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Abstract

In this work we present a continuum theory for the metal/electrolyte interface which ex-
plicitly takes into account adsorption and partial solvation on the metal surface. It is based
on a general theory of coupled thermo-electrodynamics for volumes and surfaces, utilized
here in equilibrium and a 1D approximation. We provide explicit free energy models for the
metal and electrolyte phases and derive a surface free energy for the species present on
the metal surface. This surface mixture theory explicitly takes into account the very differ-
ent amount of sites an adsorbate requires, originating from solvation effects on the surface.
Additionally we account for electron transfer reactions on the surface and the associated
stripping of the solvation shell. Based on our surface free energy we thus provide explicit
expressions of the surface chemical potentials of all constituents. The equilibrium repre-
sentations of the coverages and the electric charge are briefly summarized. Our model is
then applied to three representative examples and compared to experimental data. The
Ag(110)|KPF6 example serves to discuss some general aspects of our model and vali-
date our theory when no specific adsorption of ionic species occurs. Next, the Ag|NaClO4

interface for (110), (100), and (111) metal surfaces, compares our theory to multiple ex-
perimental data and shows its validity within the experimental error. Finally we discuss the
structure of the Ag(110)|NaF interface in a wide potential range. It turns out that various
layers self-consistently form within the overall space charge region, which are compared
to historic and recent pictures of the double layer. Based on this we present new inter-
pretations of what is known as inner and outer Helmholtz-planes and finally provide a
thermodynamic consistent picture of the metal/electrolyte interface structure.

1 Introduction

One of the main questions of modern electrochemistry is certainly how the structure of the
metal/electrolyte interface actually looks like for externally applied potentials. This question has
a long history in physical chemistry, and many conceptional suggestions of the double layer
structure have been proposed. The most common view a priori sketches the formation of sev-
eral layers in front of the metal surface, namely the inner Helmholtz-plane, which covers specifi-
cally adsorbed ions, the outer Helmholtz-plane, covering non-specifically adsorbed ions and the
diffuse double layer (c.f. Figure 1).

This conception of the double layer structure was transferred to theoretical models, in order
to understand various phenomena occurring at electrochemical interfaces. The groundbreaking
observations by Lippmann[44] and Gouy[28] of the electrocapillarity lead to the development of
the double layer theory by Helmholtz, Chapman[14], Stern[58] and others at the beginning of the
20th century. The theory was developed further by numerous researches[24, 26, 8] and found
its preliminary completion in 1947 with the seminal paper of D. Grahame [29]. The theory used
by Grahame relies on Gibbsian thermodynamics for the surface, the theory of O. Stern for non-
specifically adsorbed ions, and statistical mechanics (Boltzmann distribution or Gouy–Chapman
theory) in order to determine the diffuse part of the double layer.
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a CV is shown in Fig. 2 for a Pt(111) electrode in
0.1 M H2SO4. Four different processes can be seen
to occur, which relate to a mere charging of the
electrochemical interface, to sulfate or hydrogen
adsorption, and to hydrogen evolution. How can
one possibly be sure of such a detailed assignment?
How do we know that certain electrons stem from
sulfate adsorption, but others from hydrogen ad-
sorption? Most electrochemical reactions can be

studied under equilibrium conditions (like in Fig. 2
by choosing a low scan rate), which implies that
the adsorbed species is in equilibrium with the
corresponding solution species (e.g., sulfate ions or
H3Oþ). Hence, by varying the concentration of a
solution species, while keeping those of all others
constant, the respective feature in the CV under-
goes a potential shift associated with the concen-
tration of the electroactive species in solution.

724 D.M. Kolb / Surface Science 500 (2002) 722–740

Figure 1: Sketch of the metal/electrolyte interface structure according to D. Kolb (Fig. 1.a from
[39], reprinted with permission from Elsevier )

Common to all of these modeling approaches is the translation of an a priori perception of the
double layer to a mathematical model. Based on these models the crucial quantity characterizing
the metal/electrolyte interface was computed: the differential capacitance. Although the theory
of Grahame describes qualitatively several aspects of the measured capacity, its agreement is
restricted to a rather narrow potential range, i.e. ±0.1V, as well as small salt concentrations.
Especially the diffuse layer part, i.e. the Gouy–Chapman theory, is restricted to several mV
around the potential of zero charge and marked as "brilliant failure"[11] by Bockris. Hence, the
whole perception of the double layer structure is restricted to this narrow potential range since
there is no satisfactory validation for ±0.5V around the potential of zero charge.

The question is, if the approach of an a priori perception, and its translation to a mathematical
model, is at all constructive. It seems rather impossible to extend Grahame’s treatment sys-
tematically to curved surfaces, various metals, higher concentrations, mixtures of electrolytes,
different solvents and so on. And even worse, its consistent embedding in non-equilibrium ther-
modynamics is outstanding and may even be impossible. However, this step is crucial for many
disciplines adjacent to fundamental electrochemistry, i.e. corrosion and colloidal science, bat-
tery and fuel cell research, porous material science, etc. From the perspective of a general
theory this is the actual drawback of the theory presented by Grahame.

With this work we provide a conceptionally different strategy. We do not prescribe at all any
structure of the metal/electrolyte interface, but rather compute it based on coupled continuum
thermo-electrodynamics for volumes[47, 16] and surfaces[4, 30]. Even though we employ ther-
modynamic equilibrium throughout this work, it is crucial to mention that our theory is derived
completely within the framework of non-equilibrium thermodynamics.

The continuum approach ignores the atomistic structure of the material at hand, but covers
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many aspects of its microscopic structure in the central quantity of continuum thermodynamics:
the free energy density. Rational thermodynamics states some general, material independent
conditions and reduces the whole material modeling to the derivation of an explicit free energy
function. This strict separation between general conditions, which hold for every material, and
material specific free energy densities allows for a systematic modeling of the metal, its surface,
and the electrolyte phase within one general theory.
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quency effects have been observed with the other electrolytes. 
The curves in Fig. 2 show the concentrat ion effect on C in F-  (a) and CLOY, 

(b) solutions. The diffuse layer contr ibut ion is easily verified by the well- 
pronounced minimum. For both electrolytes, the minimum potential  Em is 
dependent  on concentrat ion.  In the concentrat ion range from 0.005 to 0.1 M 
the shifts AEm are equal to +18 and +32 mV for NaC104 and NaF (Table 1); 
they characterize an anionic specific adsorption, and a stronger specific adsorp- 
tion of F- than that  of ClOy, may be asserted. On mercury the inverse order 
is given [ 5], but  on gold [6], the same order as found here is observed. An 
a t tempt  to explain the different behaviour between mercury and solid surfaces 
is given in the discussion section. 

An interesting observation may be made on Fig. 2, if the C values of the 
two maxima sm~ounding the minimum axe compared.  At the negative maxi- 
mum the height is identical for F- and CLOY,, and no specific adsorption can be 
assumed. At the positive maximum C is higher with F-;  this can be explained 
by the assumption that  there is weak anionic specific adsorption in this poten- 
tial range and that  F- is more strongly adsorbed than CLOY,. The total capacity 
is given by [7] 
( C )  - 1  = (c i )  -1 + ( c d )  - 1  (1 + 0oi/()O) (1) 

where C, C i and C d are the capacities of the double layer, inner layer and dif- 
fuse layer, and a and o i are the electrode charge and that  of the specifically 
adsorbed ions. 

As specific adsorption becomes stronger, 30 i/ao decreases from zero, and the 
factor multiplying (C d)-~ decreases, so C increases and tends towards C i, at a 
given electrode charge. On the other hand, o d remains opposite to a, because 
]oi l< o, and C d decreases as the anion becomes more strongly adsorbed, 

therefore the total capacity is expected to decrease. Since C increases from 
C10?~ to F-,  the influence of (1 + 3oi/3o) would be greater than that  of C d. It 
is assumed here that  the inner-layer capacity C i is weakly dependent  on the 
nature of the anions as found for C1- and F- [8]. 
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Fig. 2. C(E) curves for a (110) silver electrode. Concentration dependence in (a) NaF, and 
(b) NaC104 solutions. 
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(b) Measured capacity (Fig 2.a from [61],
reprinted with permission from Elsevier)

Figure 2: Comparison of the computed capacity (a) and the measured capacity (b) of the
Ag(110)|NaF interface for concentrations of (0.005 − 0.1)M. Below a sketch of our reinter-
pretation.

The metal is described by metal ions and free electrons in the conduction band, whereas the
electrolyte consists of neutral solvent, several ionic as well as undissociated species. Particularly
we consider all species additionally on the surface in terms of a surface mixture theory. We pro-
vide explicit functions of the free energy for all phases, which account for solvation effects in the
volume and on the surface, incompressibility, entropic contributions and reference states. The
electrostatic potential arises naturally within the theory due to the consistent derivation based
on non-equilibrium thermo-electrodynamics. We emphasize that an a priori distinction between
Galvani or Volta potentials is not necessary. We are then able to deduce representations of the
double layer chargeQ and the capacity C based on our model. The remaining set of parameter
are well defined equilibrium properties and discussed within this work.

