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Abstract

In this paper, we investigate the system of partial differential equations governing the
dynamics of martensitic phase transitions in shape memory alloys under the presence of
a (possibly small) viscous stress. The corresponding free energy is assumed in Landau-
Ginzburg form and nonconvex as function of the order parameter. Results concerning
the asymptotic behavior of the solution as time tends to infinity are proved, and the
compactness of the orbit is shown.

1 Introduction

In the present paper, we study the asymptotic behavior of the solutions to a system that arises
in the thermomechanical developments in a one-dimensional heat-conducting viscous solid of
constant mass density ¢ (assumed to be normalized to unity, i.e. ¢ = 1). The solid is subjected
to heating and loading. We think of metallic solids that not only respond to a change of the
strain € by a (possibly nonlinear) elastic stress o = o(e), but also to a change of the curvature
of their metallic lattice by a couple stress p = p(e;). ’

We assume that the Helmholtz free energy density F is a potential of Landau-Ginzburg form,
ie.

F= F(s,’sz,'(?) (1.1)

- where £ denotes the absolute temperature. To cover systems modelling first-order stress-induced
and temperature-induced solid-solid phase transitions accompanied by hysteresis phenomena, we
do not assume that F' is a convex function of the order parameter ¢.

A vparticular class of materials, in which both stress-induced and temperature-induced first-
order phase transitions leading to a rather spectacular hysteretic behavior occur, are the so-
called shape memory alloys. In these materials the metallic lattice is deformed by shear, and the
assumption of a constant density is justified. The shape memory effect itself is due to martensitic
phase transitions between different configurations of the crystal lattice, namely austenite and
martensitic twins. For an account of the physical properties of shape memory alloys, we refer
the reader to chapter 5 in the monograph [4]. In a series of papers (cf., for instance, [7], [8]),
Falk has proposed a Laudau-Ginzburg theory that uses the shear strain € as order parameter in
order to explain the occurrence of the martensitic transitions in shape memory alloys. In this
connection, we also refer to the works of Miiller (cf. [1], [14]).

The simplest form for the free energy density F' that accounts quite well for the experimentally
observed behavior and that takes couple stresses into account is (see Falk [7], [8]) given by

F(g,e.,0) = Fy(0) + Fi(€)0 + Fa(e) + g-si , (1.2)
where
Fi(e) = aue?, Fu(e) = aze® — ape? — o616, (1.3)
F0(9) = —Cva log (02) + Cvo + é ) ) ) («1.4)
2

with positive physical constants 61, 9, a1, o, a3, 02, Cy, C. The constant Cy denotes the specific
heat. Observe that in the interesting range of temperatures, for 8 close to 6;, F' is not a convex
function of the shear strain ¢. In fact, F'(-, €., 6) may have up to three minima that correspond
to the austenitic and the two martensitic phases.

We want to forecast the dynamics of the phase transitions in the one-dimensional situation.
To this end, let = (0,1), and, for ¢ > 0, Q; = Q x (0,t). Then the balance laws of linear
momentum and internal energy read :

Ugt — Og + Pzz =0, In Qoo (1.5)’
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Ui+ gy —oe; — peze =0, in Qe . (1.8)

The second law of thermodynamics is expressed by the Clausius-Duhem inequality

S¢+(%) >0, in Q. (1.7)

Here, u, o, p, U, g, €, S, and 6, denote displacement, shear stress, couple stress, internal
energy density, heat flux, shear strain, entropy density, and absolute temperature, in that order.
For one-dimensional homogeneous thermoviscoelastic materials, we have the constitutive rela-

tions
oF oF
E=Uy O=—F—+7, p=47—, S=

Oe Oe,’ 89’
where v > 0 is the viscosity. For the heat flux g, we assume Fourier’s law

