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ON SOME PROBLEMS OF HYPOTHESIS TESTING

ABSTRACT. We observe an n-dimensional Gaussian random vector ¢ = & + v
where £ is a standard n-dimensional Gaussian vector and v € R™ is an unknown
mean and we consider the hypothesis testing problem Hg : v = 0 against two
related types of alternatives:

Bayesian: the coordinates of v may be equal to —b, 0 or +b only and the
number of nonzero coordinates is random with binomial distribution Bi(h,,,n);

Minimax: the coordinates of v may be equal to —b, 0 or +b only and the
number, k, of nonzero coordinates is nonrandom.

The values b =b, > 0, h = h, € (0,1] or an integer k = k, € [1, n] are given.

These problems are of importance for many applications, for example for
multi-channel] detection and communication systems.

We study the asymptotics of the log-likelihood distribution for Bayesian al-
ternatives and show that they are either Gaussian or degenerate or belong to
a special two-parametric class of infinitely divisible distributions. The latter
corresponds to the case b, =< 1/logn and h,, is small enough.

We also show that randomization in the Bayesian alternative corresponds to
asymptotically least favorable priors for minimax alrernative if nh, = k, — oo.

1. INTRODUCTION

Let an n-dimensional Gaussian random vector z = £ 4+ v be observed where ¢ is a
standard Gaussian random vector with zero mean and unit covariance matrix and
v € R" is an unknown mean. We test the null hypothesis Hy : v = 0 and consider
two variants of alternatives.

1.1. Bayesian alternative H, ,n. Let values b = b, and h = h, be given. Let
v € R™ be a random vector of the form v = b(ty,...,t,) Where ty,... %, are i.i.d.
random variables taking values in the set {—1,0,+1} and Pr(t = —1) = Pr(t =
+1) = h/2, Pr(t =0) =1 — h. In other words we deal with the following product
prior

A " =7"(bh) =7 X...XT (1.1)
where 7 = , is the three-point measure on the real line
h
m=mn(bh)=(1—h)bo+ 5(5_5 + &) ' (1.2)

(or a two-point measure if h = 1 ); here ¢; is the Dirac mass at point ¢ € R.

It is clear that each coordinate of v takes values in the three-point set {—b, 0, +b}
(or the two-point set {—b,b} if ~ = 1) and the number, %, of nonzero coordinates
of v is random with the binomial distribution Bi(h,n) (or equals n if h =1 ) and
if nh — oo then k = nh(1l 4 o(1)) with probability close to 1.
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Let P,, be the Gaussian measure on (R™,B™) with the mean v € R™ and unit
“covariance matrix. The null hypothesis Hy corresponds to the measure P, and
the alternative H,  n~ corresponds to the mixture

Pon = / Pour™(dv) =11 / Poum(dv).

=1

and L
/Pl,oﬁ(dv) =(1—-h)Po+ -2—,(P1,—b + Prp)

For given a € (0,1) the optimal test v, , of level « is based on the log-likelihood
ratio

dPn il <
[, =log dP’ = > "log(1 + hné(z:,b)) (1.3)
) =1

where

_1,dP_, dP.;
€($7b) - 5 dPI,O (w)+dpl’0($)) 1

= exp (—2—2) cosh(bz) — 1. (1.4)

It means that
Yra = 1g,5t001
where t,, o is the (1 — a) - quantile of P, - distribution of [,:
Poo(ly > the) =
and its second kind error probability is
Br(@) = Bu(a, 7" (R, b)) = Pppn(ln < Tho). - (1.5)
It is clear that ‘
0<fu(e) <1-a (1.6)

Our goal is to investigate the asymptotics of the probabilities (1.5) as n — oo
for any a € (0,1) which are determined by the asymptotic distributions of the
statistics (1.3) for the measures P, o and P .

1.2. Minimax alternative V,,.. Let the values b = b, > 0 and integers k = k, €
[1,n] be given. Put

Vo = Va(bk)
= {v = b(tl,. .. ,tn),ti\e {—1,0,1}, Zti = k} .

=1
We consider the composite alternative Hy : v € V,. Let ¥, , be the set of tests
of level o, o € (0,1), i.e. the set of measurable functions ¢ : R* — [0, 1] such that
o) < a where a(y) = E, ot is the first kind error probability. Here and below
E, ., means the expectation with respect to measure P,
Let B,(¢,v) = E, (1 — ) be the second kind error probability and let

ﬁn(¢7 ‘/n) = sup ﬁn(d)a 'U)
vEVL
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be the maximum value of the second kind error probability for test . Let

Bn(a) = Bale, V) = 1//€§I’I:£,a) Bn(b, V2)

be the minimax second kind error probability. It is clear that inequalities (1.6)
hold.

We are interested in the dependence of the asymptotics of 8,(a) on the behavior
of b, and h, as n — oo for any a € (0,1) and in the structure of asymptotically
minimax tests ¥, , such that

an(¢n,a) <a+ 0(1); /Bn("pn,a) < ﬁn(a’ V;%) + 0(1)'

Here and below the asymptotic relations are undersdood as n — co.