Figure 2 displays a comparison between computed and measured capacity curves for aqueous
NaF solutions in contact to Ag(110). We obtain a broad qualitative and quantitative agreement
to the experimental data and emphasize that all parameters are kept fixed, except the bulk
salt concentration. This remarkable accordance is achieved by a consistent incorporation of

3



the material pressure p within the electrolyte in our derivation, which is completely neglected
in Grahame’s theory. However, the pressure term actually accounts for the very different sizes
(partial molar volumes) of solvent and solvated ions and is thus the main contribution which
encodes the solvation effect. Particularly within the boundary layer the pressure p adopts very
high values, which are counter balanced by the Maxwell stress, and thus cannot be ignored. It
turns out that the free charge density nF is not a function of the electric potential ϕ alone, which
is common to all continuum double layer theories, but subject to the coupled problem

∇p = −nF(ϕ, p)∇ϕ, −ε∆ϕ = nF(ϕ, p). (1)

A similar relationship is also found on the surface which couples the surface charge density to
the surface tension.

The comparison in Figure 2 validates our theory in the potential range of E = [−1.3,−0.5]V.
We are thus able to compute of the corresponding double layer structure based on the equation
system (1). Figure 3 displays exemplarily the computed structure for E = −0.6V, which corre-
sponds to a metal surface/electrolyte potential drop of ϕ

s
− ϕE = 0.37V. The space dependent

mole densities of solvent, cations and anions are the solid lines wheres the respective cover-
ages on the metal surface are encoded in the bar chart. The electrostatic potential is shown as
black dashed line.

We find indeed the formation of several layers in front of the metal surface. Based on the clas-
sical perception, we reinterpret our findings in the terminology of inner- and outer Helmholtz
plane, Stern layer, diffuse layer, and provide sharp definitions of their actual position. However,
very significant differences are found to some classical assumptions, e.g. that of a constant
Stern layer width or a fixed layer of adsorbates forming the inner Helmholtz plane. We discuss
this more in detail in Section 11.

This work should be understood as general thermodynamic framework for arbitrary metal/ elec-
trolyte interfaces. Some selected examples serve to show its validity. However, we derive the
whole equation system universal enough to account for mixtures of salts, weak acids, differ-
ent solvents, electron transfer reactions, metal surface orientations and other effects. It allows
further for a systematic extension to non-equilibrium situations, however, ensuring that in equilib-
rium accordance to measured data is obtained. This is especially of interest for the widely used
Poisson–Nernst–Planck models [48, 51, 53, 2, 3, 55, 27, 41], which actually lead in equilibrium
to the Gouy–Chapman theory and are thus only valid in a very narrow potential range. The
free energy functions we employ in this work are rather simplistic, although providing already a
good agreement to experimental data. However, applying more sophisticated free energy mod-
els within our theory is straight forward, e.g. (surface) phase separation, enthalpy contributions,
virial expansions, temperature effects.

Organization of this paper. In Chapter 2 we present basic assumptions, quantities, proper-
ties and restrictions of the general constitutive theory. The general equilibrium conditions are
derived in Chapter 3.

The special constitutive theory of the electrochemical system at hand is the main focus of Chap-
ter 4. Here we summarize the free energy models for the metal, the electrolyte and the surface.
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Figure 3: Compute structure of the metal surface/electrolyte interface for E = −0.6 (which
corresponds to ϕ|xS − ϕ|xE = 0.37V).

Chapter 5 specifies the considered adsorption and surface reactions and provides the derivation
of the relevant equations that are needed to describe the combined electrochemical system.
This derivation is based on the equilibrium conditions from Chapter 3 and the constitutive model
developed in Chapter 4. A careful discussion of the complete metal-interface-electrolyte model
concludes Chapter 5.

Chapter 6 discusses the parameter arising in our model. These include the solvation number,
partial molar volumes and areas, adsorption and reaction energies and others.

In Chapter 7 we define the measurable cell potential E, the double layer charge Q and the
capacity C . Based on a derivation of the current-charge relation we are able to obtain explicit
representations of Q and C based on the equations of Chapter 5. We provide definitions of the
reference potential as well as the potential of zero charge and establish the link between our
model and experimental quantities.

The new capabilities of our model are illustrated in Chapter 8-11 by a discussion of several
examples. General discussions of our model are provided on the example of Ag(110)|KPF6

(Chapter 9). A comparison to different experimental data as well as different metal surfaces is
given in Chapter 10. Finally we investigate the structure of the Ag(110)|NaF interface in Chapter
11, which provides also our new definitions of inner- and outer Helmholtz plane and discusses
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the comparison to the classical perception.

A conclusion and some final remarks are given in Chapter 12.

2 Metal/electrolyte interface in the context of thermodynam-
ics

Our theory is based on the framework of non-equilibrium continuum thermodynamics [46, 47,
16, 13, 4, 30], which consistently couples electrodynamics and thermodynamics. It describes
mass, momentum and energy as well as electromagnetic field as continuous variables of space
and time. The theory relies on universal balance equations which must be supplement by con-
stitutive equations to describe the material at hand. Since we explicitly take into account the
metal/electrolyte interface, we include thermodynamics of singular surfaces [47, 4, 30]. The no-
tion singular surface is used because here certain quantities suffer discontinuities, for example
the mass density.

In this study we are exclusively interested in thermodynamic equilibrium and we only consider
planar interfaces. For the general non-equilibrium case we refer to [20].

2.1 Basic assumptions

Before we derive the model for the metal/electrode interface we make some preliminary as-
sumptions on both the geometry and the equilibrium case.

Assumptions on the domain geometry. We consider a liquid electrolyte ΩE ⊂ R3 in contact
with some metal ΩM ⊂ R3. The domains ΩE and ΩM share a common interface S with S =
∂ΩM ∩ ∂ΩE. We simplify the geometric properties of the interface by assuming that S is plane
and lies parallel to the coordinate plane (y, z) whose normal vector ν is oriented in x direction
and points into the electrolyte domain ΩE.

Due to the one-dimensional setting of the interface we assume that also every quantity defined
in the electrolyte and the metal, respectively, is likewise a function of the space coordinate x.
Thus we consider the one dimensional approximation of a metal/electrolyte interface and its
surrounding. In the one-dimensional setting the interface is located at the position xS and the
domains for the metal and electrolyte are represented by

ΩM = [xM, xS] and ΩE = [xS, xE] . (2)

Temperature and barycentric velocity. Recall that we are only interested in thermodynamic
equilibrium, which yields some simplifications concerning the temperature T and the barycentric
velocity v. In fact, in equilibrium temperature and velocity must be uniform in the bulk domains
and they are continuous at singular interfaces [47, 16]. In this case the velocity can be set to
zero and the temperature appears only as a constant parameter.
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2.2 Constituents and chemical reactions

The three domains ΩE,ΩM and S are represented by mixtures consisting of different con-
stituents which are described in the following.

The liquid electrolyte consists of NE + 1 constituents, namely the solvent A0 and solvated ions
Aα, α = 1, . . . , NE.

The metal consists of two constituents, namely the metal ions AM and the free electrons Ae.

Furthermore, we explicitly account for the interface S in terms of surface constituents A
s
α, α =

0, . . . , Ns. We assume that each constituent of the metal and the electrolyte may also be
present on the interface S. However, due to interfacial chemical reactions further constituents
may arise as reaction products.

The electrolyte species one the surface are denoted byA
s

0, . . . , A
s
NE

and the surface metal ions

are numbered as A
s
Ns−1 = A

s
M and A

s
Ns = A

s
e.

The constituents have (molar) masses mα [ kg/mol ] and may be carrier of electric charges
zαe0 [ C/mol ]. The positive constant e0 is the elementary charge per mol and the integers
zα are the charge numbers. Moreover the constituents of the electrolyte are equipped with a
solvation number κα, characterizing the number of solvent molecules in the solvation shell.

In the electrolyte we consider M general chemical reactions

ν ′0,i A0 + · · ·+ ν ′NE,i As NE
−−⇀↽−− ν ′′0,i A

s
0 + · · ·+ ν ′′NE,i As NE

i = 1, . . . ,M (3)

which later on describe self-ionization or dissociation. The quantities ν ′α,i, ν
′′
α,i are positive inte-

gers and να,i = ν ′′α,i − ν ′α,i denote the stoichiometric coefficients of reaction.

On the surface Ms chemical reactions may occur, which are of the general type

ν
s

′
0,i A

s
0 + · · ·+ ν

s

′
NE,i As Ns

−−⇀↽−− ν
s

′′
0,i A

s
0 + · · ·+ ν

s

′′
Ns,i As Ns

i = 1, . . . ,Ms . (4)

Similar to the volume, ν
s

′
α,i, ν

s

′′
α,i are positive integers and ν

s
α,i = ν

s

′′
α,i − ν

s

′
α,i the stoichiometric

coefficients of the surface reaction.

