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ABSTRACT. In this work we study the properties of segregation processes modeled by a family
of equations
L(ui)(z) = ui(z) Fi(ua, ..., uk)(x) 1=1,..., K

where Fj(u1,...,ux)(x) is a non-local factor that takes into consideration the values of the
functions u;’s in a full neighborhood of z. We consider as a model problem
& ]‘ € 1>
Au; () = Zui(@) > H(uj)(x)
i#j

where ¢ is a small parameter and H (u5)(z) is for instance

Hu) () = / iy

H(uj)(z) = sup uj(y).
yEB1(z)

Here the set Bi(x) is the unit ball centered at x with respect to a smooth, uniformly convex
norm p of R™. Heuristically, this will force the populations to stay at p-distance 1, one from
each other, as ¢ — 0.

1. INTRODUCTION

Segregation phenomena occur in many areas of mathematics and science: from equipartition
problems in geometry, to social and biological processes (cells, bacteria, ants, mammals), to
finance (sellers and buyers). There is a large body of literature and in connection to our work,
we would like to refer to [1, 2, 4, 5, 6, 8, 7, 9, 10, 11, 12, 13, 14, 15, 18, 20] and the references
therein. They study a family of models arising from different applications whose main two
ingredients are: in the absence of competition species follow a ”propagation” equation involving
diffusion, transport, birth-death, etc, but when two species overlap, their growth is mutually
inhibited by competition, consumption of resources, etc. The simplest form of such models

consists, for species o; with spatial density u;, on a system of equations
L(’LLZ> = U; Fi(ul, ey uK).

The operator L quantifies diffusion, transport, etc, while the term u; F; does attrition of wu;

from competition with the remaining species.



In these models, the interaction is punctual, i.e. u;(z) interacts with the remaining densities
also at position z. There are many processes, though where the growth of o; at x is inhibited
by the populations o; in a full area surrounding x.

The purpose of this work is a first attempt to study the properties of such a segregation

process. Basically, we consider a family of equations,
L(u)(2) = wi(z) Fi(u, ..., uk)(z)

where Fj(u1,...,ux)(z) is now a non-local factor that takes into consideration the values of w;
in a full neighborhood of x. Given the previous discussion a possible model problem would be

the system

1 .
Auf(z) = u; (x) ZH(uj)(x), i=1,...,K
]
where € is a small parameter and H (u$)(z) is a non-local operator, for instance

H(uS) (x) = / () dy

Bi(z)

or

H(uj)(x) = sup uj(y) -
y€Bi1(z)
Heuristically, this will force the populations to stay at distance 1, one from each other as e
tends to 0.
We will consider instead of the unit ball in the Euclidean norm Bj(z), the translation at z
of a general smooth, uniformly convex, bounded, symmetric with respect to the origin set, B.
The set B defines a smooth, uniformly convex norm p in R".

Let us note that there is some similarity also with the Lasry-Lions model of price formation

(see [3, 17]) where selling and buying prices are separated by a gap due to transaction cost.

2. NOTATION AND STATEMENT OF THE PROBLEM

Let B be an open bounded domain of R”, convex, symmetric with respect to the origin and
with smooth boundary. Then B can be represented as the unit ball of a norm p : R" — R,
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p € C®(R™\ {0}), called the defining function of B, i.e.,
B={xeR"|px)<1}.
We assume that B is uniformly convex, i.e., there exists 0 < a < A such that in R™\ {0}
2 (1 o

(2.1) al, <D <2p > < Al, ,
where I, is the n x n identity matrix. In what follows we denote

By :={y e R" [ p(y) <r},

Br(z) :={y e R" | p(x —y) <7}.

So through the paper we will always refer to the Euclidean ball as B and to the p-ball as B.

For a given closed set K, let
d,(-, K) = inf p(- —
(oK) = inf pl- —y)
be the distance function from K associated to p. Then there exist ¢1,co > 0 such that

(2.2) c1d(-, K) < dy(-, K) < cpd(-, K)

where d(-, K) is the distance function associated to the Euclidian norm | - | of R™.
Let © C R™ be a bounded Lipschitz domain. We will denote by (0€2); the p-strip of size 1

around 0f) in the complement of €2 defined by
()1 :={x e Q1 d,(xz,00) <1} .

For i = 1,..., K, let f; be non-negative Holder continuous functions defined on (99); with

supports at p-distance greater or equal than 1, one from each other:

(2.3) dp(supp fi;supp f;) =1, for i#j .
We will consider the following system of equations: fori =1,..., K
1 .
A (w) = —u(v) ZH(@(;[;) in Q,
J#i
ui = fi on (09);.

The functional H(u;)(z) depends only on the restriction of u; to By (x).
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We will consider, for simplicity,

(2.4) Hw)@) = [ wle(ple =) 1p<oo
Bi(x)
or
(2.5) H(w)(x) = sup w
Bi(x)

with ¢ a strictly positive smooth function of p, with at most polynomial decay at 0B;:

(2.6) e(p) 2 C(A—=p)?, q=0.
In rest of the paper, when we refer to consider ug,...,u%, viscosity solutions of the problem
(2.7), we mean that uj, ..., uj are continuous functions that satisfy in the viscosity sense the

system of equations

Aui(z) = éuf(x) S"H@) @) in 9,
(2.7) j#i

ui = f; on (09)1,
under the hypothesis that € > 0, © is a bounded Lipschitz domain of R", f; are non-negative
Hélder continuous functions defined on (002)1 satisfying (2.3), H is either of the form (2.4) or

(2.5) and (2.6) holds.

3. MAIN RESULTS

For the reader’s convenience we present our main results below:

Existence (Theorem 4.1):

There exist continuous functions ui,...,u%, depending on the parameter €, viscosity
solutions of the problem (2.7).

Limit problem (Corollary 5.6):

There exists a subsequence (0)*™ converging locally uniformly, as € — 0, to a function
= (uy,...,ux), satisfying the following properties:
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i) the u;’s are Lipschitz continuous in £ and have supports at distance at least 1, one

from each other, i.e.
ui =0 in the set {x € Q|d,(x, supp uj) <1} for any j # i.

i) Au; =0 when u; > 0.
Semiconvexity of the free boundary (Corollary 6.2):
If o € 0{u; > 0} there is an exterior tangent p-ball of radius 1 at x.
Hausdorff measure of the free boundary (Corollary 6.3):
The set 0{u; > 0} has finite (n — 1)-dimensional Hausdorff measure.
Sharp characterization of the interfaces (Theorem 7.1):
The supports of the limit functions are at distance exactly 1, one from each other, i.e,

if xo € 0{u; > 0} N, then there exists j # i such that

Bi(xg) N 8{u]‘ >0} #£0.

Classification of singular points in dimension 2 (Theorem 8.2, Corollary 8.3,
Corollary 8.16):
Fori # j, let xg € 0{u; > 0} and yo € 0{u; > 0} be points such that {u; > 0} has an

angle 8; at xo, {u; > 0} has an angle 0; at yo and p(xo — yo) = 1. Then we have

In the case of 2 populations, singular points, i.e. points where the free boundaries
have corners, are finite. Moreover under additional monotonicity assumptions on the
boundary data, the sets O{u; > 0}, i = 1,2, are of class C*.

Free boundary condition (Theorem 9.1):

In any dimension, if we have 2 populations, H is defined as in (2.4) with o =1, p=1
and By (z) = Bi(x) the Fuclidian ball, and if 0 € 0{u; > 0}, e, € d{uz > 0} and ;
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denote the principal curvatures, we have the following relation on the normal derivatives

of uy and us:

ull, 0 n—l (0 . -
“12/((en)) = E %;(in)) if #;(0) # 0 for somei=1,...,n—1,
2;(0)#0

and

ul(0) = ul(en) if 2(0) =0 for anyi=1,...,n— 1.

4. EXISTENCE OF SOLUTIONS

This proof follows the same steps as in [19] and it is written below for the reader’s convenience.

Theorem 4.1. There ewist continuous functions ug,...,u%, depending on the parameter e,

viscosity solutions of the problem (2.7).

