WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Optimal control of the sweeping process

over polyhedral controlled sets

Giovanni Colombo', René Henrion?, Nguyen D. Hoang?, Boris S. Mordukhovich*

submitted: June 26, 2015

' Department of Mathematics 2 Weierstrass Institute % Departamento de Matematica
University of Padova Berlin Universidad Técnica Federico Santa Maria
Padua, ltaly Germany Valparaiso
E-Mail: colombo@math.unipd.it E-Mail: rene.henrion@wias-berlin.de Chile

E-Mail: hoang.nguyen@usm.cl

4 Department of Mathematics
Wayne State University
Detroit, Michigan
USA
E-Mail: boris@math.wayne.edu

No. 2139
Berlin 2015

I\
NSl

-

2010 Mathematics Subject Classification. 49J52, 4953, 49K24, 49M25, 90C30.

Key words and phrases. Optimal control, sweeping process, moving controlled polyhedra, dissipative differential inclusions, discrete approxima-
tions, variational analysis, generalized differentiation.

Research of G. Colombo was partially supported by GNAMPA of INdAM. Research of R. Henrion was partially supported by the Research
Center MATHEON. Research of N.D. Hoang was partially supported by FONDECYT #3140060 and Basal Projects at CMM, Universidad de
Chile.



Edited by

WeierstraB3-Institut flir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstraf3e 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias-berlin.de

World Wide Web: http://www.wias-berlin.de/



Abstract

The paper addresses a new class of optimal control problems governed by the dissipative and discontinuous
differential inclusion of the sweeping/Moreau process while using controls to determine the best shape of moving
convex polyhedra in order to optimize the given Bolza-type functional, which depends on control and state variables
as well as their velocities. Besides the highly non-Lipschitzian nature of the unbounded differential inclusion of the
controlled sweeping process, the optimal control problems under consideration contain intrinsic state constraints of
the inequality and equality types. All of this creates serious challenges for deriving necessary optimality conditions.
We develop here the method of discrete approximations and combine it with advanced tools of first-order and
second-order variational analysis and generalized differentiation. This approach allows us to establish constructive
necessary optimality conditions for local minimizers of the controlled sweeping process expressed entirely in terms
of the problem data under fairly unrestrictive assumptions. As a by-product of the developed approach, we prove
the strong W 1-2-convergence of optimal solutions of discrete approximations to a given local minimizer of the
continuous-time system and derive necessary optimality conditions for the discrete counterparts. The established
necessary optimality conditions for the sweeping process are illustrated by several examples.

1 Introduction and Problem Formulation

This paper is devoted to the study of the sweeping process, a class of models introduced by Jean-Jacques Moreau
in the 1970s to describe a number of quasistatic mechanical problems; see [28, 30, 31] and the book [22] for more
details. Besides the original motivations, models of this type have found significant applications to elastoplasticity [15],
hysteresis [18], electric circuits [1], etc. For its own sake, the sweeping process theory has become an important area
of nonlinear and variational analysis with numerous mathematical achievements and challenging open questions; see,
e.g., [18, 20] and the references therein.

Mathematically the sweeping process is governed by the dissipative differential inclusion
(1.1) i(t) € =N (z(t); C(t)) ae. t€[0,T],

which describes the movement of a point belonging to a continuous moving set C'(¢) while its velocity belongs for a.e.
t to the negative normal cone to C'(t) at z(¢). The Cauchy problem x(0) = x( for the sweeping process (1.1) enjoys
a developed well-posedness theory for convex and mildly nonconvex moving sets; see, e.g., [13]. Higher-order and
state-dependent sweeping processes have also been studied (to a much lesser extent) in the literature; see, e.g., the
book [9]. Let us also mention the recent paper [21], which contains existence and well-posedness results obtained via
advanced tools of variational analysis and generalized differentiation for a broad class of evolution systems including
the sweeping process.

Among the central issues of the sweeping process theory is establishing the existence and uniqueness of solutions to
the Cauchy problem for the sweeping differential inclusion (1.1) under reasonable assumptions on the given moving
set C'(t). This tells us that it does not make any sense to optimize the sweeping process generated by the given set
C'(t) from the standard viewpoint of optimal control theory well developed for Lipschitzian differential inclusions and
the like; see, e.g., [25, 38, 42] and the references therein.

In our first paper on the sweeping process [11] we suggested to take a new viewpoint on optimizing the dynamical
system (1.1) by controlling the moving set C'(t) with the usage of control actions that change the shape of C'(t) and



hence the right-hand side of the sweeping differential inclusion (1.1). This idea was partly implemented in [11] for the
case when the sweeping process was driven by a moving affine hyperplane whose normal direction and boundary
were acting as control variables. Furthermore, it was assumed in [11] the independence of the running cost on time,
control variables, and control velocities as well as the uniform Lipschitzian continuity of feasible controls. Apparently this
first attempt was limited from both viewpoints of control theory and possible applications. A much more realistic while
significantly more challenging case appears when, along with general running costs depending on state, control, and
their velocity variables, controlled moving sets are described by convex polyhedra governed by finitely many controls
in normal directions and polyhedron boundaries under inequality and equality constraints. Polyhedral descriptions of
moving sets in the (uncontrolled) sweeping process were largely explored, e.g., in [15, 18, 19], where the reader can
find interesting applications to particular models of elastoplasticity and hysteresis.

In the other line of development we mention the recent paper [8] and its subsequent extension [2], which address a
different class of optimal control problems for an equivalent variational inequality description of the sweeping process
of the rate-independent hysteresis type, where the convex moving set is fixed while controls appear in an associated
ordinary differential equation. Another recent paper [10], in the framework of BV solutions of a sweeping process
whose given moving set is lower semicontinuous with nonempty interior, concerns relaxation issues and dynamic
programming. Controls appear there via perturbations of the dynamics given by the normal cone while being the
barycenter of a Borel finite measure.

In this paper we study the following optimal control problem ( P) of the generalized Bolza type for the sweeping process
(1.1) as well as some of its modifications. Given an extended-real-valued terminal cost function ¢: R" — R =
(—00, 00] and a running cost £: [0, T] x R2(Fmm+m) _, R minimize the functional

T

(12 Tt = (D) + [ elta(0),u(t).b(0).a(0),a(e), 1) de
0

over the controlled sweeping dynamics described by

(1.3) z(t) € =N (z(t); C(t)) forae. t €[0,T], x(0):=z¢ € C(0)

with the inequality and equality constraint defined by

(1.4) C(t) == {z e R"| (u;(t),z) < b;(t), i=1,...,m}
(1.5) with ||u;(t)|| =1 forall t € [0,T], i =1,...,m,
where the controls actions u(-) = (u1(:),...,un(-)) and b(:) = (b1(-),...,bm(:)) are absolutely continuous

on [0, 77, the final time T is fixed, and the absolutely continuous trajectories x(-) of the differential inclusion are
understood in the standard sense of Carathéodory. This class of problems contains several novel features, which either
have never been investigated or have been studied insufficiently in control theory; see more discussions below. Recall
now that the normal cone to a convex set C' C R" is defined by

(16) N(z;0):={veR"| (v;y—2)<0, ycC} if z€C and N(z;C):=0 if z ¢ C.

Hence the sweeping process with a given moving set (1.1) can be considered as an evolution variational inequality, or
a differential variational inequality in the terminology of [32]. On the other hand, the control model (1.3)—(1.5) relates
rather to evolutionary quasi-variational inequalities with controlled parameters, which should be determined to optimize
the dynamical process.

The main goal of this paper is to derive necessary optimality conditions entirely in terms of the problem data for the
so-called intermediate local minimizers of (P) and its modifications that occupy an intermediate position between the
standard notions of weak and strong local minima in variational and control problems; see Section 3 for more discus-
sions. Our approach is based on developing an appropriate version of the method of discrete approximations, which



largely follows the scheme of [23, 25] implemented therein for the case of Lipschitzian and uniformly bounded differen-
tial inclusions, while now requiring a novel extension to the case of totally non-Lipschitzian and unbounded differential
inclusions in (1.3). Some results on discrete approximations of feasible trajectories of (1.2) and the convergence of op-
timal solutions to appropriate discretizations of the continuous-time system in (1.2)—(1.5) have been recently obtained
in our preceding paper [12]. However, they do not provide enough information for passing to the limit in necessary
optimality conditions for discrete approximations and thus establishing in this way necessary optimality conditions for
local minimizers of the original continuous-time systems governed by the controlled sweeping process.

In this paper we are going to proceed further in this direction by improving the previous discrete approximation results
to make it possible deriving necessary optimality conditions for the continuous-time systems by passing to the limit from
those for their discrete approximations that are proved to satisfy the desired well-posedness and convergence prop-
erties. The realization of this approach requires overcoming significant difficulties, which have never been addressed
earlier in control theory from this or any other method of deriving necessary optimality conditions even for more simple
problems with smooth data. Besides the aforementioned totally non-Lipschitzian and unbounded nature of the sweep-
ing process, serious challenges come, in particular, from the intrinsic presence of state constraints of the inequality and
equality types combined with the quasi-variational inequality structure of the controlled sweeping process. Indeed, we
show in Section 3 that problem (P) can be rewritten in the more conventional form of the generalized Bolza problem
for a non-Lipschitzian and unbounded differential inclusion with a fixed right-hand side, where the relations in (1.4) and
(1.5) are treated as state constraints of the inequality and equality type, respectively. It is worth mentioning that, in con-
trast to the inequality state constraints well studied for standard control systems and Lipschitzian differential inclusions
(see, e.g., [4, 42] and the references therein), the equality state constraints have been just very recently addressed in
[5] for smooth control systems under regularity assumptions formulated via full ranks of the corresponding Jacobians
of the constraint functions. Needless to say that neither the results nor the approach of [5] can be applied in our setting.

A crucial ingredient of our approach within the method of discrete approximations is applying advanced nonconvex
tools of first-order and second-order of variational analysis and generalized differentiation, which are required even in
the case of smooth terminal and running costs in the convex cone setting of (1.1). This allows us not only to establish
the desired strong convergence of discrete approximations and then to pass to the liming in the necessary optimality
conditions obtained for discrete problems, but also to derive necessary optimality conditions for the continuous-time
control system entirely in terms of the problem data and the given local optimal solution to the controlled sweeping
process.

In fact, our major necessary optimality conditions are derived for a certain parametric perturbation (P™) of the original
problem (P) with the control constraints in (1.5) replaced by

1 3
(17 Jus®)l =1 on [T —7] and 5 < u@®)] <5 on [0.7)U(T=7.T], i =1,....,m,

where the time endpoint perturbation parameter 7 > 0 is arbitrarily small, and so (P7) is not much different from
(P). The purpose of the equality constraint relaxation on the small intervals adjacent to the time endpoints is to
avoid degeneracy of necessary optimality conditions, which otherwise may hold for all the feasible solutions under
some choice of nontrivial dual elements. Such a degeneracy phenomenon for necessary optimality conditions of the
Pontryagin Maximum Principle (PMP) type has been discovered and well investigated in control theory with inequality
state constraints; in particular, for Lipschitzian and compact-valued differential inclusions as in [4, 33, 42]. Our case is
significantly different from the previous studies in both directions of the problem setting and the results obtained. We
derive nondegenerate necessary optimality conditions for intermediate local minimizers of (P7) with 7 > 0 while the
passage to the limit therein as 7 | 0 leads us to the conditions that generally degenerate. As examples show, even
the degenerate optimality conditions obtained in this way for (P) can be useful to find optimal controls, but anyway
we treat as our main result the more trustworthy ones established for (P7). Of course, there is no difference between
problems (P) and (P7) if the equality constraints (1.5) are not imposed.

Although the obtained necessary optimality conditions for the controlled sweeping process are constructively expressed



via the problem data and turn out to be efficient as illustrated by various examples presented in this paper, they are
rather complicated and contain measures, which is not surprising for state-constrained systems. However, a crucial
advantage of the method of discrete approximations and its strong convergence established below is that we can stop,
with any prescribed accuracy, at a suitable step of discretization and treat the corresponding optimal solution to the
discrete problem satisfying the (much simpler) discrete optimality conditions as an approximate/suboptimal solution to
the continuous-time one.

The rest of the paper is organized as follows. The main result of Section 2 shows that the class of absolutely continuous
controls (u(-), b(+)) and the corresponding absolutely continuous trajectories z:(+) is a right choice for feasible solutions
to (P) and (P7), since such a control pair satisfying the polyhedral constraints (1.4) ensures the existence of an
absolutely continuous solution to the Cauchy problem (1.3) under an appropriate constraint qualification, which is also
used in deriving necessary optimality conditions.

The major aim of Section 3 is to construct well-posed discrete approximations of the optimal control problem (P7) for
any 7 € [0,T), with P’ := P, such that they admit optimal solutions whose piecewise linear extensions on [0, 7]
converges to the given intermediate local minimizer (z7(-), 47 (+),b7(+)) of (P7) strongly in W12[0, T with some
additional properties allowing us to derive nondegenerate necessary optimality conditions for (z7(-), 7 (-),b7(+)) as
7 > 0 by passing to the limit from discrete approximations. This essentially distinguishes our new results in this
direction from those obtained in the preceding paper [12] devoted to discrete approximations of the control sweeping
process. As a crucial step of this procedure, we justify the strong Wl’z-approximation with the desired additional
properties for any feasible solution to the controlled sweeping differential inclusion (1.3) without taking into account the
cost functional (1.2).

Since optimal control problems (P7) for 7 € [0,7] and its discrete counterparts are intrinsically nonsmooth due
to the sweeping dynamics (1.3) and its finite-difference approximations, we need to employ suitable constructions of
generalized differentiation satisfying extensive calculus rules to obtain necessary optimality conditions first for discrete-
time and then for continuous-time systems. Section 4 is devoted to the description of such constructions and the
explicit calculations of the major second-order one—the coderivative of the normal cone mapping—entirely in terms of
the given data of the controlled sweeping process. These second-order calculations are certainly of their own interest
while playing a crucial role in the efficient realization of our approach to deriving necessary optimality conditions.

Section 5 presents necessary optimality conditions for the discrete-time optimal control problems appearing in the dis-
crete approximation procedure for (P7), 7 € [0, T], developed in Section 3. These conditions are obtained by reduc-
ing the discrete-time problems to nonsmooth mathematical programs with many geometric and functional constraints
with the usage of generalized differential calculus and the second-order calculations from Section 4. The conditions
obtained are expressed explicitly via the problem data.

Section 6 is a culmination of the paper. It contains the formulation and proof of the main nondegenerate necessary
conditions for intermediate local minimizers of the sweeping control problem (P7) whenever 7 € (0,T"), their limiting
versions as 7 | 0, and those for some special cases. The proof of the main result is rather involved and significantly
depends on the major results obtained in the previous sections.

The concluding Section 7 contains some applications to problems of quasistatic elastoplasticity with hardening and also
present several examples showing the strength and illustrating specific features of the necessary optimality conditions
obtained for the controlled sweeping process.

The notation of this paper is standard in variational analysis and optimal control; see, e.g., [24, 42]. Recall that B stands
for the closed unit ball of the space in question, B(x,r) := z + rB,and N := {1,2,...}.



