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Abstract

A probabilistic model for the Wigner equation is studied. The model is based on a
particle system with the time evolution of a piecewise deterministic Markov process. Each
particle is characterized by a real-valued weight, a position and a wave-vector. The particle
position changes continuously, according to the velocity determined by the wave-vector.
New particles are created randomly and added to the system. The main result is that
appropriate functionals of the process satisfy a weak form of the Wigner equation.
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1 Introduction

The following facts were established by Eugene Wigner in 1932 [16]. Let 1 be a solution of the
Schrédinger equation
2

Ph () =~ A () + V(@) (), 120, zeRY,

where i is the imaginary unit,  is Planck’s constant (divided by 27), m is mass, /A denotes the
Laplace operator, V is potential energy, and R? is the d-dimensional Euclidean space. Consider
the function

1
fta) = = [ (b v) vtta—y) ep2ik-y)dy, bER

where the symbols * and - denote the complex conjugate and the scalar product, respectively.
Under some restrictions on ¢/, the function f has the property

f(t,z, k) dk = |p(t,2)]>  Vt>0, zecRe

R4
Moreover, it satisfies the equation

at m Rd
where
_ 1 ik Y\ _ Y
Viv(z, k) = ACISE /}Rdexp( ik-y) [V (x+2) V(x 2)] dy (1.2)

and V denotes the gradient. The function f is real-valued, but not necessarily non-negative.

Existence and uniqueness issues for the Wigner equation (1.1) were studied, e.g., in [5, 4].
In recent years there has been a growing interest in modelling quantum transport in nanoelec-
tronic devices [9]. In this context, the Wigner equation turned out to be convenient, since it can
be coupled easily to the scattering part of the semiconductor Boltzmann equation. A Wigner
Monte Carlo method has been developed (see, e.g., [6, 13]), which is based on random sys-
tems of positive and negative particles. Several algorithms used in that method are covered
by the model introduced in this paper. More specific comments will be given in the concluding
section.

This paper is concerned with the construction of a probabilistic model for the Wigner equa-
tion (1.1). The model is based on a particle system with the time evolution of a piecewise deter-
ministic Markov process [2]. Each particle is characterized by a real-valued weight, a position
z € R? and a wave-vector k& € R?. The particle position changes continuously, according to
the velocity determined by the wave-vector. New particles are created randomly and added to
the system. The main result is that appropriate functionals of the process satisfy a weak form of
the Wigner equation. Related ideas have been applied previously to the Schrddinger equation
in [15].

The paper is organized as follows. The model, the main theorem and the proof are presented
in Section 2. Special cases and examples are considered in Section 3. Finally, some comments
are given in Section 4.



2 Results

In this section, first the probabilistic model is introduced. It is based on a particle system with
a random time evolution depending on several parameters. Then the main theorem is formu-
lated. It establishes an equation satisfied by certain functionals of the stochastic process. This
equation is determined by the parameters of the process. It has a more general form compared
to the Wigner equation (1.1). This generality indicates the properties of the kernel (1.2), which
are essential for the result. Finally, the proof is given. It is based on the theory of piecewise
deterministic Markov processes as presented in [2].

2.1 Model

Consider a stochastic process

20 = (50 = w0 o0.k0), =1 .NO), t=0, @1
with the state space
Z=U3_,Z".
The single particle state space is
Z =R xR*x R?, (2.2)

where the first component represents a weight, the second component is a position vector, and
the third component is a wave-vector. Let

zZ=(z1,...,2ny) € Z, z=(u,z,k)€Z. (2.3)

The time evolution of the process (2.1) is determined by a flow £ and a jump kernel @ . Starting
at state z € Z, the process performs a deterministic motion according to F'. The random
waiting time 7 until the next jump satisfies

t
P(r >t) = exp (—/ )\(F(S,Z))ds), t>0,
0
where [P denotes the probability measure and
Az)=Q(z,2). (2.4)

Then the process jumps into a new state < € Z distributed according to

m Q(F(t,2),dR). (2.5)



specification of the flow
We consider the flow
F(t,z) = (F(t, 21), ..., F(t, zN)), t>0, zc2Z, (2.6)
so that particles move independently of each other. The single particle flow F'is
F(t,z) = (u,x+uv(k)t k), t>0, z€Z, (2.7)

where v(k) denotes the velocity corresponding to & . The flow (2.7) satisfies the equation

