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Abstract

We investigate existence and uniqueness of solutions to a class of fractional parabolic
equations satisfying prescribed pointwise conditions at infinity (in space), which can be time-
dependent. Moreover, we study the asymptotic behaviour of such solutions. We also consider
solutions of elliptic equations satisfying appropriate conditions at infinity.

1 Introduction

We are concerned with existence and uniqueness of solutions to the following linear nonlocal
parabolic Cauchy problem:

du=—a(-Au+cu+f in RN x (0,T] =: S
(1.1)
U = ug in .ZRNX{O},

where the coefficient a is a positive function only depending on the space variable x, which
becomes unbounded as |z| — oco; (—A)*® denotes the fractional Laplace operator of order s €
(0,1), N > 2s, while ¢, f,uo € L>°(IR"). Moreover, we investigate existence and uniqueness
of solutions to the linear nonlocal elliptic equation

a(-A)Yu—cu=f in RY; (1.2)

in this case we also suppose that ¢ < 0.

(a) Parabolic problems. The well-posedness of problem (1.1) has been largely studied in
the literature in the local case s = 1 (see, e.g., [2], [8], [12], [15], [16], [17], [18], [22], [28]).
As a matter of fact, if N = 1,2 and s = 1, then there exists a unique bounded solution of
problem (1.1). If N > 3, a special role is played by the behaviour at infinity of the coefficient
a. In particular, if

a(z) <CQA+|x|*)?% for all x € RY, for some C' > 0,0 < 2,
then problem (1.1) admits only one bounded solution (see [2], [15]). Instead, if
a(z) > C(1+|z|*)2 for all z € RN, for some C' > 0,0 > 2,

then problem (1.1) admits infinitely many bounded solutions. More precisely, for any given
g € C([0,1), if
lim up(x) = ¢(0), (1.3)

|z[—00

then there exists a unique bounded solution of problem (1.1) such that

lim w(z,t) = g(¢t) uniformly with respect to t € [0, 7] (1.4)

|z|—>oo

(see [12], [18]). Observe that condition (1.4) can be regarded as a Dirichlet condition at
infinity, which is time-dependent.



More recently, existence and uniqueness results for nonlocal Cauchy parabolic problems
have been established. In this respect, in [1], [19], [20] a quite general class of integro-
differential equations have been treated; it also includes problem (1.1) if there exist two
constants C; > 0,Cy > 0 such that

Cy <a(r) < Cy forall ze RY. (1.5)

Furthermore, the well-posedness for the Cauchy problem associated to the fractional porous

medium equation with a variable density a = a(z) has been studied in [13], [14], [23], allowing

that a(x) — oo or a(z) — 0 as |x| — oco. Moreover, in [25] the uniqueness of solutions of

problem (1.1) with ¢ = 0 in suitable weighted Lebesgue spaces is stated. To be more specific,

let

_8
2

() = (1 + |2 (€ RY),

0 being a positive parameter. Suppose that, for some C' > 0 and « € IR,
a(z) <CA+z)? (zeR).

Let p > 1, then problem (1.1) admits at most one solution u € L‘Z,(ST), provided that one of
the next condition holds:

0<fB<N-2s5,aa€ R; (1.6)

N —-2s< (< N,a<2s; (1.7)
8=N,a<2s; (1.8)

B> N,a<2s,a+3<2s+ N; (1.9)

here LY (St) = {f : S — IR measurable such that fST |f(z,t)[Py(x) dadt < co}. As a
consequence, if @ < 2s, we have uniqueness of solutions in the class of solutions that satisfy

lu(x,t)] < C(1+|z|*)% forall 2z € RV, t>0,

for some C' > 0 and o € (0,25 — ).

In the present paper, where we use completely different methods from those in [25], we
always assume that

(Ho) there exist Cy > 0, a > 2s such that a(z) > Co(1 + |x|?)%  for all z € R .

Clearly, this case is not covered by [1], [19], [20], since (1.5) is not satisfied. Moreover,
hypothesis (Hp) excludes that (1.7), (1.8), (1.9) can hold; in the sequel we also discuss the
case in which both (Hp) and (1.6) hold.

It is worth mentioning that the unbounded diffusion coefficient a(z) is very important
for the applications, see for instance, for the local case, [2], [8], [11], [22], [24]. Clearly, the
same models with the unbounded diffusion coefficient a(z) occurs when considering nonlocal
diffusion, for instance, in association with non-Gaussian stochastic processes, that, starting
from any point in IR™, can reach infinity (see, e.g., [5]).

We prove (see Theorem 2.7) that there exists a unique solution of problem (1.1) such that
(1.4) is satisfied, provided (1.3) holds; furthermore,

lul < Ce’T in RN x[0,7], (1.10)

for some C' > 0 and 3 > 0. This result generalizes to the case of nonlocal operator the results
in [12] and in [18].

In proving this result, at first for any j € IN, we consider the wiscosity solution of a
suitable approximate problem in a large cylinder B; x (0,77; here and hereafter for each
R >0, B := {x e RY : lz| < R}. For such problem existence, uniqueness and regularity



results have been given in [3], [4]. Then using suitable super- and subsolutions and standard
compactness arguments we obtain the existence of a solution of problem (1.1), satifying the
estimate (1.10), which depends on 7. Then, in order to show that condition (1.4) holds, proper
sub- and supersolutions are introduced (see (4.25) and (4.38) below). In the construction of
these sub— and supersolutions, which also depend on the time variable ¢ , a special role is
played by a supersolution V € C2(IRY) of equation

—a(=A)*V = -1 in RN\ Bg,, (1.11)
for some Ry > 0, such that
V(z)>0 forall ze RY, | llim V(z) =0, (1.12)

which has been appropriately constructed (see Proposition 3.1).
Moreover, we show that similar results hold for problem

ou=—a(=A)u+cu+f in RN x(0,00)
(1.13)
u =g in RY x {0},

provided ¢ < 0 (see Theorem 2.8). Note that, in this case, condition (1.4) is replaced by

lim wu(z,t) = g(t) uniformly with respect to t € [0,00). (1.14)

|z —o0

In order to impose condition (1.14), we need to show preliminarily that the solution satisfies
the bound
lul <C in RY x (0,00), (1.15)

which is global in time. In order to obtain this estimate, we use a positive viscosity superso-
lution h € C(IR"N) of equation

—a(-A)*h = -1 in RV . (1.16)

Note that the proof of the existence of such a supersolution A is rather technical (see Propo-
sition 3.2); indeed, we also show that

h(z) >0 forall z€ RN, lim h(z) = 0. (1.17)

|z —o0

Let us describe in general terms the deep relation between our results and stochastic
calculus for jump processes. In fact, equation (1.16) completed with condition (1.17) can be
regarded as the counterpart on IRY for the operator a(—A)* of the first exit-time problem in
a bounded domain for (—A)°. Note that the first exit-time problem in Bpg, in the case a = 1,
has been studied in [6], [10]. In fact, in [6] and in [10] it is outlined the connection between
the so-called first exit time problem

—(—=A)*u = =1 in Bpg
(1.18)
u=0 in (ZRN\BR)7

and the first exit-time from Bpr of the jump process associated to (—A)?®, starting from any
point in Br. Moreover, it is well-known that if any point of the boundary of a bounded
domain of IR can be reached by the jump process associated to a nonlocal diffusion operator
starting from points inside the domain, then the Dirichlet problem admits a unique solution
that takes continuously a given datum at the boundary (see, e.g., [27]).