2 Feasible Solutions to the Controlled Sweeping Process

To begin our study, we want to make sure that the choice of absolutely continuous controls in problems (P7) as 7 €
[0, T'] is appropriate from the viewpoint of feasibility, i.e., such a choice of (u(-),b(+)) in (1.4) ensures the existence
of a solution x(-) to the Cauchy problem in (1.3), which is at least absolutely continuous on [0, T']. Observe that the
unbounded polyhedral moving set C(t) generated by such a pair (u(-),b(-)) in (1.4) is not absolutely continuous
on [0, T in the Hausdorff sense for set-valued mappings (not even talking about Lipschitz continuity), and hence we
cannot deduce the existence of an absolutely continuous trajectory x(-) of (1.3) from known existence theorem for the
sweeping process; see, e.g., [13].

Consider first the general sweeping process (1.3) generated by an arbitrary closed and convex moving set C'(¢) in
IR™, which is assumed to be nonempty for all t € [0, T]. Denote by v(t) := 7 () (0) the unique projection of the
origin onto C'(t) and define the shifted set K (¢) := C(t) — v(t). The following result has been recently proved in [12,
Theorem 2.1] while being our starting point in this section.

Lemma 2.1 (existence of absolutely continuous sweeping trajectories for general moving sets). Let the projec-
tion v: [0,T] — R™ be absolutely continuous on [0,T]. We assume that for any positive numbers r, € there is a
number § = 6(r,e) > 0 satisfying the estimate

l

(2.1) Z max dist(z;K(Bi))Sg.

z€K (a;)NrB

for every collection of mutually disjoint subintervals

l

{loa, 8] i=1,...,1} of [0,T] with Y |B; — ] <.

i=1

Then there exists an absolutely continuous solution of the Cauchy problem in (1.3).

We now use this result to establish an existence theorem for absolutely continuous trajectories of (1.4) generated by
absolutely continuous controls in the polyhedral description (1.4) under the Linear Independence Constraint Qualifica-
tion (LICQ). Note that this qualification condition was missed in the statement of [12, Corollary 2.2], where the proof
was given only in the case of m = 1 in (1.4). We are very grateful to Alexander Tolstonogov for observing that an
additional condition is needed for the validity of the latter result for m > 1 and that the case of m = 1 follows from his
more general recent existence theorem in [41]. The following result new for the case of m > 1 is what we needed to
justify well-posedness of the absolutely continuous framework for feasible solutions to problems (P7) as 7 € [0, 7.

Theorem 2.2 (existence of absolutely continuous sweeping trajectories for controlled polyhedra). Let the con-
trols (u(+) = (u1(), ..., um(-)) andb(:) = (b1(-), ..., bm(:)) be absolutely continuous on [0, T, let the inequality
system in (1.4) be consistent, (i.e., C(t) # () forallt € [0,T1], and let

(2.2) the vectors {ul(t){ 1€ 1, (t)} be linearly independent whenever = € C(t), t € [0,T],

where I,(t) :={i € {1,...,m} with (u;(t),z) = b;(t)}. Then the corresponding Cauchy problem in (1.3) admits
a unique absolutely continuous solution x(-) on [0, T'].

Proof. Let us show first that the (well-defined) projection v(+) is absolutely continuous on [0, T']. Indeed, observe that
for each t € [0, T the vector v(t) solves a positive-definite parametric program under the imposed LICQ (2.2). Then
all the assumptions of Robinson’s stability theorem from [34, Theorems 2.1 and 4.1] are satisfied. Taking into account



that f appearing in the stability condition [34, formula (2.4)] is the Lagrangian of our quadratic program, x is our v(t),
C'is the first orthant, and the parameter p therein is our ¢, we conclude from the aforementioned stability condition that
the modulus of continuity of v(+) is proportional to the modulus of continuity of the problem data with respect to ¢. This
readily justifies the claimed absolute continuity of the projection function.

To deduce the existence theorem for the sweeping process under consideration from Lemma 2.1, it remains to verify
the validity of condition (2.1) in this case. Recall that a multifunction I" : [0,7] = R™ is absolutely continuous if for
any € > 0 there is some J (¢) > 0 such that the implication

D Bi—ail <d(e)=)  du(T(ai), L () <

holds for any finite collection of mutually disjoint intervals [a;, 3;] C [0, T'], where d s refers to the Hausdorff distance.
Forr > Oand ¢t € [0,T] define I',(t) := K(t) N rB. Then it follows from the definition of K (-) that I',(¢) =
ﬂ;":ll“,(nj) (t) with the notation

TW(t) == (Cj(t) —v(t)) NrB and Cy(t) := {x € R"|(uj(t),2) <bj(t)}, j=1,....,m.
We claim now the validity of the estimate
(23)  dist (2, TV (1)) < 7 lluy(t) — ui(s)]| + [b(t) = b(s)| + [(u;(t), v(£)) = (w;(s), v(s))]

foralls,t € [0,T],r >0, € {1,...,m}and z € I‘gj)(s). Note that (2.3) is trivially satisfied for z € I‘gj)(t), and
hence we may assume that z ¢ ng)(t). Now fix such s, t, 7, j, z and show first that

(2.4) dist (z, DY) (1)) = v := (uj(t), z + v(t)) — b;(t) > 0.
Indeed, (2.4) follows from the easily verifiable fact that 2 := z — fyuj(t) is a unique minimizer of the program
(2.5) min { ||z = y[* [y € C5(1) — v(t)}
by ||u;(t)|| = 1. Observing that v(t) € C(t) C C;(t) andy > 0 gives us v < 2 (u;(t), z), and so

1217 = l120% = 2 (uj(2), 2) + 72 = [|=lI* + 7 (v = 2 (wy (1), 2)) < [12)* < 7%,
which means that 2 € rB and thus Z solves not just (2.5) but also the program

min { |z y|* |y € 19 ()}
over the smaller constraint set. This verifies (2.4). Further, it follows from z € Fﬁi)(s) that
7= () = uy(s), 2) + {uy(s), 2) + (), v(t)) — bj(t)
< (ui(t) —u(s), 2) + bils) — {u(s), v(s)) + (u;(t), v(t)) — b;(t),

which implies (2.3) by taking into account that ||z|| < r. Interchanging the roles of s and t in (2.3) gives us

dr (TP (s), TP (8)) < 7 [l (8) = ui ()] 4 b(¢) = b(s)| + [{u; (£), v(8)) — {u;(s), v(s))]

for the same s, ¢, 7, §, 2. On the other hand, the functions ru;(-), b(-), and (u;(-), v(-)) are absolutely continuous on
[0, T since u;(-) and b(-) were assumed while v was shown to be such. This tells us that the multifunction D(nj)(-)
is absolutely continuous for any » > 0 and j € {1,...,m}. We want to derive from here that I',-(-) is absolutely
continuous for any r > 0, which would follow from this property of the intersection mapping D(nl)(-) N D(nz)(-). Since
this intersection is bounded, the desired fact follows from

(2.6) T (1) Nint T (¢) # 0 whenever ¢ € [0, 7]



by [29, Proposition on p. 274]. To verify (2.6), observe first that the assumed LICQ and nonemptiness of C'(t) yields
the existence of a (time dependent) Slater point Z(t) in the description of C'(t):

(uj(t),z(t)) < bj(t) forall t€[0,7], j=1,...,m.
Recall the inclusion v(t) € C;(t) forall j = 1,...,mon [0, T], which means that
(uj(t),v(t)) < bj(t) whenever t € [0,T], j=1,...,m.
Define x,,(t) := vz(t) + (1 —v)v(t) fort € [0,7] and v € [0,1] and deduce that (u;(t),z,(t)) < b;(t) and
veintrBast € [0,7),7 = 1,2, v € (0, min{r, 1}). ltyields z,,(t) € T () Nint T (¢) justifying (2.6).

It is proved therefore that I',.(-) is absolutely continuous on [0, T'] for any r > 0, which means that whenever r,& > 0
there is § (r, €) > 0 such that the implication

DBl <d(re) =)  du(ly(e),Ir () <

holds for any finite collection of mutually disjoint intervals [c;, 3;] C [0, 7. This verifies that

l

Z max _dist (2, K (3;)) <Z max  dist (z, K (3;) NrB) Z Ly (8i)) <

| z€K (a;)NrB z€K (a;)NrB —

o~

and thus completes the existence part of the proof of the theorem. Uniqueness follows from a well known argument
based on the convexity of the moving sets and Gronwall’s lemma. A

The next example demonstrates that just the consistency condition C'(t) # () is not sufficient for the existence of
absolutely continuous trajectories in (1.3), (1.4) generated by C>° controls (u(-), b(+)) for m = 3.

Example 2.3 (LICQ is essential for the existence of absolutely continuous sweeping trajectories). Consider the
controlled sweeping system (1.3), (1.4) in R? generated by the controls

ui(t) == ey, us(t) :== —ei, ug(t) := (— cost, —sint), by(t) = 1,bs(t) := —1,b3(t) := — cost —sint

on [0, 7|, which are obviously C* functions on this intervals while LICQ (2.2) fails. Then we have

1} xR for ¢ =0, 1,0) for t =0,
C(t) = {1y x o and v(t) = (1,0 for
{1} x[1,00) for 0<t<m (1,1) for 0 <t <.

Due to the discontinuity of v(t), the assumptions of both Lemma 2.1 and Theorem 2.2 are not satisfied although
C(t) # D forall t € [0, 7]. Observe further that the corresponding Cauchy problem (1.3) with (0) = (1, 0) cannot
have absolutely continuous solutions, since even the requirement z(t) € C(t) on [0, 7] is not met for continuous
functions x(t) by the discontinuity of C'(¢).

Remark 2.4 (Lipschitzian sweeping trajectories). It follows from [12, Proposition 2.3] that the Lipschitz continuity
assumptions on v(-) and K () N B in addition to those imposed in Lemma 2.1 ensure the existence of a unique
Lipschitzian solution to (1.3) with an explicit estimate of its Lipschitz constant. Then the arguments in the proof of
Theorem 2.2 allow us to conclude under these assumptions that any Lipschitzian control pair (u(-),b(-)) in (1.4)
generates a unique solution to (1.3) with the aforementioned properties. Furthermore, if all the controls u(-) and b(-)
in (1.4) are uniformly Lipschitzian on [0, T'] with the moduli L,, and Ly, respectively, then we can prove the existence
of a constant M > 0 dependent only on T, xg, L, and L; such that the sweeping process in (1.3) is equivalent to
the bounded differential inclusion

—&(t) € N(z(t);C(t)) N MB ae. t € [0,T] with z(0) =z € C(0).



Such a boundedness reduction was first established in [40] for the sweeping process with an absolutely continuous
moving set C'(t), which is not the case here, and then was further developed in [11] for (1.3), (1.4) with m = 1 under
uniform Lipschitzian assumptions. In this paper, in contrast to [11], we prefer not to require the uniform Lipschitzness
of feasible controls that led us in [11] to incomplete results on discrete approximations and necessary optimality

conditions.

3 Well-Posed Discrete Approximations

In this section we start developing a discretization approach to the study of the optimal control problems (P7), 7 €
[0, T'], which will finally result in deriving robust necessary optimality conditions for their local minimizers. As the first
step of this device, we construct here well-posed discrete approximations for an arbitrary feasible solution to (P7) and
establish an appropriate strong convergence of such approximations.

To begin with, let us represent the controlled sweeping differential inclusion (1.3) under the polyhedral constraints
(1.4) in an equivalent differential inclusion form for extended trajectories. Consider the vectors u := (u1, ..., Uny) €
R™ b := (by,...,by) € R™ and z := (z,u,b) € R™ x R™ x R™ and define the set-valued mapping
F:R" x R" x R™ = R" by

(3.1) F(z):= —N(w;C’(u,b)) with C(u,b) := {x € R (us,z) < b, i=1,... ,m}.
Then the sweeping differential inclusion in (1.3) under constraints (1.4) can be rewritten as
(3.2) 2(t) € G(2(t)) == F(2(t)) x R™ x R™ ae. t € (0,77,

where the initial condition z(0) = (xq, u(0),b(0)) is such that (u;(0),zg) < b;(0) for all i

=1,...,m. We
can see that form (3.2) treats controls (u(-),b(+)) and the corresponding sweeping trajectories x(-) symmetrically.
Theorem 2.2 tells us that any choice of absolutely continuous functions u(-) and b(-) satisfying LICQ (2.2) generates
a feasible solution z(+) for the extended differential inclusion (3.2).

Now the constrained sweeping system (1.3), (1.4) is written in the conventional form of the theory of differential inclu-
sions with fixed right-hand sides as in [25, 42] while they do not possess major properties under which this theory has
been developed. Indeed, the right-hand side of (3.2) is described by a highly irregular (discontinuous and unbounded)
set-valued mapping. Further, it follows from definition (1.6) of the normal cone that (3.2) implicitly contains the state
constraints on the trajectories z(t) given by

(3.3) z(t) € C(u(t),b(t)) forall ¢t € [0,T].

Moreover, besides the more conventional state constraints of the inequality type (1.4), each optimal control problem
(P7) as 7 € [0,T] contains those (nonsmooth and irregular) of the equality type given by (1.7), which has not
been investigated in optimal control theory even in much simpler settings; see the discussion in Section 1. All of this
emphasizes serious challenges we face to study these problems.

The next theorem establishes the aforementioned strong W1*2-approximation of a given feasible solution to (3.2)
subject to the state constraints in (1.7) (those in (3.3) are contained in (3.2)) by a sequence of feasible solutions to its
discrete counterparts. The underlying difference of this theorem from the previous one in [12, Theorem 3.1] is deriving,
under additional assumptions, new approximation properties that play a crucial role in the subsequent passage to
the limit from optimality conditions for discrete-time control problems. We check then that the additional assumptions
imposed are not actually restrictive.

In what follows the symbol j, (k) stands for the smallest natural number j such that t;? > 7 whenever 7 € (0,77,
while j7 (k) signifies the largest j € N with t¥ < T — 7.



Theorem 3.1 (strong discrete approximation of feasible solutions). Let Z(-) = (Z(-), @(-), b(:)) € W2[0,T] :=
WL2([0, T]; R m+m) be an arbitrary feasible solution to problem (PT) with any fixed parameter T € [0,T] and
define the uniform discrete partitions of [0, T'] by setting

B4) Ap:={0=tf<ti<...<tp=T} with hy,:=tf,, —t¥10,j=0,...,k—1, as k — occ.

Assume in addition that z(-) satisfies the following properties at the mesh points (all these properties are automatically
satisfied if, e.g., Z(-) € W2°°[0, T)): the differential inclusion (3.2) holds for Z(-) at all t;?, j=0,...,k—1foreach
k € N, we have

+1 j k) -k 2
(3.5) Zh H b U :E(tj)H — 0 as k — oo,

and there exists a constant M > 0 independent of k such that

k—1 =

D S . R e B

Y

HMH

R,

h

67 sz HU@?H) —a(ty,,) _U(t?+1)h]: a(ty) H <M =2 Hb(t§+2) —b(thy)  b(thy) —b(t]) H

<
<.

I
=)

whenever k € N. Then there is a sequence of piecewise linear functions z*(t) := (z*(t),u¥(t), b¥(t)) on [0, T]

with (*(0), uk (0), b¥(0)) = (w0, (0), b(0)),

8 IJU?(%?)II =1 for3j=jf(k)7-~,f(k),
' 5 S <5 for j<ir(k) =1 and j > j7(k) +1, i=1,....m,
satisfying for all k € N the extended finite-difference inclusions

3.9)  a(t) =2 (t;) + (t — tj)v;C whenever tk <t< tﬁl with v;? € F(zk(t;‘?)), j=0,....k—1,

and such that the functions 2" (-) converge to Z(-) in the norm topology of W 2[0, T}, i.e
(3.10) 2K (t) — Z(t) uniformly on [0,T] and /sz(t) —Z@)||?dt — 0 as k — oo.

