).
First, by Jensen’s inequality and an elementary optimization exercise,
(L) < h(@(L)|p(L)) + 20(L).

Combining this inequality with the bounds (1 +¢) log(1 +¢) < 2 and (1 —¢) log(1 — &) > —2¢ completes
the proof. 0

Remark 3.13. Lemma and Corollary remain true if £ and [ are replaced by I15 and [z, respectively.
12



4. PROOF OF PROPOSITION[2.T]AND PROPOSITION[2.2]

4.1. Proof of Proposition[2.1] First note, that for all u € ILs with 7¢(u) = 0 we have ((1+¢)v?)[rT01](u) =
0 and (7[7])¢(u) = 0 and hence the inequalities are trivially satisfied. Now, fix £ > 0 and assume u € Il
with ¢(u) > 0.

Let us introduce C'(n,v) € {D(n,o,v), R(n,0,v), D(0,n,v), R(o,n,v)} for the different forms of com-
munication where n € W and v € M(W). Denote C(z, I/) the associated trajectory.

We first prove the the upper bound. It suffices to find &' = §’(¢) € B such that for all § € B N (0, ") and all
C we have

sup (Ol < ml(Clue (14 )58 ers)

forall i € {1,...,4}. Since the 7; are decreasing, it suffices to find &' = §'(¢) € B such that for all
§€BN(0,0)and x € o~ (u)

C(a,7) > o(Clur, (14 &)7f)icry). (10
Let us first show that for all z € o~ (u) and iy € o~ (v) with u € II5 we have
SIR(z,y,7) = (SIR(ug, ve, (1 + )7} )ter,) (1)
for sufficiently small §. Using the definition of SIR this is equivalent to showing for all ¢ € I that
(o = w70 =)
Ulws — ysl)og (6] - —ve]))
forallt — %T <s<t+ %T. Note, the left hand side can be estimated as follows
Uue — v ) (€(] - —ysl) 1‘ < ‘f(lw — )T (€(] - —ys)) = L(lws — ys D7 (U(] - —ve])) ‘
(lzs — ys T (C(] - —vel)) - Ulzs — ysDzg (e(] - —vel))

< e = v]) |7 (00 - —ys])) = 77 (0(] - =) ’5(\7«% —v]) = £(|zs — Z/s|))

~ U(ws — ys) 7 (0(] - —uel)) U(|xs — ys)
Cmax 2wetly Jo-1(w) P(A2)0(12s = ys|) = (jwe —we)] g,

E D TR b 08
Jol max J.

< T suposup |2 — s — we + o] + o |ug — v — T + Yl
emin wells ze€p~1(w) Lrnin

<ajsup sup |z —w| <azd
wells zep=1(w)

where a1, aig are some constants involving also r, T" and .J;. Since g is assumed to be increasing, implies
D(:’Cay7lj) Z/L(D(utvvta(l—f_e)ljtg)ielg) (13)

forall x € o~!(u) and y € o~ (v). Now, for every C, the inequality can be derived from the inequality
(13). Indeed, for the direct up- and downlink cases are implied by setting y = v = o respectively
x = u = o. For the relayed uplink case C'(n,v) = R(n,o0,v) we have to prove only for the relaying
component in R(n, o, /) since the direct communication part we already verified. In other words, using Lemma
we show that for all t € I5 and = € o~ !(u) we have
v-esssup ['(zs, ys, 0, Us) > v%-esssup ['(ug, vy, 0, (1 + €)77)
yeL v€ells

forallt — %T <s<t+ %T. Let us assume the supremum on the right hand side is attained in v € II5 where
necessarily 72(v) > 0. Then it suffices to find &’ = §’(¢) € B such thatforall § € BN (0,4"), z € o~ (u),
Y€ g‘%v)andt—% §3<t+57T

min{D(zs, ys, 7s), D(ys, 0, Us)} > min{D(uz, v, (1 + €)f), D(vt, 0, (1 + €)i7f) },
but this can be done using (T3).



Similarly, in the case of relayed downlink communication C'(n,v) = R(o,n, V), using the same argument as
in the relayed uplink case, we need to show

min{D(o, ys, Us), D(ys, Ts, Us)} > min{D (o, v, (1 + &)?), D(ve, 1, (1 + €)i7f) }.
forallz € o~ (u),y € 071 (v),t — &L < s < ¢+ L and sufficiently small § € B. But this is also true using
(13).

For the lower bound, it suffices to find &’ = ¢’(¢) € B such thatforall 6 € BN (0,8, z € o~ (u) and all C
we have

C(z,v) < uCug, (1 — &) )iery)- (14)
Again, we first show that for all 2 € p~!(u) and y € o~ (v) with u € I we have
SIR(z,y, 7) < o(SIR(ut, vt, (1 — €)0)ter,)
for sufficiently small &, which is equivalent to showing for all ¢ € I that
1 Ulue = ve)zs(E(] - —ysl))
U(lzs = ys D77 (U] - =) —
forallt — %T <s<t+ %T. But this is true using again the estimate (12). This implies