Now, equation (1.16), completed with condition (1.17), corresponds to problem (1.18) in
the limit case R = oo, and it is somehow related to reachability of infinity by the jump
process associated to the operator a(—A)® (see [5], [11]). In particular, from the existence
of the supersolution h it follows that infinity can actually be attained by the jump process
starting from any point 2o € IR". This property is usually expressed saying that the process
is transient. Therefore one can expect that there exists a unique solution of problem (1.1)
which satisfies conditions of Dirichlet type at infinity . Indeed, we prove this.

We should mention that, to the best of our knowledge, in the literature no results con-
cerning the prescription of general Dirichlet conditions at infinity for solutions of nonlocal
parabolic (or elliptic) equations have been obtained before the present paper.

Finally, we prove that the solution u(x, t) of problem (1.13) satisfying (1.14) admits a limit
function as t — oo. In fact, the function

W(x) := tlgr()lQ u(x,t) (z € RY)

is the unique solution of equation (1.2) such that

Jim W(@) = 7. (1.19)
provided
v = tlim g(t) (1.20)

(see Theorem 2.11). Such result is shown by adapting to the present situation the method
of sub- and supersolutions used in [26] in the case of bounded domains of IRY for ”local”
parabolic equations. Indeed, some important changes are in order, in view of the nonlocal
character of the problem and since we prescribe conditions as |z| — co.

Now, let us discuss the case that both (Hp) and (1.6) hold. In view of existence results
described above, for any g1, g2 € C([0,T]) with g1 Z go there exist two solutions u; and ug of
problem (1.1) such that

ui(x,t) — g1(t), wua(z,t) — go2(t) as |z| — oo, uniformly for ¢ € [0,7].
Set w := w3 — ug. Since g1 Z g2, there exists ¢y € [0,7] such that
w(z,to) — g1(to) — g2(to) #0 as |z| — co.

Therefore, w ¢ LZ (ST), with the choice of 3 required in (1.6). Hence, the uniqueness result
in [25] cannot be applied to conclude that w = 0. So, obviously, the results in [25] and those
described above are not in contradiction.

(b) Ellipitc equations. In the local case, some existence and uniqueness results for equations
(1.2) with s = 1 can be deduced from general results in [24] . Moreover, the case 0 < s < 1 has
been treated in [25]. In particular, it is shown that uniqueness results in L}, (IRY), analogous
to those recalled above for the parabolic problem, holds, if ¢ < —c¢y with ¢o > 0 large enough .
Consequently, if a < 2s, we have uniqueness of solutions in the class of solutions that satisfy

lu(z)] < C(1+|z>)% forall z € RV,

for some C' > 0 and o € (0,25 — ). On the other hand, only requiring that co > 0, it is shown
uniqueness in L€1+|$DN725+°‘ (RN, if o < 2s.

From the result concerning the asymptotic behaviour of solutions of problem (1.13) recalled
in (a) above, we can infer that for any v € IR there exists a unique solution u of equation
(1.2), which satisfies

lim w(z) = ~. (1.21)

|z|—o0



However, we also prove this existence and uniqueness result independently, without using
results for parabolic problems. In fact, we solve a proper approximate problem in a large
ball B; for any j € IN. In order to obtain a uniform bound, for any j € N, for the solutions of
such problems we use in crucial way the supersolution h of equation (1.16). Then, by standard
compactness tools, we get a solution of equation (1.2). Using again the supersolution h, and
in particular the fact that (1.17) holds, we impose that (1.21) holds.

We devote the forthcoming Section 2 to the precise statement of the main results obtained
in this paper (see in particular Subsection 2.1).

2 Mathematical framework and results

The fractional Laplacian (—A)*® can be defined by Fourier transform. Namely, for any function
g in the Schwartz class S, we say that

(—A)2g=h,
if )
h(&) = [£]7g(€)- (2.1)

Here, we used the notation h= $h for the Fourier transform of h. Furthermore, consider the
space

L3(RY) :={u: RY — IR measurable | Mdm <00y,
RN 1 + |x|n+23

endowed with the norm

lu(z)]
s(RNY 1= — = dx.
[ull () /IRN 1+ |z|Nt2s x

If u € £5(RY) (see [27]), then (—A)*u can be defined as a distribution, i.e., for any ¢ € S,
/ p(=A)Y’udr = / u(—=A)’pdx.
RN RN

In addition, suppose that, for some v > 0, u € L5(IR™) N C*+t7(RYN) if s < %, or u €
L(RNYNCLETTTHRY ) if s > 1. Then we have

loc
(—A)*u(z) = O PV. /]RN Wdy (z € RY), (2.2)
where
Cn. = 225sT((N + 25)/2)
* aN2T(1—s)

I’ being the Gamma function; moreover, (—A)%u € C(IRY). In the sequel, for simplicity, we

shall write ( ) ( ) ( ) ( )
u(z) —u(y) , u(z) —u(y N
— 7 77 =P.V. — 77 .
/RN oy W =EY /R g (@R

Note that the constant C'y , satisfies the identity

(A u=F(|¢*Fu), ¢€ R uesS,

1 — cos(& -

so (see [7])



Concerning the coefficients a and ¢, and the function f we always make the following
assumption:

() (i) a€CLi(RN) (0 €(0,1)), a(z)>0 foral ze RY;

! (it) e feCrT(RY) N L>(RY).
Now we can give the definition of solution. Let 2 C RY be an open subset.

Definition 2.1 We say that a function u is a subsolution to equation

hu =—a (—A)SU +eu+f in Qri=Qx (OvT] ) (23)

if
(i) w is upper semicontinuous in St ;

(it) for any open bounded subset U C Qr, for any (xo,to) € U, for any test function ¢ €
C?(S7) such that u(zo,to) — ¢(zo,t0) > u(z,t) — @(x,t) for all (x,t) € U, one has

Optp(wo, tg) < —al(xo)(—A)*Y(x0,t0) + c(wo)u(xo, to) + f(20),
where
v nU

Y= (2.4)
u in ST \U.

