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Abstract

- In this article, existence and stability of N-front travelling wave solutions of par-
tial differential equations on the real line is investigated. The N-fronts considered
here arise as heteroclinic orbits bifurcating from a twisted heteroclinic loop in the
underlying ordinary differential equation describing travelling wave solutions. It is
proved that the N-front solutions are linearly stable provided the fronts building the
twisted heteroclinic loop are linearly stable. The result is applied to travelling waves

arising in the FitzHugh—Nagﬁmo equation.

1 Introduction

In this article, existence and stability of N-front solutions of parabolic equations
(1.1) Us=AU+ F(U,e) z€R

on the real line is investigated. Here, the differential operator A generates a C°-semiflow
on BU(R,R™) - the space of bounded, uniformly continuous functions from R to R™ —
and F is typically a Nemitskii operator defined on the same space. Fronts and backs are
travelling wave solutions U(£) = U(z+ct) which are asymptotically constant for ¢ — 0.

Transforming (1.1) into a moving coordinate frame (z,t) — (z + ct,t) = (¢, ) yields
(1.2) U= AU —cUs+ F(U,¢) ¢ eR.

Then fronts and backs of (1.1) with wave speed ¢ correspond to equilibria of (1.2) solving

(1.3) AU—cUs +F(U, & = 0
Jm U0 = Vs

Stability of a front U is often determined by the spectrum of the linearized operator |
(1.4) LU)V = AV —cVe+ Dy F(U,¢) V.

A front or back is called linearly stable if the spectrum of L is contained in the left half
- plane with the exception of a simple eigenvalue at zero which is inevitable due to transla-
tional invariance. Under rather general assumptions on A, linear stability implies nonlinear
stability, see [Hen81] or [BJ89]. ‘

ASuppose now that for (c,€) = (co, €o) linearly stable front and back waves do exist simul-

taneously. Then, upon varying x := (c,€), other front solutions may arise. In particular,
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Figure 1: N-front solutions consist of 2N 41 concatenated copies of a simple front and
back.

so-called N-fronts may bifurcate which are formed by alternately concatenating 2V +1
copies of the simple front and back, see Figure 1. A natural and interesting question is
whether the bifurcating N-fronts Uy inherit the linear stability from the simple front and
back. For a fairly general class of operators A, it follows from [AGJ90] that the spectrum
of L(Uy) is bounded to the left of the imaginary axis except for 2N 41 eigenvalues near

zero. It therefore suffices to calculate these critical eigenvalues, that is solutions (A, V) of
(1.5) AV—‘CN%'*"DUF(UN, GN)V= AV

for A close to zero, where Uy is the N-front existing for (c,€) = (ew, en)-

Notice that the steady-state equation (1.3) and the eigenvalue problem (1.5) are ordinary

differential equations in the time variable £. As such they can be written as first-order

systems
(1.6) o= flu,p) | g =(ce)
(L) 5 = (Duf(u,) +AB)v,

respectively. Simple fronts and backs of (1.3) correspond to heteroclinic solutions a(§)

and ¢3(¢) of (1.6) connecting two equilibria p; and p,.

In this article, we investigate the existence and stability of N-fronts (and N-backs) under
the assumption that the simple heteroclinic orbits ¢; and ¢, form a twisted heteroclinic
loop, see Figure 2. Under certain generic assumptions, we prove existence of N-fronts of
(1.6) for any N > 1 and determine all eigenvalues ) of (1.7) with |A| small. The N-fronts
are either all stable or all unstable depending only on conditions on the simple front and
back solution. The proof relies on a geometric reduction of the flow onto a two-dimensional
invariant manifold containing the heteroclinic loop, see [Hom93], [San93] and [San95a]. The
reduction allows for a smooth linearization of the vector field near both equilibria. The
existence of N-fronts is then proved using Ljapunov-Schmidt reduction for the resulting
vector field in R? in the spirit of [Lin90] and [San93]. Finally, the critical eigenvalues of
the operator (1.5) are calculated using [San95b]. |



Deng [Den9la] proved the existence of N-fronts bifurcating from a twisted heteroclinic
loop under the additional assumption that the stable manifolds of the relatively contractive
equilibria p; and p; are one-dimensional using topological methods, see [Den91a, section
7(a)]. Shashkov [Sha92] asserts the existence of N-fronts for two-dimensional vector fields

of class C®, however, without giving a proof.

Finally, we apply the stability result to the FitzHugh-Nagumo equation

wy = €(u—yw).

Deng [Den91b] showed that the hypotheses of his existence result [Den91a] are satisfied,
while Yanagida [Yan89] proved that the simple front and back are both linearly stable. Nii
[Nii95b] proved linear stability of the 1-front provided f is linear near both equﬂibria. We
show that in fact all N-fronts are linearly stable. Recently, Nii (private communication) has
extended his result to N-fronts under the same restrictive hypothesis on f using topological

‘methods.

The paper is organized as follows. In section 2, we state the basic assumptions and the
ﬁain results about existence and stability of N -front solutions. The existence theorem is
proved in section 3, the stability result in section 4. Finally, in section 5, the application
to the FitzHugh-Nagumo system is given.
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and Daniela Peterhof for helpful discussions. Moreover, I wish to thank Hiroshi Kokubu
and Shunsaku Nii for informing me about their related work. This work was partially

supported by a Feodor-Lynen-Fellowship of the Alexander von Humboldt Foundation.

2 Main results

Consider the equation
(2.1) = flu,p) - (u,p) ER" X RY,

where f : R™ x R? — R" is C%. We assume that equation (2.1) possesses two hyperbolic
equilibria p; (p) and py(p) for all p. Moreover, the spectrum of the linearized vector field

at these equilibria decomposes as follows.
(H1) We assume that dim W*(p,(0), 0) = dim W*(p(0),0) and

o(Duf(p(), 1)) = 02 U {—ad(1), ot (W)} U o™, 0 < (i) < (k)



hold with Reo§® < —aj(p), Re o} > af(p) for k = 1,2 and all g. Moreover, —aj (1) |
and af(p) are simple eigenvalues for k = 1,2. We define ax(p) = o} (p)/ag(p) > 1.

We choose coordinates such that the equilibria do not depend on p. Suppose that for 4 =0
there exist two heteroclinic orbits ¢;(¢) and ¢2(t) connecting p; to p, and vice versa, that
is
(H2) The solution ¢;(t) fulfills tlim ¢1(t) = p1 and Jim q1(t) = p. while ¢5(¢) satisfies
——00 —00 )
Jm ga(t) = p and lim ga(t) = p1.