D(:’Uay’lj) S/L(D(utvvtu(l_s)ﬂtg)ielg) (15)
forallz € o~ (u)andy € o~ (v).
For the direct up- and downlink cases are implied by setting y = v = o respectively x = u = o. For

the relayed uplink case C(n,v) = R(n, 0, /) we have to prove only for the relaying component. In other
words, we show that for all x € o~ (u) and t € I

v-esssup I'(zs, ys, 0, Us) < v%-esssup I'(ug, vy, 0, (1 — )77
yeL vells

forall t — %T <s<t+ %T. Note that for all z € o~ !(u) and t € I5

v-esssup I'(xs, ys, 0, Us) = U9-esssup (17- esssup I'(zs, ys, 0, Ds))
yeL vells y€o~ 1 (v)

and assume that this supremum is attained in v € II5 where necessarily 7¢(v) > 0. Then it suffices to find
§' = &'(¢) € Bsuchthatforall d € BN (0,8),z € o' (u),y € o~ (v)andt € I

min{D(xs, Ys, ¥s), D(Ys, 0, 75)} < min{D(uy, vy, (1 — €)77), D(vr, 0, (1 — £)77) }
forall ¢ — %T <s<t+ %T. But this can be done using (15).

Similar, in the case of relayed downlink communication C'(n, v) = R(o,n,v), using the same argument as in
the relayed uplink case, we need to show

min{D(o,ys, Us), D(ys, s, Us)} < min{D(o,vt, (1 —&)if), D(vg, us, (1 — €)vf) }

forallz € o~ (u),y € 0 (v),t € I, t — °L < s < t + °L and sufficiently small &. But this is also true
using (T5). This finishes the proof.



4.2. Proof of Proposition [2.2} The idea for the proof of Proposition is to apply Varadhan's lemma [10]
Lemmas 4.3.4, 4.3.6] to a suitable functional on L/Q\. More precisely, [10, Exercise 4.2.7] implies that the inde-
pendent random variables {L$ (u) } e, satisfy a large deviation principle with good rate function

{au}u€H5 = Z h(au‘ﬂg(u))

u€ells

Upper bound. In Remark[3.8]we have seen that for every u € IL; the map
U (Tl(R(u,o, an)), mo(D(u,0,ap)), 13(R(0,u,av)), 74(D (0, u, aD)))

is u.s.c. Hence, also the map 7 — (a)[r] is u.s.c. Finally, another application of Lemmashows that
F((av)[r]) is u.s.c. as a function of 7, so that the upper bound in Proposition[2.2]is an immediate consequence
of Varadhan’s lemma [10, Lemma 4.3.6].

In contrast, the lower bound requires a substantial amount of additional work.

Lower bound. Since the map o — [T] is not |.s.c. the proof of the lower bound in Propositionis substan-
tially more involved than the proof of the upper bound. Therefore, we first introduce a |.s.c. approximation of the
mapping o — [T]. As we will see, the cost of this approximation is negligible on the exponential scale. To be
more precise, for the uplink, we introduce the approximating measure

PPIr,e](A) = Y (W) r({Re(us, 0, ) hier;), A C T,
ucA

where
R.(ut,0,7) = max {D(ut, 0, ﬂt),lr)ré%xfg(ut, V¢, 0, ﬁt)},
9

is defined using Tz (uy, vy, 0, ) = min{1, e =15y (v;) }T' (ut, vy, 0, 7). In particular,
Le(ug, v, 0,0) < L{og(ve) > 03 (ug, vy, 0, ),
where equality holds if and only if 7;(v;) € {0} U [, 00). Similarly, for the downlink we introduce the approxi-

mating empirical measures 79°[7, ] and 79°~4[7] and put

[T, e] = (0"P[r1, €], 0P ), 0% (73, €], 29074 [14]).
The following result formalizes the approximation property under the event £, N E;O from Section

Lemmad.1. Let0 < a_ < a < 2andT; : [0,00)6 — [0,00),i € {1,...,4} be decreasing measurable
functions such that T;(~y) = 0 foreveryi € {1,...,4} ify, > c4 foreveryt € Is. Then, for every sufficiently
small ey > 0 there exists A\og = Ao(e0) with the following properties. If X > )Xo, then, almost surely, for every
u € Ils andt € I,

1{E., N E. } R(uy, o0, aLf\,t) < Ry (ug, 0, a_Lf’\,’t),
and

:H'{EEO ﬂ Eéo}R(Ov Ut, aLf\,t) S REQOL_ (0) ut) a—L?\/’t)
where N = (1 + 2ok ') \. In particular,
1{E., N Eéo}(a_Lf\,)[T,eooa_] < aLf[T].
Proof. First, as the event Ego occurs, we may apply part (v) of Lemma(3.1|and deduce that D (uy, vy, aLﬁ ) <
D(uy, v, L3, ) holds for all u, v € II5 and ¢ € I5. Now, it suffices to show that under the event E.; N E.
T(ug, ve, wy, Ly ;) < min{l,eglLf\,,t(vt)}F(ut, g, we, - L3, )

holds for all u, v, w € s and t € I with LY ,(v;) > 0. We claim that L$, ,(v;) > €0 under the event E,.
Indeed, otherwise £ > LS, , (vt) = > er1y. upmu Lav(uw) andthus 0 =37 o, LS (u) = LS, (ve).
Now we conclude by applying the inequality for D. O

Next, we show that Lemma[4.7]implies closeness in the exponential scale.
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Lemma 4.2. Let) < a_ < a < 2. LetT; : [0,00)/5 — [0,00),7 € {1,...,4} and F' : M(Il5)*
[—00, 00) be measurable functions such that the T; are decreasing and F' is increasing. Furthermore, assume
that 7;(v) = O foreveryi € {1,...,4} ify, > ¢y foreveryt € I5 and that F maps the vector of zero
measures to —oo. Then, for every sufficiently small g € (0, 1) there exists \g = Ao(e0) such that for all
A> o

Eexp (F(aLf[7])) > exp(—+v/EoA)Eexp (F((a—LS,)[T,e0a_])).
Proof. First, Lemma[4.1]implies that
E(exp (F(aLﬁ[T]))) > E(]l{EEO NE. }exp F((a_L§,)[T, an_])).