%F(t 5 = (0,0(k),0),  F(0,2) =z (2.8)

specification of the jump kernel

We consider jump kernels

N
Z/qz],dz dy(z2)(dR) zZeZ, (2.9)
j=1"%

where

J(z:2) = (21, 2N, 20 -5 20) 7 =(2,...,2,) € Z, (2.10)

and the kernel g will be specified later. The intensity (2.4) takes the form

N
= > qlz,2). (2.11)
J=1

A jump according to Q(Z, dk)/A(Z) is generated as follows. With probabilities

Q(Zjvz)

—— ) =1,...,N
)\(2) ) ] ) ) )

the j-th particles creates “offspring” z’ € Z distributed according to

1

————q(z;,d?).
1, 2) )

The new state is
k=J(z;Z) e Z,

where the jump transformation (2.10) adds the offspring to the system.



2.2 Theorem
Let the parameters of the stochastic process (2.1) satisfy the following assumptions.

B The initial state Z(0) is such that

E(N(O) max |uj(0)|) < 0, (2.12)

j=1,...,N(0)
where [E denotes mathematical expectation.
B The velocity field

v(k) is locally Lipschitz continuous. (2.13)

B The offspring-creation kernel ¢ has the following properties.
B The individual offspring-creation rates are bounded, i.e.,
9z, 2) < C, VzeZ, (2.14)

for some constant C, .

B The number of offspring (created during a single jump) is bounded, i.e.,
9z, 2) = q(z,Zk) Vz2eZ, (2.15)
forsome K = 1,2,... , where
Zx = UK_ 7N,

B The absolute weights of the offspring do not exceed the absolute weight of the
parent particle, i.e.,

9z, 2) = q(z,2(2)) Vz2eZ, (2.16)

where (cf. (2.3))

=1,..,

Z(z) = {ZGZ: 'EﬁlaXN|uj|§|u|}'

Consider some measurable function G on R? x R¢ x R? and the class M (G) of bounded
measurable functions ¢ on R? x R? such that

o(z, k) is differentiable with respectto  x, (2.17)
sup |v(k) - (Veo)(z, k)] < o0 (2.18)
z,kcR4
and
sup/ Gz, k, k) p(z, k)| dk < oo. (2.19)
z,keRd JRd



Theorem 2.1 Consider the empirical measures of the process (2.1),

N(t)
:u(ta dZ) = Z 5z]~(t) (dZ) ’
j=1
and denote
v(t,dz) =E p(t,dz) .

Let the assumptions (2.12)-(2.16) be fulfilled. If q is such that

u/ Gz, k, k) oz, k) dk =
R4

/ [ul (T, k) + ... tuyve(en, ky) |q(z,dz, ... dzy)
z

(2.20)

(2.21)

(2.22)

forall z = (u,x, k) € Z andp € M(QG) (cf. (2.17)—(2.19)), then the measure-valued functions

f(t,dx,dk) = /ul/(t, du, dz, dk)

R

satisfy the equation

/Rd /Rd o(x, k) f(t,dx,dk) = /Rd /Rd o(z, k) £(0, dx, dk)+
/Ot (/Rd /Rd [v(k?) “(Ve)(z, k)}f(s,dx,dk)) ds +
/Ot (/Rd /Rd {/Rd Gz, k, k) o(x, k) dl?:} f(s,dx,dk;)) ds |

foranyt > 0 and p € M(G).

According to (2.20), (2.21) and (2.23), one obtains

N()
/Rd /Rd gp(x, k) f(t,d:f,dk‘) = E Zuj(t) QO(l‘j(t),k:j(t))

(2.23)

(2.24)

(2.25)

Thus, the process (2.1) provides a probabilistic representation for the solution of equation (2.24).

In the following, we provide some straightforward choices for the initial state Z(0) and the
offspring-creation kernel ¢, which satisfy the assumptions of Theorem 2.1. The special case
of the Wigner equation (1.1), as well as further examples of kernels ¢, will be discussed in

Section 3



initial state

Consider a function fy € L'(R? x R?) and a probability density 7w on R? x R? such that
m(z, k) >0 Vo, k e RTx R : |fy(z, k)| > 0.