Proof. The proof uses a fixed point result. Let B be the Banach space of bounded continuous

vector-valued functions defined on the domain ) with the norm

|(ur,ug, ..., ux)||p = max <sup |ul(x)|> )
2 e

Fori=1,..., K, let ¢; be the solutions of

{A@ =0 in O,

(4.1) ¢z = fz on Of).

Let © be the the subset of bounded continuous functions in €2, that satisfy prescribed boundary

data, and are bounded from above and from below as stated below:
= {(ul,uz,...,uK) |u; : Q@ — R is continuous, 0 < wu; < ¢; in Q, u; = f; on (8(2)1}.

Notice that © is a closed and convex subset of B. Let T° be the operator that is defined on
O in the following way: Ts((ul,u2, . ,uK)) = (v§,v5,...,0%) if for any i = 1,..., K, vf is
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solution to

(4.2)

AW (@) = 505(0) 3 Hlu)(x) 0 ©,
j#i
vi = f; on (09Q)1,

where uj, j # @ are given. Observe that if 7° has a fixed point

TE((ui,ug,...,u%)) = (uf,us,...,uf%)

then (uj,us,...,u%) is a solution of problem (2.7).

In order for T°¢ to have a fixed point, we need to prove that it satisfies the hypothesis of the

Schauder fixed point Theorem, see [16]:

(1)

T5(0) C O :
Classical existence results guarantee the existence of smooth solutions (v, 5, ...,v%)
of the equations (4.2). Remark that v is subsolution of Au = 0 in (2, therefore the
comparison principle implies
v < ¢; in Q.
Since in addition the f;’s are non-negative, again from the comparison principle we have
v >0 in Q.
We conclude that Ts(('LH,UQ, . ,uK)) € 0.
T¢ is continuous:
Let us assume that ((u1)m,.-.,(UK)m) — (u1,...,ug) in B meaning that when m
tends to +oo,

max | (wi)m — wil|Lee — 0 .

We need to prove that for each fixed ¢ > 0
172 ((u1)ms - - (uK)m) —T(uy,...,ug)|lp —0
when m — 4o00. Let

T ((u)ms - - -, (ui)m) = ((WDms - - (Vi )m),
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then if we prove that there exists a constant C. independent of m, so that we have the
estimate, fori =1,..., K
1C7)m = villzoe < Cemax|[(us)m — ujllzoe,

the result follows. For all z € Q and for fixed ¢, let w,, be the function

and suppose that there exists y € 2 such that

(4.3) wm(y) > r*D max [|(ug)m — gl

for some large D > 0, where r is such that 2 C B,, and B, is the ball centered at 0

of radius 7 in the Euclidean norm. We want to prove that this is impossible if D is

sufficiently large. Let h,, be the concave radially symmetric function

h(x) = 7(r* = |af) ,
with v = D max; ||(uj)m — uj||r~. Observe that:
(a) hp(z) =0 on OBy;

(b) hm(z) < r?Dmax; ||(uj)m — uj| L~ for all z in B;

(b) 0 =wp(x) < hp(x)on 0Q, since (v5 )y, and v] are solutions with the same boundary
data.
Since we are assuming (4.3), there exists a negative minimum of h,, — wy, in Q. Let

g € ) be a point where the minimum value of h,, — w,, is attained. Then

hm(x0) — wm(zo) <0 and  A(hy, — wp)(zo) > 0.
Moreover,

Awp, = A((05)m) — Avf

Y

S () =) S H(Cagh) = 5 (010 = (1)) )

J# J#

v

2 (D =00 X H(w5)) = o = 0C N~ 03]
JFi



adding and subtracting E%vf > jzi H((uj)m), where C depends on the f;’s and ¢. Then
0 < A(hpm — wm)(x0)

< 2= % ()~ Do) X H((w5)) o)
JF#i

— o (20)(K = 1)C () — 5] )

1
< —2nDmax||(uj)m — il + 507 (20) (K = DO (u5)m — v5] o

C
< —-2nD mjax |(wj)m — wj|lLe + 2 [l (wj)m — ujll oo
because 0 < hm(20) < wm(20) = ((v5)m — v5)(20) and Z#iH((Uj)m)(a?o) = 0 and so

2

(@) — ) (20) S H (1)) (0) <0

€ —
J#

Taking D = D, > C we obtain that

2ne??

0 < A(hp —wm)(x0) <0
which is a contradiction.

(3) T(©) is precompact:
This is a consequence of the fact that the solutions to (4.2) are Holder continuous on

and the subset of © of Holder continuous functions on Q is precompact in ©.

This concludes the proof of the theorem. O

5. UNIFORM IN € LIPSCHITZ ESTIMATES

In this section we will prove uniform in € Lipschitz estimates that will imply the convergence,
up to subsequence, of the solution (uf,us3,...,u%) of (2.7) to a limit function (u1,...,uk) as
¢ — 0. We will show that the functions u;’s are Lipschitz continuous in €2 and harmonic inside
their support. Moreover, u; = 0 in the p-strip of size 1 of the support of u; for any j # i, i.e.,
the supports of the limit functions are at distance at least 1, one from each other. We start by
proving general properties of subsolutions of uniform elliptic equations.
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Lemma 5.1. Let:
a) w be a subharmonic function in By, such that
a;) w<1in By;
az) w(0) =m > 0.

b) Let Dy be a smooth conver set with bounded curvatures
#;(0Dg) < Cpy, i=1,....,n—1

(like By above).

Then, there exists a universal T = 7(Cy,n) such that, if the distance d,(Dy,0) < Tm, then

sup w >
0DgNB1

m
5"
Proof. Let h be harmonic in By \ Dy and such that
h=1 on (361) \Do
h =" on (0Dy) N By .

Then, h grows linearly away from 0Dg in Bi. If 7 is small enough, then
2
h(0) < m.

Therefore we must have supgp,np,)w = %, otherwise the comparison principle would imply

w(z) < h(x) in By \ Dy, which is a contradiction at z = 0. O

Remark. If we replace Au by a uniformly elliptic equation: a;;D;ju or div a;;Dju and Dy
by a Lipschitz domain with a uniformly interior cone condition, the same result holds with
d,(Dy,0) = Tm# (p large) instead of 7m. (This follows from a-priori estimates for equations

with bounded measurable coefficients.)

Lemma 5.2. Let w be a positive subsolution of a uniformly elliptic equation, (\*I < a;j < A?T)

aijDijw 2 92(.4) m Br.
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Then there exist ¢c,C > 0 such that

(0) < Cefcer.
sup w
By

Proof. The function

=3 (3]

is a supersolution of the equation a;;D;ju = §*u. Moreover, using the convexity of the expo-

nential function, it is easy to check that it satisfies
g(z) > C1e?"  for any x € dB,.

Then, the comparison principle implies

wx) _ g(x)
— < Crectr for any z € B,.
Br

The result follows taking z = 0.

0

The next lemma says that if u§ attains a positive value o at some interior point, then all the

other functions uj, j # 1, goes to zero exponentially in a p-ball of radius 1 4+ co around that

point.
Lemma 5.3. Let (uj,...,uj) be viscosity solution of the problem (2.7). For i
o,7 >0, let
7" = {y € Q : dy(y,supp fi) > 2r, ui = o}
and
o
sups fi©

Then, in the sets

AZ’; = {x €Q:dy(z, V") <1+ TTW, dy(z,supp f;) > TZW}

(where T is given by Lemma 5.1), we have

co’arﬂ

u§ < Cem T, forj £,

11
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for some positive a and 3 depending on the structure of H (p and q).

Proof. Let T € A7, We want to show that for j # i, we have

£

@i
(5.1) Aue> 00 i Bem: (1)

J = g2 J

for some @, 3 > 0. Let us prove it for Z such that d,(z, ") = 1+ T2, which is the hardest case.

The ball By (%) is at distance 75~ from a point y € I';”". Remark that since By, (y) Nsupp f; = 0,
the function uf, which is eventually equal to zero in Ba,(y) N Q°, satisfies Aui > 0 in Ba,(y).