Note that if LS, (Il5) < fo/2, then (a—L$,)[T,e0a—] = 0. Hence, using the assumption that ' maps the
vector of zero measures to —oo, we may apply Lemma|[3.9]to deduce that

Eexp (F(aLé[r])) > E(IP’(EEO N E. X)) exp (F((a,Lﬁ,)[T,eoa,])))

> exp(—yENE(L{L(T5) > fo/2} exp (F((a-L$,)[7,c00])))
= exp(—y/ENEexp (F((a-L8) [T, coa-)).

as required. U

Now, we can proceed with the proof of the lower bound of Proposition[2.2] As a first step, we note that the map
v — v[T,€0] is continuous. Hence for 0 < a— < «, combining Lemmawith Varadhan’s lemma shows
that

hggf;loglaexp (F((aL$)[r])) > —\/5>0+li>\nl>i£f%logEexp (F((a=LS)[r,e00-]))
> —v/eo — (1 + 20k )7 1n(fH5){h(z7|ﬁ9) — F((a—p)[T,e000_])}.

Moreover, since 11 is decreasing, we have

T ({R(us, 0, ) yrers) < T1({Rega_ (s, 0, - 7p) brers)
for all w € II5 and 7 € M(Ils). Similarly for the other communication cases. Hence,

(a_D)[T,e00-] > (a_D)[T]
and sending ¢ to zero yields
lim inf §log Eexp (F(LS[7])) > — Deﬂig(fné){h(ﬁ\ﬁ") — F((e—p)[T])}.

Therefore, it remains to verify that

v|n?) — imsu in h(a='o|a?) — F(v[r])}.
nfné){h(ylu) F(v[r ])}>1a Tapl/EM(fl_Ls){ (aZ'v|p?) — F(v[r])}

In order to prove this claim, let 7 € M(Ils) be arbitrary. If © is not absolutely continuous with respect
to 12, then the left-hand side is infinite and there is nothing to show. Otherwise, Lemma shows that
limy 1o h(aZ'D|E2) = h(ap|fi?), as required.

5. PROOF OF THEOREM[T_1]

After having established Propositions [2.1]and [2.2] the proof of Theorem[1.1]is reduced to the following result
on the behavior of the rate functions in Proposition[2.2]as ¢ tends to zero.

Lemma5.1. Let F : M(K)* — [—00,00) and7; : B — [0,00),4 € {1,...,4} be measurable functions
that are respectively increasing and decreasing. Furthermore, assume that F' is dy-discretized for some §y € B
and bounded from above. Then,
lim lim su inf h(v|p?) — F(((1 —e)p)* < inf {h(vlp)— F(p[r))},
limlmsup_inf  {R(ZlA?) — F(( T} <, dnf {h(lp) — F(@lr])}
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and

limliminf inf  {A(7|a8) — F(((1 + > inf {h(7|p) — F(o[r])),
llgit,_t, (4618) P01 2 i, (610) - F0)

where in the limits it is assumed that§ € B.
Before we provide a proof of Lemma5.1] let us show how it can be used to complete the proof of Theorem

Proof of Theorem[1.1l We only provide a proof for the lower bound, the proof for the upper bound is analogous.
Lete € (0, 1) be arbitrary. Then, Propositions [2.1|and [2.2{ show that for all sufficiently small 6 € B

limint 4 log Eexp (P(Lfr) = liminf 4 log Eexp (F(((Zf7))%))
> li)rn inf + log Eexp (F((((1 —¢&)L§)[T 01])"))

> — f h(v|p 1—¢)v !
2 ot {h(@|a®) = F((1 = e)p)[T 04])")}
=— f h(v|®) — F(((1 —e)p)* .
it Rl — (1= 2)7) fr])}
Hence, applying Lemma/[5.1]yields that
hmmf +log Eexp F(Ly[7]) > —Velj\r}lfﬁ){h F(v[r])},
as required. O

Now, we prove Lemma[5.1]

Proof of Lemmal[5.d] First, we consider the upper bound. Let £y € (0, 1) and 7y € M (L) be arbitrary. Then,
we need to show that

lir?j(l)lp D@ir}(fné) {h(@|p®) — F((1 —e)p)'[7])} < eo + h(wo|i) — F(wo[r]),

holds provided that ¢ € (0, 1) is sufficiently small. Since F' is bounded from above, we may focus on the case
where 1 is absolutely continuous with respect to [i.