Let N(0) = 1. Generate x1(0) and k;(0) according to 7 . Under the conditions x1(0) = x
and k1(0) = k, define

fo(l‘, k’)
m(z, k)

Then assumption (2.12) concerning the initial state is satisfied, since

Bl = [ [ It bldide =[5l < o.

(51 (O) =

The simplest choice is ™ ~ | fo| . In this case, one obtains

ui(0) = |[follsign fo(z, k).

offspring-creation kernel

The main assumption (2.22) concerning the offspring-creation kernel g is satisfied for the choice

Q(Z, dg) = /d d];: |G(SU, k’ 7%)‘ 5(u sign G(z,k,k),z,k) (dZ) : (2.26)
R
Assumptions (2.15) (with K = 1) and (2.16) are also fulfilled. Assumption (2.14) takes the form

sup Gz, k, k)| dk < oo (2.27)
@ keRd JRA

and provides a restriction on GG . According to the kernel (2.26), a particle z = (u, z, k) creates
one offspring

(u sign G(z, k, l;;), x, /~€> ,

where k is distributed according to the density

- (; 551G k).
conservation property
If the function G satisfies (2.27) and
/d Gz, k,k)dk = 0 Va,keR?, (2.28)
R

then the test function ¢ = 1 belongs to M (G) and equation (2.24) implies
ft,RLRY = f(0,RLRY)  VE>0. (2.29)



2.3 Proof

Step 1: Assumptions (2.14) and (2.15) imply that, for any z € Z, the “standard” conditions
are satisfied:

B the intensity (2.11) is measurable and such that

N
t—= MF(t,2)) = Z q(F(t,z;),2) isintegrable on finite intervals;  (2.30)
j=1
B the process is regular, i.e.,
E-#{l:T)<t} <0 Vt>0, (2.31)

where (7)) is the sequence of jump times, # B denotes the number of elements in a set
B, and E; is the conditional expectation with respect to the initial state.

Indeed, it follows from (2.14) that
Az) < CyN VzeZ, (2.32)

which implies (2.30). According to (2.15), the expected number of jumps of the process (2.1)
does not exceed the expected number of jumps of the pure jump process with jumps N —
N + K and intensity S\(N) = C,; N . Regularity for the pure jump process follows from the
criterion (cf., e.g., [1, p-337])

PN<ZS\(1Q):OO> =1 VN =1,2,...,

=0

where (; = N + [ K is the embedded Markov chain.
It follows from (2.31) and the estimate

N(t) < NO)+K#{: T <t}
that
E:N(t) < o0 Vt>0, ze2Z. (2.33)

Step 2: According to [2, Theorem 26.14], the domain D(.A) of the extended generator of the
process (2.1) consists of all measurable functions W such that, forany z € Z,

t — W(F(t,2)) is absolutely continuous (2.34)

and
Ez< S ’\II(Z(J}))—\II(Z(E—))D <00 ¥n=1,2,..., (2.35)

8



for some sequence of stopping times ,, " 0o . The extended generator has the form (cf. (2.8))

(AV)(z) = Zv(kj)'(vxj W)(ZH/[‘I’(%)—W(Z)]Q(Z,dff)-

J=1 z

Forany W € D(A), the process
M () = U (Z(t)) — ¥(z) — /0 (AW)(Z(s))ds, t>0,

is a local martingale.
If

E; sup |[U(Z(s))| <00 Vt>0, z€2Z,

s€[0,t]

and

E; sup |[(AV)(Z(s)) <0 Vt>0, z€Z,

s€[0,t]

then the process (2.37) is a martingale and one obtains the Dynkin formula

E. U(Z(t) = \If(z)+EZ/t(A\I/)(Z(s))ds Vi>0, z€Z.

E[U(Z(t)] <o Vt>0,

then (2.40) implies
EV(Z(t) = E\II(Z(O))+E/O(A\II)(Z(5))ds.

Step 3: Consider functions of the form
U(z) =¥(21) + ...+ 9¥(an),
where 1) is measurable. We check U € D(.A) provided that

W ¢ (u,z, k) is differentiable with respect to  and

B 1 is either bounded or has the form

@/)(U,ZL‘, k) = ucp(x, k) )

where ¢ is bounded.