Mass and charge are conserved in every chemical reaction, i.e.

NE∑
α=0

να,imα = 0 and
NE∑
α=0

να,izα = 0 for i = 1, . . . ,M (5)

for the electrolyte phase, whereas similar conditions also hold for the surface reactions.

2.3 Basic quantities

In equilibrium the thermodynamic state of the domains ΩM, ΩE is described by the mole densities
nα and the electric field E. On the interface S the thermodynamic states is described by the
interfacial mole densities n

s
α.
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Note that nα are volume densities (with units mol/m3) functions of space x ∈ ΩM/E while
n
s
α are surface densities (with units mol/m2) and constants with respect to space due to the

one-dimensional setting.

Multiplication of the mole densities by the atomic masses mα give the partial mass densities in
the bulk and on the surface,

ρα = mαnα and ρ
s
α = mαn

s
α . (6)

The total mass densities in the bulk and on the surface are defined as

ρ =
N∑
α=0

ρα and ρ
s

=
Ns∑
α=0

ρ
s
α . (7)

Similar, multiplication of the mole densities by the electric charges zαe0 and summation gives
the total free charge densities in the bulk and on the surface,

nF =
N∑
α=0

zαe0nα and n
s

F =
Ns∑
α=0

zαe0n
s
α . (8)

According to Maxwells theory the total electric charge densities ne/n
s

e consist of two contri-

butions, viz. the free charge densities nF/n
s

F, as defined above, and the polarization charges

nP/n
s

P due to polarization of the matter, i.e.

ne = nF + nP and n
s

e = n
s

F + n
s

P . (9)

2.4 General constitutive model: Free energies, chemical potentials, po-
larization, stress, pressure and surface tension.

The constitutive behavior of the metal/interface/electrolyte system is determined by the free
energy densities for the metal, the electrolyte and the interface.

We describe the metal as well as the electrolyte as a polarizable mixture and assume that the
free energy densities have the general representations

ρψM = ρψ̂M(T, nM , ne)− 1
2
χMε0|E|2 and ρψE = ρψ̂E(T, n0, n1, ..., nNE

)− 1
2
χEε0|E|2 .

(10)
The constants χM/E are the electric susceptibilities of the metal and the electrolyte at hand. On
the interface S we assume a free energy density of the general form

ψ
s

= ψ̂
s
(T, n

s
0, n

s
1, . . . , n

s
Ns) . (11)

Note that the energy functions (10) of the electrolyte and the metal have the same general
structure. Thus, if no confusion arises we usually drop the subscripts E and M.
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All further constitutive functions are derived from the three free energy functions. Details of the
following representations, particularly their status as definitions and conclusions, are given in
[20, 30].

The chemical potentials in the bulk and on the surface are defined as

µα =
∂ρψ

∂nα
and µ

s
α =

∂ψ
s

∂n
s
α

. (12)

The constancy of the susceptibilities χ implies that the chemical potentials are independent of
the electric fieldE. The polarization vector is given by the relation

P = −∂ρψ
∂E

= χε0E . (13)

The total stress tensor Σ includes the stress due to matter and the Maxwell stress so that the
equilibrium momentum balance is written as divΣ = 0. The representation of Σ reads

Σ =
(
ρψ −

N∑
α=0

nαµα

)
1− 1

2
ε0|E|21 +E ⊗

(
ε0E + P

)
. (14)

The definition of the pressure p depends likewise on the form of the momentum balance. We
define p so that the equilibrium momentum balance assumes the form ∇p = nFE. Then the
pressure is given by

p = −ρψ̂ +
N∑
α=0

nαµα , (15)

and, due to the constancy of the susceptibility, p is independent of the electric field. For this
reason p is called material pressure. The constitutive relation (15) is known as the Gibbs-Duhem
equation.

The interface S is equipped with a surface tension, γ, which is calculated by the interfacial
Gibbs-Duhem equation

γ = ψ
s
−

Ns∑
α=0

n
s
αµ
s
α . (16)

3 Equilibrium conditions

The considered system exhibits five different kinds of equilibria: 1. electrical equilibrium, 2. me-
chanical equilibrium, 3. diffusion equilibrium in ΩM,E, 4. adsorption equilibrium at S, 5. chemical
equilibrium on S and in ΩE. Next we specify and discuss the equations that describe the equi-
libria in the metal and electrolyte as well as on the interface.

To formulate the interface equations, it is necessary to introduce the boundary values and the
jump of a generic function u(x) in ΩM/E across the interface. We define

u|MS = lim
x∈ΩM→S

u(x) , u|ES = lim
x∈ΩE→S

u(x) , [[u]] = u|ES − u|MS . (17)

9



Electrical equilibrium is determined by the Poisson equation resulting from both Maxwell’s
equation ε0div(E) = ne with E = −∇ϕ and the equation for polarization divP = −nP.
Inserting the electric potential and the charge density as well as the polarization leads in the
considered one dimensional case to

−ε0(1 + χ)∂xxϕ = nF in ΩM/E . (18)

Across the interface S the jump conditions for the electric field, ε0[[E · ν]] = n
s

e, and for the

polarization vector, [[P · ν]] = −n
s

P, lead to

−ε0[[(1 + χ)∂xϕ]] = n
s

F on S . (19)

The electrostatic potential ϕ is continuous at the interface, i.e.

ϕ|MS = ϕ|ES = ϕ
s

on S . (20)

The quantity ϕ
s

is called the surface electric potential.

Mechanical equilibrium is determined by the quasi-static momentum balance div(Σ) = 0.
Inserting the electric potential and the stress tensor leads in the considered one dimensional
case to

∂xΣ = 0 with Σ = −p+ 1
2
ε0(1 + χ)(∂xϕ)2 in ΩM,E . (21)

The surface balance equation for momentum yields the continuity of the total stress tensor

[[Σ]] = 0 on S . (22)

There is an useful representation of (21) that can be easily derived. It reads

∂xp = −nF∂xϕ in ΩM,E . (23)

Chemical equilibrium in the electrolyte is characterized by the law of mass action for each
reaction:

NE∑
α=0

να,iµα = 0 in ΩE ., i = 1, 2, ...,M . (24)

Diffusional equilibrium is defined by zero diffusion fluxes. For a general mixture this is en-
sured by the conditions [16, 20]

∂x

((
µα − m0

mα
µ0

)
+ e0

(
zα − m0

mα
z0e0

)
ϕ
)

= 0 , α = 1, . . . , N in Ω . (25)

However, these conditions can be simplified: At first note that the gradient of the Gibbs–Duhem
equation (15)2 implies

∂xp =
N∑
α=0

nα∂xµα in Ω . (26)

10



Elimination of ∂xp by the mechanical equilibrium condition (23) yields

N∑
α=0

nα(∂xµα + e0zα∂xϕ) = 0 in Ω . (27)

This equation is combined with (25) so that we obtain for the electrolyte

∂x(µα + e0zαϕ) = 0 , α = 0, 1, . . . , N in ΩE . (28)

and for the metal
∂x(µα + e0zαϕ) = 0 , α = e,M in ΩM . (29)

Adsorption equilibrium concerns diffusion from the bulk to the interface. The conditions for
adsorption equilibrium concern only those constituents which are defined in the bulk domains.
The adsorption conditions read

µα|MS = µ
s
α, α = M, e and µα|ES = µ

s
α, α = 0, 1, . . . NE . (30)

Surface chemical equilibrium on the interface is characterized by the law of mass action for
each reaction:

Ns∑
α=0

ν
s
α,iµ

s
α = 0 , i = 1, 2, ...,Ms . (31)

Summary and boundary conditions. The equilibrium of a metal/electrolyte interface is de-
scribed by the equations (18)–(20) and (28)–(31). The equation system serves to determine the
unknowns

(ϕ, ϕ
s
)− electric potentials

(nM , ne)− metal species densities

(n0, n1, . . . , nNE
)− electrolyte species densities

(n
s

0, . . . , n
s
Ns)− surface species densities . (32)

To solve the equilibrium equations we need further conditions at the external boundaries of
ΩM ∪ ΩE. We assume at the metal boundary xM and the electrolyte boundary xE, respectively,
the following conditions:

ϕ|x=xM = ϕM , ϕ|x=xE = ϕE , (33)

nα|x=xM = nMα , nα|x=xE = nEα , (34)

Σ|x=xM = −pM , Σ|x=xE = −pE . (35)

Thus in the bulk metal and bulk electrolyte far away from the interface we prescribe the electric
potential, the number densities and the stress.
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Furthermore we assume that the bulk densities nM,Eα satisfy the electroneutrality conditions

zMn
M
M + zen

M
e = 0 and

NE∑
α=1

zαn
E
α = 0 . (36)

The mechanical equilibrium conditions (21) and (22) require that the stresses at xM and xE are
equal, which implies

pM = pE . (37)

4 Free energy models

The equilibrium conditions of the last section become explicit equations for the unknowns (24)
if the free energy densities for the metal, the electrolyte and the interface were known. In this
section we will specify the three constitutive functions of the free energy. The motivation and
derivation of the free energy densities are described in detail in the Appendix A.