Furthermore, we say that a function u is a supersolution to equation (2.3) if
(i) w is lower semicontinuous in St ;

(i) for any open bounded subset U C Qr, for any (zo,to) € U, for any test function ¢ €
C?(St) such that u(zo,to) — p(xo,t0) < u(x,t) — @(x,t) for all (x,t) € U, one has

(o, to) > —a(wo)(—=A) (o, t0) + c(zo)u(zo,to) + f(z0),

where v is defined by (2.4). Finally, we say that u is a solution to equation (1.2) if it is both
a subsolution and a supersolution to equation (2.3).

Let g € C([0,T]), ug € C(IRY) with
uo(x,0) = g(0) for all z € R™\Q. (2.5)
Consider the problem

Ou=—a(-A¥u+cu+f inQr
u=g in (R \ Q) x (0,7 (2.6)
u =g in RY x {0}.

Definition 2.2 We say that a function u is a subsolution to problem (2.6) if

(i) u is upper semicontinuous in St ;

(i1) w is a subsolution to equation (2.3);
(ii) u(x,t) < g(t) for allz € RN\ Q,t € (0,T] and u(z,0) < ug(z) for all =€ RN .
Similarly, supersolutions are defined. Finally, we say that u is a solution to problem (2.6) if

it is both a subsolution and a supersolution to problem (2.6).

Observe that according to our definition, any solution of problem (2.6) takes continuously the
initial datum uo and the boundary datum g.



Definition 2.3 We say that a function u is a subsolution to equation
a(=A)°u —cu=f in Q, (2.7)
if
(i) w is upper semicontinuous in R™ ;

(ii) for any open bounded subset U C Q, for any xo € U, for any test function p € C2(IR™)
such that u(zo) — p(xo) > u(x) — @(x) for all z € U, one has

a(x0)(=A)*¢(x0) — c(zo)u(zo) < f(w0),
where Y is defined by
p nU
P = (2.8)
u in RN\U.
Furthermore, we say that a function u is a supersolution to equation (2.7) if
(i) w is lower semicontinuous in IRY ;

(ii) for any open subset U € Q, for any xog € U, for any test function o € C%() such that
u(zo) — w(xo) < ulz) — p(x) for all x € U, one has one has

a(zo)(—A)*Y(x0) — c(zo)ul(zo) > f(20)-

Finally, we say that u is a solution to equation (2.7) if it is both a subsolution and a
supersolution to equation (2.7).

Consider the following problem

—a(=APu—cu=f inQ
(2.9)
u =~ in (RY\Q),
where v € IR.

Definition 2.4 We say that a function u is a subsolution to problem (2.9) if
(i) u is upper semicontinuous in R™ ;

(1) w is a subsolution to equation (2.7);

(iii) w(x) <~ for all z € RN \ Q.

Similarly, supersolutions and solutions are defined.

In the next two Remarks we summarize existence, uniqueness and regularity results shown
in [3, 4], for problems (2.6) and (2.9), that will be used in the sequel.

Remark 2.5 Let Q@ ¢ RN be an open bounded subset with O of class C'. Let assumption
(H,) be satisfied. Let g € C([0,T]),uo € C(IRN) N L®(IRN); suppose that condition (2.5) is
satisfied. We have that

(1) there exists a unique solution to problem (2.6);
(#) the comparison principle holds for problem (2.6);
(#7) if u is a solution of equation (2.3), then, for some 0 < p < 1, for any open subset

Q' cc Q7€ (0,7T] we have

‘U(Z‘,tl) - U(y,t2)| < C(|ZE - y|H + |t1 — 12 %) fO’f’ all T,y € letlatQ € [Tv T]7

for some constant C' > 0, which only depends on ||u||s, N, a,c, f .



Note that (i) — (i7) follow from [8, Section 4.3], while (iii) is a consequence of the results in
[4] (see also the comments at the end of page 2 in [4]).

Remark 2.6 Let Q ¢ RY an open bounded subset with OQ of class C'; let v € IR. Let
assumption (Hy) be satisfied. Assume that ¢ <0 in Q. We have that
(1) there exists a unique solution to problem (2.9);
(#) the comparison principle holds for problem (2.9);
(#1) if u is a solution of equation (2.7), then, for some p € (0,1), for any open subset
Q' ccQ,
[ullcoway < C,

for some constant C' > 0, which only depends on ||ul|s, N, a,c, f.

Note that (i), (i7) follow from [3, Theorem 2]) and [4, Theoreml]), whereas from Theorem 2
and the comments at the end of page 2 in [4] it follows (ii1).

2.1 Main results: existence, uniqueness and asymptotic behaviour
of solutions

Concerning existence and uniqueness of solutions of problem (1.1) we have the next result.

Theorem 2.7 Let assumptions (Hy), (H1) be satisfied. Let T > 0. Let g € C([0,T]),uo €
C(R™) N L=(IRY); suppose that condition (1.3) is satisfied. Then there exists a unique
solution u to problem (1.1) such that condition (1.4) is satisfied. Furthermore, (1.10) holds.

Under the extra hypothesis that ¢ < 0, we have the next existence and uniqueness for
problem (1.13).

Theorem 2.8 Let assumptions (Hy), (H1) be satisfied. Let g € C([0,00)) NL>((0,00)),up €
C(IRN)NL®(IRN), ¢ < 0; suppose that condition (1.3) is satisfied. Then there exists a unique
solution to problem (1.13) such that condition (1.14) is satisfied. Furthermore, for some
C >0, (1.15) holds.

Remark 2.9 Observe that the estimate in (1.10) depends on T > 0, while that in (1.15) is
independent of T. In order to get (1.15) we use the further hypothesis ¢ < 0.

Concerning the elliptic equation (1.2) we show the next result.

Theorem 2.10 Let assumptions (Ho), (H1) be satisfied. Let v € IR; suppose that ¢ < 0
in RN . Then there exists a unique solution to equation (1.2) such that condition (1.21) is
satisfied.

The next theorem is concerned with the asymptotic behaviour as ¢ — oo of solutions of
problem (1.13).

Theorem 2.11 Let assumptions of Theorem 2.8 be satisfied. Let v :=limy_ g(t). Let u be
the unique solution to problem (1.1) such that (1.4) is satisfied. Suppose that condition (1.20)
holds. Then

tlirgc u(x,t) = W(z) forall x € RY,

where W is the unique solution of equation (1.2) satisfying condition (1.19).