One can easily see that the least favorable prior for the minimax alternative H;
is the prior 7§, which is uniform discrete measure on the set V,(b,k). But it is
difficult to study the likelihood ratio L, = dPy,qp /dPy o directly. ,

Note that for & = n the least favorable prior Tern is the same as the prior 7" for
the Bayesian alternative with A = 1.

1.3. Discussion. The type of problems we consider are of importance for many
applications in multi-channel detection and communication systems (see for ex-
ample Dobrushin (1958)), and there are a lot of publications on this topic (see
Urkowitz (1967), Bakut (1984), Krasner (1986)). Such problems also arise in the
constructions of lower bounds for various statistical problems (see Burnashev (1979)
for £ = 1; Assouad (1983), Birge (1985), Birge and Massart (1995) for k¥ = n or
h = 1; Ingster (1985, 1986, 1990, 1993), Suslina (1993, 1995), Lepski and Spokoiny
(1995) and others). Product measures of the form (1.1), (1.2) arised in minimax
nonparametric estimation problems also (Donoho and Jonhstone, 1994, Donoho,
Jonhstone, Kerkyacharian and Picard, 1995 ).

For the case Kk = n or A = 1 it was shown in Ingster (1990, 1993) that log-
likelihood statistics (1.3) are asymptotically Gaussian N(—uZ2/2,u2/2) under the
null hypothesis and N(u2/2,u2/2) under the alternative where u2 = nb*/2. This
implies that

671(@% Vn(bv n)) = ﬁn(aa Wn(ba 1)) = (I)(ta - un) + 0(1)' (17)

Asymptotically minimax tests ¥no = 1{Rr,>¢,} in this case may be based on the
chi-square statistics

1 &K, _
ﬁ;(% 1).

Here and onwards ®(t) stands for the standard normal distribution function and
to for its (1 — @) - quantile: ®(t,) =1 — a.

For k =n or h =1 it follows from (1.7) that GB,(a) — 1 — « iff b,n/* — 0 and
Bn() /1 —aiff bynt/* = oo . Also Bn(a) is separated away from 0 and 1 — o iff
b, < n-1/4

For Bayesian alternative with b, = O(1) it follows from Ingster (1990, 1993) that
log-likelihood statistics (1.3) are also asymptotically Gaussian with

B2\ 2 :
u? = 2nh? (sinh—é‘-) | (1.8)
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and
Br(a) = ®(ts — ua). (1.9)
In this case the asymptotically minimax tests ‘
Yo = 1{R,>ta}

may be based on the statistics

R, =

Wor s1nh(b2 12) & 25(‘”” b)

where {(z,b) is defined in (1.4). For b, < 1 it follows from (1.8), (1.9) that
Ba(a) = 0 iff hyn/? = 00 and Bu(a) = 1 — a iff An'/2 — 0 and also Ba(a) is
separated from 0 and 1 — « iff A, < n~Y/2 Similar distinguishability conditions
were obtained in Ingster (1985, 1986) for minimax alternatives.

On the other hand it was shown in Burnashev and Begmatov (1990), Ingster
(1990) that for the case of k = 1 we have an essentially different type of the asymp-
totics for minimax alternative. The statistics L, = dP,r;;,1 /dPy o are asymptotically

constant under P, o - probability:
Ly =®(—Ha) + 1,
where 1, — 0 under P, - probability and
Bu(er, Vb, 1)) = (1 — @)®(—H,) + o(1). o (1.10)

H, =b, —/2logn. ' (1.11)

This implies that the asymptotic distributions of the log-likelihood ratio statistics
[, and log L, can be non Gaussian if b, — oo.

In the next section we formulate the results for the Bayesian alternative. There
are three types of the asymptotic distributions of the log-likelihood statistics (1.3):
Gaussian, degenerate and special two-parameter infinitely divisible of Poisson type.

Asymptotics of Gaussian and degenerate types have been considered by Ingster
(1990, 1993) also for minimax nonparametric hypotheses testing problems. But to
author’s knowledge, asymptotics of infinitely divisible type seem to appear at the
first time.

We describe these families of distributions and consider their properties. Such
distribution have not been before. ‘

Also we show that the considered Bayesian alternatives are asymptotically least
favorable for minimax alternatives.

In Sections 3 - 6 we give proofs.

In another paper we will consider the minimax alternatives V,, = V,.(p, ¢, Ry, R2)
corresponding to [7 - balls of radius Ry = R,z with [} - balls of radius R; = R,
removed. We will show that the product measures of type (1.1), (1.2) for some
bn, = ba(p,q, R1, R2) and h, = hn(p,q, R1, R2) are asymptotically least favorable
priors which implies similar effects in this problem if p > q.

Note that close minimax estimation problem have been considered by Donoho

and Jonhstone (1994).

Here
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2. RESULTS

2.1, Reqﬁired values. To formulate the results for the cases b, — co and h,, — 0
we need to define two sequences T;, and 7,,. Let T, be defined by

Pnl(Tnybn) =1 4 0(1).

One can easily see that

b log2h:?
T=24 8% 4 o0, (2.1)
5 " b,
Let us put )
T, 1 loghZ!
R e R () (2.2)

b, 2 b2
and assume without loss of generality that
Tn = T € [1/2, 00].

Also put 7 =0 if b, =O(1) or h, X 1.