4.1 Electrolyte

We consider the electrolyte as an elastic liquid mixture consisting of a solvent and solvated
ions [18]. The free energy density ρψ̂E of the electrolyte will be decomposed into three additive
contributions of different origins. We write

ρψ̂E(T, n0, n1, ..., nNE
) = ρψref + ρψmech + ρψmix. (38)

The quantity ψref describes a suitable chosen reference state. ρψmech encodes mechanical free
energy contributions due to the elastic behavior of the liquid and ρψmix represents the entropic
contribution to the free energy due to mixing of particles of different kind.

For the representation of the entropic and mechanical contribution to the free energy we intro-
duce the total mole density of particles n and the mole fractions yα by

n =
NE∑
α=0

nα and yα =
nα
n

with
NE∑
α=0

yα = 1 . (39)

The entropic contribution to the free energy is given by

ρψmix = kBTn

NE∑
α=0

yα ln(yα) , (40)

where kB denotes the Boltzmann constant. The mechanical contribution to the free energy
density is chosen as

ρψmech = (pR −K)(nH − 1) +KEnH ln(nH) with H =
NE∑
α=0

vRα yα . (41)

12



Herein pR is the pressure in the reference state and KE denotes the bulk modulus of the liquid.
The vRα is the partial molar volume of the constituent Aα in the reference state. The function H
accounts for volume changes due a local variation of the mixtures composition.

Finally, the reference contribution to the free energy is assumed to be

ρψref =
NE∑
α=0

nαψ
R
α , (42)

where ψRα denotes the reference free energy of each individual constituent.

Pressure. The free energy contributions (38)–(42) yields for the pressure p via its definition
(15) the representation

p = pR +KE(nH − 1) with H =
NE∑
α=0

vRα yα . (43)

Particularly the choice (41) has been made so that we obtain this simple law for the pressure.

Chemical potentials. The definition (12) is now used to calculate the chemical potentials µα
from the free energy contributions (38)–(42),

µα = ψRα +vRα

(
pR +KE ln

(
1 +

p− pR

KE

))
+kBT ln yα for α = 0, 1, . . . , NE. (44)

Incompressibility. In the incompressible limit, i.e. KE → ∞, the constitutive equation (43)
for the pressure p implies the constraint

n

NE∑
α=0

vRα yα = 1 . (45)

Thus in the incompressible limit the total mole density of the mixture is already determined by the
mole fractions. However, in this limit the constitutive equation (43) cannot be used anymore to
determine the pressure p. For this reason the pressure must be included in the list of unknowns.

Further the limit KE →∞ reduce the constitutive function (44) of the chemical potentials to

µα = gRα + vRα (p− pR) + kBT ln(yα) , α = 0, 1, . . . , NE . (46)

with reference Gibbs free energy gRα = ψRα + vRα p
R. Note that the chemical potentials become

linear functions of the pressure p in the incompressible limit.
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4.2 Metal

The basic constitutive properties of the metal electrode rely on Sommerfeld’s model where the
metal consists of an ionic lattice and free electrons [57]. The free energy density ρψ̂M of the metal
is additively decomposed into the free energy densities of the metal ions and the electrons,

ρψ̂M(T, ne, nM) = neψe(T, ne) + nMψM(T, nM) . (47)

Here the partial specific free energy of constituent α ∈ {e,M} depends only on the mole
density of constituent α.

The decomposition (47) implies a corresponding decomposition of the pressure p into its partial
pressures

p(T, ne, nM) = pM(T, nM) + pe(T, ne) . (48)

The partial free energy density of the electrons is determined on Sommerfeld’s model of a metal
[57],

neψe =
3

5

(
3

8π

)2/3
h2

2me

n5/3
e , (49)

where h is Planck’s constant. The free energy density contribution of the metal ions is given by

nMψM = nMψ
R
M + (pRM −KM)(vRM nM − 1) +KMv

R
M nM ln(vRM nM) . (50)

Here KM is the bulk modulus of the metal, vRM is the partial molar volume of the metal ions in
the lattice and pRM is a reference pressure. The choice (50) has been made to obtain a simple
linear relation between the partial pressure pM and the lattice deformation characterized by the
mole density nM .

Pressure. In an analogous manner to the electrolyte we use (15) to calculate the total pres-
sure of the metal from the constitutive model (47)–(50). Hereafter we identify the partial pres-
sures pe and pM for which we obtain

pe =
2

5

(
3

8π

)2/3
h2

2me

n5/3
e and pM = pRM +KM(vRM nM − 1) . (51)

Chemical potentials. The constitutive model (47)–(50) leads to chemical potentials µe and
µM of the electrons and metal ions, respectively, that are represented by

µe =

(
3

8π

)2/3
h2

2me

n2/3
e and µM = ψRM + vRα

(
pRM +KM ln

(
1 +

p− pRM
KM

))
.

(52)

Incompressibility. As in the electrolyte we consider for the metal also the incompressible limit
KM →∞. The consequences are similar as before: (i) the mole density nM is calculated from
the constraint

nMv
R
M = 1 (53)
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and reduces here to a constant. (ii) Instead of nM the partial pressure pM is the unknown
variable in the incompressible limit, and (iii) the chemical potential µM becomes a linear function
of pM , viz.

µM = ψRM + vRMpM . (54)

According to the relation p = pe + pM we can use the total pressure p instead of pM as the
new unknown, which is more convenient.

4.3 Interface

It is assumed that there is no energy exchange due to thermal motion between the interfa-
cial electrons and the ensemble of remaining constituents. Thus the total surface free energy
density ψ

s
additively splits in a contribution of the electrons, ψ

s
e, and of the remaining surface

constituents, ψ
s
r, i.e.

ψ
s

= ψ
s
e(T, n

s
e) + ψ

s
r(T, n

s
0, n

s
1, . . . , n

s
Ns−1) . (55)

The free energy density ψ
s
e only depends on the electron density n

s
e whereas the free energy

density ψ
s
r is independent of n

s
e.

The surface tension γ thus decomposes into a corresponding contribution of the electrons and
an elastic contribution of the remaining constituents, i.e.

γ = γe + γr with γe = ψ
s
e − n

s
eµ
s
e and γr = ψ

s
r −

Ns−1∑
α=0

n
s
αµ
s
α . (56)

Due to the decomposition (55) we can separately discuss the modeling procedure of ψ
s
e and

ψ
s
r, starting with the surface free energy of the adsorbates and the metal species.

We assume thatψ
s
r consists of some reference state contributionψ

s

ref
r , a mechanical contribution

ψ
s

mech
r , which covers the elastic behavior of the lattice, and an entropic contribution ψ

s

mix
r due to

entropic mixing, i.e.

ψ
s
r = ψ

s

ref
r + ψ

s

mix
r + ψ

s

mech
r . (57)

Of course, further contributions to ψ
s
r can be considered, e.g. enthalpy of mixing [35].

The interfacial free energy of mixing is different from the corresponding contribution in the elec-
trolyte because there are lattice sites on S which are absent in the liquid electrolyte. Each metal
ion on S allocates ωM adsorption sites. The surface density of adsorption sites is thus ωMn

s
M .

Each particle of constituent α ∈ 1, 2, . . . , Ns − 2 requires ωα sites. Therefore the surface
density of vacancies, i.e. of empty sites, is given by

n
s
V = ωMn

s
M −

Ns−2∑
α=0

ωαn
s
α . (58)
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We denote the partial molar area of the surface metal ions with aRM which define the corre-
sponding molar areas of vacancies and adsorbates,

aRV =
1

ωM
aRM and aRα =

ωα
ωM

aRM . (59)

For the formulation of the free energy contributions it is useful to introduce total mole densities
n
s

(of mixing particles) and surface fractions y
s
α of adsorbates and vacancies, respectively,

n
s

=
Ns−2∑
α=0

n
s
α + n

s
V and y

s
α =

n
s
α

n
s

with
Ns−2∑
α=0

y
s
α + y

s
V = 1 . (60)

The mixing of the adsorbates with the vacancies in a liquid like manner leads to the free energy
contribution

ψ
s

mix
r = kBT

(
Ns−2∑
α=0

n
s
α ln(y

s
α) + n

s
V ln(y

s
V )

)
. (61)

The mechanical part of the surface free energy is determined in a similar manner as in the bulk
metal,

ψ
s

mech
r = ψ

s

R
M − (γR −K

s
)(aRMn

s
M − 1)−K

s
aRMn

s
M ln(aRMn

s
M) , (62)

where aRM is the partial molar area of the metal at the surface, K
s

the surface compressibility of

the lattice and γR denotes a reference surface tension for an clean surface, i.e. y
s
V = 1.

The interfacial free energy contribution of the reference state is

ψ
s

ref
r =

Ns−2∑
α=0

n
s
αψ
s

R
α (63)

where ψ
s

R
α denotes the reference surface free energy of the adsorbates.