U=F+06S, (18

q=—kbz, ~ (1.9)

where k& > 0 is the heat conductivity (assumed constant). Obviously, this assumption implies
the validity of (1.7), so that the second law of thermodynamics is automatically satisfied.
Inserting the conmstitutive relations in the balance laws (1.5)-(1.6), we obtain the system of
partial differential equations

Ut — (flg +f2)a: — Y€zt + 6“:32::8:1: = 07 in Qooa (110)
Cyl; — kbpe — fi0e; —ve2 =0, in Qe, (1)
E=1Ug In oo, (1.12)
where , ' :
fi=fi(e) = Fi(e), fa= fale) = Fy(e)- (1.13)
In addition, we prescribe the initial and boundary conditions ‘
u|m=0 = 8$|$=0 = 0, 5|:z:=1 = (’Y'u':z:t - 6uzzm + Ul)l;t:l = 07 (114)
with ~ |
o1 = f10 + fa, (1.15)
as well as ,
0z|z=0,1 =0, ‘ (1.16)
u(z,0) = ug(z), u(z,0) =wuy(z), 6(z,0)=06(z)>0, z€ Q. (1.17)

The physical meaning of the boundary conditions is clear; for instance, the second condition at
xz = 1 describes the stress-free situation.

Next, we employ an idea of Andrews [2] and Pego [17] to simplify the problem by introducing
the velocity potential ‘

plat) = [ wulyt)dy. (1.18)

Then;
€t = Doy 1N oo, , (1'19)

and (1.10)—(1.11) can be rewritten as
Pt—VPoz + 080z —01=0, in Qo, (1.20)

Cyb; — kb — f10Dse — 102, =0, in . (1.21)



Accordingly, the initial and boundary conditions (1.14), (1.16), (1.17) become

’ pxiz:[) = p:::::::::l::::o = 52':1{:0 = 0;‘ | (122)
p':c:l =p:z::c|:z:=1 = E|z=1 = O; (123)
E(CU, 0) = €9 = UQgz, p(:E O) PO(-’U) A ’U,]_(y) dy: 9(1', 0) = 90, T e ﬁ ‘ (124)

It is easy to see that if (u,v,6) is a smooth solution to (1.10)—(1.17), then (g, p, §) is a smooth
solution to (1.19)—(1.24), and vice versa. Therefore, it suffices to consider the problem (1.19)-
(1.24). In the sequel, we assume without loss of generality that Cy = 1.

Before stating and proving our results, let us first recall some related results in the literature. In
the case § = 0, Dafermos [5], Dafermos & Hsiao [6], Chen & Hoffmann [9}, and Jiang [11], proved
the global existence of a classical solution to the system of (1.10)-(1.12) with various boundary
conditions for a class of solid-like materials. However, an analysis of the asymptotic behavior as
t — oo was not performed in these papers. Recently, on the basis of Dafermos [5] and Dafermos
& Hsiao [6], T. Luo [13] further investigated the asymptotic behavior of smooth solutions as
time tends to infinity for a special class of solid-like materials in which e = Cy 0, F5, = 0, and
§ = 0. Racke & Zheng [18] obtained global existence, uniqueness and the asymptotic behavior
of weak solutions to (1.10)—(1. 12) for § = 0 if both ends of the rod are insulated and if at least
one end is stress-free.

" In the case § > 0, we refer to Sprekels & Zheng [20],if§ > 0,y = 0, and to Hoffmann & Zochowski
[10],if § > 0,~ > 0, for global existence and uniqueness results for Falk’s Landau-Ginzburg model
of shape memory alloys. However, the a priori estimates for the solution obtained in these papers
depend on ¢, and hence the asymptotic behavior of the solution for ¢ — oo could not be treated
there.

We also refer to the works of Andrews [2], Andrews & Ball [3], and Pego [17], for the isothermal
and purely viscoelastic case.

The purpose of our contribution is to study the asymptotic behavior as ¢ — oo of the solutions
to the system (1.19)—(1.24) and to prove the compactness of the orbit.

Next, we state the main result of this paper.