Moreover, there exists a constant M > M depending only on the total variation of u(-) on [0, T so that for every
k € N we have the estimates

Huk(t’f)—u’“(t’é)HSM Hb’“(t’f)—b’“(t’é)H 7

3.11
(3.11) I I < M,

(3.12) var( ;0,7]) < M, and Var(Bk; 0,7]) < M.

Finally, the sequence {x*(-)} has uniformly bounded variations on [0, T'| being in addition uniformly Lipschitzian on
[0, T ifz(-) is Lipschitz continuous on this interval.



Proof. Following the proof of [12, Theorem 3.1], for any k& € N we construct the continuous-time functions yk (t) :=
(y5(t), y5(t), y5(t)) as the piecewise linear extensions on [0, T of the discrete-time triples

(y'f(tﬁ),y’z“(t?) ys(t5)) = (@(8), a(t}),b(t5)), §=0,....k,

and denote by w = (w} t),w5(t)) == " (t) their derivatives at non-mesh points. The assumptions in
(3.7) yield var(w¥; [ 1) < M for i = 2,3 whenever k € N. It follows from the above that

y*(-) — Z(-) uniformly on [0,7] and w"(-) — Z(-) stronglyin L?[0,T] as k — oo.

Defining u* (t) := y5 () on [0, T, we get u*(0) = y5(0) = (0) and deduce from (1.7) and the constructions above
that the constraints on uk() in (3.8) and (3.11) hold. Fix £ € N, denote ¢; := t? asj=1,...,k — 1, and construct
the desired functions b*(t), z¥(¢) on [0, T by induction. To proceed, put (z*(0),b*(0)) = (0, b(0)), suppose that
the value of 2% (t;) is known, and define b%(t) at the mesh points so that

b]? (tj) == <xk ; ( )>If ygl = <Z/1 Z’Jk (tj)>7
O () > (2" (), wl ()it whi(ty) > (ub(t), v5:(t;))-

We can clearly arrange b (t;) — bi(t;) = 0 (t;) — y4;(t;) = (2" (t;), uf(t)) — (y1 (t), yhi(t5)) = (2" () —
y’f(t]’), ﬂl(tj» Using the projection ’Uk = TR (ak (t;)uk (t5),bk (£;)) (U)lj) define next x (t) on (t],tj+1] by (3.9), then
construct b¥(¢;11) as above and extend it linearly to [t;, t;41]. Observe that our construction yields

bf (tj+1) — bE(t;) 5i(3+1 ‘_ ]+1 = b(tj41) bf(tj)—b(tj)’

hi R,
a:’ft-l—g?t»l ~ xkt»—ft-)_
(|2 (tj+1) — 2" (ty)  T(tj41) — T(t)) M) — 3| - _

<2 j i) T j H J (t ’ (tiry) — T(ts

- QH hy i H + I ‘ | @itj1) — @ilty)|
forall j =0,...,k — 1. We also have the equalities

oF(ti1) — 2P (t)  2(tje1) — (2 t

pro [l sl Zal)) e S) S g,

Furthermore F'(z"(t;), u* (t;), b (t;)) = F(&(t;), u(t;), b(t;)), v§ = mps 3(t),(t) bt 1, (wl;), and

Z o — k| = Zdlst(ﬁlk“j); Fa(t),u(t;), blt;)) )
(3.15)

< 3| =) )| <

Employing this together with (3.14) gives us

k—1 k k _ _
(3.16) Hx (tj+1) —2"(t)) _ Z(tj1) — Z(t5) H < M,

_ k k

7=0
which readily implies the estimates

Z(t5) +1 Z(tiy1)  2(t;) —x(t;) " (to) — (to)

o [ < T ] | <
(3.17) < Z hk + - <
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forevery j =0,...,k — 1as k € N. As a result, it follows from (3.13), (3.14), (3.15), and (3.17) that

bF(tj1) =i () BF(tj41) —
hy, hy,

kol
—_

b (tj)‘ < M + Mvar(u; [0,T]).

Il
o

J
Combining the latter with (3.7), we arrive at

k—2

‘bk t]+2 —0F(tjp1)  OF(tja) = b

t.
n ( J)‘ < 3M + 2Mvar(i; [0, 7)),
k

=0

with verifies the validity of (3.12) for b*. Observe simultaneously the fulfillment of the estimate for b* in (3.11), which
follows from (3.17) and the representation b¥ (t1) — b;(t1) = (z*(t1) — y¥(t1), @i (t1))-

Next we justify the W1’2-convergence in (3.10) for which it suffices in fact to check the L2-convergence of i* and bF.
To verify the former one, observe by (3.5) that

L 9 wE 2 +1 jtk) NIE
1) - who) e = thnv H <ZhH L N G
0
as k — oc. The claimed convergence for b* follows from (3.13) and
Tk kg2 9 (T & k2 216_1 2
/0 6(6) — w02t < o /0 [64(t) — wb(0)]12de + 202 3 gl (t41) — s(ty)]|
=0

by the absolute continuity of %(-) on [0, T]. The last statement of the theorem on {z*(-)} follows immediately from
(3.6), (3.16), and the fact that Z(-) has bounded variation on [0, T']. To complete the proof of the theorem, it remains
to observe that the validity of all the assumptions in (3.5)—(3.7) for the case of Z(-) € W?2°°[0, T) is a direct conse-
quence of the definitions. A

It is not hard to check that all the assumptions of Theorem 3.1 are satisfied if z(-) is piecewise C*[0, T] with z(-) €
BV ([0, T)). In this case, more general than z(-) € W?2°°[0, T, the derivatives appearing in (3.2) and in the subse-
quent formulas are the right derivatives.

Our next goal is to construct a well-posed discrete approximation for a given local optimal solution of the control
problem (P7) as 7 € [0,7], which satisfies the assumptions of Theorem 3.1. We consider a rather broad class
of local minimizers introduced and first studied for differential inclusions in [23] under the name of intermediate local
minimizers (i..m.). This notion obviously covers strong local minimizers (corresponding to &« = 0 in the definition
below) and occupies an intermediate position between weak and strong minimizers in dynamic optimization and optimal
control; see [23] and [25, Chapter 6] for more details. Note that a related class of local minimizers in optimal control
problems for differential inclusions has been studied later under the name of W 1:1-minimizers; see, e.g., [42]. We now
present an adaptation of the i.l.m. notion to the case of the sweeping control problems (P7) under consideration.

Definition 3.2 (intermediate local minimizers for the controlled sweeping process). Fix any 7 € [0,7T] and
consider a feasible solution z(-) = (Z(-),u(-),b(-)) € WH2[0,T] to (PT). We say that Z(-) is an INTERMEDIATE
LOCAL MINIMIZER for this problem if there are numbers ov > 0 and € > 0 such that J[z] < J[z| for any feasible
solution z(-) = (x(-),u(-),b(-)) to (PT) satisfying

| (2(t), u(t),b(t)) — (2(t),u(t),b(t))|| <e as t € [0,T], and
T
(3.18) a/ (Hg'c(t) - a*c(t)H2 + Hu(t) - a(t)H2 + Hb(t) — E(t)HQ) dt < e.
0

11



It is easy to see that the general setting of & > 0 in (3.18) reduces to the cases when either « = 1 or & = 0, and

that from the viewpoint of necessary optimality conditions it suffices to examine only the case of intermediate local

minimizers with o« = 1, which we do in what follows.

Given a number 7 € [0,7] and an i..m. z(+) for (PT), construct now the family of discrete approximation problems

(P,z) k € N, having optimal solutions that converge to Z(-) in some strong sense, which eventually allows us to

derive eventually necessary optimality conditions for Z(-) by passing to the limit from those in discrete approximations.

Suppose that for the given i.l.m. Z() and the discrete mesh Ay, in (3.4) all the assumptions (and hence conclusions)

of Theorem 3.1 are satisfied and then define each problem (P]) by:

k ko k k pk k
i —xh out o —ut bi, — bY
minimize J[2*] := xk +th€( y T uj,bf, ]Hhk 2 JHhk L thk J)
k—1 “j+1 :I;k _xk uk . 2 bk v
8T (12 ol [ o+ [ o))
J=0 ¢k hi
k_ .k N k=2 bk _ pk N
(3.19) +dist2<HuH,(—oo,M])+dist2<ZH 1% ,(—oo,MD
hy = T
k=2 k
U — 2uk —|—u —
Fdist? (Y| - (~o0, M])
— D,
7=0
k=2 3k k k
b’ 207, + b% —
—l—dist2< H It2 h]H ! ,(—oo,M])
i=0 g
over collections 2% = (xfj, ..., @, uf, ..., up,bf, ..., bF) with uf = (uFy, ... uk ) € R™ for every index
7 =0,...,k subject to the constraints in (3.8) together with
(3.20) +1 Ex +hkF(x uj,bj) for j=0,...,k—1 with (azlg,ulg,blg) = (a:o,ﬂ(O),B(O)),
(3.21) (uf;, ak ) < b, for i=1,...,m,
(3.22) (%, uf, 0F) — (2(tF), a(th), b(¢))) | < /2 for j=0,... .k,
k—1 g k k k k
— xf o —xt 2 Ui —ur 2 bk ;
(029 [ sl + [ o+ |2 o< 5
: hi hy 2’
I=0 4k
J
k_ ok — bk — pk —
(3.24) HMH§M+1, HMHSMJFL
hk k
k—2 k k
— 2uk —|—u —2b% ;4 b% —
(3.25) H 2~ 2 H <M+1, and ZH o h”l g H < M+1,
k
j=0 7=0

where Mis taken from in Theorem 3.1 while € > 0 is taken from Definition 3.2 with @ = 1. Note that the index j plays
the role of the discrete time in (PkT) and that inclusions (3.20) correspond to those in (3.9) at the mesh points of Ay.
Observe that, in contrast to part (3.8) of the state constraints, the other part (3.21) needs to be imposed only at the
endpoints (xk, uk,, bk) while the counterparts of (3.21) at (x uk, b%) for j = 0,...,k — 1 follows from (3.20) due

373
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to the structure of F'in (3.1) by the definition of the normal cone in (1.6). It is important to emphasize that the set of
feasible solutions to each problem (P} ) with 7 € [0, 7] and k € N sufficiently large is nonempty by Theorem 3.1.

To employ and justify the method of discrete approximations in deriving necessary optimality conditions for the control
sweeping process, we need to make sure that for all 7 € [0,7] and all k € N sufficiently large each problem
(P,z) admits an optimal solution. Despite the finite-dimensionality, this issue is nontrivial for (PkT) due to the possible
nonclosedness of the feasible solution set to this problem because of the dynamic constraints (3.20) generated by the
normal cone to the moving set in (3.1); see [12, Example 4.5]. To overcome such a possibility, we employed in [12]
the Positive Linear Independence Constraint Qualification (PLICQ) for the given i.l.m. Z(-) in the original problem (P)
formulated as follows:

(3.26) { Z a;tii(t) =0, a; > 0} = a; =0 as i € I(Z(t),u(t),b(t)) on [0,T],
ieI(Z(t),a(t),b(t))

where the collection of the active constraint indices i € I(Z(t), @(t), b(t)) is defined by
(3.27) I(z,u,b) := {z € {1,...,m}| (ug, ) = bi}.

This condition, which permits the linearly dependence of active gradients, is obviously weaker than the classical LICQ
for Z(+) on [0, T that has already be used in Theorem 2.2. It is worth mentioning that in our polyhedral setting (1.4)
under the additional assumption of C'(t) # () it follows that (3.26) corresponds to Slater’s condition, while we keep the
term PLICQ here since a more general framework of moving sets described by smooth inequalities will be considered
in Section 4 and further developments.

In [12, Theorem 4.4] we proved the existence of optimal solutions to problem ( Py, ) with Py, := P,S for all large numbers
k € N under the validity of PLICQ (3.26) by using the normal cone/subdifferential structure of the constraints in (3.20)
and employing Attouch’s theorem on the subdifferential convergence (see, e.g., [6, Theorem 12.35]) as well as the
extremal principle of variational analysis from [25, Theorem 2.8]. The given proof holds without any change in the case
of problems (P,j) with 7 > 0 by taking into account the existence of feasible solutions to (PkT) justified in Theorem 3.1.
This brings us to the following result.

Proposition 3.3 (existence of discrete optimal solutions). Let the cost functions ¢ and {(t, -, -) be lower semicon-
tinuous around the given i.l.m. z(-) satisfying PLICQ (3.26) whenevert € [0,T]. Then forallT € [0,T] and allk € N
sufficiently large there exist optimal solutions to the discrete problems (P,j ).

To proceed next with establishing the concluding result of this section on the desired strong convergence of optimal so-
lutions for (P]) to the given local minimizer Z(-), we need to impose one more requirement on Z(-). Fix any quadruple
(t,z,u,b) and denote Zp<t, x,u,b,v,w,v) the convexification of the integrand in (1.2) on the set F'(x, u, b) from
(3.1) with respect to the velocity variables (v, w, v), i.e., the largest convex and lower semicontinuous (l.s.c.) function
majorized by ¢(t, x,u, b, -, -, -) on this set. Then for all 7 > define the relaxation (R ) of problem (P7) as follows:

~

T/'\ .
(3.28) minimize J(z] := ¢(z(T)) +/0 Cp(t, z(t), u(t),b(t), &(t),u(t),b(t)) dt

over the triples z(t) = (z(t),u(t),b(t)) of absolutely continuous functions on [0, 7] satisfying the constraints in
(1.3)—(1.5) and (1.7). It follows from the construction of EAF and the convexity of the set on the right-hand side of
(1.3) that the relaxed problem (R”) reduces to the original one (P7) if the integrand ¢ in (1.2) is convex and |.s.c.
with respect to the velocity variables (v, w, ). In the general case we say that Z(-) is a relaxed intermediate local
minimizer (ri.l.m.) for (P7) if itis an i.L.m. for this problem with .J[z] = J[Z].

A remarkable phenomenon well-recognized in control theory for continuous-time systems reveals that in many non-
convex settings the value of the cost functional does not change under the integrand convexification with respect to

13



velocity variables. It is known as “hidden convexity"being related to Bogolyubov-type relaxation results and Lyapunov’s
convexity theorem for integrals of set-valued mappings; see, e.g., [7, 25, 42]. To the best of our knowledge, the most
general Bogolyubov-type theorem is obtained in [14] for optimal control problems governed by differential inclusions
satisfying the so-called “modified one-sided Lipschitzian"condition with respect to state variables. However, the latter
condition does not hold for the sweeping inclusion (1.3). Thus we cannot drop so far the relaxation property of interme-
diate local minimizers in the following theorem, which is crucial for justifying the method of discrete approximations to
derive necessary optimality conditions for the sweeping control problems under consideration.

Theorem 3.4 (strong convergence of discrete optimal solutions). Given an arbitrary numbert € [0,T1], letZ(-) =
(z(-),a(-),b(+)) be a rilm. for problem (PT) satisfying the assumptions of Theorem 3.1 and Proposition 3.3 and
such that  is continuous around T(T'), £(t, -, ) is continuous around (2(t), z(t)) uniformly on [0, T| while £(-, z, Z)
is a.e. continuous on [0, T'] being uniformly majorized by a summable function near the given local minimizer. Then
any sequence of piecewise linear extensions of the optimal solutions zk = (Ek , ﬂk, Ek) to the discrete problems (PkT )
converges to Z(+) in the norm topology of w2 [0, T']. Furthermore, we have the following estimates:

k bk .
(8.29) lim sup H H < M lim sup H H <M forall k€N,
_ Ty T I T AT by — 2B +1+b —
(3.30) hmsupz H J J J H <M, and limsupz H J ] H <M,
k—oo i—0 hk’ k—o0 =0

where the constant M > M is taken from (3.12).