Owing to hypothesis (H1), the next assumption is satisfied for generic vector fields.

(H3) The heteroclinic solutions ¢;(¢) and ¢»(t) are non-degenerate, that is

Ty@W*(p1,0) N Tq1(0)Ws(p2? 0) = Rqi(0)
qu(O)Wu(PZv 0) n qu(O)WS(Pl, 0) = Rgy(0)
hold.

Due to (H3), there exist two unique (up to constant multiples) bounded solutions t(t) of

the adjoint variational equation

W =—Dyf(q(t),0)" w

evaluated at gx(t) for k = 1,2, respectively. As a matter of fact, they satisfy

(2.2) | B(t) L (TyuioW" (P, 0) + TosyW* (prs1,s 0)).
Upon changing the parameter p, the heteroclinic solutions g(t) should break up. That is

made precise in the next hypothesis.

(H4) The Melnikov integrals

Neo= [ (u(8), Duf(ax(2), 0)) dt € R? E=1,2

are linearly independent (and in particular non-zero).

We need to assume that gx(¢) and ¥x(t) converge along the leading directions to the equi-

libria and zero, respectively.

(H5) Assume that the limits

Jm e g (t) = v lim e+'ge(t) = v
Jdim ekt () = wf lim ebrifeh(t) =i wip

are non-zero for k = 1,2, see Figure 2.



Figure 2: A twisted heteroclinic loop.

Then v{ and wi are right and left eigenvectors of D, f(px,0) for the eigenvalues o™
Due to (2.2), hypothesis (H5) is equivalent to the strong inclination property. Finally, we

suppose that both heteroclinic orbits are twisted.

(H6) Suppose that the scalar products (wj,vy) > 0 and (wj,vf) > 0 are positive for

k = 1,2, see Figure 2. Note that the scalar products do not vanish according to
hypotheses (H1) and (H5).

Choose two sections X transverse to the vector field and placed at ¢x(0) for £ = 1,2.
We call the heteroclinic solutions ¢;(¢) and g2(t) simple fronts and backs, respectively. An
N-front solution is a heteroclinic orbit connecting p; to p; and intersecting X, N-times,
see Figure 3. In other words, it follows the heteroclinic loop N+ 1-times and hits the set

Y1 U Xy 2N +1-times. Similarly, an N-back is defined connecting p, to p;.

The first result is an extension of the existence theorem proved by Deng [Den91a].

Theorem 1 Assume that (H1) — (H6) are satisfied. Then for each N > 1 there exzists
a unique curve py(r) for r € [0,19) in parameter space such that py(0) = 0 and (2.1)
possesses an N-front precisely for p = py(r) for some r. The N-fronts are unique and the

curve py s of class C*. See Figure J for the bifurcation diagram.

Assume that u; = 0 and po = 0 correspond to the existence of a simple front or back,

respectively. Then the return times of the N-fronts with respect to the Poincaré sections
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Figure 4: The bifurcation diagram.



Y1 and Ty are given by

. Toy = _S’%um,« ‘ time spent near py
- (2.3) Ty = —xlor time spent near py
py = (r*2(14 o(1)),r),

for 1 = 0,..,N—1 as r — 0, where the sequence v is defined recursively by vy = 0,
Yv-1 = aqag —1 > 0 and vi—1 = oy + yy-1 > Y1, see (3.20). Note that 1, — oo as
N — 0. Analogous results hold for N-backs.

Next we describe the bounded solutions v € C (R, R") of the equation

(24) = (D flan(r)(®) () + AB(®)o

for A € Us(0) C C, where gy(r) denotes the N-front existing for 4 = py(r). Here, B is a
bounded, continuous and matrix-valued function. Equation (2.4) is a generalized eigenvalue

problem of the form
Lv = ABv.

Generalized eigenfunctions of (2.4) corresponding to an eigenvalue A are functions v; sat-
isfying ‘

Lv; = ABv; + Bv;_1
with vg = 0. The algebraic multiplicity of eigenvalues can be defined in the usual way. We

assume a non-degeneracy assumption with respect to A.

(H7) Suppose that the Melnikov integrals

Moo= [ ul0), B 1(0) e 40

“are non-zero for k = 1,2, where v}, is chosen according to hypothesis (H6).

The next theorem - which is the main result of the present paper — describes the set of

- AeUs(0) cCfor 6 >0 small for which (2.4) possesses a bounded solution v.

Theorem 2 Suppose that the assumptions (H1) — (H7) are satisfied. Then there ezists a
§ > 0 independent of N such that the following holds. For any N > 1 and ro = ro(IN) >0
sufficiently small there exist precisely 2N +1 solutions ()\;,v;) € C x C*(R,R™) of (2.4)

with || < §. The eigenvalues are counted with multiplicity and are given by

Damr = (ca—1+o(l))r
Aot = (cy + o(1))roztm

Aowt1 = 0,



forl=1,..,N asr — 0, where the exponents v, have been defined in Theorem 1.

The constants c¢; are non-zero and fulfill sign ey = sign My and signcgyy = sign My. In
particular, the eigenvalues A; are contained in the left half plane for j = 1,...,2N provided
My, M, < 0 are negative. Analogous results hold for N-backs.

The second theorem establishes stability of the N-front solutions with respect to the un-

derlying partial differential equation, see section 5 for an example.

Notice that there exist precisely two pulses corresponding to p; and ps, see Figure 4. The
existence proof is implicitly contained in section 3.3. As far as their stability is concerned,
the same statement as for the N-fronts holds. This follows from [Nii95a] or section 4 of

the present article.

3 Existence

In order to prove existence of N-fronts, a geometric reduction onto a two-dimensional
invariant manifold in phase space is employed. The manifold is diffeomorphic to an annulus.
Next, a system of 2N +1 equations is derived using Ljapunov-Schmidt reduction applied
to the flow on the invariant manifold. In the final subsection, this system is being solved

for using an implicit function theorem.

Throughout we assume that hypotheses (H1) to (H6) are fulfilled.

3.1 Center-manifold reduction

We have the following lemma.

Lemma 3.1 There ezists a two-dimensional, Zocally invariant and normally hyperbolic
manifold Wfom C R™ of class C** jointly in (u,u) for some p > 0. All solutions staying
near the heteroclinic loop for all times and for parameter values close to zero are contained

in W§,... The manifold is homeomorphic to an annulus.