Three different types of the limit distributions of the log-likelihood statistics (1.3)
and three types of the asymptotics of the second kind error probabilities correspond
to three intervals of 7: 7 € [2,00], 7 € (1,2) and 7 € (1/2,1].

2.2. Gaussian case: 7 € [2,00]. Put u, = +y/u2 where

2nh2(sinh(62/2))?, if 7 € (2, oo],.

lnh2e¥®(T, — 2b,), if 7 =2.
Theorem 1. If 7 > 2, then
Br(a) = ®(te — un) + o(1)

and if up, <X 1, then the log-likelihood statistics l, in (1.3) are asymptotically Gauss-
ian N(—u2/2,u%/2) under the null hypothesis Hy and N(u2/2,u2/2) under the
Bayesian alternative Hy zn.

Let us put
b? log nh,
= 9logn’ T Tlogn (2.4)
If u, < 1 and 7 € [2,00) then one has using (2.1) - (2.3) that
To~z=1/4(r—1), yo~y=(2r—3)/4(r —1) (2.5)

wherez +y=1/2; 0<z<1/4, 1/4<y<1/2.

For 7 > 2 Theorem 1 extends the relations (1.7), (1.9) to the case when b, —+ oo
but limsupz, < 1/2 and B,(e) is separated away from 0 and 1 — . For 7 = 2
expression (2.3) for the value u, is different from (1.8). '
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2.3. Infinitely divisible case: 7 € (1,2). Put ¢, = 2n®(—T,) and assume with-
out loss of generality that ¢, — ¢ € [0, co].

For 7 € (1,2) and ¢ e (O o) let us, define two independent infinitely divisible
random variables (° = (°_and (2 = (A with the characteristic functions

12t

0 — ;a0 izt 1 _ 0
log @) = iz7° + L (e —1- )dL(), (2.6)
log 2 ( / (€ —1)dLA(t). (2.7)
Here L° = L2, and L = LCAT are the Levi spectral functions (see Petrov, 1975)
which are zero for t < 0 and for ¢ > 0
Lo(t) = —c(et = 1)77, (2.8)
d c
A - _ 0 - — t_ 1—7" 9.
IA(H) =~ 2 1) = — == (¢ = 1) (2.9
The constant 7° in (2.6) is defined by the relation
0_A0 0(4) — 70
B =~ +/0 5 dL%(0) = eI(r) (2.10)
where
= /  (log(1 + wY7) = w~Y")du (2.11)
0

and the first equality in (2.10) follows from the relation

d )
d—z-log cpo(z) |lo=0=1E(°.

The representations (2.6), (2.7) mean that the random variables ¢° and ¢4 do
not have Gaussian components. Using the relation

)dLo()

log ©°(—1) = log Eexp (® = 4°
and (2.10), (2.11) one has

logEexp(® = c(/ooo(log(l +umT) — u'l/T))du
- [T+ (et = 1) dt). (2.12)

Using the change of variables (' —1)~" = u one has the equality of the integrals on
the right side of (2.12). This implies the equivalence of the relations (2.10), (2.11)
to the following equality

1412

Eexp(® =1. (2.13)

Note that for the Levi spectral functions L = L® and L = L* one has from (2.8)
and (2.9) that '

/ |z[PdL(z) < oo
|z|>1

for any p > 0 which implies that the random variables (° and (# have finite
moments of any order. The distributions of (° and (2 are absolutely continuous.
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The support of ¢° is B! but the support of (2 is the positive halfline R} = {t >0}
(see Petrov (1975) for general theorems which imply these properties).
Let F° = F?_ and F' = F}_ be the distribution functions of (° and of ¢! =
', =("+ (% and let t° =2 be the (1 — a)-quantile of (*: FO() =1 -«

Theorem 2. Let 7 € (1,2).
1. Ifc=0, then Bp(a) > 1 —a.
2. If ¢ = o0, then By(a) — 0. ,
8. Let ¢ € (0,00). Then l, — (° under P,o - probability, I, — (* under Py -
probability and
Bn() = F*(t°).

Note that equality (2.13) and Theorem 2 imply the contiguity of the sequences
of the measures P, and P, »» according to first Le Cam’s lemma.

For 7 € (1,2) and ¢ < 1 using the inequalities (2.1) and (2.2) one has the
asymptotic relations for z, and y, defined in (2.4):

o~ =772 yo~vy=(1—71% 24y 2= (2.14)
where 1/4 <z <1, 0<y<l/4 '

2.4. Degenerate case: 7 € [1/2,1]. Let us put
An = nh,®(b, — Ty)
and assume without loss of generality that A, — A € [0, c0].

Theorem 3. Let 7 € [1/2,1].
1. If X =0, then B(e) = 1 —c.
2. If A = o0, then Bp(a — 0.
3. Let A € (0,00). Then I, — —X under null hypothesis Hy and

Bn(@) — (1 — a)exp(—A).