Proof. Fix any sequence of the (well-defined by Proposition 3.3) extended optimal solutions z”(-) to problems (P7)
and observe that strong W 12-convergence to Z(-) on [0, 7] as well as the properties (3.29) and (3.30) follow directly
from the equality

o ([ (o0 oo « oo )

k—2
.31 dist? ([ | (o0, 1) + a3 | A28 (o0, )
hk Y ) '_ hk Y Y
k—2 —k k-2 7
2ur,  + uf 2b +b —
G ] e ERa T Ry ) BTG o L e (,<_OO,M}>>ZO
j=0 §=0

due to the initial conditions (Z*(0),@"(0),b%(0)) = (z(0),%(0),b(0)) as k € N. To justify (3.31), suppose the
contrary, i.e., the limit along a subsequence therein (no relabeling) equals to some v > 0. By the weak compactness
of the unit ball in L2[0, T] := L2([0, T]; R™ x R™ x R™), find (v(-),w(-),v(-)) € L?[0,T] and (if necessary)
another subsequence of {Z"(-)} so that

(5(), @), B*()) = (v(-),w(-),v()) weaklyin L[0,T].

Next we define the absolutely continuous triple Z(-) := (Z(-), @(-), b(-)): [0,T] — Rn+mm+m py
z(t) :== (o, u(0),b(0)) + / (v(s),w(s),v(s))ds, tel[0,T],
0

for which Z(t) = (v(t), w ( ), v(t )) a.e. on [0, T']. Applying Mazur’'s weak closure theorem gives us a sequence of
convex combinations of (z¥(-), (), bk( )) converging to (v(-),w(-),v(-)) strongly in L?[0, T] and thus a.e. on
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[0, T] along a subsequence. Then passing to the limit as k& — oo in the discrete inclusions (3.20) with the convex
normal structure of the mapping F' from (3.1) and employing the aforementioned Attouch’s theorem tell us that Z(-)
satisfies the sweeping inclusion (1.3) with the set C'(¢) in (1.4) defined via u(+) and E() The validity of the T-constraints
in (1.7) for w(-) follows, whenever 7 € [0, T, from the uniform convergence on [0, 7] of the designated sequence
of convex combinations of ak() to the limiting control function (-). It also follows from the strong L>2-convergence
of the above convex combinations of (2% (-), i (-), b*(-)) that the limiting triple Z(-) belongs to the prescribed e-
neighborhood (in W 1+2) of the i.l.m. Z(-) from Definition 3.2.

It remains to pass to the limit in the discrete cost functional (3.19) along the optimal triple z"(-) for (P[)ask — oo.
We can directly deduce from the construction of £ and its convexity in velocities that

T_ - 5 At zho —ak oak —ab bh b
Cr(t,2(t),0(t), b(t), 2(t), u(t), b(t)) dt < liminfhy Y €(t5, 2% ak bk~ 1 1 2 7).
| 300,50, 50 50).50)) @t < Bymin I T TR T

By the structure of (3.19), the lower semicontinuity of the total variation, and the choice of v above we get

T
(3.32) JZ +v = (D)) +/ Cp(t,Z(t),a(t), bt), z(t),u(t),b(t)) dt + v < lim inf Ji[2"]
0 —00
by using the Lebesgue dominated convergence theorem due to the assumptions made. On the other hand, applying
Theorem 3.1 to the local minimizer Z(-) under consideration gives us a sequence {z¥(-)} of the feasible solutions to
(P ) that approximates z(-) in the norm topology of W12[0, T']. Since Zj () is an optimal solution to problem (P})
while zk() is feasible to it for each k, we have

(3.33) Ji[Z"] < Ji[2¥] whenever k € N.

It now follows from the structure of the cost functional (3.19) in (P} ) with M > M, the strong W 12-convergence
in Theorem 3.1, and the assumed continuity of ¢ and £ that J[z*] — J[Z] as k — oo. Thus by taking (3.33) into
account we obtain

(3.34) lim sup J;[2] < J[Z].

k—o00

~ ~

The obtained relationships (3.32) and (3.34) together with the assumption on y > 0 imply that J[2] < .J|[Z] contradict-
ing therefore the choice of Z(+) as a r.i.l.m. for (P7). Hence v = 0, which shows that (3.31) holds and thus completes
the proof of the theorem. JAN

4 Generalized Differentiation and Second-Order Calculations

After establishing well-posedness of the discrete approximation problems (PkT) and the desired strong convergence of
their optimal solutions to the given r.i..m. Z(-) for the sweeping control problem (P7) with any fixed 7 € [0, 7], our
further strategy is as follows: obtain necessary optimality conditions for finite-dimensional discrete-time problems (PkT)
whenever k£ € N and then justify the possibility of passing to the limit as £ — oo in the obtained discrete relationships
as to derive necessary optimality conditions for Z(-) in (P7). Since problems (P]) and (P") are always nonsmooth
due to the dynamic constraints independently on the smoothness of the cost functions ¢ and £ in (1.2), we have to
employ appropriate generalized differential constructions of variational analysis enjoying comprehensive calculus and
robustness properties. In our setting not only first-order but also second-order generalized differentiation is needed.

The main results of this section give upper estimates as well as precise formulas for calculating the coderivative of
the normal cone mapping to moving sets as in (3.1), which is a second-order object playing a decisive role in the
subsequent results of this paper. We begin with some basic definitions from generalized differentiation while referring

15



the reader to [24, 36] for more details on the first-order constructions and to [24] and the papers mentioned below for
the second-order ones and their equivalent descriptions.

Recall that, for a set-valued mapping/multifunction F': R™ = R™, the symbol

(4.1) Limsup F(x) := {y € Rm‘ 3 sequences xp — T, Yy — y with yi € F(zy) forall k € N}

T—T

signifies the (Kuratowski-Painlevé) outer limit of F' at T. Given a subset {2 C R" locally closed around T € (2, the
normal cone to €2 at T (known also as the limiting/basic/Mordukhovich one) is defined by

(4.2) N(z;Q) = No(z) := Limsup {cone [z — II(z; Q)] }

T—T

via the outer limit (4.1), where I1(z; 2) stands for the Euclidean projection of x onto €2, and where ‘cone’ denotes the
conic hull of the set. When €2 is convex, the normal cone (4.2) reduces to the classical one of convex analysis, while in
general the cone (4.2) is nonconvex even for simple sets €, e.g., for Q := {(x1,z2) € R?| 25 = |z1|}. Nevertheless,
the normal cone and associated subdifferential and coderivative constructions for functions and multifunctions enjoy
full calculi based on variational principles; see [24, 36].

Given a set-valued mapping F': R™ x R™ whose graph
gph F := {(ac,y) e R" x Rm‘ y € F(x)}
is locally closed around (Z, §), the coderivative of F' at (Z, ¥) is defined by
(4.3) D*F(z,9)(u) = {v e R"| (v,—u) € N((Z,7);gph F)}, ueR™,
where y = F'(Z) is omitted if F" is single-valued. When F': R"™ — R is smooth around Z, we have
D*F(z)(u) = {VF(z)*u} forall ueR",

with A* standing for adjoint operator/matrix transposition of the Jacobian A = VF' ().

For a |.s.c. extended-real-valued function ¢: R" — R with the domain and epigraph
dom := {z € R"| p(z) < oo} and epiy := {(z,p) € R"H} p>o(x)}
its (first-order) subdifferential at z € dom  is generated by (4.2) as

(4.4) p(z) == {v e R™| (v,—1) € N((Z,(Z);epip) }.

Our main objects here are the second-order generalized differential constructions defined by the scheme of [24] as
follows. Given © € Op (&) from (4.4), the second-order subdifferential (or generalized Hessian) of o at Z relative to ©
is the mapping 8% (Z, ) : R™ = R" with the values

(4.5) *0(z,0)(u) := (D*0p)(z,7)(u), ucR"

Having an extended real-valued function : R™ x R% — R of two variables (z,w) € R" x R? and its partial (in x)
first-order subdifferential mapping

dup(z, w) := {set of subgradients v of ¢, := ¢(-,w) at z}, (z,w) € dom,
define the partial second-order subdifferential of  in x at (Z,w) relative to v € 0, (T, w) by

(4.6) 2o(Z,®,7)(u) == (D*0pp) (T, @, 0)(u), u€ R
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Note that for C2-smooth functions ¢ the constructions in (4.5) and (4.6) reduce, respectively, to

Po(x)(u) = {Vio@)u}, oz w)(u) = {(Vie@ ), Va,e(z,w)}, ueR",

expressed in terms of the classical (symmetric) Hessian matrices. The partial second-order construction (4.6) has
been studied in [27] under the name of “extended partial second-order subdifferential"with the notation 5%@ Since
no other partial second-order constructions are used here, we drop both the word “extendedand the tilde-notation for
(4.6). Our goal is to estimate and calculate this second-order construction for the special class of functions arising in
the controlled sweeping process (1.3).

To proceed further, consider the smooth parametric inequality system
(4.7) S(w) :={z € R*| g(z,w) € R™},

where R™ is the nonpositive orthant of R™ and g: R” x R? — R™ is an arbitrary C2-smooth vector function.
Associate with (4.7) the normal cone mapping N : R™ x R? = R defined by

(4.8) N(z,w) := N(z;S(w)) for z € S(w)

via the normal cone (4.2) to the moving set S(w), which we denote as Ng(,,) () for convenience. It is easy to see
that the mapping JV in (4.8) admits the composite representation

N(z,w) = 0pp(z,w) with p(z,w) := (drm o g)(z,w)
by using the indicator function dgm of the orthant R™. Thus we get by definition (4.6) that
(4.9) 20(z,w,v)(u) = D*N(Z,w,0)(u) forany o € N(Z,w) and u € R™.

Dealing with the moving set (4.7), we use in what follows the coderivative form (4.9) of the partial second-order subdif-
ferential of the function ¢ in question.

The main issue is to evaluate this construction entirely via the given data of (4.7). The next lemma based on the
second-order chain rules from [26, 27] plays an important role in the subsequent calculations. Recall that the mapping
M: R®* = R%is calmat (8, q) € gph M if there are numbers i > 0 and 1 > 0 with

(4.10) M(s)N(g+nB) C M(3) + p||s — 5||B whenever s € 5+ nB.

Lemma 4.1 (coderivative of the normal cone mapping for smooth inequality systems). Let (Z,w) € R" X R4
be such that g(Z,w) € R™, letv € N (Z,w), and let

I(z,w) := {i € {1,...,m}| gi(z,w) = 0}

be the collection of active indices for (4.7) at (Z,w). The following assertions hold:

(i) Assume that the partial gradients {V g;(Z,w)| i € I(z,w)} are positively linearly independent and that the
mapping 9 — {(z,w,p)| (9(x,w),p) + 9 € gph Ngm} is calm at (0, Z,w, p) for allp € Nrm(g(Z,w)) with
V.9(Z,w)*p = ©. Then for allu € R™ we have the upper estimate
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(ii) Assume that the partial gradients {V ,g;(z,w)| ¢ € I(Z,w)} are linearly independent, and let the vector p € R™
be uniquely defined by

ﬁENRT(Q(i’,w)), ng(a_c,w)*p

Then for allu € R™ we have the precise coderivative formula

U.

V2,.(p, 9)(%,w)

SR Rt

u+ Vg(z,w)*D* Ngm (9(z, w), p) (Vag(Z, 0)u).

Proof. We derive (i) from the second-order chain rule of the inclusion type established in [26, Corollary 3.2(b)], where
the first-order qualification condition follows from the positive linear independence of the active constraint gradients
n (4.7). Assertion (ii) is a direct consequence of the precise (equality type) second-order chain rule obtained in [27,
Theorem 3.1] under the full rank condition, which is ensured here by the assumed linear independence of the active
constraint gradients. A

Next we apply these results to the case of bilinear vector function g(z, w) in (4.7), which covers our controlled sweeping
setting in (1.3). Define

(4.11) g(x,w) := Az — b with w := (A4,b) for x € R" and b € R™,

where A is an m X m-matrix, and both A and b are variable. In this case system (4.7) is written as

(4.12) S(A,b) := {z € R"| Az < b}.

Taking into account that the values of S(-, -) are polyhedral sets, we refer to (4.12) as to the polyhedral system. Note
that the graph of S may not be a convex polyhedron in R” x R"™™ x R™. For any fixed (A, b) the active index set
from Lemma 4.1 reduces to

1(z,A4,0) = {i € {1,...,m}| Az =b;},
and we label {A;| i € I(Z, A,b)} as active rows. Based on Lemma 4.1 and the affine structure of (4.11), we arrive
at the next lemma, which relates the coderivative of N with that of Ngm.

Lemma 4.2 (coderivative of the normal cone mapping for polyhedral systems). Let (Z, A, b) € R x R"™ x R™
be such that AT < b, and lett € N (z, A, 13) for the corresponding normal cone mapping (4.8) generated by the
polyhedral system (4.12). Assume that the active rows { A;| i € I(Z, A,b)} are positively linearly independent. Then
we have the upper estimate

D*N(z, A, b,9)(u) C

A*q )
piu+q1 T
U : p € Ngm(AZ —b), A*p =10, q € D*Ngm(AZ — b,p)(Au) », u€R",
PmU + qm
—q )

for allu € R™. If moreover the active rows { A;| i € I(z, A,b)} are linearly independent, then we have the precise
formula for the coderivative calculation

A*q
p1u + 1%
D*N(Z,A,b,7)(u) = : q € D*Ngm(AZ — b, p)(Au) 3, ueR™,
Pl + gm X
—q

where the vectorp € NRT( Az—b) is uniquely determined by A*ﬁ = 7.
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Proof. Applying Lemma 4.1 to g(x, w) from (4.11) and using zT for the corresponding vector row yield

' 0 0
Vg (:E, A, 5) = A| o 0 -1 1,
0o o0 z7
Vi (p.9) =0, VaianPg)=(o1l] .. | pml|0)°

for any fixed (, w) with w = (A, b) and any p € R™. Observe that the mapping
M(9) := {(ac,w,p)‘ (Az — b,p) + 9 € gthRT}, ¥ = (01,02) € R?™,

is automatically calm at (0, z, fl, 5, p) for any p as required in Lemma 4.1. This is a consequence of the polyhedrality
of M by the classical Robinson theorem from [35]. Thus the asserted formulas follow immediately from Lemma 4.1
and the Jacobian and Hessian calculations given above. A

Now we are ready to derive from Lemma 4.2 the desired results for evaluating the coderivative D* A of (4.8) entirely
via the given data of (4.12) by using the calculations of D* Ngm available in the literature. Consider the mapping
F(x, A, b) .= —N(x, A, b), which actually appears in the sweeping inclusion.