To our knowledge there seems to be no accepted model for the interfacial free energy density of
the electrons, [37]. Therefore we do not specify the free energy density of the electrons in this
study. It is sufficient to assume that the interfacial free energy of the electrons, ψ

s
e, exclusively

depends on the mole density n
s
e, i.e.

ψ
s
e = ψ̂

s
e(n
s
e). (64)

Since we have not specified an explicit function ψ
s
e yet, we have no explicit representation of the

surface electron chemical potentials µ
s
e. We can only conclude that µ

s
e depends exclusively on

the surface electron density n
s
e, i.e.

µ
s
e = µ̂

s
e(n
s
e) . (65)
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However, we can expand µ
s
e in a Taylor series around some prescribed reference density n

s

R
e .

In this study we are only interested in the first term of the series, with which we have a constant
chemical potential,

µ
s
e ≈ µ̂

s
e(n
s

R
e ) = const. (66)

Further we assume that the free energie density is a linear function of n
s
e, i.e.

ψ
s
e = ψ

s

R
e + µ

s
en
s
e . (67)

Surface tension. According to (56) our constitutive model of the free energy implies

γ = γR +K
s

(
aRMn

s
M − 1

)
. (68)

We observe that the surface tension only depends on the metal ion density n
s
M .

Chemical potentials. For the adsorbates we obtain the chemical potentials

µ
s
α = ψ

s

R
α + kBT ln(y

s
α)− ωαkBT ln(y

s
V ) , α = 0, 1, . . . , (Ns − 2) . (69)

The chemical potential for the surface metal ions is given by

µ
s
M = ψ

s

R
M + ωMkBT ln(y

s
V )− aRM

(
γR +K

s
ln
(γ − γR

K
s

+ 1
))

. (70)

Incompressibility. As in the bulk, we perform the limit K
s
→ ∞. In this case we conclude

from the constitutive relation (68) that the surface density n
s
M of the metal ions is a constant

and given by
aRMn

s
M = 1 , (71)

while, as before, instead of n
s
M the surface tension γr becomes a new independent unknown of

the system. Moreover the chemical potential of the metal ions reduces to

µ
s
M = ψ

s

R
M + ωMkBT ln y

s
V − aRMγ . (72)

The surface incompressibility constraint (71) and the condition (58) determines the total number
density n

s
in terms of the surface fractions y

s
α. We insert the constraint (71) into the equation

(58) and obtain after some rearrangements

1

n
s

= aRV y
s
V +

Ns−2∑
α=0

aRαy
s
α . (73)
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Finally we suggest n
s

R
e = zMn

s
M as the reference density for the Taylor expansion of µ

s
e. The

actual value of the (constant) chemical potential µ
s
e thus depends (parametrically) on the molar

area aRM of the metal surface lattice. We define the abbreviation

µ
s

M
e = µ̂

s
e(
zM
aRM

). (74)

Note that the parameter aRM covers the actual structure of the metal surface, e.g. (110) or (100)
surface. Hence the constant µ

s

M
e is (parametrically) dependent on the surface orientation.

5 The metal/electrolyte/interface model

In this section we exploit the metal/electrolyte/interface model from Sections 3 and 4 for some
explicit reactions in the electrolyte phase and on the metal surface. Particularly we derive the
representations of the bulk and interfacial mole densities as functions of the electrostatic po-
tentials ϕ/ϕ

s
, the pressure p and the surface tension γ. Finally we discuss the remaining set of

equations that determine ϕ,ϕ
s

, p and γ.

5.1 Considered chemical reactions

Here we specify the chemical reactions (3) and (4) for the metal/electrolyte/interface model.
The considered reactions are general enough to describe a wide range of electrolytic solutions,
however, specific enough to obtain some explicit results.

5.1.1 Electrolyte reactions

In the electrolyte phase we consider exclusively dissociation reactions, which account for the
self ionization of the solvent, the dissociation of acids as well as the dissolution of salts.

The explicit representation of these chemical reactions requires a consecutive indexing, where
Aα denotes the solvent, acid, or salt constituent, and Aα+1, Aα+2 the reaction products. Since
the reaction products are ionic species, solvation occurs has to be considered in the dissociation
reaction. Hence the general scheme of dissociation reactions is

Aα + (κα+1 + κα+2)A0 −−⇀↽−− Aα+1 + Aα+2, α = 0, 3, . . . , NE − 2. (75)

5.1.2 Surface reactions

On the interface we describe four different phenomena which occur on the electrolytic side.
There is adsorption of all electrolytic constituents which is followed by a reaction where the
adsorbates loose a part of their solvation shell. Moreover the adsorbates are involved in electron
transfer reactions which are also accompanied by a further reduction of the remaining solvation
shell. Finally dissociation of adsorbates on the surface may occur.
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The explicit representation of these chemical reactions requires the introduction of a double
index (α, β) for numbering the adsorbates. The first index indicates the corresponding ion in the
electrolyte of the interfacial constituent, while the second index counts the number of involved
electron transfer reactions.

In detail the following reactions occur:

� Adsorption corresponds to the diffusion process from a point x → xS onto the surface
S. We follow the convention in chemistry and write adsorption as some kind of chemical
reaction,

Aα −−⇀↽−− A
s
α , α = 0, . . . , NE. (76)

The charge number zα, mass mα and solvation number κα are equal for Aα and A
s
α.

� Solvation shell stripping corresponds to the restructuring and release of solvent molecules
of an adsorbed, solvated ion. We denote by (A

s
1,0, . . . , A

s
NE,0) the reaction products of

this process and write the solvation shell stripping reactions as

A
s
α −−⇀↽−− A

s
α,0 + (κα − κα,0)A

s
0 , α = 0, 1, . . . , NE. (77)

Hence, the speciesA
s
α,0 are partially solvated ions with solvation number κα,0 and charge

number zα,0 = zα. Note that a shrinking of the solvation shell releases solvent molecules
A
s

0 on the surface.

� Electron transfer is further considered in elementary steps. The first electron is trans-
ferred from (or to) a partially solvated ion A

s
α,0, producing a species A

s
α,1 with charge

number zα,1 = zα − sgn(zα) 1 and solvation number κα,1. This species A
s
α,1 could

further react with an electron to produce a constituent A
s
α,2, and so forth. The general

scheme for α = 1, . . . , NE is thus

A
s
α,β−1 + sgn(zα)A

s
e −−⇀↽−− A

s
α,β + (κα,β−1 − κα,β)A

s
0 , β = 1, . . . , |zα|. (78)

where the species A
s
α,β has charge number zα,β = zα − sgn(zα) β and solvation num-

ber κα,β .

� Dissociation is finally considered as elementary surface reaction. Similar to the volume
we introduce a consecutive indexing where A

s
α dissociates to the ionic species A

s
α+1,β

and A
s
α+2,β . We assume that there is for each bulk dissociation reaction a correspond-

ing dissociation reaction on the surface. The surface dissociation also accounts for the
(surface) solvation effect,

A
s
α + (κα+1,β + κα+2,β)A

s
0 −−⇀↽−− A

s
α+1,β + Aα+2,β (79)

for β = 0, 1, . . . , |zα|, α = 0, 3, . . . , NE − 2.
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5.2 Equilibrium representations

Next we derive the equilibrium representations of the mole densities in each phase as well as
on the interface.

5.2.1 Electrolyte

The thermodynamic state of the electrolyte is described by the space dependent quantities:
electrostatic potential ϕ, mole fractions yα, total mole density n and pressure p. The total mole
density n is determined already by the incompressibility constraint (46),

n
NE∑
α=0

vRα yα = 1 . (80)

At first we integrate the equations (28) of diffusional equilibrium. Using the representations (46)
and the boundary conditions (33)–(35) to express the mole fractions yα in terms of ϕ and p we
obtain

ŷα(ϕ−ϕE, p−pE) = yEα exp
(
− zαe0

kBT
(ϕ−ϕE)− vRα

kBT
(p−pE)

)
α = 0, 1, . . . , NE . (81)

The quantities yEα, ϕE and pE are given values of mole fractions, electrostatic potential and
pressure far away from the interface at xE.

The free charge density nF =
∑NE

α=0 zαe0nα follows from the incompressibility constraint (80)
and the representation (81),

n̂F(ϕ− ϕE, p− pE) =

∑NE

α=0 zαe0 y
E
α exp

(
− zα e0

kBT
(ϕ− ϕE)− vRα

kBT
(p− pE)

)∑NE

α=0 v
R
α y

E
α exp

(
− zα e0

kBT
(ϕ− ϕE)− vRα

kBT
(p− pE)

) . (82)

Note that the free charge density of the electrolyte depends on both the electrostatic potential ϕ
and the pressure p. Therefore the Poisson equation (18) and the momentum balance equation
(23) form a coupled system to determine ϕ and p:

ε0(1 + χE)∂xxϕ = −n̂F(ϕ− ϕE, p− pE) , (83)

∂xp = −n̂F(ϕ− ϕE, p− pE)∂xϕ . (84)

The associated boundary conditions at xE and xS are given by (20) and (33)–(35), respectively.