- Theorem 1.1 Suppose that &g, po € H? and 90 € H! are given functions that satisfy the com-
patibility conditions  Pozlz=0 = €ozle=0 =0, Dole=1 = Pzzle=1 = €zle=1 = 0, and suppose that
6o > 0 in [0,1]. Then the following results hold.

(i) The problem admits a unique global solution (e, p,0) satisfying

e € C(IR"; H?), &€ C(IR*; HY)n L*(IR; H?);
p € C(IR*; H* N L*(IR*; H*), p; € C(IRT; HY)n L*(IR*; H?);
9 € C(IR*; HY), 0, € L*(IR*;H'), 6, ¢ L*(IR*;L?),

f(z,t) >0, V(z,t) € [0,1] x IRY. (1.25)
(ii) Ast — oo, it holds
oG, )l = 0, lipe(s D)l =0, (1.26)
H‘Sszm(':t) - 01('1t)||H1 — 0, Het(')t)”Hl -0, |l92(,t)“ — 0. (1-27)
(iii) For allv >0,
e € C([v, +o0); HY), p € C(ly,+00); H*), 6 € C([v,+o0); HY), (1.28)
i.e. the orbit is compact in H3 x H3 x H. |
(iv) | : |
(e(,),p(-,2),0(- 1)) = (£,0,6), as t— o0, in H® x H® x H*, (1.29)

where (g, 0) is one of the equilibria for the corresponding stationary problem.
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The main difficulties in proving Theorem 1.1 are due to the higher degree of nonlinearity inherent
in the system (1.19)-(1.21), and to the higher order derivative arising for § >-0. The presence
of this higher order derivative makes the problem in two ways significantly different from the
problem with § = 0,7 > 0: it renders the orbit compact (while discontinuities of strain will
persist in the case § = 0,7 > 0, as shown in [18]), and the technique needed to obtain the
asymptotic behavior differs considerably from that used in the case § = 0,7 > 0. One of the
main ingredients of the proof in this paper is to bound the norms of €, p, as well as of their
derivatives, in terms of expressions of the form

o+ sup [6(r)]5- + ([1orypar)’, (1:30)

where 0 < a < %, 0<pB<l 5. This makes it possible to reduce the degree of nonlinearity
via interpolation techniques. To study the asymptotic behavior, we will make repeated use of a
basic lemma in analysis proved in Shen & Zheng [19]. In Section 2, we will prove the uniform
a priori estimates and the compactness of the orbit. In Section 3, the asymptotic behavior is
investigated.

The notation 1n this paper will be as follows: I?, 1 < p < oo, W™® m e IN, H 1= = W2
and H} = Wy, respectively, denote the usual Lebesgue and Sobolev spaces on (0,1). By (-, ),
we denote the inner product in L?, and || - ||p denotes the norm in the space B. We use the
abbreviation || - || := || - ||z,, and C*(I, B); k € INy, denotes thé space of k-times continuously
differentiable functions from I C IR into a Banach space B. The spaces LP(I,B), 1 < p < o0,
are defined analogously. Finally, 8, or f—t or a subscript ¢ and, likewise, 8, or a subscript z,
denote the partial derivatives with respect to t and z, respectively.

2 Uniform A Priori Estimates

The general framework to prove global existence and uniqueness of solution has been established
in earlier papers, for instance in Sprekels & Zheng [20] and Hoffmann & Zochowski [10]. The
setting will become more apparent soon during the derivation of uniform a priori estimates.
Therefore, we can focus our attention on the study of the asymptotic behavior and on the
compactness of the orbit. In order to get the asymptotic behavior of the solution as ¢ — oo,
we shall prove uniform a priori estimates on ¢, p, and 8 with repect to t. From now on, we will
always denote by C a universal positive constant that may depend on the initial data, but not
on t.