First, Proposition [2.1]shows that if 4 is sufficiently small, then (%[7])¢ < ((1 + €)#§) [ o 2]. In particular,

F(mlr]) = F(((n[r])?)") < F(((1 +&)55)"[7]).
Hence, putting 1 + &’ = (14 ¢)(1 — &)™}, it suffices to show that

limsup h((1 +€")i75| %) < eo + h(i|i)
0—0

holds for all sufficiently small e. First, note that Jensen’s inequality yields h(i|f) > h(73|i9). Hence, by
Corollary[3.12]

h((1+&")pg|a?) — h(v§|n?) < 3"h(08] ) + 3¢’ 1®(Ils) < 3&'h(bo|iz) + 3’ (L).
Since this upper bound tends to zero as ¢ tends to zero, we conclude the proof.

Next, we consider the lower bound. Let £y € (0, 1) be arbitrary Then, we have to show that

lim inf Veiﬂlf {h(7|®) — F((L+&)p)"[7])} > —eo + einf(ﬁ) {n(@|p) — F(p[r])}.

holds provided that £ € (0, 1) is sufficiently small. First, for any ¢ € (0, 1) we choose a suitable sequence
{6k}k>1 in B such that limy,_,~, 95, = 0 and such that the lim infs_, above is replaced by lims, _,o. More-

over, for e € (0,1) and k > 1 choose 7 . € M(I5, ) such that
h(Ore|p®,) = F((1 +&)ore)'[7]) < e0/2+ eiﬂlf {h(@|a%%) = F(((1 +)p)'[7])}.
Hence, it remains to show that
lim inf lim inf h(Dg o |29 ) — F(((1 4 &)k ¢)'[7] inf {h(7| F(o[r))},
e=0 k—oo ’ ’

Z/GM (L)
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In particular, we may assume that vy, . is absolutely continuous with respect to %% . Then, we define D,/C c €

M(L) by

Ao =(+2e) 3 2 iy,

S H )
so that h(v;, |[1) = h((7}, )% |19+ ). Moreover, Propositionimplies that
(T elr])? = (1 =) A+ 2)mp )T 0] = (1 + €))7 0 1]
for all sufficiently small 5, € B where 1 —&” = (1 + ¢)(1 + 2) ™. Hence, by Corollary[3.12]
T(,2) 8 |10 ) = Mg |15 ) < Geh(Dge|p) + 62p1(L). (16)
The boundedness of F' implies that if

lim inf lim inf h(7g o |7%% ) =
im inf lim in (D |19 ) = o0,

then there is nothing to show. Otherwise, gives

lim inf lim inf h((7, )25 |99) — h(7y, | %) < 0,
e—=0 k—oo ’ ’

as required. O

6. PROOF OF COROLLARIES[T.2]1AND[1.3]

First, defining the maps F}, : M(K)* — [—00,00) and Tac : B — [0,00)* as in @ and (), we see
that the maps 7 + Fy, () and Tac © 7 are Ls.c. on M(I5)* and ([0, 00)%)4, respectively. Hence, by
Theorem only the upper bound requires a proof. In the following, we restrict to the case b > 0. This
is no substantial loss of generality, as negative coordinates of b translate into putting no constraints on the
corresponding component of L [Ta c).

We first derive the upper bound in Corollary in the discretized model. As before, we fix 6 € B such that
ks < 1.

Proposition 6.1. Let0 < « < 2,a€ [0,T),b>0andc € [0,cy). Then,

li LlogP((L? II5) >b) < — inf h(|2).
imsup 5 log ((aL3)[Tac 0 f(Ils) > b) < seinf (7|19
(ap)[Ta,c0t](Il5)>b

The lack of upper semicontinuity in the maps v — F, (2") and Ta,cOt prevents us from applying Proposition
directly. However, if we define 725° : [0,00)% — [0, 00) by

R {1 if fOT 1{e(y)¢ < c}dt > a, (17)

0 otherwise,

then 7,5 is u.s.c. Fora € [0, T) and ¢ € [0, cy) we put 7,5 = (7,5, )icq1,... 4}

a,Cq

If we knew that b > 0, then L3 [74%](Ils) > b would be a useful u.s.c. approximation of the considered
event. However, to deal with the general case where certain entries of b may be zero, it will be convenient to
introduce further quantities describing the worst QoS that is experienced by any user in the system for a period
of time of length larger than a;. To be more precise, for £ € Ws and v € M(Ws) we put

®(¢,v) = (R(S,0,v),D(&, 0,v), R(0,§,v), D(0,§,v))

and note that for fixed £ € W5, v — ®(&,v) is I.s.c, see Lemma Here the discontinuities come from the
effect that sites can become unavailable as possible relay locations if the limiting number of users at certain
sites is zero. Further, for ¢ € [0, ¢ ), u € IIs and v € M (Il;), we define

B(e,ur) = (Y, , THm(®(w,m) < e}

18
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as the total amount of time that a user u experiences bad QoS of at most ¢;. Finally, we define
®(c,v) = max ®(c,u,v),
u€lly
(u)>0
as the maximum amount of time that a user from v experiences bad QoS of at most ¢;. For instance, the event

{PHP[ra](Ils) > 0} can now be rewritten as {m1(®(c, 7)) > a1} and analogous relationships are true for
the other three components.