5.2.2 Metal

The thermodynamic state of the metal is described by three space dependent quantities, viz.
the electrostatic potential ϕ, the electron density ne and the partial pressure p. The number
density nM of the ions is a constant in this model and is determined by the incompressibility
constraint (53),

nM =
1

vRM
. (85)
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From the diffusional equilibrium (29) of the electrons we obtain a representation of the electron
density ne as a function of the electrostatic potential ϕ,

n̂e(ϕ− ϕM) = nMe

(
1 +

e0

µMe

(
ϕ− ϕM

)) 3
2
. (86)

Herein nMe, µ
M
e and ϕM denote the values of electron density, chemical potential and electric

potential in the bulk metal at xM, which are determined from the boundary conditions (33)–(35).
Due to the bulk electroneutrality (36) one has nMe = zMn

M
M .

Thus the electron density ne only depends on the electrostatic potential while the metal ion
density nM is a constant. Accordingly the free charge density nF = zee0ne + zee0nM is a
function of ϕ only, i.e.

n̂F(ϕ− ϕM) =
zM
vRM

(
1−

(
1 +

e0

µMe

(
ϕ− ϕM

)) 3
2
)

(87)

The electrostatic potential in the metal is thus determined by the Poisson equation (18) with
(87), i.e.

−ε0(1 + χM)∂xxϕ = n̂F(ϕ− ϕM) . (88)

The boundary conditions for the Poisson equations at xM and xS are given by (20) and (33),
respectively.

In contrast to the electrolyte the free charge density nF does not depend on the pressure p.
Hence, the Poisson equation (88) is sufficient to determine ϕ. After that the momentum balance
equation (23) is used to determine the pressure p as a function of the electrostatic potential ϕ.

5.2.3 Interface

The thermodynamic state of the interface is described by the quantities ϕ
s
, y
s
α, n

s
M , n

s
e and γ.

Note that these quantities have no space dependence which results from our simplified geome-
try. However, due to the intricate surface reactions (76)–(79) the determination of the interfacial
thermodynamic state is much more involved as the thermodynamic state of the two bulk regions.

Next we derive some useful representations that relate the unknown quantities of the interface
to the variables of the adjacent bulk domains.

Surface potential. In this study our constitutive model for the interface, see (66), implies a
constant interfacial chemical potential µ

s

M
e of the electrons. Consequently the potential difference

ϕM − ϕ
s

, which is determined by µ
s
e and µMe, is constant as well. This proposition follows (i) from

the equations of diffusional and adsorption equilibrium, viz. (28) and (30),respectively, and (ii)
from the continuity (20) of the electric potential at S. We obtain

ϕM − ϕ
s

= 1
zee0

(
µ
s

M
e − µMe

)
. (89)

Note that the value of the right hand side of (89) depends on the crystal structure of the metal
as well as its surface orientation.
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Surface fractions – Vacancies. The representation of the surface mole fraction of vacancies
relies on (i) the continuity of the electrostatic potential at S, (20), (ii) the equation (30) that
describes the adsorption equilibrium (30) for the metal ions, (iii) the equation (28) relating the
the chemical potential µM at S by the corresponding chemical potential at xM and (iv) by the
constitutive equation (72). The intermediate result reads

aRMγ − ωMkBT ln y
s
V = ψ

s

R
M − µMM − zMe0(ϕM − ϕ

s
) . (90)

Due to the condition (89) the potential drop ϕM − ϕ
s

is constant. Thus the right hand side of

(90) is constant as well. This enables us to define the reference surface tension γR of a clean
surface, i.e. for y

s
V = 1. Then (90) gives

γR = 1
aRM

(
ψ
s

R
M − µMM − zMe0(ϕM − ϕ

s
)
)
, (91)

which is now used to simplify (90) for the general case y
s
V < 1. Since (90) also holds if adsor-

bates are present. Thus we finally obtain a useful relationship between the surface tension and
the surface fraction of the vacancies,

ŷ
s
V = exp

( aRM
ωMkBT

(
γ − γR

))
. (92)

Surface fractions – Adsorption. Next, we seek explicit expressions of the surface fractions
y
s
α for the adsorbed electrolyte species. To this end we use (i) the equations (28) of diffusional

equilibrium, (ii) the equations (30) describing adsorption equilibrium and (iii) the continuity of the
electrostatic potential at S, (20). These conditions give

µEα + zαe0ϕ
E = µ

s
α + zαe0ϕ

s
, α = 0, 1, . . . , NE. (93)

Finally we insert in (93) the representations (46) and (69) for the chemical potentials and obtain

y
s
α = yEα(y

s
V )ωα exp

(
− ∆gAα
kBT

− zαe0

kBT
(ϕ
s
− ϕE)

)
, α = 0, 1, . . . , NE. (94)

The Gibbs free energies of the adsorption processes are defined here by ∆gAα := ψ
s

R
α − gRα .

We observe, if the reference free energy ψ
s

R
α of the adsorbate A

s
α is lower than the Gibbs free

energy gRα of the corresponding bulk constituent Aα, i.e. ∆gAα < 0, then it is favorable for the
electrolyte constituent Aα to adsorb at the surface.

Due to equation (92) the mole fraction of vacancies, y
s
V , can be written in terms of γ,

ŷ
s
α = yEα exp

(
− ∆gAα
kBT

− zαe0

kBT
(ϕ
s
− ϕE) +

aRα
kBT

(
γ − γR

))
, α = 0, 1, . . . , NE. (95)

We conclude that the surface fractions ŷ
s
α of the adsorbates is a function of the potential differ-

ence ϕ
s
− ϕE and of the surface tension difference γ − γR.

22



Surface fractions – Solvation shell stripping. The surface mole fractions of surface con-
stituents that are produced by solvation shell stripping reactions (77) are calculated from the
corresponding chemical equilibrium equations (31), which are given by

µ
s
α = µ

s
α,0 + (κα − κα,0)µ

s
0 , α = 1, . . . , NE . (96)

Inserting here the constitutive equations (69) yields as representations of the surface mole frac-
tions

y
s
α,0 =

y
s
α(y

s
V )ωα,0−ωα+ω0(κα−κα,0)

(y
s

0)κα−κα,0
exp

(
−

∆gSα,0
kBT

)
, α = 1, . . . , NE . (97)

The newly introduced Gibbs free energy differences ∆gSα,0 = ψ
s

R
α,0 + (κα − κα,0)ψ

s

R
0 − ψ

s

R
α

describe loss (or gain) due to the solvation shell stripping reactions. If it is thermodynamically
favorable for an ionic species to strip off parts of its solvation shell, we have ∆gSα,0 < 0.

Finally we replace the surface fractions y
s
V and y

s
α by the representations (92) and (95) to obtain

ŷ
s
α,0 = yEα(yE0)(κα,0−κα) exp

(
−

∆gAα,0
kBT

− zαe0

kBT
(ϕ
s
− ϕE) +

aRα,0
kBT

(
γ − γR

))
. (98)

We call the abbreviation ∆gAα,0 = ψ
s

R
α,0 − gRα − (κα − κα,0)gR0 adsorption energy of A

s
α,0.

As before the surface mole fractions of the partially solvated ionic species are functions of the
potential difference ϕ

s
− ϕE and of the surface tension γ − γR.

Surface fractions – Electron transfer reactions. The representations of the surface mole
fractions y

s
α,β of constituents that are produced by the electron transfer reactions (78) rely on

the corresponding equilibrium conditions (31) and read

µ
s
α,β−1+ sgn(zα)µ

s
e = µ

s
α,β+(κα,β−1−κα,β)µ

s
0 , β = 1, . . . , |zα| ;α = 1, . . . , NE . (99)

Insertion of the constitutive equations (69) into (99) leads to

y
s
α,β = y

s
α,β−1(y

s
V )ωα,β−ωα,β−1+(κα,β−1−κα,β)ω0(y

s
0)κα,β−κα,β−1 exp

(−∆gEα,β
kBT

)
. (100)

The sign of ∆gEα,β = ψ
s

R
α,β − ψ

s

R
α,β−1 + (κα,β−1 − κα,β)ψ

s

R
0 −

sgn(zα)
kBT

µ
s
e determines if it is

favorable for an electron to transfer, ∆gEα,β < 0, or to remain on the metal surface, ∆gEα,β > 0.

We replace the surface mole fractions fractions by their representations (92),(94), (98) and
obtain

ŷ
s
α,β =yEα(yE0)(κα,β−κα) exp

(
−

∆gAα,0
kBT

− zαe0

kBT
(ϕ
s
− ϕE) +

aα,β
kBT

(
γ − γR

))
. (101)
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As in the previous cases the Gibbs free energy difference ∆gAα,β = ψ
s

R
α,0−gRα−(κα−κα,β)gR0 −

β sgn(zα)µ
s
e is termed adsorption energy of constituent A

s
α,β .