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)



Condition (2.34) is satisfied, according to (2.6) and (2.7)). In order to check condition (2.35), we
note that (cf. (2.5), (2.9))

Z(T)) = J(Z(Ti-);Z (1) Vi=1,2,..., (2.45)

where Z'(1) denotes the offspring created at jump time 7} , and (cf. (2.10))
S vy —vzm-)| = Y jeEw)| (2.46)
lZTlgt lZTlSt

If ¢/ is bounded, then condition (2.35) (with o,, = n) is a consequence of (2.31), (2.46) and
assumption (2.15). If 1) has the form (2.44), then one obtains

W) < U@ lelle  VzZeZ, (2.47)

where ||.||oo denotes the sup-norm and

N
Uz) = > |l (2.48)
j=1
According to (2.47), one obtains
S EEW)| <lgle X UEW) < el UZE)  VE>0. (249
:T1<t 1:T;<t

Note that each particle created at some jump time 7; < ¢ belongs to the system (2.1) at time
t , and the norm of its weight remains constant. According to (2.7) and assumption (2.16), one
obtains

, < , t
j_max lui(t)] < ,_max | |u;(0)]| Vit >0
so that
U(Z(t) < N(t) max |u;(0)  ¥t>0. (2.50)
j=1,...,N(0)

Condition (2.35) (with 0,, = n) is a consequence of (2.33), (2.46), (2.49) and (2.50).

Step 4:  We check that (2.40) holds for the function W(z) = N . This function has the form
(2.43) (with 1) = 1) and belongs to D(.A) . According to (2.32), (2.36) and assumption (2.15),
one obtains

(A¥)(z)] < KC,N. (2.51)

Since N (t) is increasing, condition (2.38) follows from (2.33), and condition (2.39) is a conse-
quence of (2.33) and (2.51).
Using (2.40) and (2.51), one obtains
t
EgN(t) < N+KCq/ EgN(S)dS
0

10



and, according to Gronwall’s inequality,
E;N(t) < Nexp(KC,t) Vt>0, ze€2Z, (2.52)

which generalizes (2.33).

Step 5: We check that (2.42) holds for functions (2.43), (2.44), where ¢ € M(G). These
functions belong to D(.A) . Conditions (2.38), (2.39) and (2.41) will be treated simultaneously.

According to (2.9), (2.10) and assumption (2.22), the extended generator (2.36) takes the
form

N

AW)E) = 3 olky) - (V) +Z / ()t O a(z5,d7) (259
jfl
- Zuj o)k + > / ol k) Gl by W)
j=1
Thus, one obtains (cf. (2.48))
[(AV)(2)] < (Ci+Cr)U(2) VzeZ, (2.54)

where ('} and (' are the expressions on the left-hand sides of (2.18) and (2.19), respectively.
Conditions (2.38) and (2.39) are consequences of (2.33), (2.47), (2.49), (2.50) and (2.54). Con-
dition (2.41) follows from (2.47), (2.50), (2.52) and assumption (2.12).

According to (2.20), (2.23) and (2.53), one obtains
N(t)
BUZ0) = B3 u50) ) ~E( [ venta)
j=1

_ / / o, k) f(t, d, dk) (2.55)

EANZO) = [ [ fdndi[od) (Vo)) +

/ F(t, e, dk) l / go(x,k’)G(x,k,k’)dk’], (2.56)
R4 JRA R4

forany ¢ > 0. According to (2.55) and (2.56), equation (2.42) takes the form (2.24).

and

3 Examples

In this section, first the special case of the Wigner equation (1.1) is discussed. Then two classes
of offspring-creation kernels are introduced, which satisfy the assumptions of Theorem 2.1. One
class is based on the explicit form of the function V74, , while the other class uses the function V'
directly. Finally, some specific models are considered, where only a single particle with variable
weight is involved.

11



3.1  Wigner equation
For the choices
v(k) = Ek, keR?,
m
and (cf. (1.2))
Gz, k, k) = V(e k—k), xkkeR?,

equation (2.24) is a measure-valued (and integrated with respect to time) version of the equation

// flt,x, k)dx dk = (3.1)
Rd JRd

/Rd /Rd { k- (Voo)(z, k?)] f(t,x, k) dxdk +

/Rd /R UR k) Viv (2, k — k) dk} ft, 2, k) da dk,

which is a weak form of the Wigner equation (1.1). Assumption (2.13) is satisfied. Condition
(2.27) takes the form

sup Vv (x, k)| dk < 0. (3.2)

rzeRd JRd

| do not know if there are any non-trivial choices of V', for which condition (3.2) is satisfied. At
least, it does not hold in general, as Example 3.1 illustrates.