Theorem 4.3 (coderivative of the normal cone mapping via the given data). /n the setting of Lemma 4.2, suppose
that the active rows { A;| i € I(Z, A, b)} are positively linearly independent. For allu € R™ andp € R™, respectively,
define the sets

P(u) := {p€ Ngm(Az-D) | Ap=—v} ifuc () Aj and P(u):=0 otherwise,
{il p:>0}
) = lqerm =0 |if {m <§Z- or if A@_:E,, pi=0, Aiu>0
¢G>0 if Az =b;, pi=0, Au<0 ’
Then for allu € R™ we have the upper estimate
4 A*q
Q1T — p1u
(4.13) D*F(z,A,b,0)(u) C | :
€P(u) 7 _
§EQ<Z> _dm® = Pmt
\ —q

If furthermore the active rows { A;| i € I(Z, A, b)} are linearly independent, then either

“q
Q1T — D1uU
(4.14) D*F(z, A,b,0)(uw) = | : itue () [A]T,
9€Q(P) @ — Pl {ilpi>0}

or D*F(z, A, b,v)(u) = () otherwise. Here the vector p € Ngm 15, Is uniquely defined by A*p = —.
Proof. Observe that D* F(Z, A, b,7)(u) = D*N(Z, A, b, —v)(—u). The claimed results follow from Lemma 4.2 by
substituting therein the precise coderivative calculation

0 it B;v; # 0 for some 1,

D* Ngm =
re (@ 5)(7) { {nERm‘ n; =0if¢ € [; and n; ZOforiEIQ} otherwise
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given in [16, p. 1215], where the index subsets of {1, ..., m} are defined by
L= {i| i <0 U{i]a; =0 =0, v <0}, L:={i|lai=p=0,>0}.

This verifies both coderivative formulas (4.13) and (4.14) of the theorem. A

5 Necessary Optimality Conditions for Discrete Approximations

The aim of this section is to obtain necessary conditions for optimal solutions of the discrete approximation problems
(P) forany fixed 7 € [0, T] and k € N. First we derive optimality conditions for a generalized version of (P] ), where
the dynamic constraints (3.20) are described by an arbitrary closed-graph mapping F'. Then, by using the coderivative
calculations of Section 4, we arrive at optimality conditions expressed entirely via the problem data of (PkT) with F’
given in the particular normal cone form (3.1) of the sweeping process under consideration. Our standing assumptions

question. Note that the subdifferential (4.4) of the running cost £ is taken with respect to its all but ¢ variables. In what
follows we drop indicating the time-dependence of £ for brevity and use the notation

(5.1) [c, q] = (clql, .. .,cmqm) € R™ and rep,,(x) := (x, . ,x) c R™™

for vectors ¢ = (¢1,...,¢p) ER™, x € R", and ¢ = (q1, ..., qm) € R withq; € R"asi=1,...,m.

Theorem 5.1 (necessary optimality conditions for general discrete inclusions). For fixed k € N and 7 € [0, T
let 2F = (zo, ;Tr’f e ,i’,j, a’g e ,ﬂ’g, 5’5, e ,l_)’lz) be an optimal solution to the discrete problem (3.19)—3.25) written
in the format of (PkT ) but with the discrete inclusion (3.20) governed by a general closed-graph mapping F'. For each
7 =0,...,k —1 we denote

k

G k K _ 7k 7k
ok gk bk e R IO G L R A e
52 (000 00) =2 k/ (S5 e, ), S i e
tr
J

Then there exist dual elements \* > 0, aF € R, ¢F = (fé“,...,fllj) e Rk+m p? = (pfk,pj”k,p?k) €

RAFmAM 85 5 — (), ..., k and subgradient vectors

sk sk
kil T )
(5.3) (wfk,w}‘k,w?k,v;“k,v;*bk,v?k) e ol <zjk, Jhkj> , j=0,....k—1,
such that the following conditions are satisfied:
k—1
k k k k k bk
(5.4) N [+ 151+ D7 eIl + 6™+ lpg" Il # 0,
§j=0
(5.5) of ((ay;, 7y —bf;) =0, i=1,....m,

(5.6) &% e N(||ak|;[1/2,3/2]) for j=0,....5:(k) =1 and j=j7(k)+1,....k, i=1,...,m,

m
(5.7) —piF € Nop(x) + > ofuy; pi¥ = —[oF rep,, ()] — 2[¢5 1p), Py =oF,

=1
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(5.8) PUEL = N R teeR), = N R ), =0,k — 1,

k K k k bk bk
PR TP g BB e PETRE e gk e (o L)
hk j o hk ) hk ’ ]+1 7 hk‘

7hk J? J j? J?J? hk 7gp ) j_ PR *
Proof. Throughout the proof we omit indicating the (fixed) upper index ‘k’ from the statement of this theorem; the
dependence of the result on k will be needed in Section 6. Let
Yy = (x(]v"'7xk7u07"'7uk7b07"'7bk7X07"'7X]€717U07'"7Uk*17B07---7Bk71>7

where xq is fixed. Take € > 0 from the construction of () and define the mathematical program (A P):

k-1 k-1 bt 2
minimize @g[y] := p(xx) +hk2€ xj,uj, b5, X;,U;, Byj) —I-Z / H (X;,Uj, Bj) — ()H dt

7=0

Uy — ’LL[)

bl—
k

T dist? (H 2| (=00, 21).

+ dist? ( Z HUjJrl —
=0

subject to equality, inequality, and geometric constraints

|- oo, 1) + ais(]

; ,(—oo,M])+dist2(kz_:2HBj+1— j||- (—o0,311)
5=0

f]z(y):$j+1—$j—thj:()forij,...,k—l
W) =uj1 —uj —hgU; =0 for j=0,...,k—1
Fo(y) = bj1 — by — hgB; =0 for j=10,...,k—1
gz(y) (Ui, o) —bpi <0 for i =1,...,m,
dis(y) = lugall> = 1= 0 for j = jy(k),..., 57 (K), i=1,...,m,

y € Qi = {y| 1/2 < |Juyl| <3/2} for j=0,...,5-(k) =1 and j=j7(k)+1,....k,, i=1,...,m,

oi(y) = H (x,u5,b5) — Z(t)) H —¢/2<0 for j=0,...,k,

_ ]+1

D1 (y Z/ H X;,U;, B;) H)dt—§<0
k—2 -

Prr2(y) = HUj+1 — UjH <M+1,
=0
k—2 -

Pr43(y) = HBj—l-l - BjH <M +1,
=0

Or+a(y) == Hu1 —uOH <( M—f— 1)h*,
Oris(y) = || = bo| < (AT + DA,

yE€ ;= {y‘ X; € F(zj,uj,b)) } for 7=0,...,k -1,
Yy EZy = {y‘ xq is fixed, (ug, bg) = (ﬂ(O),I_)(O))}.

It is easy to see that (M P) and (P} ) with an arbitrary mapping F are equivalent. Thus § := (2, Z) is an optimal so-
lution to (MP), where Z := Z¥ is the solution of (PF) fixed in the theorem, and where Z := (Xo, ..., X;x_1, U, . . .,
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Uk_l, By, ... , Bk_l). Necessary optimality conditions for this type of mathematical programs in terms the first-order
generalized differential constructions constructions of Section 4 are well known; see, e.g., [25, Theorem 5.24]. Fur-
thermore, it follows from Theorem 3.4 above that all the inequality constraints in (M P) associated with functions
o} (j = 0,...,k + 5) are inactive for all k sufficiently large, and so the corresponding multipliers do not appear
in the optimality conditions. Taking this into account, we find A > 0, a € R, & = (§o,...,&) € R™ (k+1),
pj = (p?,p}*,p?) € Rt a5 5 =1, ..., k, and

y;k = (1'8]7 . 7.1'27', u?;], ey u;::j7 bEk)], ey ;;‘77ng, ey X(*kfl)j7 Ug], ey U(*kfl)]’ BS]’ ey Bz}ﬂfl)])
for j = 0,..., k, which are not all zero and satisfy the conditions (5.6) together with
(5.10) y; € N(y;=5) for j=0,...,k,
m k m k—1
(5.11) —yp = — Y € N0(D) + Y Vg @) + DD &iVdi(@) + > (VE®) P,
=1 7=0 i=1 7=0
(5.12) a;gi(y) =0 for i =1,.

It follows from the definition of =; and from ff(gj) = 0 that the inclusions in (5.10) are equivalent to

. I Py ,
(5.13) (235, ujz: b5, X )GN(<$j,Uj,bj,]+h7U);gphF)7 j=0,...,k—1

Note that every other component of y;-‘, which does not appear in (5.13), is zero. Similarly (&, gy, by) can be the
only nonzero component of y/;.. Therefore we have

* * * * * * * * *
(514) —yo — ... _yk‘ = (—ZL'OO —ka,—xll,...,—$k717k71,0, —UOO—uOk,...,—ukil’kil,O,
>k * * * *
—b50 — bogr - s bk 1 41,0, = X505 -, —Xi 1 4-1,0,...,0).

Let us now calculate the three sums on the right-hand side of (5.11). For notational convenience we just specify the
nonzero components, which are indexed according to the partition of the vector 4 introduced at the beginning of this
proof. This gives us the equalities

(Z azv.gl(g)> = (Z 0 Uk, [Oé, repm(jk)] ) _a> )
i=1 (CPRIPNTY

=1
k m
> &ivd(y) = 2[¢,u5], =0,...,k,
§=0 i=1 u;
k-1 —p1 ifj =20
> (VHE®) i = pj—pjy1 fj=1,..., k=1, j=0,...,k
=0 (255,b7) Pk it j=k
k-1
(V@) pjs = —hgp.
J=0 (X,U,B)

Introducing the auxiliary Lipschitzian functions (where the first ones are actually smooth around y)

tjt1
/HXJ,U],B H =0, k-1,
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o(y) := distQ(Hu1 0”,(—00,]\7]) +dist2(H

+ diSt2 ( Z HU]’Jrl -
Jj=0

and then employing the subdifferential sum rule from [24, Theorem 2.33(c)], we arrive at the inclusion

b1 — by
hk

(=00, 1)),

,(—oo,M]) +dist2<ki2HBj+1 - ,(—oo,M])
§=0

k—1 k—1
do(y) C Op(¥) + by Y 00(Z;,1;,b;, X;, U5, By) + Y Vp;(5) + 90 (7).
j=0 7=0

Since the function dist?(z; (—oo, M]) has the null derivative at all z < M, it implies together with (3.30) that
do(y) = {0}. Furthermore, the nonzero part of Vp;(y) is given by V(x. v, 5, ;i (y) = (67,07, 9;’) with the triple
from (5.2), and thus any element of the set A\ (%) can be represented in the form

A(hgw®, 9, hw™, 0, hgw?, 0, hgv™ + 0%, o™ + 6, hyo® + 6°),

b

where ¥ € Jp(Z*) and the components of (w?, w®, w’, v*, v, vP) satisfy (5.3). Combining this with the gradient

expressions above, we deduce from (5.13) via (5.14) the componentwise relationship:

(5.15) —x50 — o = Ahpwg — pY
(5.16) —z3; = Mywi+pj —pj, j=1,... k-1,

m
(5.17) 0 = M+ ailig + i,

=1
(5.18) —ugy — upy = Ahgwg +2[€, 0] - pY,
(5.19) —uj; = Agwj + 2[5, 495 +pf —pii, =1, k=1,
(5.20) 0 = [a,rep,,(Zk)] + 2[&, ur] + P,
(5.21) ~bgo — bor, = Ahgwg — pl,
(5.22) bt = Mywb+pb—pby, =1, k-1,
(5.23) 0 = —a+pb,
(5.24) —X7; = Mol +07) =i, §=0,.. k=1,
(5.25) 0 = Ahgvj +605) —heplyy, 7=0,...k—1,
(5.26) 0 = Ahoh +65) —heplyy, §=0,...k—1L

Now let us derive from the obtained relationships the necessary optimality conditions of the theorem with pg :=
(251, ugw» boj)- We have already got (5.6). Observe now that (5.5) is obviously implied by (5.12), the conditions in
(5.7) follow from (5.17), (5.20), and (5.23) while those in (5.8) are a consequence of (5.25) and (5.26). Arguing by
contradiction, suppose that the nontriviality condition (5.4) fails. Then it follows from (5.17) that p;, = 0 as well. Since
x5, = py = 0, we deduce from (5.15),(5.16), and (5.24) that :r;j = 0 and X;j =0forj =0,....k — 1.
Furthermore, (5.25) and (5.26) yield that p” =0 and pg’- =0forj = 1,..., k which in turn implies by (5.18), (5.19),
(5.21), and (5.22), that also u = 0and b* =0forj =0,...,k — 1. As already mentioned, the components of
y] different from (% T, jj,bjj, ) are zero for j = 0, .. .,k 1, and hence yj =0forj=0,...,k— 1. We
similarly conclude that y;; = 0 due to xp;, = pj = 0. Getting all this together contradicts the nontriviality conditions in
the mathematical program (M P) formulated above and thus verifies the claimed nontriviality (5.4).

It remains to justify of the validity of the discrete-time adjoint conditions in (5.9), which give us a discrete-time version of
the extended Euler-Lagrange inclusion [23] for the discrete optimal control problems under consideration. To get (5.9),
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we substitute the expressions in (5.15), (5.16), (5.18), (5.19), (5.21), (5.22), and (5.24) into the left-hand side of (5.13)
and deduce from it that the vector

(P51 — P — Ahgw?, iy — pYf — Ahgw?, phy ) — % — Mg, hipd sy — A(ho] + 67)) — (0,2[¢5,7;],0,0)

for each 5 = 0,...,k — 1 belongs to the normal cone N((a’cj,ﬂj,f)], M) gph F) Dividing the obtained
inclusions by h;, > 0, we arrive at (5.9) and thus complete the proof of the theorem. A

The next theorem directly addresses the discrete approximation problems (P,z ) for the controlled sweeping process,
where the mapping F' in (3.20) in given in the particular form (3.1). In this main case of our interest we are able
to derive, based on the second-order calculations of Section 4, effective necessary optimality conditions for (P,: )
expressed entirely via the problem data.

Theorem 5.2 (necessary optimality conditions for the discretized sweeping process). In the setting of Theo-
rem 5.1 consider the discretized sweeping control problem (PkT ), where now the mapping F' in (3.20) is defined by
(3.1). Assume that for the given rilm. z(-) = (Z(-,u(-),b(-)) of (PT), which is included in (P), the PLICQ prop-
erty (3.26) holds and that all the components of u(t) are not zero on [0, T]. Then, in addition to the dual elements

MNo>0, ¢k = (g &) € ]Rk“)m pi = (piF,puk,ptt) € Rrtmmtm g j — .k and subgradi-

ents ka w}“k, wg’k , v;’:k , U}‘k, v;" from (5.3) satisfying the relationships in (5.6) and (5. 8) of Theorem 5.1 with the

enhanced nontriviality condition

k k bk
(5.27) A+ lpe” I+ llpg” [ # O,
there exist vectors nf €RPasj=0,...,k—1and Vf € R™asj=0,...,k — 1 such that we have the primal
and dual/adjoint dynamic relationships
— — m
T +1 a:
(5.28) S g Z il

ck ck
Pjt1 — Pj

k, xk
(5.29) T —A w;: ZPYN ]zu
puk, — pu* 2
k, uk k -k k —k k k k k
(5.30) # ATwit — h—k[ j,uj] = [fyj,repm(xj)] — [nj,repm <)\ (vj ]TkQI ) _p§+1> }’
bk bk
k_ \k, bk Pij+1 TP

forallj = 0,...,k — 1 together with the implications

(5.32) (ufz,x]><bk = 17;“2»:0 when j =0,...,k, i=1,...,m,
(533) k>0 = <uﬂ,)\k<] he”) f_’;1>:0whenj:o,...,k—1,i:1,...,m,

(5.34) [, 2h) < ¥ foral i=1,....m] =~} =0, j=0,....k—1,

as well as the transversality conditions

(5.35) —pik e \ap (k) + Zp,ﬂu,ﬁ,
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(5.36) pit = =[Pl rep, ()] — 2[&F, uf],
(5.37) i >0, and (af;,z}) < b}, = p¥ =0 foralli=1,...,m.