Note that if A > 0, then the sequences of the measures P,o and P, .~ are not
contlguous

In the case 7 € [1/2,1],A € (0, 00) one has the asymptotlc relations for z, and
Yn defined in (2.4):

1 .
2.5. Minimax alternative. It was noted above that if k, = nh, — oo, then
Bayesian alternative is close to the minimax alternative. More exactly

Theorem 4. Let k, = nh, — co. Then
Br(ct, Vo (b, kn)) = ﬂn(a’ﬂ'n(bn’hn)) + 0(1)'

Theorem 4 implies that the statements of Theorems 1 - 3 dealing with Bayesian
alternatives carry over to the case of minimax alternatives with the same b, and
with k, = nh, — oco. The relations (2.4), (2.14) and (2.15) hold with the change
of nh, to ky, of the interval (—oo, 4+00) of y, to (0, c0) because k, > 1, and of the
interval (0, 00) of z, to (0,1] because fBn(, V,) — 0 for z, > 1.
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Remark. If k, = nh, < 1, then Bayesian and minimax alternatives are essentially
different. In fact, the function B.(e, Vi(bn,k,)) is decreasing in both b, and &,
which follows from Anderson’s lemma (Ibragimov and Khasminskii, 1981). Using
this fact and the relations (1.10), (1.11), one has Bn(a, Vo(bn,kz)) — 0 as b, —
V2logn — oo for any k, > 1.

On the other hand, it follows from Theorem 3 for Bayesian alternatives that if
7 < 1 and nh, ~ A < 1, then A, ~ A and f,(e) is separated away from 0 for
arbitrary large b,.

The reason for this is that if b, — \/Iog 2n — oo, then the second kind error
probabilities for Bayesian alternatives are specified by the n"-probabilities of the
events

\SnO = {Zt = 0}
=1
and if nh, — A, then the random variables 7, t; tend to the Poisson random
variable with parameter A under n™-probability which implies the relation

7™ (Sn0) = exp(—A). ‘
We do not have results on the minimax alternative with k, < 1 except for the case
k,=1.
2.6. Graphical representation. Let us consider the three-piece curve I = {y =
f(z)} in the coordinates

b2 g~y = lognh, _ logky,

T~ =

2logn’ logn ~ logn’

The pieces of this curve correspond to the equations in (2.5), (2.14) and (2.15):
1 1 1
zty=3, 0<$SZ; g2y yt2=1, Z<m<1; y=0, z>1;

for minimax alternatives we consider only the first two pieces.

This curve roughly characterizes the dependence of distinguishability conditions
on b, and h, or k, in the considered problems. This divides the halfplane {z >
0, y} for Bayesian alternative or the quarter plane {z > 0, y > 0} for minimax
alternative into two regions I't = {y > f(z)} and I'" = {y < f(z)}. The region
['* corresponds. to distinguishability: @,(e) — 0, the region I'" corresponds to
non distinguishability: fBn.(@) — 1 — «. The curve I'° corresponds to the case
when (,(c) is separated away from 0 and from 1 — @. Each point of this curve
corresponds to the family of Gaussian distributions (the first piece), of infinitely
divisible distributions with parameter 7 = 2/2 (the second piece) and degenerate
distributions (the third piece). \

3. PROOF OF THEOREM 1

First, note that it is enough to consider the case b, — oo because for b, < 1 the
results follow from Ingster (1990, 1993).

Next, it is enough to consider the case u, = O(1). In fact, B.(a,7"(b,h)) is a
decreasmg function of b, which is an easy consequence of Anderson’s lemma (see
Ibragimov and Khasminskii, 1981). Also 7, in (2.2) decrease and u, increase in
b,. This implies that if u, — oo, then by making b, smaller we can reduce the
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consideration to the case of arbitrarily large u, < 1 and 7> 2. Theorem 1 implies
that 8,(a) will then be arbitrarily small.
Also note that in the cases b, — 00 and u, = O(1) or ¢, = O(1) or A, = O(1)
one can easily see from (2.1) that
2

T, — oo, h,—0, h,~ 2exp(% — Tnby). (3.1)

Let us put o

20(8) = hab(2,50),  wa(2) = log(1 + z0(2))

and note that for any § > 0 and y = |z|—T,, > & the following representations hold
Zn(z) = expbay(l+0(1)), wn(z) =log(l+expbuy(l +0o(1)))  (3.2)

and

sup fwn(e)] 0. (3.3)
[o|<Trn—6 i

Define the function T,(t) by
wo(To(t)) =t, Ta(t)>0.
It follows from (3.2), (2.1), since w,(2) is increasing in z, that for any ¢ > 0

log(ef —1 1
T.t) =T, + %) + o(b—), (3.4)
{z:wa(2) <t} = (=Ta(t), Tn(2))- | (3:5)
Under the assumptions u, = O(1) and 7 < 2 the following holds
n®(-T,) — 0. (3.6)
In fact, using the well known relation
5 .
( :l:) \/—7—1_' €xp (—%) (37)

and (3.1) one has for the case lim inf(7}, — 2b,) > —oo that
( n _an)Z _ T_'rz)
2 2

2
Un

< nh? exp b2 < nexp(
which implies
T2,
n®(—T,) = o(nexp (—7")) = o(u) — 0.
If d, = T,, — 2b, — —o0, then d, = o(T,,) because 7, > 2 and similarly

n®(—T,) ~ un%—- — 0.
Using the relation (3.6) one can choose values H,,t, such that
Hy,=T,— %ﬁ fy =00, tn=o(by), nO(—H,) -0
which implies by (3.2) - (3.6) that
Pn’g(llzlz%}; |z:} > H,) = 0, sup |z,(z)| =0 (3.8)

|| <Hxn
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and for |z| < H,, one has