Moreover, since u$ is subharmonic in {2, it attains its maximum at the boundary of €2, so

that u/supyq fi < 1 in Q. Hence, from Lemma 4.1 applied to the function v(z) := u(y +

rx)/supgq fi with m = sung 7 and Doy = 8%7% (@), there is a point z in OBz () N

B, (y), such that uf(z) > 0/2. Remark that if 2 € Bzmr (Z) then
B (.1’) D) B% (Z)

(SinCe dp(.fC,Z) S dp(x’f) + dp(f,Z) S TZ”’ + 1— 'rn;r =1— TTT)-

Let us first consider the case H defined as in (2.5). Then for any x € Brur (%) we have

H(u7)(x) = sup uj = uj(z) =
Bi(x)

| Q

and we get (5.1) with @ = 1 and 8 = 0. Remark that since d,(z,supp f;) > ™2, the ball
Brmr (Z) does not intersect the support of f;.

Next, let us turn to the case H defined as in (2.4). Remark that since z € B,(y) and
d,(y,supp fi) > 2r, we have B, (z)Nsupp f; = ) and therefore the function u5, which is eventually
equal to zero in B,(z) N Q°, satisfies Au; > 0 in B,(z). This implies that (u)? is subharmonic

in B,(z) and by the mean value inequality

(5:2) /Bs(z)(uf)pdm = (%)p

12



in any Euclidian ball Bs(z) C B,(2), for any p > 1. Since d, and the Euclidian distance are

equivalent, there is an s ~ 7mr such that
(5.3) BS(Z) C B% (Z) C B% (Z) C Bl(l’)

Moreover, if y € Bs(z) and & € Brmr (), then

ply — ) < ply —2) + p(z —T) + p(T — ) < - + (1— Tmr) R
8 2 4 8
that is
(5.4) L= ply ) 2

Hence, using (5.3), (2.6), (5.4) and (5.2), for all © € Brme () we get

where @ and (3 depend on p, ¢ and on the dimension n. This implies (5.1).

Now, by Lemma 4.2 we get

_ co®rP

uj(7) < Ce™ =

for a = g +1and g = g + 1, and the lemma is proven.

O

Corollary 5.4. Let (uj,...,u%) be viscosity solution of the problem (2.7). Lety be a point in

Q such that

ui(y) =0, dy(y,supp f;) >1+71mr, i#j and d,(y,supp(f;)) > 2r,

where m = and for e < ¥ for some large 0, and r > o” for some small v > 0. Then

o
supggq fi

there exists a universal constant Cy > 0 such that in BTT (y) we have

[Vui| < Co
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and

Aui; — 0 as e — 0 uniformly.

Proof. We want to estimate Au(z), for z € B (y). In order to do that, we need to estimate

H(u$)(2) for j # i. But H(uj)(2) involves points x at p-distance 1 from z. Let z be such

that d,(z,z) <1, then d,(z,y) < 1+ TF. Moreover, since d,(y,supp fj) > 1+ 7mr, we have

rmr

dy(z,supp f;) > 75 . Hence, by Lemma 5.3, for any j # i

co’aTﬁ

uj(r) < Ce™ =
It follows that for z € Brmr (y)

CO'QT'lil
0< Au(z) < (52—
[9)

If we normalize the ball Brmr (y) in a Lipschitz fashion

2

ui (7577)

U3 (Z) 1= 2———=—%,
(%) mr
we have

_cao‘rﬂ

_ € e .
0 < Au; < Cor =2 in Bi(y).

In particular, if ¢ < 0% and r® > ¢, we have

_1

e—cs 2

It follows that | V5| is universally bounded in B (y) and therefore |Vu$| is universally bounded
2
in Brmr (y).

Further, Au$(z) converges uniformly to zero, as ¢ — 0 in the ball Brme (y). O

The next lemma says that in a p-strip of size 1 of the support of the f;’s, the function s,

i # j, decays to 0 exponentially.
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Lemma 5.5. Let (uj,...,u3) be viscosity solution of the problem (2.7). For j =1,..., K,
o >0, let f}f ={f; >0} CQ° Then on the sets

{reQ: dp(x,fj-)glfr}, 0<r<l1
we have

co‘a’rﬁ

© < Ce T, fori £,

for some positive o and [ depending on the structure of H (p and q) and the modulus of
continuity of f;.

Proof. Let T € Q and y € f? be such that d,(Z,y) <1 —r. We want to estimate H (u5)(z), for
any = € Bz (7). Let z € Bz (), then

(5.5) dy(z,y) <1 3.

Let us first consider the case H defined as in (2.5). We have
HO) () = swp w5 > 1) 2 0
1(x

Next, let us turn to the case H defined as in (2.4). Let ro := min{o?,r/4}, for some ~
depending on the modulus of continuity of f; (which is Hélder continuous), then f; > ¢/2 in

the set By, (y) N (08)1. Moreover, remark that from (5.5) and 9 < r/4, we have
By, (y) N (081 C Bz (y) C Bz (y) C Bi(x),
and for any z € By, (y) N (0Q)1
r T
ple—z)splz—y)+ply—2)<1-g+m<1l-_.

Therefore, using in addition (2.6), we get

H(uS) () = /B P Cplote =)
> /B oo P = ol = 2

7\ 9
> [ e (D)
Bry ()01 <4>
ZCUpTg,

15



where /3 depends on ¢ and on the dimension n.
Now, remark that assumption (2.3) guarantees that Bz (Z) Nsuppf; = 0. Then, for H defined
as in (2.4) or (2.5), the function uf, i # j, eventually extended to zero outside €2, is subsolution

of
e CoPrB

? 2

Au; > u
€

in Bz (Z), where p =1 and B3 = 0in the case (2.5). The conclusion follows as in Lemma 5.3. [

The following corollary is a consequence of Lemma 5.3, Corollary 5.4 and Lemma 5.5.

Corollary 5.6. Let (uj,...,u%) be viscosity solution of the problem (2.7). Then we have

a) There exist 0 such that function
() = (uf = /)

1s locally uniformly Lipschitz in Q independently of €.

b) The function u; — 0 as € — 0 in the set

{e € Q|dy(x, suppf;) <1} for any j #1i.

c) Let @ = (uq,...,ug) be the (local uniform) limit of a convergent subsequence (@)™ .
Then:

i) the u;’s are Lipschitz continuous in Q and have disjoint supports, in particular
u; =0 in the set  {x € Q|d,(x,suppu;) <1} for any j #i.

ii) Au; =0 when u; > 0.

6. A SEMICONVEXITY PROPERTY OF THE FREE BOUNDARIES

Let (u1,...,ux) be the limit of a convergent subsequence of (uf, ..., u% ), whose existence is

guaranteed by Corollary 5.6. For ¢ = 1,..., K, let us denote

(6.1) S(u;) = {u; > 0}.

16



(In the next sections this set will be represented by S;.) Then the sets S(u;) have the following

semiconvexity property:

Lemma 6.1. Given S(u;) consider

T(w) ={z€Q: dy(x,S(u;)) > 1}
and

S*(wi) ={z € Q : dy(z,T(w;)) > 1}

Then S*(u;) = S(u;).

Proof. We have that S*(u;) D S(u;). To prove the other inclusion consider
So(ui) == {u; >0},
To(u;) :={x € Q:d,(x, So(u;)) > 1}
and
So(ui) ={z € Q : dy(x, Ty (w;)) > 1}.

Notice that, the union of p-balls centered at points in S, (u;) coincides with the union of p-balls
centered at points in S¥(u;), i.e.

a) (Ty(u;))¢ = UBy(x) for x € S,(u;) and

b) (Ty(ui))¢ = UBy(z) for x € S¥(u;).
If € So(u;), from (b) of Corollary 5.6 we have that d,(x,suppf;) > 1 for j # 4, and the
uniform convergence of uj to u; and Lemma 5.3 imply that u$ < Ce‘# in Bi(x), where
2r = min{d,(x, suppf;), C(d,(x,suppf;) — 1)}. Now, the set where u; decays is the same if we

had considered x € S (u;), since that from (a) and (b) we have

UzeS, (u)B1(2) = Uress (uy) B1(2).

H(us
Therefore S;J) goes to zero as e goes to zero in S¥(u;). It follows that Au; = 0 in Sk (u;), if

S¥*(u;) is not empty. Now, from the inclusion S, (u;) C Sk(u;) we infer that u; # 0 in Sk (u;),
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since in addition w; is harmonic and non-negative in S¥(u;), the strong maximum principle

implies that w; > 0 in all Sk (u;), that is S% C S(u;). We pass to the limit on o. O

From the properties of the distance function used in the proof of Lemma 6.1 we can conclude
that the sets S(u;) have a tangent p-ball of radius 1 from outside at any point of the boundary,

as stated in the following corollary.