Example 3.1 /f
Viz) = al[fg,e}(x), reR, forsome a,e >0,

then

2a
hmk

Viv(z, k) = sin(2k z) sin(2ke),  z,k e R.

Therefore, we introduce the functions

Vi (k) (3.3)

Viv(z, k), it ||k < ¢,
0 , otherwise,

where ¢ > 0 is a cutoff parameter. It follows from the definition (1.2) that V}y is anti-symmetric
with respect to k , i.e.

and such that

sup |Viv(x, k)|

z,k€R4

12



Thus, the functions (3.3) are anti-symmetric with respect to £ and satisfy

sup |VV(VC)(x, k) dk < oo (3.5)
z€R? JRd
provided that V' is integrable.

Since condition (2.27) is fulfilled for the function

Gz, k k) = Vi, k—k), (3.6)

the kernel (2.26) satisfies the assumptions of Theorem 2.1. Further examples of offspring-
creation kernels will be provided in the subsequent sections. The choice (3.6) corresponds to
the Wigner equation (3.1) with a cutoff in the function V31, . The conservation property (2.29) is
fulfilled, since condition (2.28) is satisfied.

3.2 Offspring-creation according to Vyy

Consider

and
sup lg(x, k)| dk < oo. (3.9)
z€R J R4

This covers the choice (3.6) (cf. (3.4), (3.5)), which corresponds to the Wigner equation. It follows
from (3.8) that

gt (x, k) = g (v,—k) (3.10)

and
/ g* (x, k) dk = / g (e k) dk = / g B dk = @), @)
Rd Rd 2 Rd

where g and g~ denote the positive and negative parts of the function g .

creation of one particle

The kernel (2.26) takes the form
1 (27 dg) = /d d];: |g(l’, ]; - k>| 5(usigng(a:,l%—k),x,fc) (dg) : (3.12)
R

13



It satisfies (cf. (3.8), (3.10))
1(1d2) = [ 190 F) Bt ()

= /]R;d d]% |g(l‘, l;:)| 5(7u sign g(x,k),2z,k—k) (df)

(3.13)

= /Rd di% ‘g(ﬂf, ];:>| (p 5(u signg(x,fc),m,k-l—lkc) (dZ) + (1 - p)(s(—u signg(x,fc),a:,k—l}) (d2)>

= /]Rd d]% [g+ (l‘, ];:) + g_(ZE, ]%)} 5(u sign g(z,k),2,k+k) (df)
= / dl; ng (.T, ];:) (5(u,m,k+l~c) (d2> + 5(7u,m,k71~c) (d5)> ’
R4
forany p € [0, 1] . Note that (cf. (3.11))

n(z2) = 2v(x).

According to the kernel (3.12), a particle z = (u, x, k) creates one offspring. This offspring

can be generated in various equivalent ways (cf. (3.13)).
Example 3.2 The offspring is
(usigng(z, k), z,k+ k) or (—usigng(z, k), z,k—Fk),

with probabilities p and 1 — p , respectively, where k is distributed according to

1

5o 9. F)

andp € [0,1].

Example 3.3 The offspring is
(u,x,k+/~€) or (—u,xz,k— /%),

with equal probabilities, where k is distributed according to

1
+
9 (z. k).
V()

creation of two particles

The kernel

1 = = _
QQ(Z, dZ) = 5 /]Rd dk |g([[’, k:)| 5((u sign g(x,k),@,k+k),(—u signg(x,fc),a:,k—/}))(dz)

14

(3.14)

(3.15)

(3.16)



satisfies the main assumption (2.22) of Theorem 2.1 (cf. (3.13) with p = %). Assumptions (2.15)

(with K = 2) and (2.16) are also fulfilled. Assumption (2.14) is a consequence of (3.9). Note

that (cf. (3.10))

2
1 - _
2 Je dk 97 (@ F) O u sign g .k B, (—u sign (e ) e k) (42)

= /Rd dk g (2, k) (i (i) (A7) (3.17)

and (cf. (3.11))
QQ<'Z72) = ’)/(.T)

According to the kernel (3.16), a particle z = (u, x, k) creates two offspring. These offspring

can be generated in various equivalent ways (cf. (3.17)).