Remark 2.12 Note that the existence result in Theorem 2.10 can be regarded as a consequence
of Theorem 2.11. In fact, from Theorem 2.11 in particular we obtain the existence of a solution
W(z) := lim— u(x,t) of problem (1.2), where u(x,t) is the solution of problem (1.1) with
g(t) = v and wuy satisfying (1.3). However, in Section 4 we give an independent proof of
Theorem 2.11, without using results concerning the parabolic problem. Finally, observe that
the supersolution h(zx) of equation (1.16) plays a crucial role both in the Proof of Theorem
2.10 and in that of Theorem 2.11 .



3 Construction of stationary supersolutions

Let us introduce the hypergeometric function

oFi(a,b,c,0) = F(a,b,c,0)
with a,b € R,c > 0,0 € IR\ {1}. The next limits holds (see [21, Chapters 15.2, 15.4]):
I'(c)I'(c—a—1b)

Ulir?i F(a,b,c,0) = T(c—al(c—b)’ (3.10)

where I' is the Gamma function. Note that
I'(t)>0 forall t>0. (3.11)

For any C > 0,3 > 0 define the function
V(z):=C(1+[z?)"% (zeR"). (3.12)

Concerning the function V', we show the next result.

Proposition 3.1 Let assumptions (Hy), (H1) — (i) be satisfied. There exists C > 0,8 > 0
and Ry > 0 such that the function V satisfies

—a(z)(=A)*V(z) < =1 for allz € RN \ Bg, . (3.13)

In particular, V is a supersolution of equation (1.11) in the sense of Definition 2.3. Moreover,

(1.12) holds.

Proof. To begin with, observe that since V€ C(IRY), we have that (—A)*V € C(]I:?N) (see
Section 2). From the proof of Corollary 4.1 in [9] it follows that, for some constant C' > 0,

—(=A)*V(z) = ~CCF(a,b,c,—|z|*) whenever |z| > 1, (3.14)
with N 5 N
aZ?—i—s, b=§—|—s, ="

By Pfaft’s transformation,

1 |z[?
F(a,b,c,—|z*) = WF (c —a,b,c, 1+|$|2> for all z € RN \ B;. (3.15)

Suppose that 0 < 8 < N. Hence, as a consequence of (3.10) we get
N N-8
N Ll NEINE
lim F(s,ﬁ+s,, il 2) = 2 2 — K. (3.16)
|| —o0 2 271+ |z] F<%+S)F(N;ﬂ,s)

Now, we choose 0 < § < N —2s, so we have K > 0. Due to (3.14), (3.15), (3.16), we can find
Ry > 0 such that

CCK
—(=AV(z -z
T e

If we select § that also satisfies 0 < § < a — 2s, then (3.17) and (Hj) yields (3.13), provided
that

for all 2 € RN \ Bp, . (3.17)

>_2_
CoCK
Since V € C=(IRY), it easily follows that V is a supersolution of equation (3.13) in the

sense of Definition 2.3. Finally, the properties in (1.12) immediately follow from the very
definition of V. O

C



Proposition 3.2 Let assumptions (Hy), (H1) — (i) be satisfied. Then there exists a superso-
lution h of equation (1.16) in the sense of Definition 2.3, which satisfies (1.17).

Proof. Let Ry, C and V be given by Proposition 3.1. Take R > Ry. From the results in [10]
it follows that, for a certain C; = C1(N, s) > 0, the function

W(x) = W(la|) == C1 (B~ )" (2 € RY).

solves
—(=A)*u = —1 in By
(3.18)
u=0 in RV \ Bj .

Hence, it easily follows that for each pg > 0, 11 > po maxg % and po > 0, the function
W(z) = W(|z|) = mW(x) +p2 (v € RY)
is a supersolution of problem
—a(x)(=A)°u = —po in By
(3.19)
u = o in RV \ Bj .

For any C > 0 set ~ ~ _
V(z)=V(z]):=CV(z]) (ze€RY).

We see that for suitable ps > 0, R> 0,C >0, possibly depending on C, Cy, u1, 3, s, we have

. . R .
V() >W(0), V<W in X R (3.20)
In fact, if
_8
R 2 2
CC |1+ <2> <y < CC — iy CL R (3.21)
then (3.20) holds. Now, if we take
C=RYY, g = RETVAHS (3.22)

with
0<d<fB, v>max{0,0—s+2},

then, it is direct to see that, for B > 0 large enough, (3.21), and so (3.20), holds.

In view of (3.20), there exists R € (0, R/2) such that W (R) = V(R). Indeed, such R is
unique. To see this, take any 12 > 0 such that W(R) = V(R). In view of (3.20) and the very
definition of W and V' we have that R € (0, R/2). So,

RP—R>>1, (3.23)
provided R>2. Moreover, it is direct to check that if we show that
W'(R) > V'(R), (3.24)
then such R is unique. In order to show (3.24), note that (3.24) is equivalent to

spuC1(1+ R?) < B(R? — R)'3V(R). (3.25)
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Now, since ~ .
sulCl(l + RQ) S 8/1,101(1 + Rz) s

in view of (3.23), (3.25) follows if we prove that
sp1Cr(1+ R?) < Bug . (3.26)

Clearly, (3.26) is a direct consequence of (3.22), provided that R > 0 is large enough. Hence,
we have that (3.24) is satisfied, and so R is unique. Therefore,

V>W in B, V(R)=W(R), V<W in R"\Bj. (3.27)
Furthermore, since o -
V(R) = W(R),
we get
,U2(1 + R)% Z éC - mClRS(l + RQ)g,
thus, (3.22) yields
_ As+u
(1 +R2)§ S CR

S SN
This implies that we can choose R > 0 so large that R € (Ro, R/2).

Define B
h:=min{V, W} in RY.

We claim that h is a supersolution of equation
—a(—A)*h = —min{uy,C} in RY.

In fact, since V' is a supersolution of equation (1.11), by Definition 2.3 and (2.2), for any open
bounded subset Q' C RN\ Bg,, for any z € €/, for any test function ¢ € C2(IR") such that
V(zo) — p(x0) < V(z) — ¢(x) for all x € ', one has

V@) =), o

C
a(z0)On,s x| — gV 20 /i

where 1 is defined by (2.8) with u replaced by V and U by €. Hence

a(20)C,s {/Q 7¢(x0)y_|1fgg)dy+/l% Vi)~ Viy) }Xfi)dy} >C. (3.28)

/zo — Mo [To—y

Similarly, since W is a supersolution of problem (3.19), we have that for any open bounded
subset U C Bp,, for any o € U, for any test function ¢ € C2(IRY) such that W (zo) —¢(z¢) <
W(z) — ¢(x) for all z € U, one has

(z0) — ¢(y) W(xo) — W(y)
o { [ Ay [ E D o

Now, take any o € IRY with |zo| > R, any open bounded subset U ¢ R™ with ¢ € U,
and any test function ¢ € C?(IRY) such that h(zg) — ¢(z¢) < h(z) — @(z) for all z € U. Set

@ inU

P = (3.30)
h in RV\U.