Corollary 6.2. If xg € 9S(u;) there is an exterior tangent ball, Bi(y) at xo, in the sense that

for x € Bi(y) N Bi(zo), all uj(z) =0 (including u;).

Corollary 6.3. The set 0S(u;) has finite (n — 1)-dimensional Hausdorff measure.

Proof. From Corollary 6.2 and (2.2), at any point € 05(u;) there is an Euclidian ball By, (y) C
(S(u;))¢ tangent to S(u;) at x, for some dp independent of x. Therefore the Euclidian distance

function d(x) := d(x, S(u;)) is locally C1! in the set {0 < d < do/2} and satisfies

1 n—1
Ad = — > —
Z L_d= do—-d’
=1 24
where >, [ = 1,...,n — 1, are the principal curvatures of 9S5(u;). Then, for any euclidian ball

Br(y), y € 0S(u;) and 0 < 0 < dy/2, we have

2n —1 -1
_2 =) e < d < do/2} A BE(y)) < / —
do {o<d<do/2}rBE@w) Do —d
< / Ad
{o<d<do/2}NBE(y)

/ Dod
d({o<d<do/2}NBE ()
< Area(0{d < do/2} N BE(y)) — Area(d{d > o} N B (y))

+ Area(0BE(y)).
We infer that

Area(d{d > o} N BE(y)) < Area(d{d < do/2} N BE(y)) + Cvol(BE(y)) + Area(0BE(y)).
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The sets 0{d > o} have therefore uniform bounded measure and converge uniformly to 9{d > 0}

as 0 — 0. Therefore

Area(d{d > 0} N BE(y)) < Area(d{d < dy/2} N BE(y)) + Cvol(BE (y)) + Area(dBE(y)).

7. A SHARP CHARACTERIZATION OF THE INTERFACES

In Section 5 we proved that the supports of the limit functions wu;’s are at distance at least
1, one from each other (see Corollary 5.6). In this section we will prove that they are exactly

at distance 1, as shown in the following theorem.

Theorem 7.1. Assume p =1 in (2.4). Let (uj,...,u3) be viscosity solution of the problem
(2.7) and (u1,...,ugk) the limit as e — 0 of a convergent subsequence. Let xo € {u; > 0} NQ,

then there exists j # i such that

(7.1) 31(330) N 8{u]‘ > 0} #* 0.

Proof. First of all, remark that from (b) in Corollary 5.6, we have that d,(xo,suppf;) > 1 for
any j # 4. If there is a j such that d,(xo,suppf;) = 1, then (7.1) is obviously true. Therefore,
we can assume that d,(xo,suppf;) > 1 for any j # 1.

We divide the proof in two cases.

8) H(u)(x) = / u(y)o oz —y)) dy

Bi(z)
and

b) H(u)(z) = sup u(y) .
yEB1 ()

Proof of case a): Let S(u;) = {u; > 0} as in (6.1). Let Bg be a small p-ball centered at

xog € 0S(u;). Then, as a measure, as € — 0, up to subsequence

A7“Lf'|Bs(Io) — Aui’BS(on)

(that has strictly positive mass, since u; is not harmonic in Bg(zg)).
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We bound by below

/ Z Auidz by / Auidx.
Bi1s5(w0) G Bs(z0)

Indeed
2
. Buie =3 [ @)oo - )i @)dyde
/Bl+s(w0)z ! Z Biys(zo) /Bi(x) ’

i j#i

: ; /BS(ZO) /81(y) u;(%)gp(p(x N y))uf(y)dx dy

= [ A
Bs(zo)

since the domain of the first integral on the right-hand side is Biys(xo) X Bays(xo) and the
domain of the second integral on the right-hand side is Bi4+g(zo) x Bs(zo).

Therefore, for any positive S, taking the limit in € we get

/ > Auy > / Au; >0
BI+S(IO) G Bs(zo)

which implies that there exists j # i such that u; cannot be identical equal to zero in B g(xo).
Since S small is arbitrary, the result follows.

The case b) is more involved. It is enough to prove the theorem for a point ¢ for which 95 (u;)
has a tangent p-ball from inside, since such points are dense on 95(u;) (by the semiconvexity
property of 0S(u;)). We may assume xg = 0. Let yo be such that B,(yo) C S(u;) and 0 €
0B,,(yo). By Corollary 6.2 we know that there exists a p-ball By (y1) such that By (y1)NS(u;) =0
and 0 € 9B1(y1).

Let us first prove two claims.

Claim 1: There exists y/ < p and C7 > 0 such that in the annulus {1/ < p(x — yo) < u} we

have
ui(x) > Crdy(z, 0Bu(yo)) -

Since any p-ball B satisfies the uniform interior ball condition, for any point z € 0B, (yo) there
exists an Euclidian ball Bg,(z9) of radius Ry independent of Z contained in B, (yo) and tangent
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to 0B, (yo) at Z. Let m > 0 be the infimum of u; on the set {x € B, (yo) | d(x,0B,(y0)) > Ro/2},

where d is the Euclidian distance function, and let ¢ be the solution of

P Ry
A(b—o mn {7<|x—20‘<R0}
(;52 0 on 8330(2())
¢=m on OBry(20)
2

i.e., for n > 3,

é(z) = C(mm(Rg_2 1) .

|z — zo|72 B

Since w; is harmonic in B, (yo) and u; > ¢ on 0BRr,(20) U 0Br, (20), by comparison principle

20
2
u; > ¢ in {% < |z = z0| < Ro}. In particular, for any x € {% < |z — z0| < Ro} and belonging

to the segment between 2y and Z, using that ¢ is convex in the radial direction,

09 C(n)(n—2)m
%\aBRo(zo) =~ R

where v; is the interior normal at 0Bg,(20), and (2.2), we get

C(n)(n —2)

ui(z) > R " d(x,0Br, (20)) = C(n, Ro)md(x,0B,(yo)) > Cidy(x, 0B, (yo)) -

Therefore, letting & vary in 9B, (yo) we get

R,
ui(x) > Cidy(x,0Bu(yo)) for any x € B, (yo) with d(x,0B,(yo)) < ?0.

Using (2.2), Claim 1 follows.
Claim 2: There exist § > 0 and Cy > 0 such that in By 45(y1) we have

uz(x) S C’de(x,ﬁBl(yl)) .

Again using barriers, the fact that u; is subharmonic in €2 and that B satisfies the interior
uniform ball condition, Claim 2 follows.
Next, let eg = yo/p(yo) and fix o < p so small that B,(oep) C {1/ < p(z—yo) < p}NBi4s(y1).

For r € [0 —v,0 + v] and small v < o, let us define

and w,:= inf w;.

u = inf oS U,
OBr(ceg)

T 9Br(oen)
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Since for r € [o,0 + v], OB, (oeg) N (S(u;))¢ # @ and w; =0 on (S(u;))¢, we have
(7.2) u; =0 for r €lo,0+v].
By Claim 1, we know that in B,(ceg) we have

ui(z) > Cldp($7 8Bu(y0)>
> C1d,(z,0B8,(0ep))

= C1(o — p(x — oep)).
We deduce that for r € [0 — v, 7]

= inf w> inf Cy(o—plz— = Cy(o — 7).
= oBoe) T = oB(oeo) 1o = plz =) = Colo =)

From the previous inequality and (7.2), we infer that
(7.3) w, >Cilc—r)", rejo—v,o+0).

Similarly, using Claim 2 and making a Taylor expansion of p(y; — ) and p(oey — x) at 0, in
Bs(oep) we have
uj(x) < Cady(x, 0B1(y1))

= Ca(p(yr —x) — 1)
(7.4) = Cao(=Vp(y1) -z + o(|z[))

= C2(Vp(oeo) - =+ o(|z]))

= Cz(0 — p(oeg — x)) + o(|z]).
Here we have used that Vp(y1) = —Vp(oep) being the balls B1(y1) and B,(oeg) tangent at 0.