Example 3.4 The two offspring are

(usigng(z, k), z,k +k) and (—usigng(z, k), z, k—k),
where k is distributed according to (3.14).

Example 3.5 The two offspring are

(u,z, k + l%) and (—u,x,k— l%),

where k is distributed according to (3.15).

3.3 Offspring-creation according to

Since (cf. (1.2))
Viv(z, k) = h(21ﬂ.>d /Rddy sin(k - y) [V (x_%> _V<x+%>]
- h(227T>d/Rddysin(k-y)V(:U—%>,

the function (3.6) takes the form (cf. (3.3))

Gla b F) = Xl — K Vvl E— 1)
vl = k) [ dssin(E-1)-2)v (-3, @18
Rd

where x g denotes the indicator function of a set B, and

2
. (3.19)




creation of one particle

The kernel
@(z,dz) = ¢ /Rd dk /Rd dz xpo.q (|l — k|| x (3.20)
sinf(F = )-8V (= ) [Suni e
where
u' (u, x, k, &) = usign [sin(/; )V (:c — %)} , (3.21)

satisfies the main assumption (2.22) of Theorem 2.1. Assumptions (2.15) (with A = 1) and
(2.16) are also fulfilled. Assumption (2.14) takes the form

G(z, 2) :cO/ dl?:/ d:ix[07c}(||15||)
R4 R4

and is satisfied, if | is integrable. Note that

(z,d2)
co/ dk:/ d!EX[oc] |k||)
Rd Rd

e / ik / di vio.q (I1%])
R4 R4

According to the kernel (3.20), a particle z = (u, z, k) creates one offspring, which can be
generated as follows (cf. (3.23)).

X

sin(k - &)V (x - 5) ) < C, (322

(3.23)

Sm( -x)V <95 - 5) ' 5(u’(u,x,l~c7i),x,k+l~c)(d2)

T

Example 3.6 The offspring is
(u'(u, 2, k, @), 0,k + k)

where k and 7 are distributed according to

c T
CMZOZ) X (Ik]) [sin(k - 2) V <x— 5)' (3.24)
creation of two particles
The kernel
Bz dz) = / dk/ 4 o (IFI]) X (3.25)
Rd R4

z

sin(k - &) V ( - —) ‘ O (! (e o) o bt B) (! (e ) o o) (AZ) 5

(\V]
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where 1/ is defined in (3.21), satisfies the main assumption (2.22) of Theorem 2.1 (cf. (3.23)).
Assumptions (2.15) (with K = 2) and (2.16) are also fulfilled. Assumption (2.14) is a conse-
quence of (3.22), since

@z, 2)==-q(z2).

DO | =

According to the kernel (3.25), a particle z = (u, z, k) creates two offspring, which can be
generated as follows.

Example 3.7 The two offspring are
(W' (u, .k, %), 2, k+ k) and (—u'(u,x k&), x, k—k),

where k and 7 are distributed according to (3.24).

3.4 Single particle models

Consider GG of the form (3.7). The kernel
1 - .
w(zd2) = g [ dklgte D)l (3.26)
6 R4

(2 5((—u,x,k),(u sign g(a:,lkc),x,k—l—l;),(u sign g(a:,lkc),x,k—l—l;),(u sign g(a:,/%),x,k—i—fc)) (dZ) +
5((—u,x,k),(u,x,k),(u,x,k),(u,a:,k))(dg))

satisfies the main assumption (2.22) of Theorem 2.1. Indeed, one obtains

/q4(z,dzl,...,dzN) [ul gp(azl,kl)+...+uN<p(xN,kN)] =
z

1 . .

5 | kot DI - 2upla k) +
6 R4

6 usigng(z, k) p(z, k4 k) — uo(z, k) + 3up(z, k)]

= u/ dic g(z, k) o(x, k+ k).

Rd

Assumptions (2.15) (with K = 4) and (2.16) are also fulfilled. Assumption (2.14) is a conse-
quence of (3.9). Thus, this random cloud model with creation of four particles is covered by
Theorem 2.1.