- Moreover, the flow restricted to W, is C'-conjugated to the flow of an appropriate vector
field g(u,p) of class C' defined on R2%. The hypotheses (H1) to (H6) are still satisfied for

g and, in addition, g is linear locally near both equilibria.

Proof. The existence of Wy, is an application of [San95a, Theorem 1]. We shall verify

the assumptions of that theorem using the decomposition

o(Duf(pk,0)) = o’ Uog U o® o = {—af, i}



Then [San95a, (H1), (H3)] are satisfied due to (H1) and (H5), while [San95a, (H4)] is void.
It remains to verify [San95a, (H2)] which reads

qu (0) W (Pl ) © Tfh (0) W (Pz ) = R
qu (0) Ws,u,uu (pl) EB qu (0) Wss (pz) — Rn

and the analogous condition for g,(t). Here, W***(p,) denotes an invariant manifold
tangent to the generalized eigenspace E***° associated with ¢5° U oS at p, and similarly
for W#**(p;). Owing to (H1), it suffices to prove that

(3.1) Tu@W*(p1) N T@W***(p) = {0}
. qu(O) W srurua (P1) N qu(O)Wss(pz)‘ - {0}
We have

T @)W (p2) = Tg,0)W*(p2) ® Ro*

for some non-zero v*. Because of (H3) and (H5), the intersection

Ty, W™ (p1) N Ty o)W (p2) = {0}

is trivial. Therefore, if (3.1)(i) does not hold, there exists a vector w € T, o)W *(p2) such
that

0"+ w € Ty ) W™ (p1) N Ty o) W™ (p2).
Choose ¢1(0) close to p,, whence Ty, (o)W™***(p2) is close to E“***. Then, due to (H5),
(11(0),v*) # 0. However, the solution v*(t) + w(t) € Ty, sy W**(p1) decays exponentially

to zero for ¢ — —oo, while

(b1 (), v*(2) + w(8)) B2 (g (£),v*(8)) = (1(0),v*(0)) # 0

is independent of ¢ as (%) solves the adjoint equation. This is a contradiction to ()

being bounded, whence
T W™ (p1) 0 Tg, W™ (p2) = {0}.

The argument for the other equation (3.1)(ii) is similar. Thus we can apply [San95a,
Theorem 1] to conclude the existence of an invariant manifold Wg, . Moreover, W§,,, is
homeomorphic to an annulus owing to (H6). That the flow on Wy, is C'-conjugated to
the flow of a C'-vector field in R? follows from [San95a, Section 3.5]. The statement about

the smooth linearization is proved in [Hom93]. a

Hence We can restrict the analysis to a C-vector field g in R? fulfilling (H1) , (H2) to (HS),
and being linear locally near both equilibria, where hypothesis (f—ﬁ) is given by *



(H1) We assume that dim W*(p;,0) = dim W*(p,,0) = 1 and

o(Duf(pr(p), 1)) = {—ai(p), ok (p)} 0 < op(p) < ai(p)

hold for k£ = 1,2. We define ax(p) = af(u)/ai(u) > 1.

3.2 Lin’s method in R2

According to the last subsection, it suffices to consider a vector field
(3.2) o= g(u, p) (u,p) eR*XRY,

with g € C? such that (HI) and (H2) up to (H6) are satisfied and the flow near the
equilibria px for £ = 1,2 is linear. Choose Poincaré sections ¥y and Spfork=1,2asin
Figure 5. All sections are chosen inside the regions near the equilibria p; where the flow
is linear. Moreover, we shall identify the one-dimensional sections with intervals in R as
shown in Figure 5. Next, we compute various Poincaré maps. The map from X; to X, is
given by

Y — PN

et WT , e—e3(WT

(3.3)

using that the vector field is linear. Similarly, the map from £, to 1 equals

ig — 21

P () P L VD L

(3.4)

Figure 5: The choice of the sections in R2 The arrows denote the positive direction once

sections are idéntiﬁed with intervals in R.
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The maps

~ ~

Oe(u,p) + X — X

u o= —I(u, p) — di(p)
are diffeomorphisms with Ix(u, ) € C*, II;(0,x) = 0 and D,II(0,x) > 0 for k& = 1,2.
The sign appearing in (35) is a consequence of hypothesis (H6), see Figure 5. Owing to

(3.5)

hypothesis (H4), we may assume that di(s) = px by a C'-transformation of parameters.
Indeed, di () is the separation function measuring the distance of the one-dimensional sta-
ble and unstable manifolds of the equilibria at the section . The integrals N appearing

in (H4) are in fact the derivatives of di(p) at g = 0 up to sign.
Summarizing the above, we obtain a map
J | = z
(3'6) v u : - s : .
—Tp(e™ W7, p) — pp = —TIi(e™37, 1) — py.
All solutions being mapped from ¥, to Y, are captured by the above parametrization.

The next step consists in formulating the Poincaré map by means of the return time with

respect to the sections 2k instead of the one for ik.

The times needed for initial points u € Sk to reach the sections T are given by functions
Q% (u, p). Both functions Qx(u, p) are in C* and bounded uniformly in u. Thus the time
T needed for the initial point

to reach
_Hl(e_a;(”’)T, “) — #1 e 21

is given by |
T = T+ Ql‘(e—a{(u)f, /t) + Qg(e"“?(“)r, ,LL)

By the implicit function theorem, we can solve this equation with respect to T' yielding a

C-function 7(T', 1), whence
) (37) T(T, 'u) =T — Ql(e-'ai(ﬂ)T(T,#), /J/) _ 92(e-ai‘(p)T(T,u), 'u)
Therefore, we obtain the following lemma.

Lemma 3.2 The Poincaré maps from ¥y to Xy and vice versa are given by

21 d 22

e~ (T, emas(WT

(3.8)

11



and

by ~ by
(3.9) 2 - 1

Iy TE, 1) — gy e —T(em T, )y
respectively. The C'-function 7(T, ) defined in (3.7) satisfies |

d

and the maps Qi(u, p) are bounded uniformly in u. Moreover, Ilx(u,p) € ct, (0, ) =0
and D J1;(0,p) >0 for k=1,2.

Up to this point, the construction looks pretty much like using Shilnikov variables. How-
ever, in order to describe solutions following the original heteroclinic loop several times,
we shall adopt a boundary-value-point-of-view. That is, we are not going to iterate the
Poincaré maps given in the previous lemma, but shall derive matching conditions in the

sections.