Unfortunately, ®(c, ) does not satisfy any semicontinuity properties. For example discontinuities can come
from the effect that users along trajectories with bad QoS become irrelevant if the number of these users tends
to zero. Let us therefore introduce the approximations

®.(c,v) = gé%); {®(c,u,7) min{1, s_lﬂ(u)}}.

In particular, ®(c, ) > ®.(c, ).
In the following, fore > 0,a € [0, T),b > 0,c € [0,c4),7 € {1,...,4} we define
AS Is) : my(®-(c,v)) > a;} ifb; =0
{v e M(1ls) : m(p[, ”SC]) > b} ifb; > 0.
Moreover, we put
4
C(a,b,c,e) = ﬂ Ci(a,b,c,e).
i=1
Note that C(a, b, c s) is a closed set, since the maps v +— [1,5%] and 7 — ®.(c, V) are u.s.c. Note that
by Lemma-parts i) and (iv), for every ¢ > 0 and ar- > « > 0 we have an inclusion

{aL8 € C(a, (1 +e)b,¢,8)} C {(as L) [ ¢ 0 1)(TT5) > b}.
Now we show that under the event £ introduced in Section for ay > o > 0 the inclusion
{aLf € C(a, Vaja=tb,c,aye0)} C {(ayL})[Tac 0 7)(Ils5) > b}
is not far from being an equality.

Lemma 6.2. Letay > a > 0,a € [0,T), b > 0andc € [0,cy) be arbitrary. Then, for every sufficiently
smallegy € (0, 1) there exists \g = Ao(eo) with the following properties. If X > o, then

, N{(aLf)[Tac 02](Ils) > b} C {ay LS, € C(a,\/aya~lb,c,aqe0)}
where \' = (1 + 2505 1)
Proof. First, recall that the event E;‘O guarantees that by passing from A to \’ users can only be added along
occupied trajectories. Hence, under the event E;“O parts (i) and (iii) of Lemmagive that
D(u,v,ayL%)) < D(u,v,aLf) and  R(u,v,a;Lf,) < R(u,v,aLf)
for all u,v € Ils provided that ¢ is sufficiently small. Therefore, under the event E7 , i ((aLf)[Tac ©
1](Ils)) > b; implies that

(o0 L) [r)(115)) > 500, > Jara Ty

In particular, ay LS, € Cj(a, \/aya~tb, ¢, aqep) if b > 0.
For the case b; = 0, let u. € IIs with L$ (u) > 0 be arbitrary. Since the event E occurs, we have L, (u) >
€0 and therefore
min{1, (ayeo) ta LY (u)} = 1.
Moreover, by parts (i) and (iii) of Lemma|3.1} we have that ®(c, ay LS,) > ®(c, aLf). Therefore,

Ti(Payeo(C, 0 LS))) = mi(®(c, ar L)) > mi(®(c, aLf)) > aj,
ie, arLf, € Ci(a,\/ara='b,c,aqe). O



Now, we can conclude the proof of Proposition

Proof of Proposition[6.1] First, by Lemmas[3.10]and[6.2]
P((aLf)[Ta,c)(II5) > b) < exp(v/eoN)P(EZ N{at LS, € C(a, Vara~'b,c,aren)}
< exp(y/E0\)P (a+LQ, € C(a,v/ara~lb,c,aiep))

In particular, combining the large deviation principle for LQ with the observation preceding Lemmayields

limsup  log P((aL9)[rael(IT5) > b) < v/E — (1 + 26085 1) inf h(rla)
A—00 veEM(Ils)
(a4v)eC(a,\/ata~1b,c,ate0)
< — (14 2e0ky f .
SVE-(42amh) b )

(aia’lﬂ)[ﬂa,coz](l—[g)>b
Hence, after sending € to zero,
limsup + log P(L4[Tac 02](Ils) > b) < — inf h(o|a2).
msup § log B(L§ 7a.c 0] ([l5) > b) e h(ElR)
(aia_lﬂ)[fa’coz](H5)>b

Furthermore, by Corollary3.12]

— inf h(o? 1-3 inf h(7|a?) + 3¢’ pe(115),
seint (0®a*p|n?) < —(1 - 3¢) seint (7|1?) + 3¢’ 1® (1)
(av)[Ta,cot|(Il5)>b (ap)[Ta,cot(Ils)>b

2

where ¢’ > 0 is chosen suchthat 1 — &’ = « ajrz. Sending . to a completes the proof. U

Next, we can conclude the proof of Corollary [T.2]

Proof of Corollary[T.3 Lete € (0, 1) be arbitrary. First, recall that Proposition [2.1]yields
P(La[Tac](£) > b) < P(((1+€)L5)[Tac o 2](Il5) > b)
for all sufficiently small § € B. Hence, Propositionimplies that

limsup 3 log P(Lx[Tac)(£) > b) < — inf h(7|a?).
A—00 veM(Is)
((1+2)7)[ra,cor(T15)>b

Now, Lemma/5.1] gives that

lim lim inf inf h(v|a?) > inf  h(v|p),
e—=0 0—0 veM(Ils) veM(L)
((1+€)7)[Ta,cor](Ils)>b U[Tac](L£)>b
as required. O

Finally, we prove Corollary [1.3]