In an analogous manner (95) and (98), the representation (101) of the electron transfer reaction
productsAα,β are functions of the potential difference ϕ

s
−ϕE and of the surface tension γ−γR.

Surface tension. In the previous paragraphs we have determined all surface mole fractions
as functions of two variables: the electrostatic potential ϕ

s
and the surface tension γ. The elec-

trostatic potential is already determined by the equation (89). In order to obtain a full set of
equation we thus finally need an equation for the surface tension. That equation relies on the
constraint (60)3,

y
s
V +

NE∑
α=0

y
s
α +

NE∑
α=0

|zα|∑
β=0

y
s
α,β = 1 . (102)

Introducing here the surface mole fraction ŷ
s
α(ϕ

s
−ϕE, γ−γR) of the previous paragraphs leads

to an algebraic equation that relates the surface tension γ to the electrostatic potential ϕ
s

, i.e.

γ = γ̂(ϕ
s
− ϕE). Note, however, that this relation is only implicitly given.

Surface electron density. Recall that the surface chemical potential of the electrons is a
constant in the current model. Thus the adsorption condition (30) cannot be used to determine
the surface electron density n

s
e. However, Maxwell’s equation (19) serves to determine n

s
e, i.e.

−ε0[[(1 + χ)∂xϕ]] = zMe0n
s
M + zee0n

s
e +

NE∑
α=0

zαe0n
s
α +

NE∑
α=1

|zα|∑
β=0

zα,βe0nα,β . (103)

Inserting the surface mole fractions of the previous paragraphs yields the surface density of
electrons in terms of the electrostatic potential difference ϕ

s
− ϕE and its derivative.

5.3 Discussion on the new metal/electrolyte/interface model

We now discuss the main results of Section 5.2 and add some remarks for illustration.

I. Most importantly is the observation that besides the electrostatic potentials ϕ/ϕ
s

the pres-

sure p and and the surface tension γ are central quantities of the model. While the electron
density in the metal, ne, is only dependent on the electrostatic potential ϕ, the mole fractions in
the electrolyte, yα, are represented by functions of ϕ and the material pressure p. Analogously
the surface electron density n

s
e and the surface mole fractions y

s
α are given as functions of the

surface electrostatic potential ϕ
s

and of the surface tension γ. The potential ϕ and the pressure

p are determined by the coupled system of Poisson equation (83) and momentum balance (84).
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The surface potential ϕ
s

and the surface tension γ are determined by the relation (89) and the

non-linear constraint (102).

II. The calculational effort to determine ϕ of the metal/electrolyte/interface model is signifi-
cantly reduced because the chemical potential of the surface electrons, µ

s
e, is a constant mate-

rial parameter. Eq. (89) determines the surface potential as

ϕ
s

= ϕM + 1
e0

(
µ
s

M
e − µMe

)
(104)

which serves as explicit boundary condition for the metal and the electrolyte domain. It turns out
that the thermodynamic state in the bulk electrolyte and bulk metal can be calculated indepen-
dently of each other.

III. Apart from the momentum balance equation (84) which relates the gradients of the electro-
static potential ϕ and the pressure p, there is an useful alternative relation between pressure p
and potentialϕ that is based on the constraint

∑NE

α=0 yα = 1. Inserting here the representations
(81) leads to

1 =
NE∑
α=0

yEα exp
(
− zαe0

kBT
(ϕ− ϕE)− vα

kBT
(p− pE)

)
. (105)

The momentum equation (84) was already used to derive the representations (81) for the mole
fraction yα by means of the equilibrium conditions (28). Therefore the equation (105) can be
used instead of the momentum balance equation (84) to determine p.

IV. We conclude from equation (105) that the pressure p is implicitly given by the potential
difference ϕ− ϕE of the electrolyte, i.e. p = p̂(ϕ− ϕE). Particularly, (105) yields

dp̂

d(ϕ− ϕE)
= −

∑NE

α=0 zαe0y
E
α exp

(
− zαe0

kBT
(ϕ− ϕE)− vα

kBT
(p− pE)

)
∑NE

α=0 v
R
α y

E
α exp

(
− zαe0

kBT
(ϕ− ϕE)− vα

kBT
(p− pE)

) . (106)

A comparison with the representation (82) of the free charge density nF identifies

dp̂

d(ϕ− ϕE)
= −n̂F(ϕ− ϕE, p− pE) . (107)

At first glance this relation is not what one would expect. Equation (107) of the new model
predicts a far-reaching elementary relation between pressure, electrostatic potential and electric
charge in the electrolyte.

V. A similar relation is found on the surface. The constraint (102) yields an implicit relation be-
tween the surface tension γ and potential difference ϕ

s
−ϕE , i.e. γ = γ̂(ϕ

s
−ϕE). Differentiation
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of (102) with respect to ϕ
s
− ϕE yields at first

dγ̂

d(ϕ
s
− ϕE)

=

∑NE

α=0 zαe0y
s
α +

∑NE

α=1

∑|zα|
β=0 zαe0y

s
α,β

aRV y
s
V +

∑NE

α=0 a
R
αy
s
α +

∑NE

α=1

∑|zα|
β=0 a

R
α,βy

s
α,β

. (108)

By means of (73) this can be written as

dγ̂

d(ϕ
s
− ϕE)

=
NE∑
α=0

zαe0n
s
α +

NE∑
α=1

|zα|∑
β=0

zαe0n
s
α,β . (109)

The equation (109) is the surface analogy to the equation (107). Hence surface tension, surface
potential and charge are intimately related to each other.

VI. A further useful identity for the electrolyte can be derived. It relates the pressure and the
electric field −∂xϕ. Integration of the momentum balance(84) yields

−∂xϕ = sgn(ϕ− ϕE)

√
2

ε0(1 + χE)

(
p− pE

)
+ (∂xϕ)2|xE . (110)

The sign in relation (110) relies on the known monotonicity of the electrostatic potential between
xS and xE, i.e. ϕ− ϕE > 0 implies ∂xϕ < 0.

In equilibrium the electric field −∂xϕ exponentially tends to zero in the electrolyte, see [19].
Thus at a distance sufficiently far away from the surface we may assume

(∂xϕ)|xE = 0 . (111)

Then (110) reduces to

∂xϕ = − sgn(ϕ− ϕE)

√
2

ε0(1 + χE)

(
p− pE

)
. (112)

The equations (112) and (105) imply that the electric field ∂xϕ is a function of both pressure p
and potential ϕ.

VII. There is a further interesting similarity between bulk and the surface equations. In the
representations (81) the term vRα (p− pE) accounts for volumetric size effects of the electrolytic
constituents. In a similar manner the term aRα (γ − γR) in (95), (98) and (101) represents
corresponding size effects on the surface.

VIII. Notice further an important consequence of the solvation phenomenon that relies on the
representation (82) of the charge density. If all constituents were to have the same partial molar
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volume vRα , the pressure term cancels in (82). Only in this case the charge density exclusively
depends on the electrostatic potential,

vRα = vR, α = 0, 1, . . . , NE ⇒ n̂F =
1

vR

∑N
α=1 zα y

E
α exp(−zα e0

kBT
(ϕ− ϕE))∑NE

α=0 y
E
α exp(−zα e0

kBT
(ϕ− ϕE))

.

(113)

Then the Poisson equation and the momentum balance decouples. However, the solvation effect
certainly implies vRα > vR0 and this is the origin of the inherent coupling between the Poisson
equation (83) and the momentum balance (84).

IX. The dissociation reactions in the electrolyte (75) are not required to deduce the equilibrium
representations of the mole fractions (81). Instead they provide some constraint between the
material parameter.

The dissociation reaction (75) in equilibrium, evaluated in the bulk x = xE, leads to (24)

yEα+1 y
E
α+2

yEα (yE0)(κα+1+κα+2)
= exp

(
− ∆gDα
kBT

)
α = 0, 3, . . . , NE − 2, (114)

with ∆gDα = gRα+1+gRα+2−gRα−(κα+1+κα+2)gR0 . Since the bulk mole fractions yEα are already
fixed by boundary condition (34). Thus the relation (114) actually determines the reaction free
energy ∆gDα . However, for weak acids, which do not dissociate completely, it is more practicable
to prescribe ∆gDα and determine the actual bulk concentrations yEα from the condition (114).

X. A similar circumstance also holds for the surface dissociation reactions (79) which are not
required to deduce the equilibrium representations of the surface mole fractions (92), (95),(98)
and (101). They provide also some constraint between the material parameter.

In equilibrium, the surface dissociation writes

y
s
α+1,β y

s
α+2,β

y
s
α (y

s
0)(κα+1,β+κα+2,β)

= exp
(
−

∆
s
gDα,β

kBT

)
exp

(
−∆ωα

aRM
ωMkBT

(
γ − γR

))
(115)

with ∆
s
gDα,β = ψ

s
α+1,β +ψ

s
α+2,β−ψ

s
α− (κα+1,β +κα+2,β)ψ

s
0 and ∆ωα = ωRα+1,β +ωRα+2,β−

ωα − (κα+1,β + κα+2,β)ω0 (for β = 0, 1, . . . , |zα|, α = 0, 3, . . . , NE − 2). Herein, ∆
s
gDα is

the reaction free energy of the surface dissociation, and ∆ωα the amount of freed (or occupied)
adsorption sites due to the dissociation.