However, the special structure of the kernel (3.26) suggests a simple one-particle process.
Instead of creating (—u, x, k) and three identical other particles, the parent particle (u, , k) is
replaced by one other particle with triple weight. This one-particle process is different from the
random cloud model, but both processes are equivalent in terms of empirical measures.

More generally, we consider a piecewise deterministic Markov process
2(t) = (u(t) (). k(D). 120, @.27)
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with the state space (2.2), the flow (2.7) and a jump kernel Q . The extended generator (2.36)
takes the form

(AP)(z) = v(k) - (Ve ¥)(2) + /Z[@/)(Z') —9(2)] Q(z,d2).

For the process (3.27), representation (2.25) takes the form

/Rd /Rd x, k) f(t,de,dk) = E(u(t) (p(;p(t)’k(t)))

The jump kernel corresponding to the offspring-creation kernel (3.26) is

- 1 - .
Qu(zd2') = 2 / k90, I (20 sign gt .04 (47) + Ssue(d2)) . (3.28)

Note that (cf. (3.8), (3.10))

Q1(z,d2") = %/Rd dk g* (x, k) (5(3u,x,k+é)(d2/) + 0 gu, i) (d2") + 5(3u7r7k)(d2/)> (3.29)
and (cf. (3.11))
Ql(zvz) =7(z) = @z 2).
The jump can be generated in various equivalent ways.
Example 3.8 According to (3.28), the particle (u, z, k) jumps into a new state, which is
(3usigng(z, k), z,k+k) or  (3u,z,k),
with probabilities % and % , respectively, where k is distributed according to (3.14).
Example 3.9 According to (3.29), the particle (u, x, k) jumps into a new state, which is
(3u,z,k+ k), (=3u,z,k—k) o (3u,x,k),

with equal probabilities, where k is distributed according to (3.15).

The kernel (3.28) can be generalized. Assume that a jump kernel satisfies
Qz, {7 €Z : |W|<Klu|} = Qz,7) VzeZ,

forsome K = 1,2,... . Then the corresponding piecewise deterministic Markov process can
be treated via Theorem 2.1. Instead of replacing a particle z = (u, z, k) by a new particle 2z’ =
(v, 2’ k') , a set of offspring is added to the system. This set consists of K identical particles
(u'/K,z', k') and the “anti-particle” (—u, x, k) . However, a direct proof (without making use
of Theorem 2.1) would also be rather straightforward. Assumption (2.22) takes the form

/ZQ(z, dz') [u'gp(az’, k) —u(x, k)] = u/ Gz, k, k) p(x, k) dk . (3.30)

R4
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For the kernel
QQ(Z dz ) =G / d]% |g([[’, ];;)| (CQ 5(ausigng(:v,l;:),:v,k+l;: (dZ ) + G3 5(5“ z,k (dZ )) (3 31)
where c1, ¢, c3, o, f > 0, the left-hand side of (3.30)

o1 /Rddl;;\g(x,/;ﬂx
(02 [(Ozumgn gz, k) p(z, k + k) —up(z, k)] +c3 [5“90(37 k) —up(x k)D

= ¢ /Rddl;:|g(x,l~€)| X
(czausigng(aw, k) ol i+ k) + [es (8= 1) = ea] uple. b))

Thus, condition (3.30) is satisfied if
(3.32)

=1+ & and o=—".
C3 €1 C2
Note that (cf. (3.11))
Q2(2,Z) =2¢1 (ca + c3) Y(x) .

The jump can be generated as follows
Example 3.10 According to (3.31) and (3.32), the particle (u, x, k) jumps into a new state

which is ~
(ausigng(z, k), 2.k +%) o (Buz,k),
i chch respectively, Where k is distributed according to (3.14). Note
that Example 3.8 is obtained for the choice c; = 6 ,Cco=2,c3=1.
A similar approach is possible, which uses the function V' directly. Consider G of the form
(3.18), (3.19). Condition (3.30) is satisfied for the kernel (cf. (3.21))
~ T
Q3(z,dz") = «o 01/ dk/ d X0, ( 1k|) [sin(k - &) V (x - —) X (3.33)
R4 R4 2