11



Note that, due to (3.27), we have

For any 0 < € < R — Ry, we have U; :=U N (RN \ BRO+€) cRY \ERO,Z‘O € Uy. Moreover,

o(x) <V(z) forall zelh, ¢(zo)=V(xo). (3.32)
So, from (3.28) with Q' =U; we get

¢(w0) — o(y) V(wo) = V(y) .
a(zg)Cn,s {/u —— 2 dy + /RN\ul |xo—y|N+25dy} >C. (3.33)

, |wo —yN T2

Due to (3.27) and (3.31), since h < V in R", we have

a(z0)Cn.s {/u de/R f%dy} > (. (3.34)

i ‘{EO — N\Ul |$0 —

Set Uy := U N Bry+e. In view of (3.34), since p(zo) — ¢(y) > h(xzo) — h(y) for all y € Us we
have

U(zo) — vy)

a(20)Cn s y|N+2s

u |To —
p(z0) — (y) / h(zo) — h(y)
= Cn s "y + —— 2
a(@0)Cn, {/U lzg — y|NF2s Y BN\U |20 — Y|V T2 Y
p(z0) — ¢(y) / h(xo) — h(y)
o [ EE [ b ),
a(zg)Ch, { v, |0 — V¥R Y R\ 7o — y|N+2s Y

_/u h(zo) — h(y) dy+/uz o(x0) — w(y)dy} S é.

, w0 — y|NF2s |z — y|N+2s

(3.35)

Now, take any zo € R™ with |zo| < R, any open bounded subset U C RY with zy € U,
and any test function ¢ € C2(IRY) such that h(zo) — ¢(20) < h(z) — p(z) for all z € U. Let
¥ be defined by (3.30) . Note that (3.27) gives

h(zo) = W (o). (3.36)
For any 0 < e < R — Ry we have U, := U N Bi_. C Bp,xo € U;. Moreover,

p(x) <W(z) forall xely, ¢(xg)=W(xg)-. (3.37)

So, from (3.29) with Q' =U; we get

¢(z0) — ¢(y) / W(xo) — W(y)
Cn.s ———d ——————"2dy p > o - 3.38
a(xo) N, {/Z/h |z — y[N+2s Y+ - g — y|N+2s Yo = Mo ( )
Due to (3.36) and (3.38), since h < W in IRY, we have
p(zo) — ¢(y) / h(zo) — h(y)
Cn.s ———=d ———————2dy » > Lo - 3.39
a(z0)Ch, {/Lh |zo — y|N+2s Y+ v, [0 — YN Yo = Mo (3.39)
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Set Us :=U N (ZRN \ Bz_.). In view of (3.39), since ¢(z¢) — ¢(y) > h(xo) — h(y) for all
y € Us we have

b(zo) — vy)

a(zo)Cn s e

u |To —

— a(20)Cx.s { eleo) — o) 4, | / Wdy}
R

u lwo —y| Nt Ny |96;)l— ) (3.40)
x0) — xo) —
- ey [ Sy} = .
From (3.35) and (3.40) the claim follows. Therefore,
h:=Ch in R",
with C' > max {/Tlo’ %} , is a supersolution of equation (1.16); moreover, it is immediately
seen that it satisfies (1.17). O

4 Proofs of existence and uniqueness results

To begin with, let us show the next quite standard comparison principle.

Proposition 4.1 Let assumptions (Hy), (H1) be satisfied. Let u be a subsolution of problem
(1.1), let v be a supersolution of problem (1.1). Suppose that both

limsup(u —v) < 0 wuniformly fort € [0,T].

‘z‘—mx)

Then
u<v in Sr.

Proof. Set w :=u —v. Let € > 0. Then there exists R, > 0 such that

lw(z,t)| <e forall ze RN\ Bg, ,tel0,T].
Hence w is a subsolution of problem

Ov =—a(—=A)*v+cv in Bg, x (0,7

v =e¢ in (R"\ Bg,) x (0,7 (4.1)

v=0 in RY x {0}.
Moreover, it is easily seen that the function

z(z,t) = eelel=t  (z € RNt €[0,77)
is a supersolution of problem (4.1). By the comparison principle (see Remark 2.5),
w<z in RY x[0,7]. (4.2)

Similarly, it can be shown that

w>—z in RY x[0,T]. (4.3)

13



Letting € — 07, we get w = 0 in IR"™ x [0,T]. Hence the proof is complete. O

Let us prove Theorem 2.7. Hereafter, {(;} C C°(B;) will be a sequence of functions such
that
0<¢ <1, (=1in Bjj, foreachjec IN. (4.4)

Proof of Theorem 2.7. For any j € IN let u; be the unique solution (see Remark 2.5) of the

problem
Ou=—a(—A)’u+cu+f in B; x (0,7

u=g in (RY\ Bj) x (0,T] (4.5)

U = Ug,j in RN x {0},

where
ug () == ¢j(x)uo(x) + [1 — ¢;(2)]g(0) for all x € B;.

It is easily seen that the function
o(z,t) = CePt ((z,t) € RN x [0,T))
is a supersolution of problem (4.5) for any j € IN, provided that
B=1+4llelloc, € = max{||fllc; llglloo: luollec} -
Thus, by the comparison principle (see Remark 2.5),
uj(z,t) < o(x,t) forall (z,t) € RN x [0,T]. (4.6)
Furthermore, the function
v(a,t) = —Ce’' ((z,t) € RN x [0,T])
is a subsolution of problem (4.5) for any j € IN. Thus, by the comparison principle,
uj(z,t) > v(z,t) forall (z,t) € RN x [0,T]. (4.7)
From (4.6)-(4.7) we obtain
|uj(z,t)| < CePT =: Kp for all (z,t) € RN x[0,T]. (4.8)

By the a priori estimates recalled in Remark 2.6-(i4i) and usual compactness arguments, there
exists a subsequence {u;, } C {u;} and a function u € C'(Sr) such that

w:= lim w;, uniformly in D x [7,T],
— 00
for any compact subset D C IR™ and for any 7 € (0,T). For simplicity we still denote {u;, }

by {u;}. In view of stability properties of viscosity solutions under local uniform convergence,
the function u is a solution of equation

ou=—a(-APu+cu+f in RN x(0,7].
Claim 1: We have that

lim+ u(z,t) = uo(x) for any z € RY.
t—0

In fact, let g € RYN. Take Jo € IN so large that zg € Bj,/2. In view of the definition of
{¢;} (see (4.4)) there exists dg > 0 such that for any j > jo

uj(z,0) = ug,j(x) = up(x) forall z € Bs,(xo). (4.9)
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Since ug € C(IRY), for any 0 < € < 1 there exists § € (0, o) such that
—e < wup(x) —uo(zp) < e forall x € Bs(xp). (4.10)
From (4.9), (4.10) it follows that for any 0 < ¢ < 1 and any j > jo there holds
—e < uj(z,0) —ug(xg) < e forall x € Bs(xog). (4.11)

Let
x(z;z0) = x(z) = |z — 170|2 (:E € BN) .