Proof. In terms of the coderivative construction (4.3) we can rewrite (5.9) in the equivalent form

. " k k bk bk
PR TP ke P TP ke 2 gk iy PPk
hy, hi h hi,
(5.38)

1

-k -k

_, Ty, —xh
€ D*F(gz’? gk pk L 79 ) <>\k(v}3k +o
k

xk zk .
3o %55 Y5 hk; ej )—pj+1), ]—O,,k?—l

Using the notation of Theorem 4.3 and employing the coderivative upper estimate (4.13) therein, we deduce from (5.38)
the existence of vectors 77;-“ € R™ and fyj'? S Q(né?) for which all the relationships in (5.29), (5.30), (5.31), (5.33), and
(5.34) are satisfied together with the conditions

_k

—k
xr _ _
S where nfENRT(Afiﬁ?—b?), j=1,...,k—1.

j+1

(5.39) (A7) = ==

It obviously follows from the conditions on 77;C in (5.39) that 77;C € R and the implications in (5.32) hold for j =
0,...,k — 1. Defining n,’j = qy, with ay;, taken from Theorem 5.1, we deduce from (5.5) that n’,j € R and (5.3_2)
holds for j = k as well. The equations in (5.28) are consequences of those in (5.39) due to the definition of A;‘?
given right before Lemma 4.2. The transversality conditions in (5.35)—(5.37) are direct consequences of (5.7) due to
the relationships in (5.5) and (5.6).

It remains to verify the enhanced nontriviality condition (5.27). To proceed, suppose that \¥ = 0, pgk = 0, and
pgk = 0. Then we get from (5.8) that p;”“ = 0 and pg’-k = Oforallj = 0,...,k. This ensures that ’y]’-“ = 0 for
7=0,...,k—1by(5.31), pzk = 0 by (5.35), and consequently pfk =0forj =0,...,k by (5.29). Furthermore, it
follows from (5.30) that | f, ﬂf] =0forj=0,...,k—1andfrom (5.36) that [éllj, ﬂ,':] = 0. By recalling the definition
of [-,-] in (5.1), the latter conditions readily implies that 5;“ = (0forallj =0,...,k. This is due to the assumption of
u;(t) # 0on [0, T] made in the theorem, which implies that ﬂfj # 0 for the discrete approximation due to the uniform
convergence of @¥(t) — 1(t) in Theorem 3.4. Therefore \¥ = 0, ¢¥ = 0, of = pb* = 0 by (5.7), and so p;”k =0
for j = 0,...,k — 1. This contradicts the nontriviality condition (5.4) in Theorem 5.1 and thus verifies the enhanced
one in (5.27). A

6 Optimality Conditions for the Controlled Sweeping Process

In this section we proceed with the passage to the limit as K — oo in the necessary optimality conditions of Theo-
rem 5.2 for problems (PkT) and deriving in this way, with the help of Theorem 3.4 and the developed tools of generalized
differentiation, necessary optimality conditions in the original optimal control problem(s) for the sweeping process for-
mulated in Section 1. Our major case is problem (P7) with 0 < 7 < T, but we also consider the situation when
7 = 0, which is the same as 7 = 7. The results obtained for (P") are explicit, i.e., they involve only the problem data
and the given local minimizers Z(-) while not requiring calculations of any auxiliary objects as, e.g., coderivatives.

Keeping the assumptions above, we impose here some additional ones on the problem data, which seem to be reason-
able for the controlled sweeping model under consideration and are illustrated below by examples. The next theorem
uses notation (5.1) together with the symbol ‘co’ for the convex hull.

One more remark is needed before the formulation of our main result. Since it is derived by passing to the limit in the
optimality conditions for the discrete problems (Pkf) the subdifferential construction used in Theorem 5.2 in the case of
the nondifferentiable running cost £(t, -, -) has to be robust, i.e., outer semicontinuous with respect to perturbations of
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the reference point. As well known, this important property holds for our subdifferential (4.4); see, e.g., [24, p. 11]. In the
general nonautonomous setting under consideration, the robustness of the subdifferential of £ with respect to the time
parameter is also required, and we postulate it in what follows. It does not seem to be restrictive (see the discussion in
[23]) and can be completely avoided by considering the extended subdifferential of ¢ as in [25, Sec. 6.1.5].

Theorem 6.1 (nondegenerate necessary optimality conditions for the controlled sweeping process). Let Z(-) =

(z(-),u(-),b(-)) be a r.ilm. for problem (PT) as T € (0,T) under the assumptions of Theorem 3.4, and let LICQ
hold on [0, T']. Suppose in addition that  is locally Lipschitzian around z(T') and the running cost ¢ is represented as

(6.1) Ut, 2z, 2) = €1(t, 2) + lo(&) + L3(t, 0, b),

where {1, {2, and {3 are locally Lipschitzian around the given local minimizer Z(-) with respect to all but time variables.
Suppose that {5 is differentiable in (1., b) on R™ x R with Lipschitz continuous partial derivatives and that there is a
constant L > 0 such that we have the estimate

|0l (t, 2)|| < L||z|| forall t € [0,T] and = € R"™

(6.2) . . .
VL3, a,b)|| < L(||a]| + ||b]|) forall t € [0,T] and (1, b) € R™1.

Suppose finally that z satisfies the estimates

lim sup M <L, lim sup M <L,
6.3) k—oo hk k—o0 hk
' a(T) — u(T — b(T) — b(T —
lim sup () — fix) <L, lim sup b(T) = fix) <UL,
k—o00 hk k—00 hk

where hy, is the step of the uniform discrete mesh taken from (3.4).

Then there exist a multiplier A > 0, an adjoint arc p(-) = (p®, p*,p°): [0, T] — R +™ apsolutely continuous on
[0, T] with p(-) € L?[0,T), signed vector measures Y = (Y1, ...,%m) € C*([0,T]|;R™) and & = (&1,...,&n) €
C*([0, T); R™™), as well as functions (w(-),v(-)) € L=((0,T); R™) x L*((0,T);R™) with

(6.4) (w(t),v(t)) € codl(t, z(t),z(t)) forae. te[0,T]

such that the following conditions are satisfied:

® The PRIMAL-DUAL DYNAMIC RELATIONSHIPS:

(6.5) (w;(t),Z(t)) < bi(t) =>n;(t) =0 forae. t €[0,T), i=1,...,m,
(6.6) ni(t) > 0= (W*(t) — ¢*(t),ui(t)) =0 forae. t€[0,T], i=1,...,m,
(6.7) p(t) = Aw(t) + (0, [ — n(t), W (t) — ¢°(t)],0) forae. t€[0,T],

(6.8) g (t) = A%eg (@(t),b(t)), and ¢"(t) = A;fz ((t),b(t)) forae. t e [0,T),

where (-) = (n1(-), ..., 7m(+)) with the components n;(-) € L*([0,T);Ry),i = 1,...,m, is a uniquely defined
vector function determined by the representation

m

(6.9) B(t) ==Y m(D)u(t) forae te0,T],
=1
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and where q: [0, T] — R™ ™™ +™ jg g function of bounded variation on [0, T'] with its left-continuous representative
given, for allt € [0, T] excepting at most a countable subset, by
(6.10)

i) =90~ (S mtonto. [ fewntat. ] +2 |

297 [£,T]

[a(s), dé(s)], - /

[t.T]

d’y(s)).

® The TRANSVERSALITY CONDITIONS at the right endpoint:

(6.11) —p"(T) € Mop(Z(T)) + > _ p}(T)us(T),

=1
(6.12) p(T) + pUT)a(T) = (pH(T) + pU(T)a(T), wilT) )ui(T), i =1,....m,
(6.13) p"(T) € RT and (4;(T),z(T)) < bi(T) = pl(T) =0, i=1,...,m.

® The MEASURE NONATOMICITY CONDITIONS:

(a) Ift € [0,T) and (u;(t), Z(t)) < b;(t) foralli = 1,...,m, then there is a neighborhood V; of t in [0, T such
that (V') = 0 for any Borel subset V' of V.

(b) Ift € [0, 7)U(T —7,T] and1/2 < ||u;(t)|| < 3/2foralli =1,...,m, then there is a neighborhood W of
tin]0,7) U (T — 7,T] such that (W) = 0 for any Borel subset W of W.

o NONTRIVIALITY CONDITIONS: We always have
(6.14) A+ lg(O)[| + [lp(T)]| # 0.

Furthermore, the additional assumptions on {u;(0),Z(b)) < b;(0) and 1/2 < ||u;(0)|| < 3/2 whenever i =
1,...,m ensure the validity of the enhanced nontriviality condition (A, p(T")) # 0.

Proof. First we construct all the functions with the claimed properties satisfying the primal-dual dynamic relationships
of the theorem. Fix any 7 € (0,7T") and for the given r.i..m. Z(-) in (P7) consider the discrete approximation problems
(P]) whose optimal solutions z* = (z*, u*, b¥) exist by Proposition 3.3 with their piecewise linear extensions z*(-),
0 <t < T, converging to Z(-) in the sense of Theorem 3.4. Our aim is to derive the claimed necessary optimality con-
ditions for Z(+) by passing to the limit from those for Z*(-) obtained in Theorem 5.2. To proceed, for each k € N denote
by wk() and vk() the piecewise constant extensions to [0, 7' of the discrete functions w}“ and vf, respectively, satis-
fying (5.3). It follows from (5.3) and (6.2) due to the strong W1’2-convergence of the sequence {Ek} to z and the local
Lipschitz continuity of £(t, -, -) that {(w¥(t),v*(t))} is weakly compact in L2([0, T]; R2(»+nm+m)y —. 12[0 T7.
Hence we have
(wk('), vk()) — (w(-),v(-))) weaklyin L?[0,T] as k — oo

with some pair (w(-),v(-)) € L?[0,T]. Employing the aforementioned robustness property of the subdifferential
together with the well-known weak convergence result based on Mazur’s theorem (see, e.g., [7, Theorem 1.4.1]) allows
us to deduce from (5.3) that the convexified inclusion in (6.4) holds. Note also that w(-) belongs actually to L>°[0, T']
due to its a.e. boundedness on [0, 7.

Further, based on (5.2) for all K € N we define the functions
xk

0" (t) = hj— for t € [th ek 1), j=0,... k-1,
k
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on [0, 7] and easily observe by the convexity of the integrand that

(6.15)
k—1 |1 gzk| 2 k—1 k . 2
IS 5 ( [ - Hdt>
— [ zk T
<4 /m z(t) — LH dt—4/ G —i“k(t)H2dt—>0 as k — oo,
j=0 t?

where the convergence is due to Theorem 3.4. This implies that a subsequence of {Gmk(t)} converges to zero a.e. on
[0, T']. The same conclusions hold for the similarly defined functions 6% (¢) and §%*(¢) on [0, T7.

It follows from (5.28) that for the piecewise linear interpolations of Z*(+) and @*(-) on [0, T] we have
(6.16) Znﬁ F(h) foral te (th, ek ), j=0,... k-1

Now extend nf to [0, T] by " (t) := nf fort € [t¥

5 t;?H) and define the functions

(6.17) O (t) == max {t§| th <t, 0< j <k} foral t€[0,7], k€ N.

We clearly have 9% (t) = tk forallt € [tk t]+1) j=0,...,k—1,and Vg (t) — ¢t uniformly in [0, 7] as k — oc.
The uniform convergence of z8(-) to 2() on [0, T'] readily implies that

(6.18) 28 (9% (t)) — Z(t) uniformly on [0,7] as k — oc.

This notation allows us to rewrite (6.16) as

m

(6.19) zh(t) ==Y nF (&) ak (0¥ (1)) foral t € [0,TI\{t5, ... .t} }.

i=1
Consider further the subset of [0, 7’| given by

= 0,7\ {J {t6,-- . tk}-
keN

For any fixed ¢t € 7 denote by J := I(Z(t),u(t),b(t)) the collection of active constraint indices from (3.27) and
by ¥ (t) the matrix consisting of the rows @¥(9¥(t)), i € .J, while (t) stands for the matrix consisting of the rows
;(t) as i € J. More precisely, this means that u? (t) = ﬂ’é(i)(ﬁk(t)) and u; = g (t) foralli € {1,...,[J[},
where |.J| signifies the cardinality of .J, and where the mapping ¢ : {1,...,|J|} — J is a bijection. The assumed
LICQ condition tells us that the rows of @;(t) are linearly independent for ¢ € .J, and consequently we can build the

generalized inverse matrix

a(t) = [aya(t)’]

It follows from (6.18) that @¥ (9% ()) — @;(t) for i € J, and so the generalized inverse

u(t) foreach t € 7.

(6.20) at(t) = [@(O)u" ()% k()

is well defined for all k sufficiently large with @*(¢) — #(t) as k — oco. We have by the definition of .J that
(u;(t), Z(t)) < b;(t) wheneveri € {1,...,m}\ J, and hence (6.18) tells us that

<ﬂf(19k(t)),fk(19k(t))> <BE(R()) for i€ J¢ = {1,...,m}\ J
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l,_]> < bk’ forall € J¢, and

when k is large. Since 9¥(t) = t;‘? for some j € {0, ..., k}, we deduce that <ﬂ
so (5.32) yields 77}“1- = 0 for this 5 and all ¢ € J¢. Remembering that 77}2 =n; ( ) by construction, we conclude that

nF(t) = Oforalli € J¢and large k. This allows us to rewrite (6.19) as

(6.21) zh(t) ==Y nf (t)af(0k(t)) = —a (£)*7" () forlarge k,
iceJ
where 77* (t) collects the components ¥ (t) for i € J, i.e., 7F (t) = 77(’;(2.) (t) fori € {1,...,|J|} via the above

bijection ¢. Thus (6.20) and (6.21) ensure the representation
- . -k
(6.22) 7 (t) = —u*(t)z (t) forlarge k,

and the passage to the limit implies that 7j* (t) — —(t)z (t) as k — oc. Define now the required function 7(t) =
(m(t),...,nm(t)) forall t € J of full measure on [0, 7| by

(6.23) gy (1) := —us(£)Z (t) for i € {1,...,[J|} and n; (t) :=0 for i € J°

and observe from the constructions above that n* (t) — 7 (t) as k — oco. Since n¥ (t) = 0 fori € J and large &,
we get (6.5) by the definition of J and also 7;(t) > Oforalli = 1,...,m due to 77}C € R’ in Theorem 5.2. It follows
from (6.21) by passing to the limit that (6.9) holds. The uniqueness of 7)(¢) in (6.9) for a.e. t € [0, T'] follows from the
imposed LICQ condition.

To justify the claimed properties of 77(-) in (6.5), it remains to show that 1(-) € L2[0, T']. To see it, let us rearrange for
eacht € 7 the active components of 7(t) by putting 7; () := n4(;)(t) fori € {1,...,[J|} and 7;(t) = O otherwise.
Since 7;(t) = —u;(t)z(t) whenever i € {1,...,|J|} by (6.23) and the convergence @"(t) — (t) is uniform on
[0, T] by (6.18), it follows that 7} (-) — 7j(-) and hence 7*(-) — n(-) strongly in L?[0, T']. This not only verifies that
n(-) € L?[0,T), but also allows us to get the estimate

k T
(6:24) e WP = [ o)1 <
j=0 0
with some constant M > 0 independent of k. It immediately follows from (6.24) and (6.15) that

(6.25) / |nF ()6 (t)||dt — 0 as k — oo forall i =1,...,m.

