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Abstract

The paper deals with a special problem concerning the transport of electrically
charged species via diffusion, drift, and reaction mechanisms. We prove for a variety
of models that without knowing any a priori estimate for the chemical potentials
one can estimate the free energy from above by the corresponding dissipation rate.
The inequality presented here can be interpreted as a nonlinear analogue of Korn’s
Inequality or Poincaré’s Inequality. As a consequence of our main result we show
that the free energy approximates its equilibrium value exponentially as time tends
to infinity.

1. Introduction

In this paper we prove that for many models of reaction—diffusion processes of electri-
cally charged species the free energy can be estimated from above by the corresponding
dissipation rate. Such an estimate is of interest for several reasons.

First we should mention that reaction—diffusion processes of species some of which are
electrically charged take place in many branches of technology, for example in microelec-
tronics.

Next we want to emphazise that by means of our estimate it is easy to show that
the free energy approximates its equilibrium value exponentially as time tends to infinity.
For this purpose one does not need further upper or lower bounds for concentrations or
chemical potentials. On the contrary, the asymptotic behaviour of the free energy can
be used as a starting point for a Moser iteration leading to L*°-bounds for the chemical
potentials.

Finally we note that the inequality we prove can be seen as a nonlinear analogue of
Korn’s Inequality and Poincaré’s Inequality. To a certain extent the proof of our main
result follows the proofs of these inequalities. Let us mention that in the field of mechanics
another nonlinear analogue of Korn’s Inequality has been proved by Kohn [8].

An estimate of the same kind as the main result of this paper had been proved for
reaction—diffusion processes of uncharged species by Groger [5]. For a special case with
only one kind of charged dopants analogous results have been obtained under the so called
electroneutrality condition by [2], [3]. Glitzky and Hiinlich [4] present a more general
result with arbitrarily many charged species. They assume that the relations between
chemical potentials and concentrations of the species are governed by Boltzmann statistics.
Moreover, they allow reactions to take place in the interior and on the boundary of the
domain occupied by the species. In the present paper we generalize these ideas to a broader
class of statistics and to more general reaction terms. In addition we include a nonlinear
(capacity) term into the Poisson equation for the electrostatic potential. This allows to
treat models arising by eliminating some of the species (cf. Hofler, Strecker [7]). Whereas
for Boltzmann statistics concentrations and chemical activities are of the same order of
magnitude, in the general case treated here this is no longer the case. To overcome the
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difficulties related to this fact we need additional a priori estimates. Because we are able
to present satisfactory a priori estimates only for the spatially two-dimensional case we
restrict our considerations from the beginning to that case. Our new a priori estimates are
essentially based on a well known imbedding result by Trudinger (see [11]).

The paper is organized as follows. In Section 2 we introduce the model equations, we
explain the notation adopted in this paper, and we state the basic assumptions with respect
to the data of the problem under consideration. In Section 3 we deal with equilibrium
states. We introduce a class of sets which are invariant with respect to the transient
problem, and we show that each of these classes contains a unique equilibrium state. This
section follows closely to the lines of the corresponding section of [4]. In the last section
we formulate and prove our main result, the estimate of the free energy by the dissipation
rate which leads to the exponential decay of the free energy to its equilibrium value along
trajectories of the system.

2. Model equations, notation, and assumptions

In this section we describe the mathematical model of the processes we are interested in.
Simultaneously, we introduce an appropriate notation and we formulate the assumptions
needed in the main part of the paper.

Let Xi,...,Xmn be species, and let ¢i,...,qgn be the specific charges of Xi,...,Xn,
respectively, i.e., let :
q-iEIR,,i=1,-..,m, (A]‘)

be the charge of a mass unit of the species X;, i =1,...,m.
We assume that X7,..., X,, occupy Q, where
Q is a bounded Lipschitzian domain in R?. (A2)

As mentioned in the introduction, we restrict our considerations to the two-dimensional
case because only in this case the results we can prove are satisfactory. As ususal, H'(Q)
denotes the Sobolev space of square integrable functions on 2 with square integrable
first derivatives. For the norm of a function v € H(Q) we write |[v]|z:. We intro-
duce D : H(Q) — L*(Q) by Du := gradu, u € H'(Q). Because of this definition the
adjoint D* of D maps L?(Q) into (H*(R))*, the dual of H*(Q). If v = (vp, ..., vm) then
Dv := (Duwy, ..., Dvy,). Unless otherwise specified expressions like “measurable” and “al-
most every” refer to the standard Lebesgue measure.