() = 2a(e) = 572()(1 + (1)) (9

The relations (3.8), (3.9) imply the asymptotic normality of the statistics

l, = Ewn(mi)
=1

under P, - distributions (see Petrov, 1975) and it is enough to show that
Eoolf ~ —u2/2, Dol ~u2/2 (3.10)

where [X = ", wk(z;) is the sum of the H, - truncated random variables wi(z;)
and D, , stands for the variance under P, ,. In view of third Le Cam’s lemma this
implies the statement of Theorem 1.

The equivalencies (3.10) follow from (3.9) and from the relations

nEnozt =0, nE,o(2%)? ~u2, (3.11)

where 2}, denotes z, truncated at level H,.
To obtain (3.11) note that for b — 00, T — oo the following equalities hold:

[, ¢(e.8(@) = =86 = T)(1 + o(1), 3.12)

Jr o )d0(a) =
%(exp B)B(T — 26) + 28(T —b) — 1+ o(1). (3.13)

In fact, a direct calculation gives
/M'G ((z,b)d®(z) = 28(~T) — &(~T + b) — B(—T — b),
and using (3.7) one has (3.12). Also
Jry g ClED)dB() = {R(T — 25) = (=T — )] + e [@(T) - &(-T)]}/2
+ O(T)—@(-T)+28(-T +b) —29(T + b),

which implies (313)
Using (3.12), (3.13) and the relations

b ®(by — Ty) ~ 2n®(=T,)

,
"— =0, nhl—=0,

1

Tn

which follow from (3.6), (3.7) and from the assumptions u, = O(1) and b, — oo
one has (3.11). Theorem 1 is proved.
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4. PROOF OF THEOREM 2

Analogously to the proof of Theorem 1 it is enough to consider the case ¢, =
O(1). In fact, for ¢, = 2n®(—1,) — oo, since b, /2 + log h;1 /b2 is decreasing in b,
for 7, > 1, by making b, decrease one can pass to new ¢ = O(1), which can be
chosen arbitrarily large, and to new 7* > 1. If 7* > 2, then the new u* — oo by
(3.6) and the statement of Theorem 1 implies that 3,(a) will be arbitrarily small;
if 7* < 2, then the above follows from the statement of Theorem 2.

To prove Theorem 2 it is enough, for ¢ > 0, to check the conditions of (Petrov,
1975, ch.4, §4) for the convergence of P, - and P, .~ - distributions of the statistics
[ to the infinitely divisible distributions which are described above. For ¢ = 0 it
is sufficient to show that /[, — 0 under these distributions .

First, let us consider the case of null-hypothesis Hj.

To check that the Levi spectral function is of requried form for ¢ > 0 it is
necessary to show that L2(¢) — L°(t) for any ¢ # 0 where

Lg(t) = nPo(wn(z) < 1)

for ¢ < 0 and
L3(t) = —nPoo(wn(z) > 1)
for ¢t > 0. The inequality

| E(z,b) > e /2 -1 (4.1)
implies this relation for ¢ < 0. For ¢ > 0 using (3.7) and (3.4), (3.5) one has
— L2(t) = 2n® (=T, (1)) ~ 2n®(—T,)(e' — 1)~ — —Lo(¢). (4.2)
To check the condition on the constant ¥° for ¢ > 0 let us show that
Enoln = n/wﬂ(x)d@(x) — EC°. ' (4.3)

We show below that D, ol, = O(1) which together with (4.3) implies the required
representation +°. ,
In fact, because L°(¢) is continuous and

/ - zdL°(z) < 0
1
one easily has from (Petrov, 1975) that for any ¢ > 0

3

‘ itz
0 . 0
v = lim n/l < wn(x)dCI)(x) —/0 dL (:z:)

n—c0 1+ 22

N /:0 z dL0($)=lim‘n/|w wa(z)dd(z)

1+ 2 n—00 nl<t

_ [)wli3m2dL(m)+ /tmyde(:c) : (4.4)

and because nDj gw, = Dypol, = O(1) we can assume that ¢ — oo in (4.4) which
implies equality (2.10).
To show (4.3), by the equality

[ & p)deE) =0,

11
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one has : )
Enols =1 / (108(1 + z0(2)) — 2(2))d®(c) = An + B,

where A, and B, are integrals over the sets {|z| < T, - 6.} and {|z| > Tp — 6.}
Here and below in this section sequence 6, is such that é, — 0 and 6,6, — oo.
Using the formulas (3.1), (3.2), (3.7), (3.13) and the relations

- log(1+2) — 2z~ —2%/2

as z — 0 and nh2 — 0 ( the latter follows from (2.5), (2.14) and (2.15) for any
7 < 2 since y < 1/2 in this relations), one has

, 2
A, 5 Joietns, z2(2)d®(z)
~ ghi exp(bﬁ)@(Tn — 2b, — 6,)
27, ~
~ 5 _TT n®(—Tp) exp((T — 2)bnbn) — 0. (4.5)

Also using (3.2), (3.7) and (2.11) one has for y = |z| — Ty, z = by, u = exp(—7,2):
B, ~ 2/2o (log(1 + €*¥) — e*¥)d®(y + T;,)

22

~ 207 8(=T,) [ (log(l+€") — &) exp(—mnz — oz
—bnén
~" Cp 0 2\ — e?)e" ™%
C/O (log(1 + €*) e)e 2
= cn/ (log(1 + u=Y™) — u~ ™) du — cI%(7). (4.6)
0
Relations (4.5), (4.6) and (2.10) imply (4.3).