Next we use the notation of Theorem 5.2 and define ¢"(-) = (¢"*(-), ¢"*(-),¢"*()) by extending p piecewise
linearly to [0, T'] with ¢ (tk) = p] for j = 0,..., k. Construct ¥¥(-), €¥(-) on [0, T] by

(6.26) VEt) = nf, () = gj’“ for t € [th,th,), j=0,... k-1

with v*(T) := 0 and £¥(T") := g’lg. Appealing to ¥*(-) in (6.17), equations (5.29)—(5.31) can be rewritten as

(6.27) " (t) — Nw"™ (1) = i v t)ag (98 (1)),
=1

(6.28) 41" (t) — Nwi* (t) = 26} (tyaf (V" (t)) +~F ()" (0° (1)) —nff (£) (N0 (8) + X078 (1) — g™ (9 (1)),

(6.29) qbk(t) _ )\kwbk(t) — —’yk(t)

for every t € (tk tg+1> j=0,...,k—1andi=1,...,m, where 9% (t) := t§+1 fort € [t tj-i-l)
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Now we define p*(+) = <pxk('),p“k('),pbk(')) on [0, T by setting

= o[ (Z% o). 208 (s), 0 (0()]
A e)rep, (2 w’“(s)))}, —V'“(S))ds

(6.30)

for every t € [0, T]. This gives us p*(T") = ¢*(T") with the differential relation

©.31) p*(t) = (Z% K1), 2[e (1), 7" (95(0)] + [15 0, rep, (2F 04 (1)]. =)
holding for a.e. t € [0, T']. Using this notation, equations (6.27)—(6.29) can be rewritten as
(6.32) pE() = Nw®™ (2),
(6.33) PR () = Xowih(t) — () (Ao (1) + X0 (1) — ¢ (95.0)) )
(6.34) PPR(t) = NewPk (1)
forevery t € (tj , tj+1) j=0,...,k—1,andi = 1,...,m. Define the vector measures 7~ ., and £~ __ by
(6.35) / dyk = / ) and / dek . = / €8 (t)dt for every Borel subset B C [0, T7.
B B

From now on we drop for simplicity the index ‘mes’ in the measure notation if no confusion arises.

Observe next that all the expressions in the statement of Theorem 5.2 are positively homogeneous of degree 1 with
respect to A\ pk, vk, and 5’“. Therefore the nontriviality condition (5.27) allows us to normalize them by imposing the
following relationships whenever k € N:

T T
(6.36) A"“rl!qu'“(O)IIJrIq”’“(O)IJrllp'“(T)llJr/0 ||7k(t)||dt+/0 le*@)lldt = 1,

which tell us that all the sequential terms in (6.36) are uniformly bounded. Passing below to subsequences of £ — oo
if necessary, we can immediately conclude that \¥ — \ for some A > 0. Then the equality p*(T") = ¢*(T),
the uniform boundedness of the first integral terms in (6.36) and of {w" ()} in L°°[0, T'] implies via (6.27) that the
sequence {¢”¥(-)} has uniformly bounded variations on [0, T, and so it is bounded in L°°[0, T']. Observe further
that the right-hand sides of (6.32) and (6.34) are obviously uniformly bounded in L°°[0, T']. Concerning the right-hand
sides of (6.33), observe that the sequence {)\nkvk} is uniformly bounded in L?, while the remaining summands are
uniformly bounded in L' due to (6.25) and the uniform boundedness of {q”“k} Since we also have their uniform
integrability by the arguments above, the classical Dunford-Pettis theorem on the weak compactness in L' allows us
a subsequence of {p¥(-)}, which weakly converges in L' to some function generating by the Newton-Leibniz formula
an absolutely continuous function p(-) such that p¥(t) — p(t) uniformly on [0, 77]. Moreover, the aforementioned
Mazur’s theorem gives us a subsequence of convex combinations of ]jk(t) converging to p(t) a.e. pointwise on [0, T'].

Using the uniform boundedness of fOT 1Y% (t)||dt and fo €% (£)]|dt by (6.36), the relationships in (6.27)—(6.29) to-
gether with p*(T) = ¢*(T') and (6.25) ensures that {¢*(-)} is of uniformly bounded variation. This allows us to
employ Helly's selection theorem and find measures v € C*([0,T];R™), £ € C*([0,T]; R™") and a function
of bounded variation ¢(-) on [0, 7] such that a subsequence of {¢*(-)} pointwise converges to g(-) while some of
{(v*, €%)} weak* converges to (7, &) in BV [0, T); see [3, Definition 3.11, Theorem 3.23, and Proposition 3.21]. Thus
having ¢(T') = p(T) and combining it with the a.e. pointwise convergence of convex combinations of () to p(-)
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justify the possibility of passing to the limit in (6.32)—(6.34) and to verify (6.7). Combining (5.33) and (6.15) gives us
(6.6) while (6.8) follows from (5.8) and (6.15).

Now we intend to prove the representation (6.10) for ¢(-) by passing to the limit in (6.30). It follows from the norm
convergence of Z°(-) — Z(-) in W12[0, T that {z*(-)} is bounded in L?[0, 7] and also that

_k(qk _k _k K
Supte[O,T] Hu (19 (t)) —Uu (t)” = 0<I§13]z<—1 Huj_H —uj H —0 as k£ — o0
with the same for the b-components. Furthermore, for any fixed i € {1,...,m} we have the estimate

Tﬁ(s)ﬂf (9% (s))ds — Tﬂi(s)d%(s)
I t
< H /T Wf(S)EZ?(’ﬁk(s))ds — /tT %k(S)ﬂi(s)ds ‘ + H /T ~E(s)ai(s)ds — /tT ﬂi(s)d%‘(s)H

_ H/ V() (@ (9 (5)) — ails) dsH+H/ ai(s)k (s )ds—/tTuz( Jvi(s)|),

where the first summand vanishes as k — oo on [0, 7] due to the uniform convergence of @ () to ;(-) and the
uniform boundedness of fOT |v*(t)||dt, while the second one vanishes for all t € [0, T'] except for at most countably
many points because the measures 7’“ converge weak™ to y; see, e.g., [42, p. 325]. Hence

T T
/ ’ylk(s)ﬂf (ﬂk(s))ds - /t u;(s)dvyi(s) ask — o0

t

except for at most countably many ¢. Proceeding in the same way with the rest of (6.30) gives us (6.10), which is the
left-continuous representative of the limiting function ¢(+) of bounded variation on [0, T']; see, e.g., [3, Theorem 3.8].
Using this and the properties of w(+), v(+) and 7(-) established above we complete proving all the statements in the
primal-dual dynamic relationships of the theorem.

Next we justify the transversality conditions, which is a much easier task. Indeed, the validity of (6.11) and (6.13) follows
by passing to the limit in (5.35) and (5.37), respectively, with taking into account that {p”(-)} converges uniformly to
p(-) and that p*(T') = ¢*(T') = p¥. Then observe from (5.36) that

k| bkk kN ok ;
Phi + DTy = <QD/1€Z +pkzxk,uk>uk forall ©:=1,...,m,

which gives us (6.12) by passing to the limit as k& — oo.

Now we proceed with verifying the measure nonatomicity conditions of the theorem. To check the one in (a), fix t €
[0, T") with (u;(t), Z(t)) < b;(t) fori = 1,...,m and find a neighborhood V; of ¢ in [0, T'] such that for any s € V;
we have (i;(s), Z(s)) < bi(s),i = 1,...,m. This yields (i} (tk) k(tf)> < Bf(t;“)z =1,...,m,whenkis
sufficiently large and so tk € Vi. Thus it foIIows from (5.34) that for any Borel subset V' C V; we have 'yk( ) =0
on V/, which implies in turn that [[VX,es[|(V) = [ dlvhesll = [i 75 (®)]ldt = 0. Letting k& — oo shows that
|7]|(V') = 0. The measure nonatomicity condmon ) for & is justified similarly.

Our final step is to prove the nontriviality conditions starting with (6.14). Arguing by contradiction, suppose that A = 0,
q(0) = 0, and p(T) = 0 and hence get \* — 0, ¢*(0) — 0, and p*(T) = pﬁ — (0 as k — o00. Substituting (5.8)
into (5.31) with the usage of (5.2), (5.3), and (6.1), we get

T k—1
| 1 olar - th|m|r<ZHp]H P+ X Bl + [ — ol
2

k—1
k 1 k bk _ bk k bk bk bk
<A ZH i |+ va o8 NS Bl + I+ (18
=0
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e

-2

H By, — k+1+l_’§H+hlk‘/ohkl;(t)dt‘—l—};)/TT_hkl;)(t)dt‘

([P A P R )

§2/\’“<

t~

MMM

_|_
; hk i

k b b bl
+ A thij I+ [lP7° || + llpg°ll,
=0

-1

where Lis a Lipschitz constant of V /5. Deducing further from (5.8) that
P51 < A¥[[og® | + Ayt |65"

let us show that |[p}%| — 0 as k — oo. Indeed, we get by (5.3) and the smoothness of /3 that v3F =
-k _~k pk_pk

% (0, %, %). Combining this with (3.29) and (6.2) ensures the boundedness of {v3} and hence \*||v¥|| —

0. It follows from (3.6), (3.29), and (5.2) that {h,;198k} is bounded and thus )\khgl |08k | — 0, which justifies the claim

on ||p%||. We also have by construction that p§* = ¢¥(0) — 0. Involving again (3.6) together with (3.30) and the

boundedness of {w"*} by (5.3) gives us fOT |v*(t)||dt — 0as k — oo.

Considering now the functions £ (¢) from (6.26), we have

T
| etona - Zhwugku—ZHgkn keN.

It follows from (5.30) due to (3.8) that the estimate

k-1 k— k-1
<3 oty = oyt -+ 2 Ahe it
6.37 =0 7= 7=
(6.37) k-1
k k, xk k
> Il [ H+thuvﬂu A
§=0
holds whenever i = 1,. .., m. Furthermore, it follows from (5.8) that
k—1
(6.38) pt|| < Z H H A’fz e = oy |+ ot - pi.
7=0

Recalling that ||¢*(T")|| = [|p*(T)| — 0 and fOT I7V*(t)||dt — 0, we get ¢*(-) = 0 on [0, T] by passing to the limit
in (6.27) due to the weak* convergence of v (-) in BV[0, T']. Then (6.30) yields p(-) = 0, and so

6.39 max = max ||p%*]| — 0 as k — .

639 max 70l = max, 57"

Combining (6.39) with (5.2), (6.15), (6.24), and the L?—boundedness of {v“*’k} which follows from (6.2) and the strong
W1’2—convergence of Theorem 3.4, tells us that the third summand in (6.37) vanishes as K — oo. Using the same
arguments allowing us to prove that fOT |v*(t)||dt — 0 as k — oo, we get by (6.38) that the first summand in (6.37)

vanishes as well, which therefore verifies that fOT €% (t)||dt — 0. All of this leads us to the violation of (6.36) and thus
justifies the nontriviality condition (6.14).

To verify finally the enhanced nontriviality condition under the additional assumptions made, suppose by contradiction
that (A, p(T")) = 0. By (6.7), p*(t) = 0, p°(t) = Oforall t € [0,T]. By (6.8), ¢“(t) = 0, ¢°(t) = 0 for almost
all t € [0,T]. Combining those arguments and (6.10), we get that also ¢”(t) = 0 for almost all ¢ € [0, T’]. Using
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(6.7) again yields that p*(t) = O for all ¢ € [0, T]. Therefore, p(t) = Oforall t € [0,T] and ¢(t) = 0 for aimost all
t € [0,T]. By using the measure nonatomicity condition, we get also ¢(0) = 0, hence contradicting the nontriviality
condition (6.14) and thus completing the proof. A

It is worth mentioning (as used in Example 7.5 below) that the differentiability assumption on ¢ with respect to (1, b)
can be replaced in the proof of Theorem 6.1 by the following: there is M > 0 such that for all the partitions 0 < tg <
t1 <...<tp<Tand(v¥ Ub) S ad l'ag(tj’ f(tj), Z(t])),j =0,...,k, we have

177
k—1 k—1
(6.40) >ty — vl <M and > [lvd, — bl < M.
j=0 j=0

Indeed, (6.40) is exactly the condition employed above to justify nontriviality (6.14).

Remark 6.2 (optimality conditions for problem (P)). It is not hard to observe while following the limiting proce-
dures developed in Theorems 3.4 and 6.1 that the passage to the limit as 7 | 0 in the optimality conditions obtained
for (P7) in Theorem 6.1 leads us to necessary optimality conditions for intermediate local minimizers in problem (P)
with the validity of all the relationships (6.4)—(6.14) of this theorem but the second measure nonatomicity condition
(b). However, the optimality conditions for (P) derived in this way may degenerate in the sense that for any given
feasible solution to (P) we can find some collection of dual elements satisfying the nontriviality condition (6.14) such
that all the conditions (6.4)—(6.14) hold for them. Indeed, this happens when

A=0, p(-) =0, 7(-) =0, £ = g0y (Dirac measure at 0)

and the adjoint arc ¢(-) of bounded variation on [0, 7’| is constructed as follows:

(0, —2a(0),0) for t =0,
0 for ¢t € (0,77,

where () is the u-part of the given feasible solution Z(-) to (P). Nevertheless, it is important to emphasize as
illustrated by the examples in Section 7 that, even in the degenerate case, the aforementioned necessary optimality
conditions allow us to eliminate nonoptimal solutions and find optimal ones.

Finally in this section, we consider yet another sweeping optimal control problem much related to (P), where the
control actions @;(-) in normal directions are fixed and the optimization is provided by b-controls changing the position
of the moving polyhedron. This problem can be modeled in the following form (P):

T .
minimize J[xz,b] := ¢ (z(T)) +/O (él(t,x(t),b(t),ab(t)) +£2(b(t)))dt

subject to the constraints in (1.3) and (1.4), where u;(-) = w;(:), 2 = 1,...,m, are fixed absolutely continuous
functions on [0, T']. Since the equality constraints (1.5) or (1.7) are not imposed, there is no difference between problem
(P) and its T-perturbations as before.

We have the following necessary optimality conditions for the new problem under consideration.

Theorem 6.3 (necessary conditions for problem with fixed normal directions). Let Z(-) = (Z(-),b(-)) be a
given r.il.m. for problem (P), and let the LICQ condition hold at Z(-). Suppose that the assumptions of Theorem 6.1
hold whenever appropriate. Then there exist A > 0, an adjoint arc p(-) = (p”, pb): [0, 7] — R"™™ absolutely

continuous on [0, T'|, L*-functions (w(-), v(-)) satisfying (w(t),v(t)) € co dL(t, z(t), z(t)) fora.e. t € [0, T] with
¢ =l + {3, and a measure v € C*([0,T]; R™) such that for all i = 1, ... we have the optimality relationships
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(6.5), (6.6), (6.8), (6.9), (6.11), (6.13), and (6.14) holding together with the first measure nonatomicity condition (a).
Moreover, (6.7) and (6.10) read as
p(t) = Mw(t) forae te€[0,T],

q(t) = p(t) — (/[tﬂ ;ﬂi(s)d%(s), —/[t’T] dfy(s)) fora.e. t € [0,T].

If finally (w;(0),Z(0)) < b;(0) asi = 1,...,m, we have the enhanced nontriviality (A, p(T)) # 0.