Since x € C®(IRY), we have that (—A)*y € C(IRY). Define
h(z,t) == [x(z) + At]e" (z € RN, t€0,4]),
O(x,t) == Mh(x,t) +uo(xo) +¢ (z e RN, tel0,d]),
where A > 0,17 > 0, M are constants to be determined. We have that
O0(x,t) = M[Ae" + nh(z,t)] (z € RN, t€0,d]),

whereas

—a(z)(=A)"0(z, 1) + c(x)v(z, ) + f(x)
< Me™ max |a(=A)"x| + Me(@)h(z,t) + el (Juolloc +1) + Il (2 € BRY,t € [0,4]).

Bs(zo)
Therefore,
ov(z,t) > —a(z)(—=A)*v(z, t) + c(x)v(z,t) + f(z) (v € RNt e [0,4]), (4.12)
if
n2 e, A= max |a(=2)*x| + lleloo (luollos + 1) + 1| flloo - (4.13)
s(Zo

Furthermore, since
h(x,t) > 6% for all x € RN \ Bs(xo),t € [0,d],

it easily follows that

O(x,t) > uy(x,t) for all @ € RN\ Bs(xo),t € [0,6], (4.14)

if ol

T
M > 7 (4.15)
From (4.11) we get
(x,0) > u;(x,0) for all z € Bs(zo), (4.16)
while

T(z,0) > M&% + ug(xo) > uj(x,0) for all € R™ \ Bs(xo), (4.17)

due to (4.15).
Suppose that (4.13), (4.15) hold. Then, by (4.12), (4.14), (4.16), (4.17), for any j € IN, j >
R the function  is a supersolution (in the sense of Definition 2.2) of problem

v =—a(=A)¥v+cv+ f in Bs(xg) x (0,9]
v =1y in (]RN \ Bs(z0)) % (0,4] (4.18)

v =y in RY x {0},
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while u; is a solution of the same problem. By the comparison principle (see Remark 2.5) we
obtain
u; <v in Bs(xo) x (0,6]. (4.19)

Define
v(x,t) == —Mh(z,t) + up(zo) —e (z € RN, te€0,d]);

suppose that (4.13) and (4.15) hold. By the same arguments as above, we can show that there
holds
uj > v in Bs(zg) x (0,6]. (4.20)

Inequalities (4.19)-(4.20) yield

—Mh(z,t) — e < uj(z,t) —uo(wo) < Mh(z,t)+e (4.21)
for all z € Bs(xp),t € [0,4]. Letting j — oo, thus we obtain

—Mh(z,t) —e < u(z,t) —up(wog) < Mh(z,t)+e€ (4.22)

for all z € Bs(xg),t € (0,6]. Letting x — =xo,t — 07, and then ¢ — 0T, we get that
limy 4, u(x,t) = up(zo). Hence the Claim 1 has been shown.

Claim 2: We have that

lim wu(x,t) = g(t) uniformly with respect to ¢ € [0,7].

|| — o0
In fact, fix any 79 € [0,77,0 < € < 1. Since g € C([0,T]), there exists 6 € (0,1) such that
g(to) —e < g(t) < g(to) + € for any t € [t5,15], (4.23)

where
ts :=max{to — 6,0}, &5 :=min{to+,T}.

Clearly, 6 = §(e) does not depend on tg. Furthermore, due to (1.3), there exists R. > 0 such
that
9(0) — € < up(x) < g(0) +€ forall 2 € RN\ Bg, . (4.24)

Let R > max{Ry, R.} with Ry given by Proposition 3.1; set
NJR :=B;j\Br forany j>R.
Define
w(w,t) == =MV (x)e™ — Xt —to)? + g(tg) —e for all (x,t) € RN x[0,T], (4.25)

where M > 0,17 > 0, A > 0 are constants to be chosen in the sequel, while V(z) = V(|z|) is
the supersolution given by Proposition 3.1.

In view of Proposition 3.1, we have
—a(x) (=AY wtc(x)w > Me" M c(x)V (x) €™ —||c| oo (|lg]lcc+A+1)  for all x € NJR,t €[0,7].
Therefore,

Ow+a(—A)Y’w—cw—f
< —nMVe™ —2\(t — tg) — Me™" + cMVe (4.26)
+llelloo (llglloe +A+1) + [[flloo <O in NJ*x (0,77,
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if we take

12 llelloo (4.27)
M 22X+ [| flloo + llelloo(lglloo + A+ 1) + [ Flloo - (4.28)
In view of (4.8), we obtain

w(z,t) < —MV(R) + ||glloc < —Kr <wuj(z,t) forall € Bg,te€ (ts,1s), (4.29)

! ol + K

Jlloo + KT
M>— 4.30
> Lot (4.30)
From (4.23) we have

w(z,t) < g(t) forall x € RN\ Byt € (t,1s). (4.31)

Suppose that t; = 0 (note that this is always the case when to = 0). From (4.24) and
(4.23)
w(z,0) < g(0) — € <uj(z,0) = up () forall z€ R\ Bg; (4.32)

while
w(z,0) < —MV(Re) + ||glloc £ —K7r < uj(x,0) forall z € Bpg, (4.33)

provided that (4.30) holds.
Suppose that t5 > 0. It follows from (4.8) that

w(z, ts) < =A%+ ||glloe < —Kr < ujx,ts) forall z€ RNt € (ts,15), (4.34)
! [9lloc + K
Illoo + K7
et (4.35)

Now, suppose that (4.27), (4.28), (4.30), (4.35) hold. By (4.26), (4.29), (4.31), (4.32),
(4.33), (4.34), for any j € IN,j > R, the function w is a subsolution (in the sense of Definition
2.2) of problem

O =—a(=A)yv+cv+ f in NF x (t5,15]
v = u, in (RN \ NF) x (0,T] (4.36)

v =uj in RY x {0},

while u; is a solution of the same problem. By the comparison principle (see Remark 2.5) we
obtain
w<wu; in NJR X (ts,ts] - (4.37)