The species Xj,...,X,, take part in chemical reactions. Some of these reactions may
be concentrated to the boundary of 2 or to interfaces between different parts of 2. In
order to treat all reactions in a unified manner we proceed in a way which is not standard
but seems to be quite useful. We assume that a measure p on 2 is given such that

p—measurable subsets of {0 are Lebesgue measurable (A3)

and
B> po, YueHY(Q): exp(u) € L'(Q,p), /ﬁexp(U)du < o([|ullm) (Ad)
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for some increasing function ¢ : R, — R ; here pg denotes the Lebesgue measure on €.
An example of such a measure is 4 = pq -+ Laq, where paq is the standard surface measure
on 99 (cf. [11] and Lemma 1.1 in [4]). For results about the imbedding of H*(Q) into L?-
spaces for different measures x we refer to Mazja [9]. The norm of v € LP(Q, 1), 1 < p < o0,
will be denoted by ||v||p,,. It follows from (A4) that, for 1 < p < oo,

Vo € HYQ): ([0l < cplloflm.

As a consequence, each of the spaces L?({, i), 1 < ¢ < 00, can be understood as a subspace
of (H 1LQ))* The assumption (A3) and the property u > uq guarantee that each element
of L*(€, 1) can be considered as an element of I7(Q2). Later on we shall exploit this fact
tacitly.

The relation between the densities us, . . ., U, of the species X, ..., X, and the corre-
sponding chemical potentials v1, ..., v is supposed to be of the form
Us; =ﬁ,—g,-('ui —ﬁi), 1=1,...,m, (2.1)
where

9 € CY(R), T € LY (Q, w)\{0}, T: € L*(Q,p), i =1,...,m,

lim 50:(y) = +o00, 0 < §min{1, g:(y)} < gi(y) < 6 ':(y), (A5)
dmin{l,exp(y)} < gi(y) < 6 texp(y), i=1,...,m, y € R.

The functions u; and 7; are known reference densities and reference potentials, respectively.
The fact that the reference values may depend on the spatial position expresses the possible
heterogeneity of the system under consideration. The functions g; reflect the underlying
statistics. In the case of Boltzmann statistics each g; is the exponential function. Our
assumptions with respect to g; are such that all cases of practical interest are included, in
particular the Fermi-Dirac statistics. In (A5) and in the sequel ¢ denotes an appropriate
strictly positive constant, and the subscript + indicates the standard positive cone in a
space.

With respect to the electrical field we assume that it is given as —Dwy, where vy is the
electrostatic potential. This is a standard assumption in semiconductor theory. It means
that changes of the magnetic field are so slowly that they can be neglected. To describe the
flows 71, ..., jm Of the species X}, ..., X,, we need the quantities ; := q;vo+v;, i =1,...,m,
the so called electrochemical potentials of the species. The gradient D(; is to be interpreted
as the driving force for j;. In the simplest case j; is proportional to —u;D(;. We shall assume
that

Ji = —ds(-, v, DG), (2:2)
where d; is a given function with the following properties:
d; : © x R x R? — R? is such that
di(z,-,-) : R x R? — R? is continuous for almost every z € €,
di(-,y,€) : @ — R? is measurable for all y € R, & € R?, (A6)

5gz(y)I§|2 S di($7y’ f) . 5’ ld1($7 Y, f)l < 5_lgz(y)|£l7
for almost every z € Q, forally e R, £ €R?, i=1,...,m.
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These assumptions are such that several cases of practical interest are included. We don’t
allow, however, the flow j; to depend on all gradients D¢, ..., D(p-

To describe chemical reactions we assume that
R C Z7 x ZT' is a finite subset. (A7)

A pair (@, 8) € R represents the vectors of stoichiometric coefficients of a pair of reactions,
usually written in the following form:

a1X1+"'+ame‘__\ﬂlX1+"'+/8me-

We shall assume that the net rate of this pair of reactions is of the form k,s(a® — aP),
where k.5 is a reaction coefficient, a; := exp({;) is the electrochemical activity of X,
and a® := [[Z,ai. The difference of this model to standard mass action kinetics is
that concentrations are replaced by activities. This is necessary for the model to be in
accordance with the Second Law of Thermodynamics (cf. Othmer [10]). With respect to
the reactions coefficients kqg, (@, 3) € R, we require that

kag € LT (Q, p)\{0} for (o, B) € R. (A8)