Remark that for r € [0 — v, o], from (2.2) we have

inf |/ < inf — ¢od, (B, (0€p),0) = calo — 7).
6Bir(laeo)|x|*66?(10@0)62[)(3:) c2d, (0B, (0eg),0) = ca(o — 1)
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Therefore, from (7.4), for r € [0 — v, o] we have

w, = inf wu;(x
' 8By(oeo) (z)
< inf Os(o — ol —
< s 5(0 — p(z — oeg)) + o(|z])
ol 2(0 — 1) + o(|z])
< Cy(o —7).

From the previous inequalities and (7.2), we infer that

(7.5) w < Colo—7)", r€fo—v,0+0)

Next, for j # i, r € [0 — v,0 + v], let us define

e . e TP .
uj:= sup wu; and u;j:= sup uy.
8B1+7-(060) 681+7-(060)

The functions u; and u$ are respectively solutions of

(7.6) 1
Arﬂ§ > E—zuj sup us
Bi(z)
where
Arth = tpy = T el E(r E)

and 2% and # are respectively the points where the infimum of u$ on 08, (cep) and the supremum

of u$ on OB, (0eg) are attained. Note that in spherical coordinates
Au = Ayu+ Agu

and that if we are on a point where u attains a minimum value in the 6 for a fixed r then

Agu > 0 and the opposite inequality holds if we are on a maximum point. We also remark that

(22 —oey) € OB,(oep) N 831(55,) ,

Tl =
Yyl U€0+r+1

therefore

(7.7) sup uf > i () > uj .
Bi1(z)
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Moreover, since By (z%) C Biy.,(ceg) and u$ is a subharmonic function, we have
sup uj < sup U
Bi(zL) Bi4r(oeo)

(7.8) = sup U

OB14r(cep)

_ €
—U,J.

From (7.6), (7.7) and (7.8), we conclude that

A < m(Za;) :

i
In other words, for any ¢ € C®°(0 —v,0 +v), ¢ > 0, we have

I i (o) )ars [ S (7t () -

Passing to the limit as ¢ — 0 along a uniformly converging subsequence, we get

[t () [T ()

The linear growth of w; away from the free boundary given by inequalities (7.3) and (7.5),

implies that A,u; develops a Dirac mass at r = ¢ and

otv 9 0 1
/U_U i or <r or (r”*l ¢)> dr >0,

for v small enough. Hence, A, (3, ; ;) is a positive measure in (0 — v,0 + v) and therefore

there exists j # ¢ such that u; cannot be identically equal to zero in the ball B, (ceg). Since

o small is arbitrary, the result follows. O

8. CLASSIFICATION OF SINGULAR POINTS IN DIMENSION 2

From the results of the previous sections we know that the solutions uj,...,u% of system
(2.7), through a subsequence, converge as ¢ — 0 to functions uq,...,ux which are Lipschitz
continuous in €2 and harmonic inside their support. For i = 1,..., K, let us denote the interior
of the support of u; by

Si = {u; > 0}
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FIGURE 1. Asymptotic cone at xg

and the union of the interior of the supports of all the other functions by
(8.1) C; = UﬁgiSj.

Since the sets S; are disjoint we have 0C; = U;.;0S;. As a consequence of semiconvexity we
know that the free boundaries 95; are Lipschitz curves on the plane. Moreover, from Theorem
7.1 we know that S; and C; are at p-distance 1, therefore for any point x € 9S; there is a point

y € 0C; such that p(x —y) = 1. We say that x realizes at y the distance from C;.

Definition. A point z € 35; is a singular point if it realizes the distance from C; to at least

two points in 9C;. We say that x € 0.5; is a regular point if it is not singular.

Geometrically, we can describe regular and singular points as follows. Let x € 9S5; be a
singular point and y1,y2 € JC; points where x realizes the distance from C;. Then the balls
Bi(y1) and Bi(y2) are tangent to 0.S; at x. Consider the convex cone determined by the two
tangent lines to the two tangent p-balls which does not intersect the two p-balls. The intersection
of all cones generated by all p-balls of radius 1 tangent at z defines a convex asymptotic cone
centered at x, see Figure 1. If x € 05, is a regular point the cone at z € 95; is an half-plane,
because there is only one point y € dC; where z realizes the distance from C;. If § € (0, 7] is
the opening of the cone at x, we say that S; has an angle 6 at x.
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We start by proving that positive functions which are harmonic in a cone and vanishes on its
boundary, growth linearly away from the boundary of the cone and far from the vertex, with a
constant of linear decay which depends on the distance from the vertex and on the opening of

the cone.

Lemma 8.1. Let 6y € (0,7]. Let C be the cone defined in polar coordinates by C = {(0,0) | 0 €
[0,400), 0 < 0 < 6O}. Let u be a function harmonic and positive in the interior of C N Bay,,
which vanishes on OC N Bay,. Then for r < ro/5 there exist R = R(6p,r), and ¢,C constants
just depending on (0o, ||ul|sc, 70), such that for any z € [r,3r] x [0, g] we have

(1) u(x) > crvd(xz,0C)

(2) u(x) < Crd(z,0C)

where « is given by

1+a:1.

Proof. Let us introduce the function
v(0,0) := o sin((1+ a)h).

Notice that v is harmonic in the interior of C, since it is the imaginary part of the function 2!+,
where z = x + iy, which is holomorphic in the set C\ (—o0,0]. Moreover v is positive inside C
and vanishes on its boundary. Since v and u have linear growth away from the boundary of C,
for p € [ro/2,3r9/2] (far from the vertex and from 0Bs,,), and are positive inside the cone, we

can find constants ¢, C' > 0 depending on |||/, 7o and 6y, such that

cv <u<Cv onCNOJIBy,.
Since in addition v and v vanish on 0C' N B,,,, the comparison principle implies
(8.2) cv <u<Cv inCnNB,y.

In what follows we denote by C' several constants independent of r.
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(1) Let @, := (r,0), with 0 < r < r9/5. If R := rmin{l, tan(fy/2)}, there exists z such that

the Euclidian ball Bg(z) is contained in C N B,, and x, € 0BRr(z). Let us introduce the barrier

function
m R
= 1
o) i= egton (1),
where
m= 1inf wu.
8B§(z)

Remark that ¢ is, up to translations and multiplicative and additive constants, the fundamental
solution of the Laplacian in dimension 2. Therefore ¢ satisfies

A¢p=0 in BR(z)\Bg(z)

¢=0  on dBg(2)

¢=m ondB R (2).

Since u > ¢ on dBg(z) UOBr(z) the comparison principle then implies
2
u> ¢ in Br(z) \ Br(2).
2

If v; is the inner normal vector of Bgr(z), then for x € 0Bg(z2),

%( )_L
ov; v "~ Rlog?2’

and the convexity of ¢ in the radial direction gives, for any x € Br(z) \ Br(z) belonging to the
2

segment, between z and x,

m
Rlog?2

u(z) > dist(x, 0BR(2)).

Let us estimate m. If a point = with polar coordinates (g, ) belongs to 0Bk (z), then
2

R

>7
e=7

and

0, <6< max{&o, g} — 01,

R1 1 | o
tanf; = 35" 2m1n{1,tan (2)}
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Therefore (8.2) implies that

a+1
m = 8§réf(z)u >c (2> sin (14 a)fy) > eretth,

We infer that for any € Br(z) \ B R (z) belonging to the segment between z and x,
u(z) > erdist(x, 0Br(z)) = cr®d(x,0C).
Repeating this argument with balls tangent to JC from inside at any point in the segment
[, 3x,], we get (1).
(2) Consider u extended by zero outside of C. Consider z now such that the Euclidian ball

Bpr(z) is contained in C¢ and z, = (r,0) € dBRr(z), where R is defined as above. Let us take

now as barrier the function

where

Note that if a point 2 with polar coordinates (g, #) belongs to dBsr (z), then o < 5r/2.

2

Like before the barrier v satisfies
A =0 in B%(z) \ Br(z)

Yv=M on 83%(2’)

=0 on dBg(2).

Using the comparison principle and the concavity of ¢ in the radial direction, and then letting
the tangent ball moving along the segment [z,,3xz,], we get (2).