Proof. Following the proof of Theorem 5.1 shows that (5.2)—(5.8) hold with 0}"“ =0, w}*k =0, v}”“ = 0 for all
j=0,....,k—1,6 =0, and p“* = 0. Inclusion (5.9) reads now as

k k bk bk
Pt TP gk PIVUTPS kg ek g (v + 2%
hk 7 hk J J J hk J
(6.41) " k
e N((25,at, 0%, 0 opn (- a(th), ), j=0,... k1
xj?“jv 70 hk ; 8P , U A ’ J=YU,..\, .

Note that I’ satisfies the qualification condition in [25, Corollary 3.17], which allows us to deduced that
D*F, (25, a(t}), 55) (v) C projgnmm D* F (25, u(t5), b¥) (v),

where v := — ;ﬂ_’il + \F (vfk + é@f’“) Employing the coderivative estimate (4.13) gives us (5.27)—(5.29), (5.31)-
(5.35), and (5.37). Then the proof is completed by using the same arguments as in Theorem 6.1. A

7 Examples and Applications

We split this section into six examples, which are of a different scale. The first one describes an application of the ob-
tained results to a class of elastoplasticity problems, which can be modeled via the sweeping process over controlled
polyhedral moving sets. The second example addresses a particular sweeping process known as the play-and-stop
operator, which has various applications to practical models in physics, mechanics, engineering, etc. The other exam-
ples illustrate special features of the established necessary conditions in determining optimal solutions to the controlled
sweeping process in one- or two-dimensional settings.

Example 7.1 (quasistatic elastoplasticity with hardening). We refer the reader to the book [15, Chapters 2—4] for
models of this type (with no control) and mechanical processes they describe with the notation therein; see also some
related models in [18]. This example is particularly inspired by models in quasistatic small-strain elastoplasticity with
hardening. Note that an optimization problem of static plasticity with linear kinematic hardening was studied in [17],
where the external forces are taken as static controls. Here we adopt an essentially different dynamic approach, which
seems to be more realistic from the viewpoint of mechanical applications. Besides allowing the natural time evolution,
we also treat the underlying yield criterion as a control action. This leads us to the following optimal control model of
dynamic elastoplasticity optimization: to design an elastoplastic material by (dynamically) adjusting its yield criterion

in order to minimize an appropriate cost.

To proceed in more detail, consider a body in R? whose displacement from the initial position is u(t, z). The strain

€ is the symmetric part of the gradient of u, i.e.,
1 *
e =3 (Vu+vru).

It can be decomposed into the sum of the plastic strain p and of the elastic strain € by e = € — p. The stress o
depends on the elastic strain as & = Ce, where C is the elasticity tensor and o satisfies the equilibrium equation

34



dive + d = 0 on an open set € with smooth boundary that contains all the possible positions of the body together
with the boundary condition o - n = ¢ on ). Here n denotes the external normal to €2 while d and c represent
the external forces that are taken as control actions. We assume that & = o (t) and p are independent of x. This
corresponds to the so-called pseudo-rigid body; see, e.g., [39]. Of course, a more realistic model requires dependence
on z, but this would lead us to considering the sweeping process with an infinite-dimensional state space, which is
beyond the scope of this paper.

If the material undergoes a linear kinematic hardening, then the “plastic flow law” is given by
(7.1) p € N(o — kp; K)

(see, e.g., [15, pp. 89-90]), where k is a positive constant, and where K is a compact convex subset of R? called
the “region of admissible stresses."There is a number of interesting practical models of this type with a polyhedral
region of admissible stresses; e.g., it is a hexagon in the model with the Tresca yield criterion described in [15, p. 63]).
Denoting q := —kp, we have

K = {qER?" (0 +q,u;) <b;, i = 1,...,m},
which induces the polyhedral moving set
C(t):={qe ]Rg} (g ui(t)) < bi(t) — (o(t),ui(t)), i=1,...,m}.
This allows us to reformulate model (7.1) as the controlled sweeping process
—q(t) € N(q(t);C(t))

over the moving polyhedron C(¢) with the control functions w;(t), b;(t), and o(t). The theory developed in this
paper can be readily applied to optimize the class of models under consideration with respect to general cost functions
depending on the state and control variables as well as their velocities. Observe that our necessary conditions do not
involve d and c directly, but only o.

The next example concerns a particular model, which appears in the literature is several contexts.

Example 7.2 (play-and-stop operator). This name is associated with the sweeping process given by
(7.2) —i(t) € N(z(t);b(t) — Z), x(0) € b(0) — Z,

where € R" (in general x belongs to a Hilbert space), where Z is a closed and convex set (polyhedron in our case),
and where b: [0, 7] — R" is absolutely continuous. We refer the reader to, e.g., [37, Section 7] and the bibliographies
therein for more details on such operators and their applications.

To describe the possibility of applying our results, consider for simplicity the case when Z is the symmetric rectangle

centered at the origin

Z = {(x1,22) € R?| |z1| < b1, |wa| < B} with By, 82 >0

and the control is provided by b(t) = (b1(t),ba(t)) for t € [0, 7] under the fixed constant u-components u; :=
(1,0), ug := (0,1), ug := —uy, ug := —uz. Then we have

C(t) = {z € R?| (&, u1) < P14+ bi(t), (x,u2) < B2+ ba(t), (w,uz) < B1 + bi(t), (x,ua) < Ba+ba(t)}

and are in a position to apply the necessary optimality conditions of Theorem 6.3 to the optimal control problem
described by (1.2) and (7.2) with the moving set C'(¢) given above.
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Now we present several examples illustrating some characteristic features of the necessary optimality conditions de-
rived in Theorem 6.1 and also showing how to use these conditions to determine intermediate local minimizes. Note
that in the examples below the running cost is convex in velocity variables, and so there are no difference between
intermediate and relaxed intermediate local minimizers.

The following simple one-dimensional example (as well as the more involved subsequent ones) illustrates the procedure
of solving problems (P7) whenever 0 < 7 < T by using Theorem 6.1, even in the case of the possible degeneracy
for (P) as discussed in Remark 6.2.

Example 7.3 (calculating optimal controls in one-dimensional problems). Let (P) be given by

_ 2
(73) n:m:Tzl,x0:07¢(x);:u

) 1.
, and ((t,x,u,b,&,u,b) := §b2.
It follows from the structure of (P) that we can put %(t) = —1 on [0, 1] and thus consider the minimization of the

cost functional (1.2) with data (7.3) subject to the dynamic constraint
(7.4) —i(t) € N(z(t); C(t)), where C(t):= {z € R‘ —z(t) <b(t)} forae. te0,1].

It is easy to see that the variational problem in (7.3) and (7.4) admits an optimal solution; it also follows from the
general theory due to the convexity and coercivity of the the integrand £ in (7.3) with respect to velocity. Thus we can
apply the necessary optimality conditions of Theorem 6.1 to the problem in (7.3), (7.4) and determine in this way its
local solution. Employing (6.4)—(6.14) with taking into account that (6.12) carries no information in this case give us
the following relationships valid for a.e. ¢t € [0, 1]:

1
3

(1) w=0 =<o,o,é>; (2) —3(t) < b(t) = n(t) = 0;
( “(t) :

(5) (", p*, 8" 1 ( 1

( =0 = (= [ [Caar—2 [ e [ )
( ) -

(

)
)
)
7) (¢ 4" d"
t t
8) p(1) > 0, —z(1) < b(1) = p"(1) = 0;  (9) —p*(1) = A(2(1) — 1)
10) A + HQ( )H + [lp(D # 0.

We consider first that case where Z(t) # 0 for a.e. t € [0, 1]. Then it is evident that Z(t) = —g(t) > 0 and hence it
follows from (4) that ¢*(¢) = 0O for a.e. t. Observe furthermore that (5) implies that p(+) is constant, which ensures by
(7) that f[ 1] dry is constant on (0, T'] as well. The latter means that either -y is zero or it is a Dirac measure concentrated

att = 1.In both cases we have that ¢°(t) is constant by (5) and (7), and so l_)() is constant by (6) provided that A # 0;
otherwise we do not have enough information to proceed. Assuming A # 0 yields in this case that there is only one
feasible trajectory satisfying the necessary optimality conditions; namely (Z(t), u(t), b(t)) = (t/2, —1, —t/2) with
the cost value of 1 / 4. The case of A = 0, where no information can be deduced on Z, cannot be ruled out. To examine
finally the opposite case of Z(-) = b(-) = 0, we see by the same arguments as above that g(-) is constant on (0, 7
with ¢%(t) = A — p®(1). This choice satisfies necessary optimality conditions with the cost value of 1/2 > 1/4, and

thus we found a reasonable candidate to be an optimal solution to this problem.

Observe that the problem in Example 7.3 can be also treated by necessary optimality conditions of the Pontryagin
Maximum Principle from conventional control theory by taking into account that the state constraint therein is active,
i.e., z(t) = —b(t), and so we can consider b(t) as the new control. In fact, PMP allows us to show in this setting that
(z(t),u(t),b(t)) = (t/2,—1,—t/2) is a global minimizer. However, it is not the case in the following modification
of the previous example, where the moving constraint is not active, and we cannot reduce the sweeping process to a
conventional control system.
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Example 7.4 (necessary conditions for the controlled sweeping process versus PMP). The only difference of
this example in comparison with Example 7.3 is that the running cost is given now by

. 1 .
O(t, 2, u, b, &, 10, b) := 5((b —1)%+1b]?).

The trivial choice of b(t) = 1 forall ¢ € [0, T, gives us the value 1/2 of the cost function (1.2). If instead the moving
constraint is active, then obviously u(t) = —1 and x(t) = —b(¢) > 0 on [0, T'], which shows that

(z(1)—1? 1 (z(1) — 1)?

1 .
— 2/0 () = 1% + (o)) > T4 2 2

N | =

It is easy to see that the trivial solution above satisfies the necessary conditions in Theorem 6.1 (take ¢*(-) = p*(-) =
A = 1 and let the other dual elements vanish). Since in this case the sweeping state constraint is not active, we cannot
employ PMP as in Example 7.3.

The next example shows how to exclude nonoptimal solutions by using necessary optimality conditions from Theo-
rem 6.3. Observe that in this example the measure «y has an atom and the corresponding adjoint arc ¢(-) is discontin-
uous inside the time interval.

Example 7.5 (excluding nonoptimal solutions). Consider problem (P) with @ = —1 on [0, 1], n,m, T as in (7.3),

2
(t - ) ift < 3,
E(t,:c,b,ab,l}) = (b+t—30(t))2+a\i)+4t—2| with a >0, so(t) := 40 if % <t< %,

(t - %) <t + %) otherwise.

It is easy to see that the couple (Z(t),b(t)) = (vo(t), —t + so(t)) on [0, T is optimal for this problem if ov = 0,
where

xg = 1/5, p(z) := (x — 1)?, and the running cost given by

Y=

1
5

vo(t):=qt ift<t<?
4

Let us show it is not (at least in the intermediate local sense) if a > 0. It can done it by applying the necessary
optimality conditions of Theorem 6.1 while observing that all its assumptions are satisfied with the validity of (6.40)
for £5 nondifferentiable in b. Furthermore, due to Z(0)a = —1/5 < 1/25 = b(0) we can employ the enhanced
nontriviality condition (X, p(1)) # 0.

To proceed, deduce from (6.9) and (6.6) that ¢*(¢) = 0 fora.e. t € [1/5,4/5]. Moreover, since ) = 0 both in [0, 1/5]
and in [4/5, 1] thanks to (6.5), we deduce from (6.7) that p(-) = 0, and so p(t) = p(1) forall ¢ € [0, 1]. Assuming
by contradiction that A # 0, we get from (6.8) that ¢°(t) = a\ for t > 3/4 and ¢°(t) = —a\ for t < 3/4. Then
(6.10) tells us that
q(t) = / dy(s) and ¢°(t) = — / dvy(s) forae. t €[0,1].
[t,1] [t,1]

Therefore, on one hand the measure 7y is zero on (1/5,4/5), while on the other it must have a nonzero mass at
t = 3/4. This is a contradiction, which shows that A = 0. at the same time we get p(1) = 0 by the transversality
conditions (6.11)~(6.13) due to Z(1)u = —4/5 < —1 + 6/25 = b(1). This contradicts the enhanced nontriviality
and thus verifies that (Z(-), b(+)) is not optimal for (P) if a > 0.

Finally, we present a two-dimensional example that can be analyzed on the basis of Theorem 6.3.
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Example 7.6 (controlled sweeping process in two dimensions). Let the data of (P) be:

[l

(7.5) n:m:2,x0=(1,1),T—1, ()0() 92

. 1 ... .
, and £(t,z,u,b,&,10,b) = i(b% + b%)

Consider the version (P) of this problem with the fixed normal vectors u; = (1,0) and uy = (0,1) and apply
Theorem 6.3 to determine optimal solutions b(t) = (b (t), ba(t)) and Z(t) = (Z1(t), Z2(t)) on [0, 1]. The necessary
optimality conditions of Theorem 6.3 give us the relationships on [0, 1]:

(1) w(-) =0,v%(-) = 0,0°(") = (61(~),62(-)); ) z;(t) 0= ¢’ (t) =0,i=1,2.
(3) p°(*) is constant with nonnegative components, and —p?(-) = A\z(1) + p?(-)u;, i = 1,2 is also constant.
@ (1) =" — ([t 1), g0 = (1) = p + 5[t 1) forae.t € [0,7).

(5) A+ 1g(0)|| + [[p(1)]| # 0 with A > 0.

Observe first that the trivial solution with Z(¢) = (1,1) and B(t) = 0 on [0, 1] satisfies necessary conditions (take
PP =p=—1,p5 =p} =79 =72 = 0,and A\ = 1). In this case the cost value is 1. If the i-th constraint is
pushing (i.e., T;(t) < 0 on a set of positive measure), it follows from (4) that ;([t, 1]) is constant on that set and
also b; is constant for i = 1, 2 provided that = 0, which is supposed to hold. We consider only the simplified case
where pushing occurs on at most one interval. There are the following three possibilities in this case:

(a) Both constraints are pushing with constant speed at the same time in the interval [0, ¥], where 0 < ¢ < 1 s to be
determined.

(b) The constraints are pushing alternatively (with constant speed); by symmetry we may assume that they push for
the same time, say first u; in the interval [0,9] and then ug in the interval [, 20], where 0 < ¥ < 1/2is to be
determined.

(c) Only one constraint is pushing in the interval [0, ], again with constant speed; by symmetry we may assume that
the first one is active.

To proceed further, denote the constant speed of the i-th moving constraint by 3; < 0. Then in case (a) the cost value
is calculated by

1
S W2+ )BT+ 53) + 0B + ) + 1,
and it is subject to minimization over 31, B2 < 0 with 0 < ¥ < 1. Straightforward calculations show that

-1

br="02= 175

and in this case the ¥-component of the gradient of the cost function is negative, and so ¥ = 1. Thus 51 = 2 = —=
which gives us the cost value %

In case (b) we have the same cost value as in (a) while ¢ € (0, 1 / 2]. The same Calculations tell us that the optimal

cost with this strategy is obtained for ¥ = % and 01 = B3 = —5 and its value is 7=. In case (c) the cost value is Z
with the choice of ¥ = 1, #1 = —%, and Jo = 0. Combining all the above allows us to conclude that the strategy in

case (a) is the most appropriate when A # 0. Finally, observe that if A = 0, we do not have enough information to

proceed.
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