Reactions taking place on the boundary 0f2 can be described by functions £.s supported
on 99. (It was this possibility to treat reactions on the boundary 652 in the same way as
reactions in 2 which lead us to the introduction of the measure y.) The net production
rate of species X; corresponding to the reaction rates for all reactions taking place is

R; = E(a,ﬁ)en /‘5043(&CY - aﬂ)(ﬁ,- — ).

The continuity equation for the concentrations taking into account reaction, diffusion,
and drift processes can be written as follows:

6%,;
ot

These equations are to be considered as equations for functions of time with values in
(H'(2))*. Note that (2.3) includes what is usually written as a differential equation in Q
and a boundary condition on Q2. With our way of writing the continuity equation we want
to convince the reader that neither from the physical nor from the mathematical point of
view it is necessary to treat separately processes in the interior and on the boundary (or
on interfaces) of Q. By the choice of T; we can model a capability of the boundary (or
interfaces) to store the species temporarily (cf. Remark 4.7 at the end of this paper).

~D*;=R;, i=1,...,m. (2.3)

The Poisson equation satisfied by the electrostatic potential can be written as

D*(eDwy) + eo(-,v0) = ug == Y, gits, (2.4)

i=1

where ¢ is the dielectric permittivity and eq is a function modeling capacities (in the interior
or on the boundary of Q). We assume that

g€ L®(Q), e >4, (A9)
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eo : 2 x R — R is such that
eo(z,-) : R — R is continuous for y—almost every z € Q,
eo(-,y) : @ — R is p—measurable for every y € R, (A10)

leo(, y)| < exp(67*(|y] + 1)), eo(x, y) — eo(z,m) > Bo(z)(y — 7)
fory >n, r € Q, and some 7 € LP(Q, u)\{0}.

In order to give a more precise formulation of the equations (2.3), (2.4) we introduce the
following spaces:

Vi=H'(QR™Y, W:={veV:exp(n) € L®(Q),i=1,...,m}, (2.5)

S :=span{a — B : (o, ) € R}, 8*:= orthogonal complement of S in R™.  (2.6)
In addition to (A1) — (A10) we assume that we are given u® € V* such that

w’ = (ug,u), -y Up)y Ug =Yg, u) >0,i=1,...,m,
m =1 (A11)
S (wd,1) >0 i A= (Ay,..., M) € SE\{0}.

=1

As usual, V* denotes the space dual to V, and 1 means the constant function on Q taking
the value 1. (Generally we shall use the same notation for a constant function and its
value. This should not lead to misunderstandings.) Note that the last assumption with
respect to u° is satisfied if u? > 0, u #0,¢=1,...,m. The element u° plays the réle of
an initial value for the vector function u := (ug,. .., Un).

Next we define operators L : V — HY(Q;R™), A: W — V* and E: V — V* as
follows:
Ly := (v1 + q10, - - - , Um + @mtp) for v = (vg,...,Um) €V, (2.7)

(Aw,v) = /Q " di(-,ws, DLaw) - DL dz

=1

+_/_ > kap(a®—d®)a—B)-Lvdpfor we W,v eV, (2.8)
 (cp)eR

where a := (exp(Liw), . .., exp(Lyw)),
(Eovg, wo) := _/QeDvg - Dwydz + /ﬁeo(-,vo)wgd,u for vy, wo € H*(Q), (2.9)

Ev := (Eovo,e1(-,v1),- - - em(-,vm)) for v eV, (2.10)

where _
e(z,y) =1(z)gi(y—vi(z)) forz € Q,yeR, i=1,...,m. (2.11)

Using (A9) and (A10) one can easily prove that Ey : H'(Q) — H'(Q)* is strongly
monotone, i.e., there exists v > 0 such that

(Egvo — Egwo, vo — wo) > 7||vo — wol|%n for vo,wo € H(Q). (2.12)
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Now we are able to write the transient problem (2.1) — (2.4) more precisely as follows:
We are looking for functions v € H} (R4;V*), v € L2 (R4; V) N L2 (Ry; W) such that

loc

%(t) + Av(t) =0, u(t) = Ev(t) for a.e. t € Ry, u(0) = ". (2.13)