In Figure 2 is represented the wall of barriers used in the proof of the lemma. O

Theorem 8.2. Assumen =2 and p=11in (2.4). Let (uj,...,u%) be viscosity solution of the
problem (2.7) and (uq,...,ux) the limit as € — 0 of a convergent subsequence. For i # j, let
xo € 9S5; and yo € 05 be points such that S; has an angle 0; at xo, S; has an angle 0; at yo

and p(xg — yo) = 1. Then we have
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S;
FIGURE 2. Wall of barriers

Proof. Without loss of generality we can assume that zg = 0. It suffices to show the theorem
for yo belonging to a region that is side by side with S;, in the sense that 0 is the limit as h — 0
of regular points x;, € 95; with the property that x; realizes the distance from C; at y; € 095
regular points with y, — yo as h — 0. Let C be the asymptotic cone at 0. Let us suppose for
simplicity that 0S; and 95 are locally a cone around 0 and yo respectively. If this is not the
case, we can adapt the proof by approximating the free boundaries at 0 and yg with cones from
outside and inside. Then there exists ro > 0 such that 0S; N Ba,, = C N Ba,,, where By, is the
Euclidian ball centered at 0 of radius 2rg.

If (0,0) is a system of polar coordinates in the plane centered at zero, we may assume that

C is the cone given by
C={(e,0)|0€[0,+00), 0 <0 <0;}.

Let us first consider the case (2.5). Let us assume that z;, = (2rp,0), with r, > 0. We know
that 7, — 0 as h — 0, then we can fix h so small that r, < r9/5. By Lemma 8.1 applied to

u = u;, we have

(8.3) ui(z) > erifd(z,0S;) for any x € [ry, 3rp] x [0, };h} ,
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and

(8.4) ui(z) < Criyd(z,0S;) for any x € [rp, 3ry] X {07 R;} ,
where
(8.5) 1+a:£21.

Now, we repeat an argument similar to the one in the proof of Theorem 7.1. We look at inf u;
in small circles of radius r that go across the free boundary of u; and we look at sup u; in circles
of radius r 4- 1 across the free boundary of u;, then we compare the mass of the correspondent
Laplacians. Precisely, there exists a small o > 0 and e € S; such that B, (e) C [rp, 3rp] %[0, Rp, /2]
and zj, € 0By (e). In particular, in B,(e) the function u; satisfies (8.3) and (8.4). For v < o

and r € [0 — v, 0 + v], we define

(8.6) w; = inf w; and u;:= sup wu,.
9B (c) ! OB14r(€) !

In what follows we denote by C' and ¢ several constants independent of h. For r € [0 — v, 0],

by (8.3) we have

U;

> 8[1313(2) crid(xz,05;) > azig?(fe) Cridy(x,08;) > Cry(o —r).

For r € [o,0 + v], the ball B, (e) goes across 0.5;, therefore we have u; = 0. Hence

u;(r) > Cri(c —r) forreo—v,0]
(8.7)
w;(r) =0 forr € 0,0+ ]

Next, let us study the behaviour of #;. First of all, let us show that
(8.8) dyle,0S;) = ple —yn) = 1 +0.

Since d,(e, 0S;) = o and d,(S;, Sj) > 1, it is easy to see that d,(x,0S;) > 1+ 0. The function p
is also called a Minkowski norm and from known results about Minkowski norms, if we denote by
T the Legendre transform 7" : R™ — R™ defined by T'(y) = p(y)Dp(y), then T is a bijection with
inverse T~1(&) = p*(€)Dp*(€), where p* is the dual norm defined by p*(§) :=sup{y-& |y € By }.
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Now, the ball By (yp) is tangent to 05; at x;, and therefore is also tangent to B, (e) at xp. This

implies that Dp(e — xp) = —Dp(x, — e) = Dp(xp — yp,). Consequently we have
e—xp =T YT(e—x3)) =T YoDp(e — x1)) = T~ (e Dp(zn — yn))

= anl(T(xh —yn) = o(Th — yn)-
We infer that

(8.9) e=uxp+ oz, —yn)
and
ple —yn) = (L+0)p(zn —yn) =1+ 0,
which proves (8.8). As a consequence 0B4,(e)NS; = 0 for r € [0 —v,0), while if r € (0,0 + V]

then 9Bi4,(e) N S; # 0 and 0B14,(e) enters inside S; at p-distance at most r — o from the

boundary of S;. In particular we have
(8.10) uj =0 forrefo—wv,0].
Next, if 0; is the angle of S; at yo, let 3 be defined by

> 1.

™
(8.11) 1+B=g 2

Remark that yj, is at p-distance 2rp, from yo. Again by Lemma 8.1 applied to u = u;, (after a

rotation and a translation), we have the following estimate
uj(x) < Crfﬁld(a:,asj) < Crfdp(x,(?Sj),

in a neighborhood of y;. As a consequence, recalling in addition that the ball By, (e) enters

in S; at p-distance r — o from the boundary, for r € [0, 0 + v] we get

Uj = sup u; < Crf(r —0).
0B14(e)

The last estimate and (8.10) imply

(8.12) u;(r) SCTﬁ(’F—O‘)J’_, for r € [o —v,0+v].
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Now, we want to compare the mass of the Laplacians of u; and @;. Defining as in (8.6)

= inf uf, ap:= sup uy, k#i

OB (e) OB14r(e)

and arguing as in the proof of Theorem 7.1, we see that

(8.13) Avu§ <3 AT in (0 v, 0+ ),
ki
ou

where A,u = %% (TE) Remark that since xj is a regular point of 95; that realizes the
distance from C; at y, € 05}, the ball Bi4,4,(e) does not intersect the support of the functions
ug, for k # j and small o. Therefore, multiplying inequality (8.13) by a positive test function
¢ € CX (0 —v,0 + v), integrating by parts in (¢ — v, + v) and passing to the limit as ¢ — 0
along a converging subsequence, the only surviving function on the right-hand side is 4; and
we get
ot 9 0 (1 ot 9 0 (1

(8.14) /UU Ui <T8r <r¢)> dr < /GU aj% <T8r (T¢>> dr.

Let us choose a function ¢ which is increasing and (0 — v, o) and decreasing in (0,0 + v) and
hence with maximum at r = ¢, and let us estimates the left and the right hand-side of the last

inequality. Estimates (8.7) imply that

%%i (07) < —Cr§. Therefore, for small v we have

oty 9 0 (1 7 Ou; 0 (1
I G o)) o= [ e () o
o (Ou, o (1
= —/av <8r (o )—i—og_r(l)) "o <r¢> dr

7 Ou;, _ (09 1
Z‘L_Uar(”><a1«‘r¢)d’“

—ou(1) {qﬁ(a) + ¢(0) log (L)]

> (Criy = ou(1))é(0).
Similarly, using (8.12) and integrating by parts, we get

[Tod ()=t
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From the previous estimates and (8.14), letting v go to 0, we obtain
ry < C’r}ﬁl ,
and therefore, for h small enough
B <a.

Recalling the definitions (8.5) and (8.11) of o and 3 respectively, we infer that
0; < 0;.

Exchanging the roles of u; and u;, the same proof gives the opposite inequality
0; < 0;,

and this concludes the proof of the theorem for H defined as in (2.5).
Next, let us turn to the case (2.4). Again we compare the mass of Laplacians of u; and u;

across the free boundaries. For o < 7}, let us define
Dy (xp) == {x € By, (zp) | d(z,05;) < 02}.

Then, if we denote by (Dy(21))1 and (Dy(xp))2 the sets of points at p-distance respectively

less than 1 and 2 from D, (z,), we have

2 /D i /D o /B L H @l — )iy
- Z /] Ui @) (ol — 1)) ui(u)dody

ki o (@r) X (Do (xh))1
- Z// ui (2)¢(p(x — y)) i (y)dzdy
ki (Do (xr))2% (Do (zr))1
= Z/ / u; (@) (p(x — ) ui (y)dzdy
ki Y (Do (@)1 7 Bi(y)
<& / (y)dy,
ki (Ih))l

which implies

(8.15) /Dg(xh) Aui(z)dx < Z/ Aug(x)dx

k#i (Do (zh))1
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By Lemma 8.1 the normal derivative of u; with respect to the inner normal v;, at any point on

the boundary 9C at distance r from the vertex is greater than cr®, then

Ou “rn o a+1
Au; = dA > ¢ rdr =Cr;™.
Do (z1) aCNDy (zp) OVi ern

Remark that there exists ¢ > 0 such that
(Do (21))1 N OS) C Bryyyeo(yn) N OS;

therefore, for o small enough, again from Lemma 8.1 we have

/ Auj; < C”rf“.
(Do (zp)1

Then from the limit in € of inequality (8.15) we obtain that

and therefore

Exchanging the roles of u; and u; we get the opposite inequality
0; <0;.