Using Lemma 3.2, the existence of N-front solutions is equivalent to the existence of return

times T; < oo for 7 =0,...,2N—1 and parameter values p such that

e~ — "
(3.10) e~ Wl = _TI(e~ W7 (Tostr) ) — p, j=0,..,.N—-1
' e Wi = T (e~ MW m(Tai=1m) 1) — 1y j=1,.,N—-1
0 = —I(e~dW(Brv-1m) 1) — 1y -

holds. Indeed, then the various pieces of solutions defined in between the sections will fit
together. Moreover, the first and last equation assert that the solution is contained in the
unstable and stable manifolds of the equilibria p; and p,, respectively. In fact, T5j+1 and

T5; are the times spent near the equilibria p; and p., respectively. Define

a,2j+18 = e—oi(1) 7(T2j41.m) s = e-oiW)(Ten-1.m)

ag;r = e~ (#)Tz; r = e

(3.11)

for j = 0,..., N—1 such that ap = azy-1 = 1 and ay,...,azy—2 are bounded. In the new

variables a;, r and s, equation (3.10) reads

iy + rez(®) , =0

r+pp + Mop((aas) ™) = 0
(3.12) Iy (azj—18, p) + p1 + (ag;r)*2®) 0 j=L.,N-1
ag;r + pz + My((agjp18)2®, p) = 0 j=1.,N-1

1+ 11 (s, 1) =0

12



with ax(p) = of(p)/ai(n) > 1. Whenever (a;,r,s) solve (3.12) such that a; > 0 and
r,s > 0, we obtain associated return times T; < co which solve (3.10) by using (3.11).
Indeed, we have
(3.13) T(Toj41,4) = —z;*l(zgln(azjﬂs)

, Ty, = —@ln(a%r) ‘
and Lemma 3.2 implies that 7(T', x) is invertible with respect to T'. Hence, it suffices to
consider (3.12) keeping in mind that only positive solutions of this system correspond to

solutions of the original problem.

3.3 Existence of N-fronts bifurcating from a twisted heteroclinic

cycle

We shall solve (3.12). Note that the functions II; and II; are in C*. By convention, for
a > 1, define z to be zero for negative values of z yielding a C'-function, too. Then
(3.12) is defined for all a; bounded and r,s small including riega,tive values. Throughout

this subsection, the range of the index jis j =1,..., N—1.

First, solve

(3.14) p e =0

, re2®) —T(s,p) = 0

with respect to (y1,s) near (r,s, ) = 0 by the implicit function theorem using Lemma 3.2.
Denote the solutions by p1(ge,) and s(uz,7) both of which are of class C*. Observe that,
owing to TI;(0, ) = 0, the estimates :

(3.15) ‘ |8(p2,7)|, | Dy 8(pt2, )| < Cs ro2?

hold for arbitrary small positive §. Using the ansatz u; = er, the second equation in (3.12)

reads
(3.16) 7+ py + Ma((a18) ™, p) = r + er + 11, ((als(er, r))erlern) u, (er,r), er) =0.

Here and in the following, we will be a bit sloppy concerning the dependence of ay(p) and

II; on € and r to avoid unnecessary complicated notation. Dividing (3716) by r yields
(3.17) 1+e+rI0, ((als(er, r))ea )y (er, 1), er) =0,

which is C? in (€, a;) for 7 > 0 owing to (3.15) and because of the fact that the dependence
on € is due to p = er. Using (3.15), we can solve (3.17) with respect to € near € = —1,

r =0 and arbitrary bounded a; yielding a C*-function

(3,18) €= 6((11, 'r') = -] — T_IHZ ((a1§(a1, r))&1(a1,r)’ ﬁl(al,’r‘), 6((11, 7')7'),

13



where
3(ay,r) = s(e(as,r)r,r)
ar(ar,r) = ax(e(ar,r)r,7)
falas,r) = p(elar,r)r,r).
Notice that the dependence of all these functions on a; is due to terms of the form e(aq,7)r.

It remains to solve the system

0y (a2j-18(ax,7), a1, 7)) + fir(az, ) + (aggr) @) =
azir + (a1, r)r + Tp((azj418(a1, 7)) %@, fi(ar,7)) = 0

for j =1,..., N—1. Dividing by r5‘2(“?’7) and r, respectively, yields

& (e I (a2j—1'§(a17 r), (a1, 7‘)) — 145227 =0

(3.19) ) )
az; + €(ai,r) +r7HI, ((a2j+13(01, r))& @), iy, 7')) =

The functions ‘ :

p=d2(enr) T, (aQJ—..l.%(al, r), (a1, r))
r~I, ((azj_1§(a1, r))%n) i(ay, r))
are C! in (agj—1,a1) up to r = 0 owing to (3.14) and the above comment about the
dependence on a;. Moreover, the derivative with respect to ag;—; at r = 0 equals one
for the first and zero for the second function. Therefore, az; = 1 and azj—; = 0 for
j=1,..,N—1 solve (3.19) with r = 0 and we can use the implicit function theorem to
obtain solutions agj(r) and ag;—1(r) for positive r.
It remains to show that as;—1(r) > 0 is positive for r > 0. Define constants v; recursively
by ;

Y~ = 0

(3.20) Yvo1 = agap—1>0
A Vi1 = Y+ Ywe1 > i
and set
(3.21) it = byt
ag; = 1—byrV

for j =1,...,N—1. Let byy_; = 1. Substituting these expressions together with (3.18) into
equation (3.19) yields

= 722G [T (by;_1r55(by, ), by, 7)) — 1+ (1 — byyr)ea(er)
= byyr + 7} (T ((Byr™ 3(by, 7)) G, fu(by, 7)) —
L ((bagar5#18(b1, 1) 1), (b, 1)),

14



where

3(bi,r) = s(e(byr™,r)r,T)
Gr(br,r) = og(e(brr™,r)r,r)
f(br,m) = pa(e(byr™,r)r,7)
fia(by,7) €(byrt, r)r.