To verify that the limit P, o - distribution of /, has no Gaussian component it is
sufficient to show that

. . 2 _ f
lirn lim 7 /m(zn« w?(2)d®(z) = 0. (4.7)
Relation (4.7) follows from the formulas ]
— 2 ; ; —
An = n/Ia:[<Tn—5n z2(z)d®(z) — 0, %1_1)137}31010 B.(t)=0 (4.8)

where

B,(t) = . 2 .
®) n/Tn—Jn<[zl<Tn(t) wn(2)d®(z)

But the first formula in (4.8) was checked in (4.5) and the second in énalogy with
(4.6) follows from (3.2), (3.7): for any ¢ > 0, y = |z| — Ty, 2z = by, u = €* one has

B.(t) ~ 2n /

—On

b7t log(et—1)

log?(1 + 4)d® (T, + y)

log(ef—1)
~ cnrn/ log?(1 + €*)e™™dz

-0

et—-1
~ cr/o log?(1 + w)u~ "4y (4.9)
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because as t — 0 the last integral in (4.9) is of order
t
/ utTTdu < 2T =0
0 .

for any 7 < 2.
Note that calculations similar to (4.5) and (4.9) give the asymptotics of P, -
variances Dy oly : for any 7 € [1/2,2)

Dpoln ~ ¢, D%(7), D°(7)= 7'/000 log?(1 4+ w)u~ " dy < co. .
(4.10)

Formulas (4.3), (2.10), (4.10) and Chebyshev’s inequality imply that [, — 0 under
P, o - probability if ¢ = 0 which completes the proof for the null-hypothesis.

Let us assume that the Bayesian alternative H, .~ holds. In this case the random
variables z;, 1 = 1,... ,n are i.i.d. with the distribution function ®,,(t) = ®(¢) +
A, (t) where

20.,(0) - h—[ Bt +by) + Bt — by) — 28(2)]

and

dA®,,
5 (z) = zn(z).

To prove the statement of Theorem 2 for the limit P, ,» - distribution of the
statistics [, for the case ¢ > 0 it is enough to show that for any ¢ > 0

Lﬁn(t) - n[Pl,o(wn(w) > t) - Pl,,rn(wn(m) > t)]

= —2nAd, (=Tu(t)) = L2(2); (4.11)
lim lim 7 /Iwnl wn(2)dAT, (z) = 0; (4.12)
. . 2 : —
%E%angonflwn]wn(m)dA@rn(x) 0. | (4.13)

In fact, relations (4.1), (4.2) and (4.11) imply the required form of the Levi
spectral function. The relation (4.12) and the equalities v =% + 2,

¥4 = lim n/l lwn(:zc)dA@Wn(ac)

n—+00

¢ A A
_/+01+x2dL +/ H_mzdL()

imply as ¢ — 0 that

N .
A d LA
7 [{_0 1+$2 ( )
which is equivalent to representation (2.7) up to a quadratic term corresponding
to a Gaussian component. The absence of thls component follows from (4.7) and

(4.13) (see Petrov, 1975).
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because as t — 0 the last integral in (4.9) is of order
¢

/ ul~Tdu < 77 — 0
0

for any 7 < 2.
Note that calculations similar to (4.5) and (4.9) give the asymptotics of P, -
variances Dy ol, : for any 7 € [1/2,2)

Droly ~ ¢, D°(7), D°(7) = 7'/000 log?(1 4 u)u=+dy < co. :
(4.10)

Formulas (4.3), (2.10), (4.10) and Chebyshev’s inequality imply that [, — 0 under
P, o - probability if ¢ = 0 which completes the proof for the null-hypothesis.

Let us assume that the Bayesian alternative H, .~ holds. In this case the random
variables z;, 1 = 1,... ,n are i.i.d. with the distribution function @,,(t) = ®(t) +
AQ®, (t) where

DD, (6) = 22[B(t-+ ba) + Bt — by) —~ 20(1)

and
dAs,,

To prove the statement of Theorem 2 for the limit P, » - distribution of the
statistics [, for the case ¢ > 0 it is enough to show that for any ¢t > 0

Lﬁn(t) = n[P1o(wa(z) > t) = Pryr,(wa(z) > 1))

= —20A8, (-T.(t)) = L*(t); (4.11)
lim lim 7 /ml wn(2)dA®,, (z) = 0; (4.12)
. - 2 _
lim lim 7 /lw,u w?(2)dA®,, (4 = 0. (4.13)

In fact, relations (4.1), (4.2) and (4.11) imply the required form of the Levi
spectral function. The relation (4.12) and the equalities 4! ='1° + 42,