This concludes the proof of the theorem.

O

Corollary 8.3. Assume n = K = 2. Assume in addition that the supports on 02 of the

boundary data f1 and fy have a finite number of connected components. Then S1 and Sy have

a finite number of connected components. Moreover, singular points form a finite set.

Proof. Consider all the connected components of S; and Ss, Sg, i1 =1,2and j =1,2,3,....

Remark that for any ¢ and j

887 N {x € dQ : fi(x) >0} #0.

Indeed, if not we would have u; = 0 on the 855 and Awu; > 0 in Sg . The maximum principle

then would imply v = 0 in Sf , which is not possible. Moreover, since u; is continuous up to the
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/
Forbidden arc

FI1GURE 3. Forbidden arc

boundary of 2, 8Sg must contain one connected component of the set {z € 9Q : fi(z) > 0}; we
say that the components of S; and Ss reach the boundary of 2. This implies that the connected
components of S; and Sy are finite.

Next, let ¢ € 957 be a singular point that realizes the distance from So at y1,ys € 352 two
different points (y1,y2 € 0B1(zo) N 052, see Figure 3). We can choose y; such that Bj(zg) is
the limit as k — 400 of balls By (zy) with z; € 051, tangent to points yx € 052 with yr — y1
and zy — xg as k — +00. Theorem 8.2 implies that S, has an angle at y; and y2 and the
intersection of the arc on 0B (z¢) between y; and ys with 052 must have empty interior. This
means that near y; there are points on 0.5 outside m. These points are at distance greater
than 1 from zg and from any other point of 057 close to xy and must realize the distance from
Sy outside Bi(y1), see Figure 3. Therefore if we take a sequence zj of such points converging
to y1 and we consider the corresponding tangent balls centered at points that are in 957 where
the zj’s realize the distance, we obtain a second tangent ball B;(x1) for y; with z1 # xg, i.e.,
y1 is a singular point of 0.55.
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FIGURE 4. A singular point involving four components

Now, let us denote by S% the connected component of S; whose boundary contains xq.
Remember that since S; and Sy are at p-distance 1, we have u; = 0 in %UM Remark
that Bi(y1) and Bi(y2) must have not empty intersection, since they are tangent balls to a
Lipschitz curve. Moreover, since the connected components of Sy whose boundaries contain g
and ys must reach the boundary of €2, they separate the components of S; whose boundaries
contain zg and x1. Therefore z1 must belong to the boundary of different components of Sy,
let us call it S?. The same argument that we have used for x; and zy proves also that y; and
y2 must belong to the boundary of different components of Ss.

We conclude that a singular point xg of S7 involves at least four different connected compo-
nents and there correspond to it another singular point of 57 belonging to a different connected
component of S, see Figure 4. Moreover, since all the connected components of 57 and Sy must
reach the boundary of , x is the only singular point of S? corresponding to a singular point
of S. Since the connected component of S; are finite, we infer that there is a finite number of

singular points on 951. This argument applied to any connected component of S; shows that
1
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singular points of S; are finite. In the same way we can prove that singular points of Sy are
finite and this concludes the proof of the theorem.

0

Another corollary of Theorem 8.2 is the C'-regularity of the free boundaries when K = 2

and under the following additional assumptions on €2, f; and fs:
(8.16) Q= {(x1,22) € R*| g(w2) < w1 < h(x2), w2 € [a,b]}, b—a >4
where

(8.17) {g, h:[a,b] — R are Lipschitz functions with

—mg2 < g< —my <My <h< M, M2>-m+4
the boundary data are such that

fi=1,f2=0 on{x; <g(x2)},
f1=0, f2=1 on{x > h(z2)},

(8.18) . .
f1 is monotone decreasing in x1 on {x2 < a} U {x2 > b},

f2 is monotone increasing in 3 on {z2 < a} U {x2 > b}.

These assumptions imply that —u; and ug are monotone increasing in the x; direction. Then

we have the following

Corollary 8.4. Assume K =n =2, (8.16), (8.17), (8.18) and p =1 in (2.4). Then the sets

0S;, i =1,2, are of class C".

Proof. We know that the sets 0S; are Lipschitz graph at p-distance 1, one from each other.
Suppose by contradiction that 057 has an angle § < 7 at yo. In particular, there exist two
p-balls of radius 1, centered at two points z, w € 959 that are tangent to 95 at yo. Then, by
the monotonicity property of the u;’s and Theorem 7.1, the arc of the p-ball of radius 1 centered
at yo between the points z and w must be all in dS3. This means that any point inside this
arc, which is a regular point of 053, is at p-distance 1 from the singular point yg € 957. This

contradicts Theorem 8.2.
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9. A RELATION BETWEEN THE NORMAL DERIVATIVES AT THE FREE BOUNDARY

In this section we restrict ourself to the following case:

K=2
(9.1) H defined like in (2.4), with
p=1, ¢ =1 and p the Euclidian norm.

Therefore, the system (2.7) becomes
1 .
Aui(e) = ui(e) [ uly)dy %
€ Bi ()

1
Bus(e) = us(e) [ wily)dy e
Bl(ac)

where we denote by Bj(x) the Euclidian ball of radius 1 centered at z. Let (u1,us) be the limit

functions of a converging subsequence that we still denote (u§,u§) and for i = 1,2 let
S; = {uz > 0}.

From Section 7 we know that the u;’s have disjoint support and that there is a strip of width
exactly one that separates S7 and S;. Moreover, Corollary 6.2 guarantees that at any point
of the boundary of the two sets, the principal curvatures are less or equal 1. For ¢ = 1,2, let
x; € 05; be such that x; is at distance 1 from x5, 95; is of class C? in a neighborhood of z; and
all the principal curvatures of 0.5; at z; are strictly less than 1. Without loss of generality we
can assume x; = 0 and x3 = e, where e, = (0,...,1). Let us denote by u.(0) and u2(e,) the
exterior normal derivatives of u; and wuo respectively at 0 and e,. Note that the two normals
have opposite direction. We want to deduce a relation between ul(0) and u2(e,). Let us start

by recalling some basic properties about the level surfaces of the distance function to a set.

9.1. Level surfaces of the distance function to a set. Some basic Properties. Consider
a set S and its boundary 9, of the class C2. Let s;(x) be the principal curvatures of 95 at z

(outward is the positive direction). Assume that »;(z) < 1 —e. Then:

a) the distance function to S, dg(x) = d(, S), is defined and is C? as long as

ds(x) <1+e.
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FIGURE 5. Curvatures relation

Let S(k) denote the surface that is at distance k from S
S(k) :=={x:ds(z) =k},

then, for ¥ < 1 + ¢ and = € S(k), there is a unique point zg € S(0), such that
x = xo + kv(zo) where v(x¢) is the unit normal vector at x in the positive direction.
More precisely, if we denote K := max{|»;(z)|: 1 <i<n—1,z € S} and f(x,t) :=
x + tv(x), then f is a diffeomorphism between 95 x (—k, k) and the neighborhood of
98, Nip(S) ={z +tv(z) : x € 85, |t| < k} with k < .

b) for all g € 9S if we consider the linear transformation z; = xg + tv(zg) we obtain
S(t). Hence, since the tangent plane for each S(t) is always perpendicular to v(zg), the
eigenvectors of the principal curvatures remain constant along the trajectories of dg, for
dg <1+e.

c¢) the curvatures of S(k) satisfy, see Figure 5

1 o %1;(.%’0)
—k 1= sg(x0)k’

si(xo + kv(wg)) = —3

(o)

for xg € 9S.
d) for xg € 0S5, the ball By(zg) touches S(1) at the point xg + v(xg), v the outwards

normal, and separates quadratically from S(1).
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9.2. Free boundary condition. Following Subsection 9.1, we denote by ;(0) the principal