Dividing these equations by 7% reads

(3.22)

I

0 = r—(&z(bl”)+“/f)Hl(bgj_lr‘/fg(bl,r), ﬂ(bl,r))+,~—w((1_szm)&z(bl,r)_l)
(3:28) 0 = by + =0+ (I ((bar™8(by, )20, fi(by, 7)) —
—TI3 ((bagaar 5+ 3(br, 7)) %), fi(by, 7)),

As before, using the recursive relations (3.20), it is tedious but straightforward to see that

the functions appearing in (3.23) are C* up to r = 0. Moreover, for r = 0, (3.23) boils

down to
boi1 — g by; = 0 1=1,...,N—-1
(3.24) by — D,T15(0,0) DI (0,0)™1 6%, = 0  i=1,..,N—2
ng_Q - DUHZ(O, 0) Duﬂl(O, 0)—a1 =0

oW‘ing' to (3.14). It is straightforward to check that the Jacobian of (3.24) with respect to
(b;) is upper-triangular with non-zero diagonal elements. Equation (3.23) can therefore be

solved near
bon—2 = D,II5(0,0) D,II,(0,0)~* ,

(3.25) bai-1 = by i=1,..,N—1
bzi_z = ng_g b%l_l 1= ,...,N -1

by invoking an implicit function theorem. This proves that

azji-1 = (bzj_1 +o(1))r™

(3.26) w5 = 1—(by to(1)r

holds for j = 1,..., N—1. In particular, as;—1(r) > 0 is positive for r > 0 thanks to (3.25)

- and Lemma 3.2.

The expansion (2.3) of the return times is now an easy consequence of (3.13) and (3.26).
Moreover, the claim about the ordering of the bifurcation curves in Figure 4 follows from

(3.16) and (3.14).

Hence the proof of Theorem 1 is complete. O
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4 Stability

This section is devoted to the proof of Theorem 2. The basic technique used is Lin’s
method applied to the eigenvalue problem (2.4). We shall use the abstract results from
[San95b] together with certain modifications needed in the present situation. As for the
concrete bifurcation investigated here, we are again going to exploit the reduction to a
two-dimensional invariant manifold. Finally, the eigenvalues of the resulting tridiagonal

matrix are calculated.
Throughout we suppose that hypotheses (H1) to (H7) are fulfilled.

Convention. Throughout this section, we use the convention that the ranges of the indices
tand j arez = 1,...,2N+1 and 7 = 1,...,2N as long as stated otherwise. Moreover, we
define :mod2 € {1,2} by convention. The Landau symbol o(1) is taken with respect to

r — 0.

4.1 Abstract reduction of the eigenvalue problem

We consider equation (2.1) and (2.4) in R" keeping in mind that the N-fronts are actually
contained in the invariant C*-manifold Whom We also extend the sections X for k=1,2

to sections in R™ without changmg notation.

Any solution with initial point in ¥} and end point in ¥y, is uniquely described by the
associated return time T'. In particular, any N-front gy(t) is determined by 2N return
times T} for j = 0,...,2N—1, see Theorem 1 and the proof in the last section. Define ui(¢)
by

2N ) ui(t) fort € [—3Ti,0]
(4.1) q~<¢+§Tj> = { wH(t) forte[0,3T]
for i =1,...,2N+1 and with T_; = Thy = o0, see Flgure 6. As gy(t) is a solution of (2.1),
the functions v fulfill

u}(0) = u;(0) | i=1,..,2N +1

)

(42) +(1 .
uy (3T5-1) = ]+1( Tj-1) j=1,...,2N.

The eigenvalue problem (2.4)

o = (Dufgn(t), ) + AB())v teR
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Yo = ¢2(0) + X

Figure 6: Description of N-Front solutions.

can be written as

o7 = (D, f(u (), px) + AB(t)) vy for t € (—3 T;_2,0)
(4.3) oF = (Duf(uf(t), ux) + AB(t)) vi for t € (0, 2T_ )
' vf(0) = v (0)
v} (3T5-1) = va(—3T-1)

considered as equations over the complex field. Exploiting the fact that ¢y(t) solves (2.4)
for A = 0 and using (4.1), we take the ansatz

vf () = 4 () di + wi(2),

kWithdi € R. Owing to [San95b, section 3.1] and (4.2), equation (4.3) is then equivalent to

wf = (Duf(u *(t),ﬂN) +AB(t)) wi + A B(t) 4 (t) ds
for t € (—1Ti-2,0) and t € (0,3Ti-1), respectively
(4.4) wi(0) = w;(0)
wF(0) € Ximodz
wi (3Tj-1) = wiga(=5T5-1) + 53 (=3T5-1) (djsa — dy),

where the (complexified) subspaces X are defined by ¥x = ¢x(0) + X for k =
Following [San95b], we shall investigate the system

wE = (Duf(uE( ) ) 4 AB()) w + X B(t) uF () di
for t € (—1Ti_»,0) and ¢ € (0, 3Ti—1), respectively
(45) w;*'(O) - w{ (O) S (CTu;l- (O)Whom(:u’N) N XimodZ = C
w;t(o) € Ximod2 '
w;r(%Tj—l) wj_+1(_%Tj—1) + ’&;ﬂ("%Tj—l)(dﬂl - d])
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Define the signed distances
(46) . 'fi = <¢imod2(0)aw?_(0) - wi_ (0)> € (Ca
see Figure 5. Then we have the following lemmé.

Lemma 4.1 Eguation (4.5) possesses a unique solution w = W(\)d linear in d and ana-

lytic in X. Moreover, w solves (4.4) if and only if

(4.7) ¢=S(\)d = (A(r) = M(M + o(1)) + O(]A])) d =0
for some analytic, matriz-valued function S(A) and
M = didg(le{l, MQI{Q, ceny M1K1)

with K1, K5 > 0 positive. The matriz A(r) is determined by (4.5) with A = 0. Any solution
of (2.4) with || small is given by the above function W(X). In particular, d = (1,...,1)
solves 5(0)d = 0.

With the equivalence of (2.4) and (4.1) as well as Lemma 4.1 at hand, it therefore remains

to solve the reduced equation

(4.8) det S(A) = 0.

Proof. The proof of the lemma is essentially contained in [San95b], where the analysis

was done for N-pulses. We will briefly mention the changes needed here.