Proof of Corollary[1.3 First, by Lemma[3.1]parts (i) and (iv) and Proposition

mi(((1+ §)a0)[ra](5)) < mi(((1 4 Fe)ia®)[Tac 0 2] (I5)) < b;
holds for all sufficiently small § € B. Moreover, again by Proposition[2.1] it suffices to show that
limsup 5 log P(((1 + §)L$)[ra%](I15) > b) <0 (18)

A—00

holds for all sufficiently small § € B. Next, Proposition [6.1]reduces (T8) to the verification of
inf v > 0.
ve M(Ils) ( |M )
((1+5)7)[r45c] (TT5)>b
In order to derive a contradiction, we assume that there exist 7, € M (I15) such that ((1+5) k) [Ta% ] (IL5) >
b and limy_,o h(7k|22) = 0. In particular, after passing to a subsequence, the lower semicontinuity of

h(-|[22) implies that the measures 7, converge weakly to ji2. Hence, the upper semicontinuity of the function
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v D[T%] implies that ((1 + §)/a°)[Ta%](Il5) > b. If b; > 0, then this together with parts (i) and (iii)
of Lemma [3.1|implies that m(((l + )ug)[ ao)(Ils)) > b;. But this is a contradiction to our assumption

mi((L+5 ug)[ ael(ls)) < bi. On the other hand, if b; = 0, then we apply the above argument with the
u.s.c. function 7 <I>,{5( c, (14 5)). More precisely, since ®,;(c, -) takes values in a discrete set, and since
D, (c, (1+ £)7k) > a;, we conclude that also @y, (c, (1 + £)[°) > a;. In particular,

mi(®(c, (14 5)p°)) = mi(®(c, (14 5)i°)) = mi(Pr,(c, (1 + 3)A°)) > ai,

where we used parts (i) and (i) of Lemma [3:7]in the first inequality. Hence we obtain a contradiction to the
assumption 7;(®((1 + 5)a9)) < a;. O

7. SIMULATION RESULTS

In this section we provide some simulation results complementing the large-deviation analysis developed above.
We restrict ourselves to a setting without mobility, where the state space of the point processes is W rather
then L. Already in this static situation a number of surprising effects, for example symmetry breaking, can
be observed. Recall that in Theorem four different types of communication are considered, direct uplink
communication, direct downlink communication, relayed uplink communication and relayed downlink communi-
cation. In this section, we consider the specific frustration event

Eycb = {Lx[0,](W) > b},

also considered in the Corollaries [1.2] and where the proportion of users with a bad QoS is unexpectedly
high. As we will see in the numerical analysis, for the different types of communication, different effects can lead
to a configuration being an element of E, ¢ 1,. Since we only consider a static scenario, we write T = T ¢ in
the following.

Asymptotically, these configurations are characterized by the minimizers of the rate function presented in Corol-
lary For a network operator it is interesting to identify the reasons or bottlenecks behind bad connection
quality, so that specific action may be taken to reduce these effects. For a large number of users, i.e., for large
parameter A, the minimizers can be used to obtain qualitative information about the behavior of the system in
such cases. More specifically, the set of minimizers represents the typical user distributions in the frustration
event.

Most prominently we can observe a certain breaking of rotational symmetry in all cases except for the direct
uplink communication where the interference is only measured at the base station at the origin. This symmetry
breaking is to be understood in the following sense. As is true in general, the set of minimizers of the rate
function must exhibit the same symmetries as the underlying system. In particular, if the a priori density u is
rotationally invariant, this must be true for the set of minimizers representing the typical user distribution in the
frustration event. Symmetry breaking here means the existence of at least one element in the set of minimizers
which is rotationally non-symmetric.

7.1. Direct uplink communication. We assume that the a priori measure is given by the restriction of the
Lebesgue measure Hs on the disk of radius r centered at the origin. That is,

() = Ha(- 0 B (0)).

First, let us denote the minimum direct-communication QoS ¢ of users distributed according to a Poisson point
process with intensity measure Ay in the high-density limit when A tends to infinity. This minimum quality of
service is attained at the boundary of the disk and can be computed as

f(r)
fB (0) |l‘|
Now, we consider the frustration event

up—dir up—dir
E)\?c,b = {L)\p [TC](BT(O)) > b}7
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which describes the existence of at least A b users in B,.(0) that experience a connection quality that is less
than c. Here the empirical measure of frustrated users for the case of direct communication is given by

—dir 1
L [r) = 3 USIR(X)0,L) < c}dx,.
X; ex*

According to Corollarythe probability for the event E;p bd'r is exponentially decaying at a rate /\J“p*di'(c, b)
where

JuPdire b) = inf h(v|w).
v:pup—dir[r 1(By(0))>b
Here we used the definition 1“P~dir[r,] fB ]1{SIR z,0,v) < cjr(dx). Now we show that all

minimizers preserve the rotational symmetry in the dlrect upllnk scenario.

Proposition 7.1. Let i be a rotation-invariant intensity measure on B,.(0) that has a strictly positive density
with respect to the Lebesgue measure on B,.(0). In the direct-communication case, all minimizers in J'P~dir
are rotationally invariant.