7 (0)

T (0) the

curvatures of 957 at 0 where outward is the positive direction and by (e,) =
principal curvatures of 955 at e,. Remark that since the normal vectors to S; and Sy respec-
tively at 0 and e,, have opposite directions, for s;(e,) the inner direction of Sy is the positive

one. The main result of this section is the following:

Theorem 9.1. Assume (9.1). Let 0 € 051 and e, € 0S2. Assume that 0S; is of class C? in
Biyn, (0) and that the principal curvatures satisfy: »;(0) <1 for anyi=1,...,n—1. Then, we

have the following relation:

u,lj 0 nl 2:(0 . .
ug((en)) = E %;((en)) if ,(0) #0 for somei=1,...,n—1,
2;(0)#0

and

ul(0) = ul(en) if 2(0) =0 for anyi=1,...,n— 1.

v

In order to prove Theorem 9.1, we first prove a lemma that relates the mass of the Laplacians
of the limit functions across the interfaces. For a point z belonging to a neighborhood of 051
around 0, let us denote by v(z) = v(xg) the exterior normal vector at xy € 9S1, where xq is

the unique point such that z = xg + v(zp). From (a) in Subsection 9.1, v(x) is well defined.
Lemma 9.2. Under the assumptions of Theorem 9.1, for small h < hg, let

Dy = Bh(O) N {:L' : d(m, 85‘1) < hz}

and
Ep={yeR"|ly=z+v(x),r € Dp}.

Then

/ Au1 = / AUQ.
Dh Eh
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Proof. Remark that the surface Ej, NdSs is of class C? for h small enough, being 5;(0) < 1 for

i=1,...,n—1, see Subsection 9.1. The Laplacians of the u;’s are positive measures and

Aup = lim Auf(z) dz = lim 2/ / ui(x)us(y) dyde,
Dy, e—0 Dy, e—=0¢ By (z)
and

Aug = hm Aus(y) dy = h - / / x)us(y) dedy.
Ey, Ep, —0e% Bl(y)

Let s be such that eta < s < h, where « is given by Lemma 5.3. We split the set Dy in the
following way

Dy, = D,J;S U D, UDps,

where
D,ts = {z € Dy, |d(z,0S) > s* and uy (z) > 0},
D, s ={z € Dy |d(z,051) > s and uy (z) = 0},
Dps = {z € Dy, | d(z,051) < s*}.
Similarly
Ep = E ,UE, UE,
where

E,J{’S = {x € By|d(z,08) > s* and ua(x) > 0},
By :={z € Ey|d(z,05) > 5% and ug(x) = 0},
Eh,s = {CE e Ey | d($,832> < 82},

see Figure 6. Since 057 is a smooth surface around 0, and Awu; = 0 in S7, we have that u; grows

linearly away from the boundary in a neighborhood of 0. This and the uniform convergence

of u§ to uj, imply that there exists ¢ > 0 such that u§(x) > cs?, for any = € D,'ts for & small
_b(cs2)a

enough. Then, by Lemma 5.3, u5(y) < ae” = , (a,b positive constants), for y € B;(x) and

any r € D;fs. In an analogous way, if y € E;L's, we know that for e small enough u§(y) > cs® and

b(ch)a

by Lemma 5.3, uj(z) < ae™ for x € By (y). Since we have chosen s such that s?% > €3, we
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FIGURE 6. Relation between the mass of the Laplacians

have that u5(y) = o(e2) uniformly in y, for any y € Useni Bi(x) and u§(z) = o(e?) uniformly

in z, for any z € UyeE;:sBl (y). Remark that
D}:’S C UyEE,tSBl(y)'

Therefore we have

1 1
S e =5 [ i) s) dyds
€% JzeDy, JyeB(z) € azeD;rs y€B1(x) ~
’ negligible
/ / us(y)dydx
(92) 6 x€Dp, 5 y€B1(aﬁ)
= / u5(y)dyda
€D, yEB1(x) \V/
negligible
1
~5 [ [ i@y + o),
€% JueDy, s JyeBi(x)
Analogously
1 €
(9.3) - ui(x)uf(y) dxdy— = (y) dzdy + o(1).
€” JyeEr, JzeBi(y) Eps B1(y

Next, for fixed = € Dy, ,we have

Bi(z) N {y|d(y,dS2) > s*} C B1in(0) N {y|d(y,dSs) > s°} N {uy = 0}.
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Therefore for any y € Bi(x) N {y|d(y,0S2) > s%}, the ball B;(y) enters in S; N Boy(0) at
distance at least s2 from 9S;. Since 95; N By, (0) is of class C?, u; has linear growth away from
the boundary in 951 N By, (0) and therefore there exists a point in By (y) where u; > cs? for
some ¢ > 0. Like before, Lemma 5.3 implies that u§(y) = o(¢?). We infer that

(9.4)

1 € 1 € €

. w5 [ uf () () + o(1).
2€Dp,s Jy€Bi (x) € JaeDy,s JyeBi(x)n{y| d(y,052)<s?}

Finally, remark that (d) of Subsection 9.1 implies that for = € Dy, 4
(9:5) Bi(z) N {y | d(y,082) < 5"} C Bnes,s

for some ¢ > 0. From (9.2), (9.3), (9.4) and (9.5), we get

Auf(z)dr = / / us(y)dydx
Dh ZeDh yEB1(Z)
e? /UC€Dh s /yEBl(w)ﬁ{y |d(y,082)<s?}

E / / )5 (y)dyde + of1)
E xeDhb EEh+css

1

S [ ui@usdedy+ o)
€ yeEh+cs,s ZEEBl(y)

— [ Auswid+ o)
Eh+cs

uy (z)us(y)dydz + o(1)

IN

IN

Similar computations give

AwS(y)dy < / AwE (2)da + o(1).

Eh Dh+cs

Letting first € and then s go to 0, the conclusion of the lemma follows.

Lemma 9.3. Under the assumptions of Theorem 9.1, let I'} = 051 N By(0) and let T3 =

{z+v(zx):z €T}}. Then we have the limits

R & )
(9.6) hH%)ffdA H () if 5,(0) #0 for somei=1,...,n—1,
h— r i\En

i=1
2;(0)#0
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and

Jro dA
. li L =
7 e

1 if#(0)=0 foranyi=1,...,n—1.

Proof. Consider the diffeomorphism fi(z) = f(z,t) = x + tv(z). Then I'} = f1(I'}) and

[,aa= [ Vh@laa,

where |J f1] is the determinant of the Jacobian of fi. Taking as basis of the tangent space at 0

the principal directions, 7;, then the differential of f; at x is given by

(dfl)(n) =7+ (dl/)(ﬂ) = T; — XT;.

So,
n—1
|Jf1(@)] = H(l = si(z))
and

fFi dA 1 n—1
Jpy dA ~ Area (T'L) /F [T = s(x))dA.

h =1

Passing to the limit when h converges to zero, we obtain

Jrz A4 o
lim —* = || (1 —2(0)).
h—0 fF}L dA i1
Now, if 5(0) # 0 for some ¢ =1,...,n — 1, then
n—1 n—1 n—1 n—1
1 — (0) #;(0)
[0 -<on= T a-eon= 1 (*50) - T 22
= i= i=1 i=1
! %i(O)l;éO 2, (0)#0 2, (0)#0
and (9.6) follows.
If 5;(0) =0 for any i = 1,...,n — 1, then
n—1
[T =5(0) =1
=1

and we get (9.7).

Proof of Theorem 9.1.
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Let I'l = 85, N Dy, and I'? = 855 N Ey,. The Laplacians Awu;, are jump measures along 0.5;,

i = 1,2, and satisfy

/ Au1 = —/
Dy, T

Then, using Lemma 9.2 we get

ul dA and Aug = —/ u? dA.
Ey r

1 2
h h

. Jp, Dur Jry u,, dA
B fEh NS fri up dA’

and so

Since, when h — 0,

R ()

Jry A wilen)’

by Lemma 9.3 the conclusion of Theorem 9.1 follows.
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