For v € V (and ( := Lv) the value
p(v) :=/ > di(-, v, DG) - Dydz + /— > kap(ee—eP)a—B) L (2.14)
23z 2 (@p)er

(which may be +o00) will be called the dissipation rate associated to v. The reason for this
terminology is the following. If (u,v) is a solution to the initial value problem (2.13) then

po(6) = (e o) = - { G200, 000).

and in thermodynamics this expression is the dissipation rate of the process governed by
(2.13) at time ¢.

To define the free energy of a state of the system under consideration we first introduce
a functional G: V — R as follows:

= [ E1Duldz+S [ [ e
G) = /Q = | Dol dx+§ /ﬁ /0 ei(-,y)dy dp. (2.15)

It is easy to check that G is convex and that G’ = E, i.e., the operator E (cf. (2.9) -
(2.11)) is the Gateaux derivative of G. The conjugate of the functional G will be denoted
by F. For u € V* the value F(u) is to be interpreted as the free energy of the state u. It
is given by
F(u) := su‘g{(u, v) — G(v)}. (2.16)
vE

As mentioned in the introduction we are mainly interested in a relation between the free
energy and the dissipation rate. To describe this relation we need some information about
stationary solutions to (2.13).

3. Equilibria

First we define
U:= {u eEV*: ug =) gui, ((ur,1),..., (um, 1)) € 8} . (3.1)
=1

The importance of U lies in the fact that u(¢t) —u® € U for every ¢ > 0 if (u, v) is a solution
to (2.13). Hence, if u* := tlirgo u(t) exists, then we have necessarily u* € U + uf.



Remark 3.1. It is easy to check that the set U+ := {v € V : (u,v) = 0 for every u € U}
can be characterized as follows:

Ut={veV:DLv=0, Lv e S}

This will frequently be used throughout the paper.

Theorem 3.2. There exists a unique v* € W such that Av* =0 and u* := Ev* € U + 0.
It holds DLv* = 0 and Lv* € S+.

Before we prove this theorem we present an auxiliary result.

In the next lemma I;. denotes the indicator functional of U+, i.e., the functional
vanishing on U+ and taking the value +oco on V\U+.

Lemma 3.3. The functional G := G + Iy —uP is proper, convez, and lower semicontin-
uous. It satisfies lim Go(v) = +oo.
llvlly —o0

Proof. Only the last assertion needs to be proved, the other properties of G are evident.
It is easy to check that, for v € U+,

Go(v) = dllvollFn + Y l[wavf [l — c. (3-2)

=1

Here and in the sequel ¢ denotes (not necessarily equal) constants the value of which
is not important and the superscript + indicates the positive part of a function. By
(3.2) it suffices to show that lim Go(vn) = +oo provided that v, € UL, lvnollzr < ¢,
lEvkillhi, < e i@ =1,...,m, and ||jvp|ly — oo. Let ¢ := Lv,. Then D{, = 0 and
(o € St (cf. Remark 3.1). In view of ||u,|ly — 00 and ||vgo||m < ¢ it holds |{,] — oo.
On the other hand (; < v;; + (g:vno)™ implies that ¢; < ¢. Without loss of generality we
may assume that — C" — Ain R™. Then A € §$\{0}, and by means of (A11) and the
boundedness properties of (v,) we derive from the definition of G, that

! — 0

liminf —Go(va) > D A <ui, 1> > 0. (3.3)

n—eo |CTL| =1

This is possible only if lim Go(vn) = +oc0. O

Proof of Theorem 3.2.