Lemma 2.1 For anyt > 0, the following estimates hold.

le®)ll + lle@llzs + Ipa(2)]l + lea (@)l + 10®)lzs < C, (2.1)
lp@®)llz + lle®)llz= < C, (2.2)
8(z,t) >0, V(z,t)e€][0,1] x IR*. (2.3)

Proor. First, applying the maximum principle to (1.21), we find that
(z,t) >0, V(z,t)€[0,1] x IRT. (29

Next, multiplying (1.20) by —p.z, adding the result to (1.21), and integrating with repect to z
over {2, we arrive at

d 1, 6, _
= /0 (0 + Fale) + 553 + 5e2)(t) do = 0. (2.5)
Thus, .
1 1, 0, |
/0 O+ Fae) + 502 + se)(B)do =By, (2.6)
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where E; is a constant depending only on the initial data.
Using Young’s inequality, we see that

Fy(e) > Cie® - Cy, 2.7)
whence : «
le@Il + lp=(Ol + lle=@I + le®)llze + 16@)]Izx < C. (2.8)
By virtue of the boundary conditions and of Poincare’s inequality, we find
@)z + lle(@®)llz= < C, (2.9)
whence the assertion follows. | O

Lemma 2.2 For any t > 0, the following estimates hold.

// (92 pm> dndr <0, | (2.10)

i t t
2 2
Jy Iper)lPar < [Clipe(r)zmdr <6, [plE-dr<c, (1)
i
[ lpunlmdr <6, v nxo0 (2.12)
PROOF. Multiplication of (1.21) by 8~! and integration with respect to z over Q yield
d | k02 Pl |
EE/O (log8 — Fi(g))(t) dz — /0 (92 + )(t)da:—(). (2.13)
Since logfd < 6 —1 for all § > 0, we obtain
2
/ / (kH ’pr) dedr < C. (2.14)
From pg|s—0 = 0 it follows that |
p=(,1) = p=(0,1) + fo Pes(y, 1) dy = /0 Pas(y, 1) dy. (2.15)
Hence,
| [ o mtr < [([lpeete, )] de)
0 - Loo = 0 T .
t( 1 el P
< ——dz. < Tz
_/0</0\/§\/§dz) dr / /Odw f = dr) dr
tlpl,
< Pzp <C.
_0/0/0 = dodr < C (2.16)
Thus,
¢ 2 ¢ 2
[ Ip@lPdr < [lpa(lEedr<c. (2.17)

* Combining (2.11) with (2.8), a simple induction yields that to any n € IN there is some
C = C(n) such that |

/Ot llp=(7)||""2dr < C. (2.18)

The proof of the assertion is complete. ) O
In the sequel we will see that (2.18) is very useful for reducing the degree of nonlinearity. To
get further estimates, we will now derive estimates for the derivatives of the norms of £,p by
expressions of the form (1.30). :



Lemma 2.3 For anyt > 0, the following estimates hold.

[ el + )| dr < € sup 07z,

' t
[ 18:(7)dr < € sup [16(7) |2
0 0<T<t

Proor. Using Lemma 2.2, we obtain ,
t t 2
(7|2 = [ |VEZE(r)| d
[} Ip=e(n)Pdr = [ |VEEZ()| ar

i 2 ‘
< g I [ | 2200 ar

0<7<t
< C sup ||0(7)|| -
0<r<t

Similarly, we have
1 .
[ 16:(7)1dr < C sup 16(7)13
0 0< <t

The proof is complete.
We can now show further estimates.