(02 5(@ o (u,x,k, &)@, k+k) (dZ ) ta3 5(6 u,z,k) (dZ ))

where c1, ¢2, c3 > 0 and «, 3 are defined in (3.32)
Example 3.11 According to (3.33), the particle (u, x, k) jumps into a new state, which is

(ausign [sin(/%-i’)V(x—g)},x,kjL/%) or (Bu,x,k)
respectively, where i{:, T are distributed according to

© gg&j ;)> o) fin(i-2) v (2~ 3 )
2l

and
Qs3(z,2) = coe (02+03)/ dl;;/ di x0.4(||E]]) sin(l;%:%)V(:c—g
R4 R4
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4 Comments

Theorem 2.1 presents a probabilistic model for the Wigner equation. The approach is based on
the general idea of weighted particle systems.

B In classical direct simulation methods, a non-negative function f (¢, z) , which satisfies a
certain equation, is approximated by a particle system

z;(t), j=1,...,N(t), t>0,
via

1 N(t)
/ p(2) f(t2)de ~ > (), >0, (@.1)

j=1
for appropriate test functions ¢ . The approximation parameter N is related, for example,
to the initial number of particles, or to the average number influx per unit time. The vari-
able z represents the state of a single particle. It consists, for example, of position and

velocity in the case of the Boltzmann equation, and of position and size in the case of
Smoluchowski’s coagulation equation.

B If the function f may take negative or even complex values, then a straightforward gen-
eralization of (4.1) is

N(t)

/ o(2) f(t,z)dz ~ Z u;(t) o(z(t)), (4.2)

where the weights u; are real- or complex-valued and change in time. Various approaches
based on approximations of the form (4.2) have been studied in the literature. For ex-
ample, positive variable weights were used for the Boltzmann equation in [11, 12] and
for Smoluchowski’s coagulation equation in [8, 7]. Positive and negative weights were
used in the deviational particle approach for the Boltzmann equation, e.g., in [3, 14, 10].
Complex-valued weights were used in the random cloud approach for the Schrédinger
equation in [15].

Theorem 2.1 provides the basis for an application of the random cloud model in numerics for
the Wigner equation. Indeed, if the initial state is chosen as a system of NV independent particles
with weights normalized by /N , then, by the law of large numbers, corresponding functionals of
the empirical measures converge (as N — 00) to the expectation at the right-hand side of the
representation (2.25).

B Some special cases covered by the random cloud model appeared in the literature be-
fore. In particular, Examples 3.3, 3.5 and 3.9 were derived (in a different way) and used
in the context of the so-called Wigner Monte Carlo method (see, e.g., [6, 9, 13]). We
did not discuss specific numerical issues such as the cancellation of particle pairs with
opposite signs, the introduction of fictitious jumps, or the splitting of transport and jump
mechanisms. We only mention that in the models with creation of two particles the con-
servation property (cf. (2.29)) holds almost surely and not only on average. This makes
the corresponding numerical methods much more stable.

20



B Other particular cases, which seem to be new, may also be of interest in numerical appli-
cations. Example 3.4 uses the function |Vyy-| instead of V5, , which might be convenient.
It is not clear, how the standard Wigner Monte Carlo method should work, when the func-
tion Vyy is not explicitly known. Examples 3.6 and 3.7 are based on the function 1, which
might be useful in this context. The corresponding processes are also interesting from a
conceptual point of view, since they show more directly the influence of V' on the random
behaviour of the particle system.

Theorem 2.1 is formulated for the measure-valued version (2.24) of the Wigner equation.
The paper does not address analytical issues such as existence of densities and uniqueness
of solutions. These topics are not essential for our main goal — to provide a probabilistic model
for the Wigner equation. Another interesting open issue is the study of the limiting behaviour for
¢ — o0, where cis the cutoff parameter (cf. (3.3)). It is plausible that

lim / / o(x, k) fOt, dz, dk) = / / o(x, k) f(t, dz, dk),

where the solutions of the Wigner equation with and without cutoff are denoted by f(c) and f,
respectively. However, exchanging the limit lim._,., and the expectation [E at the right-hand
side of (2.25) does not seem to be possible, since the intensity of jumps in the corresponding
piecewise-deterministic Markov process would become not only unbounded, but infinite.
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