1. Let v* be such that Go(v*) is the minimal value of Go. (By Lemma 3.3 such v* exists.)
Then 0 € 8Gy(v*), where 8Gy denotes the subdifferential of Go. We have

8Go = E +8IyL —u®, Oly.(v) =U for v € U*. (3.4)



Since necessarily v* € U+ we find 0 = Ev* + u — u® for some u € U. Consequently, -

Eyug = u — Uy = Zqzu - u;)

=1

m m
= Zqz'ei(wvf) = Z%‘ei(',g - ing),
i=1

=1

where (* = ((7,..., () = Lv*. Standard arguments (test functions like (vg — k)*) show
that v} € L®(Q, ). This implies that v} = {f — qvy € L®(Q,p), i=1,...,m
2. Because of D{* = 0 and ¢* € St we obtain, for every v € V,

(Av*,v) = /Zd( v},0)- DLwdz+ 3 /kﬁ (7 — &) (@ — B) - Lvdp = 0.
i=1 (asB)eR

Consequently, Av* = 0.
3. Let Av =0 and Ev € U + u° for some v € V, and let ¢ := Lv. Then

0 = (Av, ) /Zd v, DG) - DGdz + 3 /kﬁ (6= — &%) (a— B) - ¢dp.

(c.B)ER
In view of (A6) and (A8) we obtain D¢ = 0 and, for (o, 3) € R
kop (e""‘ - ec'ﬂ) (@a=B)-¢=0.
This is possible only if ¢ € St. With v* as before we have
(Ev — Ev*,v—v") =0, (3.5)
because Ev — Ev* € U and v — v* € U*. Hence (cf. the definition of E)
0 = [ elD(wo— o)z + /ﬁ(eo(-,w — eo(-, ) (w0 — v5)du
+§:1 950 = 7) = g0 = 7)) (05 — w3

Because of the properties of ey and g, ..., g, required in (A10) and (A5), respectively,
this leads first to vp = v and then to v;(z) = vi(z),: = 1,...,m, for z € ;, where
Q; C Q is such that p(€;) > 0. Taking into account that, for ¢ = 1,...,m, the functions
G = v; + givo and ¢ := v} + g;uj are constant we find that v; = vf, 7 = 1,...,m.
Consequently, the desired result v = v* is true. O

Lemma 3.4. Ifv* is the minimal point of Gy then u* := Ev* is the unique minimal point
of Flyr 4 0

Proof. 1. If u € U + u° then

Fu)— F*) = F(u)— (u*,v*) +G{")
(u) — (u,v*) + G(v*) >0
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Here we have used the definition of F' and the fact that v — u* € U and v* € U-+.
2. fueU+u® and F(u) = F(u*) then

(u,v") = (u*,v") = F(u*) + G(v*) = F(u) + G(v*). (3.6)

This equality is known to be equivalent to u € dG(v*). Hence, u = Ev* = u*. O

Lemma 3.5. Let u= Ev € U +u°. Then, for some v > 0,

Flu) = F@) > oo — ogli2 +73° [ — il (3.7)

=1
Proof. Under the hypotheses of the lemma we have

Fu)= Fu*) = (u,v)—G)— (", v*)+G(v*)
= (v,v-v") - G)+G(v *)

= [ £1DGo - wp)Paz+ [ 3 [ (eitomi) = st )y

z—O

> oo~ willye + [ 35 [ (0o~ ) — asly ~ 7))y

=1

Moreover,
v v [ g:(vi — s —
L* (9i(vi—:) —gi(y—7:))dy = 5/07 (%ﬁ@_____} - 1) 9:(y — Ti)dy
1 U’l UZ
=0 {gi(vi_ﬁi) log &_—) = gi(vi—7;) + gs(v] )}

> 0 l\/gi(vi —T;) — \/gi(vz

Hence, the assertion (3.7) holds. In the preceding estimate we used the elementary relation

§log%—§+n2 <\/E—\/7—7>2 for £,n> 0.

Remark 3.6. The proof of Lemma 3.5 shows that, for u = Ev € U + 4°,

/ﬁi—n}uz log(u;)du < c(F(u) + 1). (3.8)

Lemma 3.7. Letu= Ev € U+’ Then

F(u) - F(U)<CHUo—vollm+Cleuz UIIz,‘+/ (vo —v5)(€o(-, vo) — €0, v5))du- (3.9)

=1



This lemma can be proved similarly as the preceding one. Therefore, we omit the details.

4. Estimation of the Free Energy

Let

M:={ueU+u’: It exists a € ORT such that a* =af for (o, 8) €R (4.1)
and u; = ¢;(+,loga; — ¢;Ey tup) if a; >0, u; =0 else, i =1,...,m} :

and

Ry o= ulélja F(U) (RM =40 if M= @) (4.2)

Remark 4.1. Obviously, M = 0 if there is no a € 8RT such that a* = o for all
(o, B) € R. But even if there exists such a € ORT it may happen that there is no » in
U + u° such that u; = 0 <= a; = 0. In that case the set M is empty as well.