Define
W(x,t) == MV (x)e" + Xt —t0)? + g(to) + € forall z € RN, te0,T]; (4.38)

suppose that (4.27), (4.28), (4.30), (4.35). By the same arguments as above, we can show
that there holds
W>wu; in NP x (ts,1s) . (4.39)

From (4.37) and (4.39) we get
MV (z)e™ — A\t —to)? — € < uj(z,t) — g(te) < MV (z)e™ + N\t —t9)* +¢ (4.40)
for all z € N, t € (t5,15] . Choosing t = to in (4.40) and letting j — oo, we obtain

—MV ()e" — e < ulz, to) — g(ty) < MV (x)e" +€ forall € RV \ Bg. (4.41)
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From (4.41) it follows that

sup |u(z,to) — g(te)] < CV(z) +e forall € RY\ By, (4.42)
toE[O,T]

where C' := Me"T. Due to (4.42) and (1.12), letting |z| — oo, € — 0T, we obtain (1.4). Hence
the Claim 2 has been shown.
Finally, this solution is unique, due to Proposition 4.1. O

Now we prove Theorem 2.8. We follow the same line of arguments of the proof of Theorem
2.8, but there is an important difference. In fact, we need to substitute the estimate (4.8),
which is dependent on 7', by another one independent of 7. In order to obtain such better
estimate we use the supersolution h constructed in Proposition 3.2.

Proof of Theorem 2.8. Arguing as in the proof of Theorem 2.7 we construct the sequence
uj(z,t) of solutions of problem (4.5) with T' = oco. Let h(z) be the supersolution provided by
Proposition 3.2. Then obviously

Vo(x) := h(x) — }él]g h+1 (4.43)

is also a supersolution of (1.16) and Vy(x) > 1. Let B := max{||f|co, [|%0l/co, ||¢]|oc }- Since
¢ < 0, we have that BV} is a supersolution of problem (4.5), while —BVj is a subsolution of
(4.5). Thus, by the comparison principle,

"U,j| < BVO in Bj X (0,00) . (444)
Passing to the limit as j — co we obtain that
lu| < BVy < C := B||Vh|loe in RN x (0,00). (4.45)

Note that estimate (4.45) substitutes estimate (4.8) which is depending on T'. Now, consider
the functions w and w defined in (4.25) and in (4.38), respectively. Suppose that n = 0,

llgllso C llgllso c
A>T M>
- 2 7T T V(R)
and (4.28) holds. Note that M and A do not depend on T'. Since ¢ < 0 and (4.45) holds, by

the same arguments as in the proof of Theorem 2.7 we can infer that for any ¢ > 0

sup |u(z,to) — g(to)| < MV(z)+e€ forall z€ RN\ Bg. (4.46)
t()E[0,00)

Thanks to (4.46) and (1.12), letting |z| — oo, e — 07, we obtain (1.14). Finally, this solution
is unique, due to Proposition 4.1. This completes the proof. O

We have the next quite standard comparison principle.
Proposition 4.2 Let assumptions (Hy), (Hy) be satisfied. Suppose that ¢ <0 in RY. Let u

be a subsolution and v a supersolution to equation (1.2) such that

limsup(u —v) < 0.

Then
u<v n RrRY.
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Proof. Set w := u; — ug. Let € > 0. Then there exists R, > 0 such that
lw(z)| <e forall € RY\ Bg, .
Hence w is a subsolution of problem
—a(—A)*v+cv =0 in Bp,
(4.47)
v =€ in RY \ Bg, .

Moreover, it is easily seen that the function z = € is a supersolution of problem (4.47). So, by
the comparison principle (see Remark 2.6),

w<e in RY. (4.48)
Similarly, it can be shown that

w>—e in RY. (4.49)
Letting € — 07, we get w = 0 in JRY . Hence the proof is complete. (]

Now, we prove Theorem 2.10.
Proof of Theorem 2.10. Let v € IR. For any j € IN let u; be the unique solution (see Remark
2.6) of the problem
a(—A)Pu—cu = f in B; x (0,7

(4.50)
u = in RN\ B; .
We claim that there exists K > 0 such that for any j € IV
luj(z)| < K for all z € RY. (4.51)

In fact, let h = h(z) = h(|]z|) be the supersolution given by Proposition 3.2. Define
h:=C(h+1) in RV,

where C' > max{7,||flls}- It is easily seen that, for any j € IN, h is a supersolution of
problem (4.50). Therefore, by the comparison principle (see Remark 2.6), we get (4.51), with
K = ]l

By the a priori estimates recalled in Remark 2.6-(i7i) and usual compactness arguments,
there exists a subsequence {u;, } C {u;} and a function u € C(IR") such that

u:= lim u;, uniformly in D,
k—oo

for any compact subset D C IR™. For simplicity, we still denote {u;, } by {u;}. In view of
stability properties of viscosity solutions under local uniform convergence, the function u is a
solution of equation

a(=AYu—cu = f in RY.

Claim : The solution u satisfies condition (1.21).
In fact, define
w(z) == —Mh(z) +~ forall 2 € RY, (4.52)

where M > 0 is a constant to be chosen in the sequel.

In view of Proposition 3.2, it is easily seen that, if we take

M = lelooy + ([ flloo »
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then w is a supersolution of problem (4.50), for any j € IN. By the comparison principle (see
Remark 2.6),
w<u; in RY. (4.53)

On the other hand, by the same methods as above, we can show that
uj <w in RY, (4.54)

where
W(x) == Mh(z) +~ forall € RY.

From (4.53), (4.54) it follows that
~Mh+~y<u; < Mh+~ in RN,

Letting j — oo, in view of (1.17) we have that (2.4) holds. So, the Claim has been shown.
Finally, the uniqueness of the solution u follows from Proposition 4.2. |

5 Asymptotic behaviour of solutions: proofs

To begin with, we show the next auxiliary result.
Proposition 5.1 Let assumptions of Theorem 2.8 be satisfied with g = g1. Assume that
91(t1) < gl(tg) fO’f’ any 0<t; <ty. (51)
Let V .= — AVy, with
A= gillos + I flloo (5.2)

and Vo defined in (4.43). Let w be the unique solution, provided by Theorem 2.8, of the
problem
o= —a(=A)u + cu + f in RN x (0,00)

(5.3)
u=y in RN x {0}
such that
‘ l‘im w(xz,t) = g1(t) wuniformly for t € [0,00). (5.4)
Then t — w(x,t) is nondecreasing, i.e.,
w(x,t1) <w(z,tz) forall x e RN, 0<t, <ts. (5.5)

Proof of Proposition 5.1. 1t is easily seen that V is a subsolution of problem (5.3). In fact,
since ¢ < 0 and V. < 0, due to (5.2) we have (in the viscosity sense)

—a(=A)PV+V 4+ f>A=|fleo>0=0V in R x(0,00).