The hypotheses (H1) and (H3) ensure that the technique developed in [San95b] works in
the present context. The only difference is that the linearized flows for the heteroclinic
 solutions are used instead of linearizing along a single homoclinic orbit. The major change

made here in comparison with [Sa,n95by] is that we allow for jumps in
wi(0) — w; (0) € CTot (o) Wiom (#v) N Kimoaz = C
compared with jumps in Ci(0)
- wf (0) — w; (0) € Cibimoaz(0),

where 1¥;(t) are the unique bounded solutions of the adjoint equation, see section 2. How-

ever, the only property of Ci(0) used in [San95b]‘is the transversality condition
Re1(0) © Rix(0) ® Ty o)W (pk) @ Tou(yW* (Pia1) = R”
for k = 1,2, see [San95b, Lemma 3.5]. The corresponding relations

(Tu;*' (O)Wlfom(ﬂN) N Xk) ) qu(O) D qu(o)W““(pk) ) qu(g)Wss(pk+1) = Rn k=1mod2
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are satisfied. Indeed, this is a consequence of (2.2) and the proof of Lemma 3.1. The state-
ment about the matrix M follows from [San95b, Lemma 3.6] and the above discussion.
Indeed, taking the limit r — 0 is equivalent to‘computing the matrix M By investigat-
ing the eigenvalue problem (2.4) for the primary heteroclinic orbits gx(t) for k = 1,2 as
U; = @imod2 for 7 — 0 in the sup-norm. The positive factors K; and K, stem from the

projection of t;(0) onto the tangent spacesTy, o)Wy, for k =1,2. ' O

4.2 Determining the reduced problem using center-manifolds
In order to solve (4.8)

det S(2) = det(A(r) — A (M+ o(1)) + O(IA) =0,
we have to determine the matrix A(r). By definition, with A =0,

€ = (Yimoaz(0), w (0) = wF (0)))imt,.opmss = A(r) d,

where w = W(0) d solves (4.5) with A = 0, that is

() Wi = Duf(uf, pw) wf
for t € (—3T;-2,0) and ¢ € (0, 1Ti_;), respectively

(49) (i) wF(0) ~wF(0) € CTusWeom(itn) N Ximoaz

('Lzz) w;’b(O) € Ximod2 ,

(@)  wi(GTi-1) = wia(=3T) + W (=3 T-)(djs — dy).
Therefore, the solutions w; have to solve the variational equation along the N-front. Be-
cause W§¢,. is locally invariant and C?, its continuous tangent bundle is invariant under the
linearized flow. Since u; € T, Wy, and the jumps of w; are required to be in T, ,W¢ |
too, we expect that the solutions w; € T,, W, are contained in the tangent bundle as
well. By uniqueness of w as stated in Lemma 4.1, it is therefore sufficient to prove that we
can solve (4.9) with w; € T,,,Wf,,,. Since the linearized flow is still C°-conjugated to the
linearized flow in R? see Lemma 3.1, it suffices to consider (4.9) for the vector field in R?

investigated in section 3 - note that we do not need any differentiability further on.

Hence consider w € R2 from‘nowy on. Denote the evolution of
w = Dy f(uf (1), ) w

by ®F(t,s), whence wi(t) = ®E(t,0) wi(0) solves (4.9)(i) and (iii) for arbitrary wi(0) €
Xj. Note that (4.9)(ii) is then satisfied, too, as the subspaces Xj C R? are one-dimensional.
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We shall solve (4.9)(iv)

(.10) W (A1) = i (3T5m) + i3 (—3T5o) (djo1 — )

for given d = (d;)i=1,..2n+1 and j = 1,...,2N. Observe that thes’e equation decouple as we
can choose wF(0) € Xj arbitrarily. | ‘ '
First, consider (4.10) for odd j = 2I+1 for [ =0,...,N—1. Then

+ _ e"ag(“’)t 0
03141(8,0) = 254,(2,0) = 0 et ()t

as the flow is linear. Also,
e s 1 . L,
5o~ T) = (—aj() e 30T, i () =de30I%)

and .

, w;",+1(-;—T21). = (aniag(ﬂ)Tzl w;1+1(0))
—_ las - .

w21+2(“%T21) = (e2 3T w2l+2(0)? 0),

identifying the subspaces Xj with R as in Figure 5. Thus, we conclude that

(4.11) whe(0) = of(u)em ¥ W (dyyy — dorya) = ofr) (datya — daitr)

wiy2(0) = o3(p) e W (dyyy — dyya) = @3 (1+0(1))r (darsz — daa),
using (3.7) and (3.26).
Next, consider (4.10) for even j =2l for [ =1,...,N. Then

o e~ o1 (1)(i-02) 0 PR
ZI(t’ 0) = ( 0 et (u)(t-02) ) ®21(92’O)
e—oi (W) (—t+) 0
D141 (—1,0) = ( 0 cot(0)(—t+01) ) @341 (—,0)

for ¢ > 0 large and with
Ql —_— Ql(e—ai(“) T(TZI—lyl‘), ﬂ)
QZ = Qz(ﬁ_a;‘(“) T(T2l—17#)’ 'u,)’

see section 3.2. Therefore, we obtain

1 $ () (=L To1m1+Q #(u)(ATa1-1 - +
w3 (3T2-1) = (eddW(=2Tomt0) g o (3 Ta-1=%2) 72) 1} (0)

~ 1 — $ (1) (3T21-1 -0 Y()(~3T2—1 40 -
: w21+1(“"2'T2I—1) = (eal(“)(z 2 1)7T§l+17‘3011(u)( i1t 1)7"§z+1) w2,+1(0),
for some constants w4, 75, ; uniformly bounded in Ty, for k = s, u such that

(4.12) . 7??1’, Topr < —6<0 |
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for some 6 owing to the sign convention for the sections - we identify the subspaces X

with R in the same way as we did for Xy, see Figure 5. The time derivative is given by
42(=3To1) = (= () O () o=a5 W FTaa-00)
Thus, (4.10) reads
( —eiWGET-W) rg et 5Tam149) s ) ( w3;(0) )

ot () (LT 1 4+) u (1) (3Ta-1-Q u +
e 1( ) 2 1 )7T.21+1 e 1(/-")(2 21-1—52) Tor w21+1(0)

- _ai(#) ~a3 (1) (3To1-1-Q2)
B ( O!;}’(/,[,) —of (Il»)( Ty =) (d2l+1 _dgl)

and it is straightforward to calculate that for some § > 0

w(0) = a(p) et W B=h=0) 1y (1 4 O(e75Te-1)) (dyryy — dai)
= oy(p)e™ (")T(T"’“l) 7y (1 + O(e87@a=1))) (dyryy — dyr)
= o(r*®tm) (doyy1 — du)

w2_1+1(0) = of(p) g0 (1)(Tat-1— 1 —~02) To (14 O(e_STzH)) (darpr — do)
= of(p) e -t mg (14 O(e7T-0))) (dyy — da)
= of (ba-1 + 0(1)) 7y 22" (datyr — dat),

(4.13)

see again (3.7) and (3.26). It is convenient to check the signs a,ppearinguin (4.11) and (4.13)
by inspecting Figure 5 and 6.