Theorem 4.2. Let (A1) - (All) be satisfied. Moreover, let R < R be fized, and let u*
be the same as in the preceding section. Then there exists a constant C such that

F(u) - F(u") < Cp(v)

provided that v €V, u=FEv € U +4°, and F(u) < R.
Proof. 1. lfv €V, ( = Lv, and a = (exp((1),-..,exp((m)), then

olo) = [ S di(-, v, DG) - Dz + L3 kepla~o)a~6)-cds

i=1 (a,B)ER

> / 3 gi(vs) | D¢ PPd + /_ Y kap (aa/z - aﬂ/2)2dﬂ =: p1(v).
Q i=1 Q (,B)ER

Therefore it is sufficient to prove that, under the hypotheses of the theorem,
F(u) - F(u*) < Cpy(v). (4.3)
2. We assume (4.3) to be false. Then we can find u, € U +u°, v, € V,n € N, such that
Un = Evn, F(un) < R, F(u,) — F(u*) = Cupi(vs) > 0, (4.4)

where lim C, = +oo. Lemma 3.5, Remark 3.6 and the results of [6] show that

m
”vnOHHl + ”vnﬂlloo,u + Z ”uniul,p <ec (4.5)

i=1
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3. Let , := Lv,. Then

+
D 7;!; 2 < gl(an) D > de
6 < f 28 nc,

< ¢ [ g:(vns)| DGufd < cps(00) (4.6)

< OL(R——F(U*)) — 0 as n — o0.
At points z, where T;(z) # 0 we have

[ < [Biknil < cu;

< C(l -+ Uni).

-1 (um) +7; + q;v
g; I % 4iUno

(3

Hence |[@:i(|li. < ¢ and |GGl < ¢ (cf. (4.5) and (4.6)). Setting an; := exp(Cni) we
obtain by Trudinger’s imbedding theorem that

lanill, < 111+ exp(GRllp < ¢, i=1,...,m, p € [1,00[.
Using (A5) and (4.5) we find that

Qns <ec €Xp (Cm,)

V9i(wn) ~ 1/9i(Gni)

_<_ c(ani + 1)

Hence

”Dam’“r = ”am'DCm‘”T < cllan: + 1”?” V 9i(Vns) Dnill2 < CPI('Un)> (4.7)

provided that % = % + %,— The right hand side of (4.7) converges to 0 as n — oo (cf.
(4.6)). Passing to a subsequence if necessary we may assume that

an — a in WH(Q;R™), r € [1,2], vm0 — vp in HY(Q),

where Da = 0. In addition we may assume that the sequence (a,) converges pointwise
almost everywhere (with respect to p) to a. It is easy to check that

(a::/Z _ aﬁ/2)2 — (aa/2 _ aﬁ/2)2

in Wir(Q), if r < 2. Therefore,
o/2 _ B[2)2 /2 _ B[2)2
/ﬁkag(an a,/?)*dp — /5kaﬁdu(a aP?)e.
Since, for (o, §) € R,
1
0 < [ Kap(as’® — a2 < pr(vn) < (R~ F(u') — 0,
Q n

we have necessarily
Y(a,f) eR: a® =d". (4.8)
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4. We define

U; = ei(-, log(az) has Qz"UO) if a; # 0, U; == 0 if a; = 0. (49)
If w; # 0 then
[tns —ui] < ¢|gi(l0g(ani) — Givno — T;) — gi(log(as) — gsvo — Ti)|
< c|exp(log(an:) — gvno — T;) — exp(log(a;) — givo — T;)| (4.10)
< ¢(|ani — ai] + (@n;i + 1)|vno — vol)-

This kind of estimate for |u,; — u;] is true also if u; = 0. Since the right hand side of (4.10)
converges to 0 in LP(Q, u) for every finite p as n tends to co, we have

Un; — u; in LP(Q,p), 1 < p < co.

5. Next we define ug := 37, g;u; and u := (ug, Uy, ..., Un). Starting from u, € U + u°
and Eyvno = Uno We obtain in passing to the limit

ueU+4’, Eyvp = uo.