Proof. Let f(r) denote the radial density of x with respect to the restriction of Ha on B,.(0). Further, let
v € M(B,(0)) be absolutely continuous with respect to 11, where the density will be denoted by g. Then, we
define a new measure v/ € M(B,(0)) whose density ¢’ w.r.t. 1t is given by

§ (@) = gja]) = — o(y)Ha (dy)
27|z Jop,, (o)

where H 1 denotes the one-dimensional Hausdorff measure. Note that

VP ](Br(0) = ()P [r](Br (0)).- (19)
We claim that if  is not rotation invariant, i.e., Ho({g # ¢'}) > 0, then
| a@f(alosgerie> [ ()l og (@) 20
r(0) By(0)

But this, together with (T9), would imply that v can not be a minimizer of JUP~9I"_ In order to show (20), let
R={0<s<r: thereexistsz € OBs(0) with g(z) # ¢'(x)}
be the set of radii such that g is not constant on 9B, (0). Note that also

Ho({z € Br(0) : [x| € R}) = Ha({g #g'}) > 0.

Then, by the coarea formula, which allows the disintegration into radii and angles (see [14]), it suffices to show

that
1
5= g(z)log g(z)H1(dz) > ¢'(s)log¢'(s),
s 0Bs(0)

forall s € R, where H denotes the 1-dimensional Hausdorff measure. This is equivalent to

1 /
2 (s)ms /6B o g(w)log g(z)H1(dx) > log g'(s),

for all s € R. Now, using the convexity of the function — log an application of Jensen'’s inequality shows that

1
_29’(8)71'5/335() g(x)log e )H1(d$)>10g9( s),

where equality occurs if and only if g(x) is almost surely constant on 9B, (0). O

Next, we provide an approximate description of the minimizers in the direct uplink communication case. First

note that the decay of the path-loss function implies that it is entropically more efficient to increase the interfer-

ence at the origin by placing more users close to the base station. Second, if the interference at the origin is

held fixed, then the SIR decays with the distance of the user to the base station. Hence, users with bad QoS

will be located at the boundary rather than the center of the cell. The idea for the approximation is the following.

We fix a radius 7 > p > 0 and compute the minimizer of the relative entropy under the constraint that a given
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SIR-threshold ¢ is met precisely at radius p. In particular, this implies that in the region {z € B,(0) : |z| > p}
every user is disconnected. In order to achieve the desired proportion of disconnected users b we use a flat
profile in the outer annulus, since it is entropically favorable. The optimization has to be performed now over
the radius p to balance the entropic costs of creating interference at the origin and increasing the number of
disconnected users in the outer annulus.

Let 1 be again the two-dimensional Lebesgue measure restricted to B,.(0). Using variational calculus, as
presented for example in [15], we derive an expression for minimizers of

inf h(v
v:SIR((p,0),0,v)=c ( "u)
where r > p > 0 is a prescribed radius. The constraint under the infimum forces v to have precisely £(p)/c

interference at the origin. As we have seen before, we can assume that a minimizer v has a radial symmetric
density f w.r.t. ui. Since v is an extremal point of h under the constraint

/OT 2rwsf(s)l(s)ds = to)

c
using [15} Theorem 1], there exists a constant «, such that the minimizing density has the form

fo(s) = exp(a,l(s)).
Using this density in the region {x € B,(0) : |z| < p} creates entropic costs of the form

P
Yint(p) = h(Vpr(o)Wpr(o)) = 2”/0 Sfp(S)UOg fp(S) —1]ds + p27r

p
= 27r/ se2rt(s) [a,l(s) — 1]ds + p*m.
0

In order to have b users in the outer annulus using a flat profile, the density must be b/(7(r? — p?)). The
entropic costs of using this density in the outer annulus are given by

Your(p) = h(V1 B, (o) \B,, o)\ﬂ By (0)\B,(0))

' b 2 2
:27r/p 7r log (r2_p2)—1]ds+7r(r —p%)

= blog —b+7(r? = p?).

#

w2 = )

Hence, we need to numerically compute v, from the equation for 2778@‘19[(5)6( )ds = ( ) and then optimize
p 2w /OP se2rt(s) [a,l(s) — 1]dr — blog[m(r® — p?)].

For the minimizing value pni, this leads to an approximate minimizing density of the form

b
71 > > min *
T2 = pan)

In Figure[2] we compare this density with the density observed by numerical simulations in a specific parameter
set. This is the content of the next paragraph.

f(S) = eaPmine(S) ]'Sgpmin +
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FIGURE 2. Plot of the spatial intensity as a function of the radius in black. The corresponding
approximation result is shown in red.

In order to compare the asymptotic results, as A tends to infinity, with situations with finitely many users we
present here some numerical simulations. Let us fix r = 5, £(s) = min{1,s™ 4}, b = 0.1, A = 50 and

¢ = ¢p and consider the event Egg;:}'&l. In Figurewe present two realizations of the process where the left

one is a typical configuration of users and the right one is a configuration which is an element of E;g;:v'(;_l.
In accordance with Proposition in the rare configuration, no breaking of the rotational symmetry can be
observed. Under further inspection, a slightly higher intensity of users close to the origin can be detected. This
higher intensity has the effect to create more interference around the origin leading to a screening effect. In

such a situation it is more likely for users to be unable to communicate with the base station.

FIGURE 3. Realizations of the direct communication network model. The typical realization
on the left side shows no points unable to communicate with the base station at the origin. In
the rare realization on the right side, the red users are unable to communicate with the base
station.
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Besides screening there is another possibility for the process to create an unexpectedly large number of users
with bad connection quality. That is, to increase the number of users close to the boundary of the disk, since
they become isolated more easily.