Thus, the differences of w#(0) for i = 1,...,2N+1 with A = 0 are given by

w3(0) — wy(0) = o(r=™) (dyip1 — dar) — 03 (1 4+ 0(1)) r (dot — dou-1)
wil_1+1(0) - w';l+1(0) = 0(7') (d2l+2 - d21+1) - (b2l—1 + 0(1)) Tol41 o2t (d21+1 — dzl),

whence the jumps &; read

b = (%2(0),w5(0) — wz(0))
= r(o(roa*m1) (duyr — dar) + @3 (1 + 0(1)) (dut — di_1))
far = (1(0), w;1+1(0) - w;l+1(0)>
=r (0(1) (daiye — dary1) — of (bzl—l +0(1)) w54y o2t (dgr — dzl))-

(4.14)

Notice that the sign changes in the first equation since 1,(0) points i in the negative d1rect1on

of X,, see Figure 5. We rewrite (4.14) according to

& = r(—ka-1do-1 + (ﬁzl—l — Ra1) dot + Rardary)

bapr = 1 (—kudu+ (ko — Rar1) dargr + Rarrr daiga),
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using the definitions

ko1 = cyu—1+0o(l) = af(1+0(1))
ko1 = ol

(4.15) Fa-1 = o(l) | 1
k= (ca+0(1)) rft = —af (baimy + 0(1)) w5y, T2
Kaj = O(Tﬁ’) P O(T.a2+'y;—1)

for [=1,...,N and
Ko = Ko = Koyt1 = Kong1 = 0.

The exponents 8 and the constants ¢; fulfill

Bri=ar+m—1 l=1,..,N
(4.16) 0<a—1=p8y<fi<fia - 1=2,.,N~-1
¢; >0 | j=1,..,2N,

due to (3.20), (3.25) and (4.12).
Therefore, we end up with computing solutions of
(4.17) det(rA(r) — M + O(A|(IA| +0(1))) =0,
where ‘
M = diag(M1 K1, M3 K, ..., M1K;)
for some positive constants K, K, > 0 and
—f R )

—K1 Ki1—Ka Ko

(4.18) Ar) = —Ky  Ka—Rs Ra
\ —Kon Koy )
As we are mainly interested in stable N-front solutions, we assume sign M; = sign M, = —1

from now on, whence, by rescaling the solutions ¥(t), we obtain
M =—id.

The other cases can be handled similarly.

4.3 Solving the reduced eigenvalue problem

Thus we shall solve (4.17). By Rouché’s Theorem, there exist precisely 2/V+1 solutions of
(4.17), since S(1) is analytic in A and

det S(A) = A*¥* 4 o(1)
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near A = 0.

One of these solutions is equal to zero
(419) ‘ /\2N+1 - 0

due to translational invariance. By comstruction, the associated eigenvector is given by

v=(1,..,1), see Lemma 4.1.

Substituting A = vr and M = —id into (4.17) and dividing by r**! yields
(4.20) | det(A(r) + v (id+o(1))) = 0.

There are another NV eigenvalues which can be computed easily. Indeed, setting r = 0 in
(4.20), we obtain

N
det(A(0) + vid) = »N* [I(ca-1 +v).

=1
Hence, again by Rouché’s Theorem, there exist precisely N solutions vg_1(r) of (4.20
g

counted with multiplicity and continuous in r such that
1/21_1(0) = —Co1 < 0.
They correspond to N eigenvalues Ag—1(r) of (4.17) given by

(4.21) Aai—1(r) = vaa(r)r = —(ca-1+0(1))r <0 I=1,...,N.

It remains to calculate the remaining NV eigen&alues of (4.20). The columns of the matrix
S(v,r) = A(r) + v (id +0(1)) are given by

Cl = (—l%l + v, —51,0,...,0) +0(1)I/ ‘
C; = (0,...,0,kj—1,Kj-1 — &j + v, —£;,0,...,0) + o(1)v j=2,...,2N
S A
ith

O2N+1 = (O, ceey 0, RZQN, Kan + 1/) + 0(1)1/,

see (4.18). Adding successively the jth column C; to Cj_; for j = 2N +1,...,2 yields a

matrix with columns

Cq = (vy..,v)+o0(l)v ,
Oj = (0,...,0, Ej_l,lﬁj;l +Z/,I/,...,I/)—|—O(1)I/ J :2’,2]\7
h
it

Congr = (0,...,0, Kon, ony + v) +o(1)v.
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Note that this transformation does not change the determinant. Moreover, recall from

(4.15) that

Koic1 = ca-1+0(1) Ry1 = o(l) = o(ka-1)

Koy = (czl—!-o(l)’)’rﬁ’ Kol = o(rﬁ‘) = o(ka)

for positive constants ¢; > 0 and exponents §; > 0 strictly décreasing in [, see (4.16). This
suggests the ansatz
v =Pk

U
for fixed k with & = 1, ..., N. Substituting it into the matrix yields

G = @) Ho(1)]
Ca = [(0,.,0,¢21,0...,0) + o(1)]
: —~—’

_ (2nth

ey 0 1)| rP* I<k
(0,50, 1 5mym) + 0 )| 7
_ (21+1)th
_(0,...,0, czk+77,77,...’,77)+o(1)] rPx l=k
_ (2k+1)th
_(0, veey 0, s, ,0,..,0) + o(l)] b >k
\ (2i+1)th

Couy1 = A

for [ = 1,..., N. Thus, factorizing the powers of r multiplying each column, the determinant

of the matrix S(rfkn,r) equals

N
det S(rPr g, 7) = (det g(n,r)) P08 T rf,

I=k+1

where the columns of S(n,r) are given by

Ch = ;(777'"777)'*'0(1)] .