Lemma 2.4 For any t > 0 the following estimates hold.

et + [pess )P + [ lpacs(DI? + ller)I?)dr

t
<o (1 s J0IE- + [ l0Per)
0<r<t 0

lew®l + [ lpeees(r)I? + lecer(I?) dr

g i
< (1+ gup 012 + I ar).
0<r<t 0

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Proor. First, differentiating (1.20) with respect to ¢, multiplying the result by —ey, and

integrating with repect to z over €2, we obtain
1
0 = (Pult), ~Pent®)) +lealt)| + (Beat(t), cxul®)) + | oue(t)eult) da
= (Pote(t), Par(t)) + Mo (®)I? + O(ear(t), au(t))
(), par(t)
+ [[(AE) a0+ KE) e+ Hi(E) ) eult) da.
Combination with (2.9) yields
Ld
2dt
Integrating (2.26) with respect to £ and applying Lemma 2.3, we arrive at
t
NP @I + leas(®)? + [ llea(r)|Pdr
t .
<C+C [ (19 &)+ leelr) I + 67| dr
’ t t
< C+Csup [0(0)|E= [ lle®)IPdr+C [ (eI + 16:(rIP) dr
0<r<t 0 0
<C 0w + [ 116:(r)%d |
<O (1+ sup |00+ [ 64(r)]fdr).

6

ae)I? + lleac ) + e < Lewl@? +C [ (@22 +e2 + 03)2) o

(2.25)

(2.26)

- (2.27)



Here, we have used Young’s inequality in the form a < Ca® + C'.
Next, we differentiate (1.20) with respect to ¢, then multiply by e, and integrate the result
with respect to z over Q, to obtain

0 = (ultaul®) ~ (6wl o) + SlecnO - [ ) o) o
= (Pzont(t), €4(t)) + 7(5§tt(t)’ Eqt(t)) + 5“51:zt(t)“2 - /: Ezzt(t) o1(t) dz

= %(Pm(t),st(t)) — |2zt (8)]|? + Zi”z—:mt(t)uz + 6|ea0e (£)]|2

2dt
1 ,
- /0 Coat(t) one(t) do. (2.28)
However, by integration by parts, we have
(pzzt(t))gt(t)) = '—(pzt(t); sxt(t))- ’ (229)

Combining this with (2.28), and using (2.23) and Young’s inequality, we find
t
Hleat @I+ [ llezae(r)Pdr
6 rt 2 iz [ 2 2
<O+ 2 [Clea(mlfdr +C (@I + [ Ulo(r)I® + poas(r) ) d)
' i 5 t

< 3oo 2 oy 2 . .

<O (1+ s 6l + [ 10)Idr) + 5 [ llesue(r)lar (2:30)
The proof of the lemma is complete. | O

In the sequel, we will find that the above lemma plays a crucial role in reducing the degree of
nonlinearity.

Lemma 2.5 For anyt > 0, the following estimates hold.
t
16017+ [ llou(r)|ar < C. | (231)
sup [[6(r) = < C. (2.32)
0<r<t .
PROOF. Multiplying (1.21) by 6; and integrating with repect to z over Q, we obtain
2L 10,0+ 1001 = [ (A()06pen +78u12) () do
2dt 0
1 1
< ¢ (16 PO 0 + ([ 2.0 d2) louce))
< C (1@~ Ipea(®liz=( [ 68)da)* 100N + Ipe®IElON) . (2:39)
Therefore, integration with respect to ¢ yields

loutl + [ lextriPar < © ( sup 0= (f Toemar) ([ o) )

+ ([ Mpealiedr)* ([ NeIPar)* + 1)
= C(L+L+1). (2.34)

1
2

We now estimate the terms Iy, I,. By virtue of Nirenberg’s inequality and the boundary condi-
tions, we obtain

, . 1 1 ‘
 1Paz(®)llzee < CllPazaa(®)]Z {Ip=(2)]]2, (2.35)
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: 5 .
1Pz2(t)l|2¢ < C'l|Pases ()12 [Ip2(2)]]72. (2.36)
Hence, ' o

L= ¢ sup l0lem [ 18P /otnpm.-(r)niwdr)%

poj—

< (sup 16(7) ||z / 18:(7)|[2dr / [1Pazee (Tl llP=(7)]l dT)