74 = lim n/l Iwn(m)dA@,,n(a:)

n—o0
[ Sarre)+ [ i)
+0 14 22 e t 14+ a2 v

’YA = /oo II?V dLA(IU)
+0 1+ 22

which is equivalent to representation (2.7) up to a quadratic term corresponding

to a Gaussian component. The absence of this component follows from (4.7) and

(4.13) (see Petrov, 1975).

imply as t — 0 that
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Using (3.2) - (3.5) and (3.7) one has relation (4.11) by the equivalencies
—L2 (1) ~ nh,®(b, —Tu(?t)) .
~ nhy®(b, — T) (e = )™

~ = -(e = 177 =+ —LA() (4.14)
where the third equivalence in (4.14) follows from relations (3.1), (3.7) and
-T2/2 2
R (b — Ty) ~o —2nE hnexp( 2 — Tuby) ~ cae ™

2 Tn—l'

Tn(Tn - bn)\/Q—

To obtain (4.12) let us note that using equivalencies (4.5) one has

n /lxKTn_an wn(2)dAD; (2)
= n/IzI<Tn—6n log(1 + z(z))zn(z)d®(z)

-~ 2
n/lkan_an z(z)d®(z) = 0

and using relations (3.2) - (3.5), (3.7) and in a manner to (4.6) one has for any
t>0

(2)dAD,
n/:r,,—sn<|z|<:rn(t) wn(2) (@)

log(e*-1)
~ CpTyn / Sg log(l + e")ez(l‘T)dz
-1

~cT /e log(1 + u)u™"du. ‘ (4.15)
0

Relation (4.12) follows from the relations above if one notes that the integral in
(4.15) is of order

t R
/ Wy < 127 = 0
0

ast — 0 for any 7 < 2.
Finaly, using formulas (3.2) - (3.5), (3.7), (4.5) as above one has that

n /man-s,, log?(1 + 2a(2))2a(2)d (z)

= o(n /|w|<Tn—5n 22(2)d®(z)) — 0,

log?(1 + 2n(2))zn(2)d®(z)

~er /0 " log?(1 4+ w)u"du, (4.16)

"),
T—8n<|2|<Tn(t)

which implies reiation (4.13) because the integral in (4.16) tends to 0 as ¢ — 0.
If ¢ = 0 then the above estimates and results for the null hypothesm show that
I, = 0 under P, z» - probability. Theorem 2 is proved.
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5. PROOF OF THEOREM 3

-Analogously to the proofs of Theorems 1 and 2 it is enough to consider the case
A = O(1). In fact,

b, log2h;!

o 2 b2

increases in b, and if A, = nh,®(b, — T,,) = oo one can pass by decreasing b, to

new Ax = O(1), which can be chosen arbitrarily large, and to new 7* with 7* >

and 7 < 2, or to Af — oo and 7* € (1,2). If 7 < 1, then B,(«) is arbitrarily

small by Theorem 3. If 7* > 1, then for the new values T, b}, and ¢} = 2n®(-T7)
one has T — b} — oo and using (3.1), (3.7) one can easily see that

Ao~ /(e = 1) (5.1)

which also implies that 8,(«) will be arbitrarily small by Theorem 2.
Note that for 7 < 1 one has

)~ 86— To)

¢n = 0(An) = 0. (5.2)
This follows from (3.1), (3.7), in analogy with (5.1), if 7 =1 and T, — b, — co. If
lim sup 7,, — b, < 00, then the assumption A, = O(1) implies that A\, < nh, = O(1)
and using (3.1) one has
en ~ nhyexp(—(T, — b,)%/2)/ TV 21 = o(nhy).
Let us show that
Epnoly = =X+ 0(1). | (5.3)
For any ¢ > 0 let us consider the representation

En,Oln = A'n(t) + Bn(t)

where

Adl) = n /IwKTn(t)wn(w)d(I)(m):n /  2n(2)d®(2)

I.'L'|<Tn(t)

+ O( e<T(t) 22(2)d®(z)) (5.4)

and

Ba(t)=n / wn(2)d®(z).

, |z|>Tn(2)
Analogously to estimates (4.8), (4.9) and using (5.2) one can see that the remainder
term in (5.4) is O(c,) — 0 and according to (3.12) one has

Ap(t) = —hy®(br — T0h(t)) + o(1). (5.5)
Let us observe that
®(b, — To(t)) ~ @(b. — T>). (5.6)

In fact, using (3.4) one has T,(t) = T, + O(b;*) which implies (5.6) if lim sup(7,, —
b,) < 0. If d, = T, — b, — 00, then d,, = 0(b,,) because 7 < 1 and using (3.7) one
has

(b~ Tu(t) = ®(—du+O(b;"))
| ~ B(=dn) exp(O(dn/br)) ~ B(~ds)

15
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which is the same as (5.6).
Relations (5.5) and (5.6) imply that

An(t) = =Xn + o(1).

In the end, according to relations (3.2) - (3.5), (3.7) analogously to estimates (4.6),
(4.9) one has

Bi(t) ~ 2n /b ” log(1 + €¥)d® (T, +y)

7 log(ef—1)

~  CaTh /oo log(1 + €*)e™™*dz
log(et—1) ’

~ chn/ log(1 + u)u~ "+t dy = O(c,) — 0.
e*—l .