We have performed N = 108 simulation runs. Using these simulations we obtained an estimate probability of
the event Eg&;i'&l given by approximately 1.8 x 1075. The black line in Figure [2| shows the radial intensity
after performing a kernel-density estimate. In particular, we see that the intensity is substantially larger close to
the origin, accounting for the screening effect, and the intensity is larger close to the cell boundary, accounting
for isolation.

We want to mention that the plot of the density function in Figure[2/depends to a certain extent on the parameters
of the kernel-density estimates. In particular, since there can not be any users below zero and above 5, the
kernel-density estimate tends to obscure the actual observations very close to the boundaries. In the plot we
compensate for these effects by first mirroring users in our observations at the boundaries and then applying the
kernel-density estimates. Another practical issue we want to address is the following. For the radial density plot,
every observed user at radius s must be given a weight proportional to 1/s. This leads to a certain instability
very close to the origin.

7.2. Direct downlink communication. Also in this case, we want to analyze configurations in the rare event,
where an unexpected proportion of users experiences a bad QoS. More precisely we look at the event

B4 = (L8~ [7)(B,(0)) > b},

which describes the existence of at least A b users in B,.(0) that experience a connection quality that is less than
c. In the direct downlink case, under a flat a priori intensity u, the expected minimum QoS is not necessarily
attained at the boundary of the disk B,.(0), but close to boundary. This is due to the fact, that for users at
the boundary, although the numerator in the SIR is minimum, there are fewer users in the vicinity, so that
the expected interference for users away from the boundary is higher. Hence, the denominator of the SIR
is not minimal for users at the boundary and the two competing effects balance each other at some radius
0<sg<r.

Setr = 5 and £(s) = min{1, s *}. The expected minimum QoS is close to the expected QoS cy at the
boundary, which is much easier to compute

5—4
B B (o) min{1, |z — 5e1|~*}dz

o ~55x 1074

In Efj\°c_bd” we set ¢ = 0.91¢ to compensate for the non-minimality of ¢y and for the fact, that in our simulations
we have to work with a finite intensity A, but ¢g is a limiting quantity as X tends to infinity. In particular for large
enough A and b > 0, Ef\?cjl)d'r is a rare event.

In Figure [4| we present two realizations of the process where the left one is a typical configuration of users and
the right one is a configuration which is an element of Efg&i'(gm. In the atypical configuration, the group of
users with bad QoS forms a single localized cluster at the cell boundary. Here bad QoS is a consequence of a
mutual screening effect due to too much interference at the user locations. This indicates a breaking of rotational
invariance in the set of minimizers. Heuristically multiple minimizers, ordered by the angle of the cluster of users
with bad QoS, can be constructed in the following way. Let X be a realization and o (X) the angle of the cluster
centroid. Further let f,, : R? — R? be the rotation by the angle , then f—o(x)+a(X) normalizes the angle
of the cluster centroid of X to . Now let v be a minimizer, then the rotational invariance of the objective
function implies that also v, = I/(f__;(')_’_a(')) is a minimizer for all angles «. But since v, (o) = «, we have
constructed multiple minimizers indexed by o € (0, 27].
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FIGURE 4. Realizations of the direct downlink communication network model. All users and
the base station contribute to the interference. Only green users can be reached directly from
the base station.

7.3. Relayed communication. As illustrated by our simulations discussed above, in direct-communication net-
works the event of observing a large number of frustrated users who cannot attain a desired QoS is often caused
by a large number of users close to the cell boundary. Indeed, the path-loss of those users is so pronounced
that even a small increase of the interference at the target can lead to the event of not achieving the desired
QoS. In case of relayed communication there can be similar effects observed as in direct communication, but
new phenomena also arise. Still the effect are similar in case of relayed up- and relayed downlink, so we will
focus only on the uplink case. As in the case of direct communication, a way to create configurations in the
frustration event
;l\,pc,b = {LA[TC](BT(O)) > b}7

where the parameters ¢ and b are chosen appropriately, is to screen the origin or to increase isolated users far
away from the origin.

In contrast to the direct-communication case, in relayed communications, bad QoS can be a consequence of
the absence of relays. This can be seen in the following setup using simulations. Assume the a priori density
1 to be rotational invariant with high density in a small circle around the origin and close to the boundary of
the disk. Additionally, assume that p is zero everywhere else except for a small strip at approximately half the
radius of the disk, here it is positive but low. Users close to the boundary are too far away from the base station
to establish direct communication but can connect via users in the strip serving as relays. The left image in
Flgureshows a typical realization according to Ap. In order to see a configuration in Ey P b it is entropically
not very costly to avoid placing users in the strip, and even cheaper to do that in a small sectlon of the strip only.
Such a realization is shown on the right side of Figure 5]
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FIGURE 5. Realizations of the relayed communication network model for an inhomogeneous
intensity p. The typical realization on the left side shows green points, able to communicate
with the base station at the origin and blue points, able to communicate with the base station
using green points as relays. In the rare realization on the right side, the asymmetrically dis-
tributed red users are unable to communicate with the base station due to missing relays in

the strip.
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