< (sup oz [ IIGt(T)II"’ch-) ([ Wpaaea(rar [[patr)iPar) . (237
Using Lemma 2.2, Lemma 2.4, and Young’s inequality, we conclude that |
1 1
. t p) t 1
L5 0 s oo [ 104r)Par) ([ Tomeetr)Par)
t 2' 3 5 t " 4
< ( w I0)lem [ I0r)Far) " (1+ sup O + [ o) Par)
0<r<t 0 0<7<t 0 ’ /
<1 /t1|et(¢)||2df+c(1+ sup [lO(P)IE=). (2.38)
— 4Jo 0<r<t

Next, owing to Schwarz’s inequality and (2.36), we have
‘ 7 rt t 3
o= C ([ 1n)Pdr [ Ipuntr)fecr)
i t 5 7 %
< 2 3 3
< ([ 18" [ Ipaalr)I} l1pa(r)lFar )

1 5 1
ePar)” ([ o) ([ teder) ™
< ¢ ([ 10Pdr)” ([ Ipeemetlar) ™ ([ Itiitar)™ . (239)
Applying (2.18) with n = 12 and Lemma 2.4, we get
t ‘ 3
Bo< o([ 10 ([ lpestriPar)’
s
t 2 12
< ([ 10iPar)” 1+ sup ooz + [ lodlPar)
1t
< ¢ [ 16.()IPdr +C sup [o(r)][5= +C. (2.40)
4 Jo 0<r<t.
Owing to Nirenberg’s inequality and (2.1), we have

i 2
161z~ < ClIEONF 18®113: +C 16l < C 105 +C. (2.41)
Combining (2.38)-(2.40) with (2.34) and (2.41), and applying Young’s inequality, we find

t 1 rt ) 5
2 20 < = 2 g
-+ [ 1emitar < 5 [ BrlPar +0(1+ sup 16:()1F)

1 i
< o4z ([1aera+ s l.oOF). @4
(. o0<r<t
Taking the supremum with respect to ¢ in (2.42) yields

t 1, rt
2, [ 20r < = 2 L (7)]2 . 2.43
s 6. + [ 8n)IPdr < ([ leIar + sup [ (0)IF) +C. (249)
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Hence,

2. [tias
sup 16 + [T lalPar < | (2.44)
Thus, using (2.41), |
Sup, 16(r)|lz < C, (2.45)
which concludes the proof of the assertion. : , a

Combining the Lemmas 2.3 to 2.5, and using the system equations, we immediately conclude
that

Lemma 2.6 For anyt > 0, the following estimates hold.

[ UpaeP + e + ) b < 0, (2.46
[ UpaesTI? + PP + [pesea(r)? + lleaee(r)|?) dr < C. (2.47)
P2 (O1” + 1Pazs (@ + leat (> + llewaa(t)I* < C. (2.48)

Lemma 2.7 For anyt > 0, the following estimates hold.

[ UBOIE + 1 + oI + lpasr) ) dr < €, (249)
[ 8ecatr) = ax(DlPdr + | (Boee — k) dr < C, (2:50)
[ Upea(De + [peaer) P + Ipess(DlEe + I dr <€, (251
I + IO + e e + 2Ol + @B < C. (252)

PRrROOF. These estimates can easily be derived from the system equations and from the Lemmas
2.5 and 2.6. : O
Now we proceed to investigate the compactness of the orbit of the solution for ¢ > 0 in H?® x
H3 x H!. For the time being, we assume that the initial data are so smooth that the solution
will have enough smoothness to carry out the following argument; if the initial data belonged
just to H3 x H® x H*, we could approximate them by smooth functions and then pass to the
limit.