Relation (5.3) is proved.
According to formulas (4.10), (5.3) and to Chebyshev’s inequality one has that
for any € > 0

Poo(lln+ Al >€) =0

which implies the statement of Theorem 3.

6. PROOF OoF THEOREM 4

First, let us observe the following asymptotical continuity property for Bayesian
alternatives which follows from Theorems 1 - 3 : if A% ~ h,,, then for any « € (0,1)
and b, > 0

Bn(e; 7" (bn, hy)) = Br(e, 7" (b, Bn)) + 0(1).

Let k, — o0, hn = k,/n and &, be a sequence such that §, — 0, k,62 — oo.
Put forr =1,2

k.. = max{0, [ka(1 —ré,)]}, k:,r = min{n, [k.(1 + rd,)]}
where [t] denotes the integer part of ¢. Let us consider the sets
Vi ={v € Vopn t o < in(o) <o),
Vo ={v € Vo 1 by < ka(v) < ki
Here k,(v) = b7 %, |vi] and
Vimn ={v = (v1,-++ ,vn) € R” 1 v; = bty t; € {—1,0,+1}}.

Put also h} = kf;/n, h; = k;;/n and consider the product measures 77 =
7" (ba, BY), 72 = 7"(bn, hy) of type (1.1), (1.2) and the conditional measures % , =
7+ and 77, = 7~ with respect to the sets V;} and V"

mh W(A) = TR ANV /7L V),
w2 (A) = a2 (AN\VO)/m2 (V).

The asymptotical continuity above implies that

Pl 7" (bn, hn)) = Bu(e, m}) + 0(1) = Bu(e, 72) + o(1). (6.1)



ON SOME PROBLEMS OF HYPOTHESIS TESTING

Note that the random variables k, = kn(v) are binomial Bi(k},n) and Bi(h,,n)
with respect to the measures 7} and n” which are supported by V4, and using
Chebyshev’s inequality one can easily check that

(V) =1, al(V7) =1
which imply the relations
Balesy) = Bale,m) +0(1), ‘
Ba(a,mZ) = Bu(e,m7) +0(1) (6.2)
(see Ingster, 1993, sec.4.1). | ;
Let % = ni} ;. be the uniform discrete measure on the set V,(by,k,) which, by

the above, is the least favorable prior for the minimax alternative . This means
that

Balct, Vi(bny kr)) = Bala, 7°). (6.3)
Let us show that the following inequalities hold:
:Bn(a’ 7I'+) < ﬁn(aa 71'0) < ﬁn(aa 77_)- (64)

Relations (6.1) - (6.3) and inequalities (6.4) evidently imply the statement of The-
orem 4.

To prove inequalities (6.4) let us consider the critical sets X° = X? , and X~ =
X, of the optimal tests of level o for Bayesian alternatives H, o and H, ,-:

dP, -0

0_ n .
X°={z€eR T

(z) < T,

- n.dPTl,ﬂ’_ -
X" ={zeR: dPn,o(m)<T}

where T° = T? , and T~ = T, are the thresholds such that
Poo(X%) = Pog(X~) = 1— .

According to the optimality of the Bayesian tests one has the inequalities
Bulenm) < [ PrslXO)rt (@), (6.5)
Bu(es™®) < [ Pao(X7)n(dv). (6.6)

- Let us observe that the sets X° and X~ are symmetric with respect to all per-
mutations and changes of signs of coordinates which implies that the probabilities
P, ,(X°) and P,,(X~) depend only on k,(v) for v € V,,,. In particular one has

Bn(e, 71'0) = Prao (Xo)’ Prwe(X7) = Popo(X7) (6.7)
for any vy € V,° where v° = (b,--- ,b,0,---,0) and k = k,, b =b,.
Let us show that for any vy € V,} and for any v_ € V. the following inequalities
hold: :
Pn,'u+ (XO) S Pn,'vo (X0)7 Pn.vo (X—) S Pn,’v— (X—) (68)

17
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It is enough to consider the case

vy = (b’ ’b,O’... ,0), v = (b, ,b70,... ’0)
kyt ke
where ky > k > k_. Note that the sets X° and X~ are convex as the critical sets
of Bayesian tests (see Burnashev, 1979 for example) and all the coordinate cross-
sections of these sets are convex and symmetric. Applying Anderson’s lemma (see
Ibragimov and Khasminskii, 1981) to the (k4 —k) - dimensional and to the (k—%_)
- dimensional cross-sections of X° and X~ which correspond to the distinction
between v, and v°, and between v° and v_, one easily obtains inequalities (6.8).
Using inequalities (6.8) and equalities (6.7) one has

0y, + 0
/ o PraXO)(do) < max P (X°) |
< Poo(X°) = Buley ), (6.9)

/V , Pou(X7)7%dvo) = Pooo(X7)

< m‘i/n‘ Poo(X7) < Br(a,m7). (6.10)
veVy .

Relations (6.5), (6.6), (6.9), (6.10) imply inequalities (6.4). Theorem 4 is proved.
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