Ca = [(0,-0,€2-1,0...,0) + o(1)]

_ (2hth

(0, vey 0, L 3Ty eeey M) +o(1)] I<k
_ (21+1)th

Coter = (0, ...,0, Czk+77,77,---,77)+0(1)] I=k
) (2k+1)th :
(0, ...,0, fi,owwm+oaﬂ 1> k.
{ (21+1)th

As we are interested in zeroes for r > 0, it suffices to solve

(4.22) det S(n,7) = 0.
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This matrix, however, is upper-triangular up to terms of order o(1). Its determinant is
therefore given by
det S(n,7) = detS(n,0)+o(1)
= 77k<H{Y~.k+1 021) (n+ C2k)(H1]i-1 021—1) + 0(1)~

Again by Rouché’s Theorem, there is a unique solution ny(r) of (4.22) satisfying

721(0) = —cy

for I =1,..., N. The corresponding solution Ay(r) of (4.17) is given by
(4.23)  Au(r) = valr)r = na(r) r**® = —(cy + 0(1)) r'+A = —(cy + o(1)) 22+

for i =1,..., N, see (4.16) for the last identity. Note that these solutions are not the same
for different values of | owing to (4.16). Moreover, they converge faster to zero than the

eigenvalues Ay_; obtained in (4.21).

Summarizing the facts obtained above, we have calculated 2N +1 solutions A; of (4.17)
appearing in (4.19), (4.21) and (4.23). According to the remark above, they are pairwise

‘distinct, whence we have found all solutions. This proves Theorem 2. O

5 Application to the FitzHugh-Nagumo equation

Consider the FitzHugh-Nagumo equation

(5:1) wy = €e(u—yw)

for z € R with f(u) = u(1—u)(u—a) and a € (0, %) fixed. This equation is a simplification
of the Hodgkin-Huxley equation modelling the propagation of impulses in nerve axons.
Being interested in travelling waves (u,w)(z,t) = (u, w)(a;-}—ct), we introduce new variables

(é,t) = (z + ct,t) in which (5.1) takes the form

up = uge — cug + fu) —

5.2 ‘
(5:2) wy = —cwe + e(u —yw).

The existence of fronts travelling with wave speed ¢ boils down to investigating heteroclinic

orbits of the ordinary differential equation

U = v
(5.3) v = cw—flu)tw
w o= %(u - 7w)7

25



|ul, |wl

T T T
- P27 l’_] . ﬂ [—] (—
HT 6T 83T :

T

¢

Figure 7: The N-front wave solution for N = 3. The distances of the layers are given by

T and 6;T = 25‘;%3&1" with v; > 0 strictly decreasing in j, see Theorem 1.

which is the steady-state equation corresponding to (5.2). Here " = d/df. Linearized
stability of equilibria (u,w) of (5.2) is determined by the spectrum of the linear operator

Uee - cUe + Duf(u)U -Ww
C—cWe + €U —AW) '

(5.4) L(U,W) = (

In particular, eigenvalues A with corresponding eigenfunction (U, W) of L are given by
bounded solutions of .

U =V
(5.5) OV = V=D, f)U+W U

W = {U—qW)-2W.

Deng proved in [Den91b] that there is a curve (y(€),c(€)) for all € > 0 sufficiently small
such that the FitzHugh-Nagumo equation (5.3) possesses as twisted heteroclinic loop for
these values of parameters. In particular, he concluded the existence of N-fronts for any
N > 1 using his result [Den91a]. Theorem 1 of the present article provides the distance
of the layers, see Figure 7. Yanagida proved in [Yan89] that the simple fronts ¢;(t) and
g2(t) building the heteroclinic loop are linearly stable with respect to the partial differential
equation, that is the spectrum of the linearized operator (5.4) is contained in the left half
plane except for a simple eigenvalue at zero. Finally, Nii [Nii95b] proved that the 1-fronts
are linearly stable, too, using topological methods - however, he had to assume that the
flow of (5.3) is linear near both equilibria. The next result asserts that in fact all N fronts

are linearly stable and provides asymptotic expansions of the critical eigenvalues.

Theorem 3 The N-fronts (and N-backs) of (5.1) proved to exist by Deng [Den91b] are

linearly stable for all N. The 2N+1 critical eigenvalues near zero are given by Theorem 2.

Note that linear stability implieé nonlinear stability by [BJ89).
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Proof. We shall use Theorem 2 to conclude linear stability of the N-fronts. First note that
the hypotheses (H1) - (H6) needed in that theorem are fulfilled by [Den91b]. Moreover,
by the results in [AG‘JQO] and the stability of the simple fronts proved in [Yan89], it is
sufficient to calculate eigenvalues of the linearized operator (5.4) near zero, see for example
[Nii95b] for a discussion. Indeed, the spectrum of (5.4) does not contain eigenvalues with
non-negative real part and large modulus, see [Eva75]. Comparing the eigenvalue problem
(5.5) and the travelling wave equation (5.3) with equatlon (2.1) and (2.4), we see that they

are of the same form by taking B according to

B =

O = O
o o O

[+

Hence it suffices to prove that the Melnikov integrals

68 w0, Basw) de <0

are negative, where ;(t) are chosen according to hypothesis (H6), see Figures 2 or 8.

Indeed, then the statement of the theorem follows immediately from Theorem 2.

In order to do so, notice that for any solution (u,v,w) of (5.3)

U 0 0
Bl ¢ | = u = v = D.F(u,v,w,c)
a) -

W —5(u —qw)

Figure 8: Conventions used by Deng and the present article.
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holds, where F' denotes the right-hand side of (5.3). In particular, we obtain

(5.7) | w0, Bas®) dt = [ (i(2), DF(a5(2), )

The second integral in the above formula is the derivative with respect to ¢ of the signed

distance of unstable and unstable manifolds measured in the direction %;(0), that is

(59) S (@3(0), DLF(g5(8), ) dt = = (5(0), () = Biaa 0],

where p¥(c) € W*(pj,c) and pi(c) € W*(pj,c), see for example [Kok8§], [Lin90] or
[Den91b]. The last quantity appearing in (5.8) has been computed in [Den91b]. What

is actually computed therein, is

d d s u
9= (€5, P51 (c) = pi(c)) <0,

see [Den91b, (3.1)] for the definition and [Den91b, (5.3a),(5.4a)] for the actual computation.
Moreover, the vectors e; appearing in (5.9) above are chosen in [Den91b, pages 1641 and
1644] such that

(5.10) e; = —1;(0),

see Figure 8. Summarizing, we obtain from (5.7) and (5.8) that the Melnikov integrals

(5.9)

[ twite), B ds D L 0),8(6) — ppa(0)

(629 dic (—e;(0), pj (c) = pi11(c))

(9  d
B ch'7 <0

are indeed negative. Thus the theorem is proved. d
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