Differentiating (1.20) twice with respect to ¢, we find that

Pitt — VPratt + 08zztt — 0116 = 0. (2.53)
A straightforward calculation yields
o1 = fi(e) end + 2 fi(e) €:0: + fi(e) bx + f3(e) & + fi(e) en (2.54)

Multiplying (2.53) by pi and integrating with respect to z over €2, we find

0 = 2 dtllptt( M2 = Y(Poate(t), P (t)) + 6(€nate(t), u(t)) — (01(2), Pix(£))

= 3 aMIIzm:t(t)ll2 +Yllpoee(E)I* + 8(eee(t), Poore(t)) — (o122(2), Pa(2))
1d

= 535 (IPu@IP + llee®I?) + lipas(®)I = (1:(0), Pa(t). (2.55)



Multiplying (2.55) by ¢* and using (2.32), as well as the Lemmas 2.6 and 2.7, we obtain that

22 (oI +28leul?) ~ ¢ (lpe)I + i) + V2l pea(O?

t||pe(t)||* + Ct*l|orer (2)]|”
] (* + CE (eI + 16O + 18O 1* + lle()11?) : (2.56)

Hence, it follows from (2.31), (2.46), and (2.47), that

IAIA

(|lp (@)1 + dllex@)]1?) + fot 72||pose(7)|PdT < Cy + CE + C/Ot 7’2”9#(7)“2017' 7‘ (2.57)

where C1 = C([|eo|ze, ||pol| 22, [|00| )
On the other hand, differentiating (1.21) with respect to £, we get

ett - ke:czt - (fl (8)917:1::: + ’Ypiz)t =0. (258)

Multiplying by 6;; and integrating with respect to z, we arrive at

kd

=210 + 1P < S18OI? + 2 1((€)0ae + 12N

< %H@u(t)“z+C(pr(t)l|2+I{Gt(t)ll2+||pz,,.t(t)l|‘°'). (259)

Multiplication of (2.59) by 2 yields

5 dt(t2llezt(t)ll ) — ktll6=(8)]* + -—||9u(t)||2 < CE(lpaa @I + 10:A)I + llpoa (). (2:60)

In order to estimate [ 7]|0.:(7)||%dr, we multlply (2.58) by 0; and then integrate with respect
to z over (2, to obtain

I191»(Tt)||2 + kllﬁzt(t)llz

IA

S10OIP + 511 (F1(Epe + PN )

18P+ C (e + 18I + Ipece(I).  (2:61)

2dt

IA

Multiplying (2.61) by ¢, we find

2dt(tll(9t(t)ll %)+t 0 ()" < C (6@ +2]10 )|+ (e + 16 +Ipoae(B)]*))- (2:62)

Therefore,
t
£16,(8) || + /0 71|65: (7)|[2dT < Ct + Cs, (2.63)

where Cz = C([leollzs, [lpollm2, |16l 1)
Combination of (2.63) with (2.60) yields

i
f T[|0u(7)||*dr < Cs + C#2, (2.64)

with Cs = C(||eo||z2, || ol &3, |60] z2)-
Thus, it follows from (2.57) that

[Ipee(®)I* + llew(®)]* < Cat™ + C. | (2.65)
Also, using (2.63) and (2.60), | | |
16:®)]12 < C+Ct™, [0a:@)* <Ct™2+C, (2.66)
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with Cy depending only on ||€ol|zs3, ||po|| &2, ||00]| &2 -
Thus, it easily follows from the equations (1.19) to (1.21) that for any initial data in H3x H3x H?
it holds ‘

(e(-,t),p(-,1),0(-,t)) € H* x H* x H®, Vt>0. (2.67)

Moreover, we can infer from the Lemmas 2.5 to 2.7, and from (2.55), (2.59) and (2.61), that for
any v > 0 the triple (g, p, 8) is bounded in C([v, +00); H*x H* x H3). From this the compactness
of the orbit in H® x H® x H' follows. O

3 Asymptotic Behavior

In this section, we will prove the results on the asymptotic behavior of the solution given in
Theorem 1.1. In the sequel, a convergence symbol ” — ” is always to be understood as t = oo.
We will make use of the following basic lemma from Shen & Zheng [19]:

Lemma 3.1 Suppose that y and h are nonnegative functions on (0,00) such that y' is locally
integrable and such that y, h satisfy