The operator Ey! : H(Q)* — H'(R) being the inverse of a strongly monotone operator
is Lipschitzian. Therefore, the sequence (vno) = (Ej  uno) converges strongly in H'() to
vg. Moreover, due to the lower semicontinuity of F' on V*,

F(u) < liggglfF(un) < R< BRpm.

Therefore, u ¢ M (cf. (4.1),(4.2)). This is possible only if a; > 0, i = 1,...,m. Setting
G = log(as), vi :== Gi—aqivo, i =1,...,m, weget v := (vg,v1,...,Vm) € V,u= Ev € U+1u°,
and Av = 0. By Theorem 3.2 we conclude that v = v* and u = u*.

6. In view of the convergence properties of the sequences (vn0) and (u,) we have (cf.
Lemma 3.5, Lemma 3.7)

An = \/F(un) — F(u*) — 0 as n — oo. (4.11)
Furthermore (cf. (4.4)),

1 1

o = ah (va) 2 /Q 0g:(vni)

2
Kag ( arp g2\
dz + ‘[Q_ (a;)en———)\i (an —a, ) du. (4.12)

An

‘We introduce

- 1 ~ 1 1 Qni .
Upo 1= ‘}\—('l)no — ), Uy = /\—(un — ), by == X—(da— — 1), i=1,...,m.

n T

Lemma 3.5 shows that (Tno) is bounded in H*({2) and that
- 1
tnillsje, = ||X—(\/Um' ~ V1) (Vni + Vi) |l3/2,
1
< s (Ve = Vallaull (Vitas + v llsn < e
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At points z where %;(z) # 0 we have

ex -1 Eﬁ -+ U; . -1
Y 1 oL Ui + iUno | — €Xp\ 9g; u +7; + q:Vo

u
< c@n; + l)L—nZU—! + ¢|vno — vol-

2

|Gn;: — a;] =

Therefore,
Zibrill 1 < cllani + 1|3l nills/2,n + cllTnol| a2

Using
Db = g3 D= g5 VPRI
and |
gi(;l;) = gz(Cm) < c(an; +1)
we find
[ Dbl < cllan; + 1|, \/g"'_”""DCm ci

provided that % Il? By means of (4.10) we obtain

Ons — Q3

i + 1)|Tn0| < e(3/@ni + 4/03)|bni| + ¢(@ni + 1)|Tnol- (4.13)

|ﬂ'ni[ S c
n

The preceding estimates show that, passing to a subsequence if necessary, we may assume
that

b — b in WLT(Q), r < 2,
Bng — o in HY(), @, — @ in LP(Q, ;s R™1), 1 < p < o0,
and that the sequences (by;), (fing) converge pointwise almost everywhere with respect to
uin €.
7. In view of u, € U+u® we have /\Ln(un —u) € U. Passing to the limit we find that @ € U.
In particular,

(Ldu,.... [mdu) €. (4.14)

On account of the definition of b,; we have, for (o, 8) € R,

m m 2
a ® (a"‘/z - aﬁ/2)2 = (H(/\nbm + l)ai — H()‘nbm + l)ﬂi)

=1 =1

= (M S b0 — 8))" + Qa,

i=1

(4.15)

where

1Qn] < cA3(|b| + 1), 0 < po <2 max max {Z az,z,&} )

(e:B)ER g=1 i=1
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Recalling that A, — 0 as n — oo, we find that
1
'/\_2”Qn”1,p <cAp / |bn| + 1)P°dy — 0 as n — oo.

This result combined with (4.12), (4.15) gives, for (a, 8) € R,

Tim ko‘,j(me(ozz )) dy = 0.
Hence
b:=(by,...,bn) € S*. (4.16)

8. Letting n — oo in the equation
- U; _ —
Uni = /\—(gi(log(ani) — gino — T;) — gi(log(as) — qivo — v,-))
we find

; = Uig;(log(as) — give — ;) (2b; — qito) = Tag;(vi — Ts) (2b; — gso)- (4.17)

This relation will be used in the next step of the proof.
9. The equations satisfied by v, and v, respectively, imply that, for some v > 0,

{100 = wollys + [ (ea( o) = (-, ) (vn0 — v0)ds}

< (Egvno — Eog, Ung — UO) = Z/ Qz Uni — Us) (Uno — UO) dp. (4'18)
=1

Dividing by A2 and passing to the limit as n — oo, we obtain,
ool < ; [ asicvo dp.
Using (4.14), (4.16), and (4.17) we derive from the preceding inequality that
Y[TollZ < Z/ Ui (iU — 2b;) dpu = —;/ Tagh(vi — T;) (@ifo — 2b;)%dp < 0.