Moreover,
V-w=0 in RN x {0},

and by (5.2) and (5.4),

limsup[V(z) — w(z,¢)] <0 uniformly for ¢ € [0, 00).

|| —00
Since w is a solution of problem (5.3), by Proposition 4.1,

V(z)=w(x,0) < wx,t) forall ze RV, t>0. (5.6)
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In order to show (5.5), take any ¢y > 0 and define
w(z,t) = w(x,t+1ty) forall ze RV, t>0.
Note that both w and w satisfy the equation
ow—a(=A)*v—cv = f in RY x(0,00).
Moreover, from (5.6) we obtain that
w(x,0) > w(x,0) forall ze RN . (5.7)
In addition, due to (5.1),

lim [@(z,t) —w(z,t)] = §1(t +to) — g1(t) > 0 uniformly for ¢ € [0,00).

Thus, by Proposition 4.1,
w(z,t) > w(r,t) forall x € RN, t>0.
Hence the conclusion follows. |

Similarly, we can show the next result.

Proposition 5.2 Let assumptions of Theorem 2.8 be satisfied with g = go . Assume that
g2(t1) = ga(ta) forany 0 <t; <ty. (5.8)

Let V := —AVjy, where Vy is defined in (5.9) and A in (5.2) .
Let w be the unique solution, provided by Theorem 2.8, of the problem

Ou=—a(—A)u + cu+f in RY x (0, 00)

(5.9)
u=V in RN x {0}
such that
‘ l‘im w(x,t) = go(t) wuniformly for t € [0,00). (5.10)
Then t — w(x,t) is nonincreasing, i.e.,
W(x,t1) > W(x,ty) forall € RN,0<t; <ty. (5.11)

Now we prove the next result.

Proposition 5.3 Let assumptions of Theorem 2.8 be satisfied. Let g1 € C([0,00))NL>((0,00))

with
g1(t) < g(t) forall t €]0,00), (5.12)
tlim g1(t) = tlim g(t); (5.13)

suppose that (5.1) is satisfied. Let w be given by Proposition 5.1, also supposing that
A= Juollos - (5.14)

Then
w(x,t) <u(x,t) foralze RN, t>0. (5.15)
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Proof. Let z := w — u. Note that z solves equation
Oz = —a(=A)z4cz in RY x (0,00).
In view of (5.14) we have
2(2,0) = V() —up(z) <0 forall z € RY.
Moreover, from (5.12) we obtain

lim z(z,t) = g1(t) — g(t) <0 uniformly for ¢ € [0,00).

|z]— o0

Hence, by Proposition 4.1,
2z <0 for all xGJRNJ>0‘

This completes the proof. (|
Analogously to Proposition 5.3, the next result can be shown.

Proposition 5.4 Let assumptions of Theorem 2.8 be satisfied. Let go € C([0,00))NL>*((0,00))
with

g2(t) > g(t)  for all t € ]0,00), (5.16)
Jm go(t) = lim g(t); (5.17)

suppose that (5.8) is satisfied. Let W be given by Proposition 5.2, also supposing that (5.14)
holds. Then
w(x,t) > u(x,t) forallz e RN t>0. (5.18)

Now we are in position to prove Theorem 2.11.

Proof of Theorem 2.11. Keep the same notation as in Propositions 5.1-5.4. In view of (5.5)
and (5.11), we can define

W(z) = tlirgcm(:r,t), W(x) = tli)r(r)low(x,t) for any = € RY . (5.19)

Observe that the constant C' in Remark 2.5 do not depend on T', since a, ¢, f does not depend
on ¢. Consequently we have that w — W, w — W as t — oo uniformly in each compact
subset of RY; thus, W, W € C(IR"). We claim that both W and W solve

a(-A)u—cu = f in RV, (5.20)

In fact, we limit ourselves to show that W is a subsolution of equation (5.20), since the
remaining part of the claim follows analogously.
Now, let {t,} C (0,00) be a sequence with ¢, — 0o as n — 00 . Set

Qn(fb) = M(xytn) (fE S BN) .

Thus, w,, — W locally uniformly in IRY as n — oc.
Take any bounded subset U ¢ RY, z € U, take any test function p e CQ(JRN ) such that

W(zo) — p(z0) > W(x) — p(z) foral zeU.
Choose ¢ € C?(IRY) with

0<¢é<1 ifxe RN\ {x}, &xo)=1. (5.21)
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Fix any € > 0. So,
W(xo) — [p(x0) — €§(wo)] > W(x) — [p(x) — e§(x)] forall z € U\ {xo}.
It is easily seen that there exists . = 7i(e) € IN such that for any n > 7, for some z§, € U,
w,(27) — [p(ay) — e(a7)] > w, () = [p(2) — ef(x)] forall z € U;

moreover, for each € > 0, x5, — g as n — 00.
Since w is a solution of (5.3), due to Definition 2.1, we have that

0=dx(zy) < —alay,)(=A) x(x7,) + clay )w, (},) + f(27,), (5.22)
with
p—€e inU
X = Xen =
w,, in RV \U.
Note that
AV () — p(ay,) — e€(zh,) — [p(y) — e€(y)] wy(27,) — w(y)
) = O {/U |5, — y| N+ Wt /RN\U |5, —y| N+ dy} .
(5.23)

Since ¢, x € C%(U), for any € > 0 we have

w(xz)—6§(w§l)—[s0(y)—ef(y)}dy _ / so(wo)—sO(y)dyJre £y) = &(zo)
U

|mg — y| V2 v lwo —y|N+2
(5. 24)

5 Jy g, — g

furthermore,

. w,(z;,) —w, (y W(xo) — Wiy
N0 JRN\U |lz5, =yl RN\U lzo — yl

From (5.23), (5.24), (5.25), letting n — oo in (5.22), we have, for any € > 0,

0 < —a(wo)(—A) (o) — alx / |x0_y|N+25dy+ e(wo)w(ao) + f(wo)

with
p inU

W in RV\U.
Letting € — 0, the claim follows.
Note that, in view of (5.4), (5.10), (5.13), (5.17), we can infer that

lim W(z)=W(z) =",

|| — o0
where v = lim; .+ g(t) . By Proposition 4.2,
W(z) =W(z) forall 2 € RY. (5.26)
By (5.15) and (5.18),
w(z,t) <u(x,t) <w(x,t) forall ze RN t>0.

Letting t — oo, due to (5.19) and (5.26), we get the thesis, with W :=W =W .
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