VE>0:  y(t) < Aw(t) + As + R(2), | (3.1)
T - T

VI'>0: /y(’r)d'r < As, /h(T)dT < Ag, (3.2)
0 0 V

where Ay, Ay, As, Ay denote positive constants which are independent of t and T. Then, for any
r >0,

VE>0: gyt+r) < (é;‘i + Ao + A4> efidz (3.3)
Moreover,
o tl_l)rg y(t) = 0. (3.4)
Lemma 3.2 It holds
lp@)llzs =0, [lpe(®)llzs =0, (3.5)
les@)llz: = 0, |02z — o))l =0, (3.6)
[[ue(t) ]| 7z — 0. | (3.7)

PRrOOF. It follows from (2.26) and (2.32) that

2 (Ipa®)? + lleaI) + 2llea(I?
< C([16() ex®)I? + eI + 1))
<

C (llee®I* + 161 (3.8)
Combining (3.8) with (2.51), (2.46), (2.49), (2.31), and applying Lemma 3.1, we arrive at
122t ()II* + leae()* — 0. (3.9)

Hence, ||pzss(t)||? — 0, and thus ||zl zz — 0.
Next, we differentiate (1.20) with respect to ¢, then multiply by €z, — 01 and integrate with

respect to z over €. It follows
| 1d | o
5 g l10€2a(t) = a@®IF = —(u(t) — veu(t), 0ess(t) — 01(t))

L Joeee(®) = s + Cllpule)| + o). (310

IA
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Combining (3.10) with (2.50), (2.51), (2.47), and applying Lemma 3.1, we conclude that
16€22(t) — a1 (£)]|* — 0. (3.11)
From (1.20) and (3.9), we also get ,
|(0e2z — 01)=()|> = 0. (3.12)

The assertions of Lemma 3.2 now follow from the above estimates and from Poincare’s inequal-
ity. ' a

Lemma 3.3 It holds
16=(t)]] = 0. (3.13)

PROOF. We multiply (1.21) by ; and integrate with respect to z over  to get
kd 1
S+ 10O = [ (1920 + A1) 00:pes) (1) do

2dt ~
< SIROI+100 2RO + @I (319

Combining (3.14) with (2.32) and (2.52), we see that

A

d
k=181 + 16:A)11* < Clipea (9] (3.15)
Hence, we can infer from (2.46) and Lemma 3.1 that
18=(8)]* — 0,
which concludes the proof. ’ O

Concerning the convergence of ¢, u, 6, we have the following result.
Lemma 3.4 It holds

(E('at):p(':t)ae('>t)) - (57 0,?), in H® x H® x H17 | (3'16)
u(-,t) =@, in H*, with a(z)= /Ozé(y) dy, Vze[0,1], - (3.17)
where (Z,0) is one of the equilibria for the corresponding stationary problem, |
Sse — Fo(€)0 — Fol) =0,  318)
Ezlz:O = 0; Ela::l = 0, (319)
§ = Const., (3.20)
1
/ (9 + Fy(e) + gei) dz = E;. (3.21)
0

PROOF. It is easy to see from (2.4) and (2.12) that, for any 0 < v < 1,

2 2 0
Thus the system (1.19)-(1.21) has a Lyapunov function of the form

d 1,0, (k62 P —
dt/o (6——1/log9+F2(e)+1/F1(s)+—pz+§e$)(t) d:c+u/(; ( + (t)dz = 0. (3.22)

1 ~ 1 0
/0 (9 — v logf + Fy(e) + vFi(e) + §pi + 562) (t)dz.

Since the orbit is compact, as proved in previous section, it follows from the standard theory of
dynamical systems that the w-limit set is connected, compact and consists of equilibria. Since
the corresponding stationary problem admits only a finite number of solutions (see Zhou [22],
and also Luckhaus & Zheng [12], Novick-Cohen & Zheng [16], Zheng [21]), (3.16) follows. In
view of the boundary condition u|,—¢ = 0, we also get (3.17). Therefore, the proof is complete. O
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