Hence 9o =0,b=0, and 2 = 0.
10. Dividing (4.18) by A2 we find that the sequence (7ino) converges strongly in H*(2) to
29 = 0. Moreover, we obtain

lim (eo( Uno) — €o(*, ¥0))Tnodp = 0.

n—00

By (4.13)
Iﬂ'nzl .<_ C(V Qni + l)lbml + C(ani + 1)lﬁn0I
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Hence @, — 0 in LP(Q, u; R™*') for every finite p. By definition of A, (cf. (4.11)) and
Lemma 3.7

1 . - | 1 -
1= g (Fun) = F)) S (ol + 3 Wailz,) + [ 5 (eal:0) = ol 0] nads

Because of the preceding results the right hand side converges to 0 as n — oo. This
contradiction shows that the assumption made in the beginning of the second step of the
proof was wrong, i.e., (4.3) holds, and the proof is complete. O

The estimate of the free energy by the dissipation rate of Theorem 4.2 can be used to
prove the exponential decay of the free energy to its equilibrium value along any trajectory
of the problem (2.13).

Theorem 4.3. Let (A1) — (All) be satisfied, let (u,v) be a solution to the initial value
problem (2.13), and let u* have the same meaning as in Section 8. For the initial value u®
we suppose that F(u®) < Rpq. Then there exists A > 0 such that, fort > 7 >0,

F(u(t)) — F(u") < exp(=A(t — 7)) (F(u(r)) - F(u)).
Proof. If (u,v) is a solution to (2.13), then v(t) = E~'u(t) € 0F (u(t)) for a.e. t€ Ry,
and for A € R we obtain (cf. Brézis [1], Lemma 3.3)
exp(At)(F(u(t)) — F(u*)) — exp(A7)(F(u(r)) — F(u"))

-/ exp(s){AF(u(s)) - F(w)) + (u/(5), v(s)) } ds

, (4.19)
= [ e ){AF(u(s) = F(u)) = (A(s)), (s)) } ds

= [ ) {AFu(s) — F@) - plo(s) } ds.
Setting A =0, 7 = 0 in (4.19) we find
VteR.: F(ut)) < F@°) < Ru.
Since v(s) € V, u(s) = Ev(s) € U +u? for a.e. s € R, we conclude by Theorem 4.2 that
F(u(s)) — F(u*) < Cp(v(s)) forae se€R,.
Using now (4.19) with A = 1/C we complete the proof. O

Finally we want to comment the hypotheses under which we proved Theorem 4.2.

Remark 4.4. In all cases of practical relevance we are aware of in semiconductor tech-
nology the set M defined in (4.1) is empty. In these cases Ry = +00, and the assumption
F(u®) < R means no restriction, i.e., Theorem 4.3 gives a global asymptotic stability
result. If M is not empty we can prove the exponential decay of the free energy only for
initial values «® near the equilibrium state u*. In that case Theorem 4.3 contains at least
a result on local asymptotic stability.

15



Remark 4.5. Theorem 4.2 remains true if the reaction coefficients k,s depend continu-
ously on the electrostatic potential. This means that ks in the definition of the operator
A (cf. (2.8)) is to be replaced by kqs(-, 7o) and instead of (A8) we have to assume that

kop : @ X R — R is such that
kap(z,-) € C(R) for p-almost every z € (,
kap (-, 8) € LL (2, pn)\{0} for every s € R.

(It is not necessary to impose a growth condition on kg, if the domain of definition of A
is modified slightly.) One may also allow k,p to depend on the potentials vy, .. ., vr, if only
the values of k.p can be estimated independently of these potentials.

Remark 4.6. One could admit more general functions ey, ..., e, than those described by
(2.11) and (A5). We don’t go into details here because all functions we met in applications
satisfy our hypotheses.

Remark 4.7. We could treat also systems where in addition to the diffusion in 2 other
diffusion processes take place on the surface 90 or on interfaces because the additional
processes lead to an increase of the dissipation rate.
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