Insertion of (92), (95),(98) and (101) on the left hand side of (115) leads to the necessary
constraint

∆gAα+1,β + ∆gAα+2,β −∆gAα − (κα+1,β + κα+2,β)∆gA0 = ∆
s
gDα,β −∆gDα . (116)

Note that this is an important constrain between adsorption energies and the dissociation ener-
gies.
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6 Discussion and determination the model parameter

In this chapter we revise and discuss the model parameter. We start with a list of the appearing
parameter:

� Electrolyte

nEα – Bulk particle densities, vRα – Partial molar volumes,

T – Temperature, χE – Dielectric susceptibility of the electrolyte,

κα – Solvation number, ∆gDα – Dissociation reaction Gibbs energy.

pE – Bulk pressure.

� Metal

nMM , n
M
e – Bulk particle densities, vRM – Partial molar volumes of the metal,

T – Temperature, χM – Dielectric susceptibility of the metal,

pM – Bulk pressure.

� Surface

µ
s

M
e – Surface chemical potential of the electrons, aRα – Partial molar areas,

κα,β – Solvation number, ∆gAα – Adsorption energy,

∆gSα,0 – Solvation shell stripping energy, ∆gEα,β – Reaction energy,

∆
s
gDα,β – Surface dissociation energy.

There are some parameter like temperature, pressure, susceptibilities and the bulk particle den-
sities that are well known for most experimental setups. However, the other parameter either
have to be calculated by atomistic theories or must be determined from measurements. In the
next sections we discuss and suggest the magnitude of these parameter which will be used
later on for simulations.

6.1 Solvation number

In the electrolyte we consider an agglomeration of solvent molecules around each ion[52] which
we term solvation effect. Origin of this agglomeration is the microscopic electrostatic interaction
of the ionic charge with the dipole of the solvent molecules [9]. Thus, each ion has a certain
solvation number κα which indicates how many solvent molecules are confined to each ion of
constituent Aα. Figure 4 provides a sketch of the solvation effect and a solvated ion.
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a) b) c) d)

Figure 4: Model conception of solvated anions (a,b) and cations (c,d) in the volume (b,d) and on
the surface (a,c).

The size of the solvation shell is controversially discussed in literature and investigated by var-
ious theoretical [59, 45, 17] and experimental methods [33, 32]. For aqueous electrolytes one
finds values of κα = 1, . . . , 50 [33]. This broad range of values originates from the circum-
stance that solvation occurs in more than one shell around the central ion. While most investi-
gations deal with first shell, which usually has values in the order of 3−8 solvent molecules, the
second shell is rather poor understood. It is assumed to capture many more solvent molecules
and its presence as well as its importance is undoubted [33, 31].

Within our modeling procedure it seems thus reasonable to image the constituents Aα, α =
1, . . . , NE as solvated ions with first and second solvation shell. Its value is assumed to be in
the order of κα = 45 for monovalent cations and anions.

The solvation effect of charged adsorbates at metal surfaces is likewise to be expected. We
have assumed that the incoming ions do not change the solvation number during the elementary
adsorption reaction (76). However, after the ions have reached the adsorbate state, they may
either release parts of the original shell or a rearrangement of the shell takes place. This process
is described by the solvation shell stripping reactions (77) with κα,0 < κα. A further reduction of
κα,0 is due to the electron transfer reactions (78) with κα,β+1 < κα,β < κα,0. In this paper we
simply estimate the solvation number of adsorbates by means of the horizontal first and second
solvation shell, providing κα,0 = 25. Possibly a more solid data basis may be constituted by
atomistic theories and simulations.

6.2 Molar volumes

In the metal the partial molar volume of metal ions vRM is determined either from the mass
density of the metal, ρRM , i.e. vRM = mM/ρ

R
M or computed from its crystal structure. For silver

with fcc crystal structure and lattice constant `M = 4.0853 [ Å ] we compute

nM =
(81

8
+ 61

2
)

NA`3
M

= 97.0821 [ mol/` ] (117)

and thus vRM = 10.300 [ cm3/mol ].

In the electrolyte the setting is different. The solvation of ionic constituents has a strong impact
on both the partial molar volume vRα of the electrolytic constituents. Therefore the electrolyte
case needs more effort.
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First of all, we determine the molar volume of the solvent A0. It seems to be reasonable to
assume that the molar volume of the solvent in the electrolyte is in the same range as the molar
volume of the pure solvent. For example, water has a particle density nR0 = 55.408 [ mol/` ]
and for the molar volume we obtain vR0 = 1/nR0 = 18.048 [ cm3/mol ].

The solvated ions Aα, α = 1, . . . , N are considered as an agglomeration of κα solvent
molecules in a spherical cloud around the central ion, Figure 4. This picture suggests that the
molar volume vRα of a solvated ion Aα is given by the volume v̂Rα of the central ion plus the
volume of the surrounding solvent molecules v̂R0 ,

vRα = v̂Rα + καv̂
R
0 . (118)

In general the volume of a solvent molecule in the solvation shell is not equal to the volume of
the unbound solvent molecule, but it should be in the same range. We estimate the magnitude
of the molar volume of the solvated ion by assuming equality, and furthermore we assume that
the central ion has the same molar volume as the solvent. Then we obtain the simple rule

vRα ≈ (1 + κα)vR0 . (119)

6.3 Molar areas

The molar area aRM of the metal ions is deduced from the considered crystal surface structure
[54]. For silver one obtains for a (110) surface

aRM =
(41

4
+ 21

2
)

NA

√
2a2

= 7.1233 · 108
[

cm2/mol
]
. (120)

We assume that each surface metal atom provides one adsorption site, i.e. ωM = 1.

Next we have to determine the molar areas aRα or the number of adsorption sites ωα = aRα
aRM

of

all adsorbates. At first we estimate aR0 of the adsorbed solvent molecules. Note that the metal is
almost twice as densely packed as pure water, i.e. v0 ≈ 2 vRM , and presumably a similar ratio
is to be found on the surface. Thus we set

aR0 = 2 aRM . (121)

The molar area of adsorbed and partially solvated ions (c.f. figure 4) are determined in an
analogous manner as the partial molar volume, see (118). We assume that the molar area aRα
consists of the area of the central ion, âRα , and the solvation shell, κα âR0 , i.e.

aRα = âRα + καâ
R
0 . (122)

Assuming further that the molar areas of the central ion and solvent molecules in the shell are
of equal size to the unbound solvent molecule, (âRα ≈ aR0 , âR0 ≈ aR0 ), we obtain

aRα ≈ (1 + κα)aR0 . (123)

Accordingly the molar areas of the reaction products of stripping reactions and electron transfer,
respectively, are approximately given by

aRα,β ≈ (1 + κα,β)aR0 . (124)
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6.4 Reference and adsorption Gibbs free energies

The reference free energy gRα of a constituent Aα covers, in the case of a solvated particle,
contributions from the central ion and the surrounding solvation shell. Quite similar to the com-
position of the partial molar volume we decompose gRα as

gRα = g̃Rα + κα g
R
0 , α = 1, . . . , NE (125)

where g̃Rα is the Gibbs free energy of the central ion itself, and κα gR0 the contribution of the
solvation shell. Consequently we introduce a similar decomposition on the surface for the con-
stituents A

s
α,β , namely

ψ
s

R
α,β = ψ̃

s

R
α,β + κα,βψ

s

R
0 , β = 0, 1, . . . , |zα|, α = 1, . . . , NS (126)

where ψ̃
s

R
α,β is the reference free energy of the central ion on the surface.

This decomposition has some advantage in interpreting and estimating the adsorption energies.
Consider, for example, the adsorption energy of a constituent A

s
α,0, i.e. ∆gAα,0 = ψ

s

R
α,0 − gRα −

(κα − κα,0)gR0 . Insertion of the decomposition (125) and (126) leads to ∆gAα,0 = ∆g̃Aα,0 +

κα,0∆gA0 , with ∆g̃Aα,0 = ψ̃
s

R
α,0 − g̃R0 and ∆gA0 = ψ

s

R
0 − gR0 . One could now interpret ∆gAα,0 as

adsorption energy of the central ion, ∆g̃Aα,0, and of the solvation shell, κα,0∆ gA0 . The adsorption
energy of the central ion, ∆g̃Aα,0, however, corresponds to the Gibbs free difference of a single
particle and thus the adsorption energy difference are expectably in the range of ±0.5eV.

With this decomposition we obtain for the adsorption energies in our model

∆gAα = ∆g̃Aα + κα∆gA0 with ∆g̃Aα = ψ̃
s

R
α − g̃Rα , (127)

∆gAα,0 = ∆g̃Aα,0 + κα,0∆gA0 with ∆g̃Aα,0 = ψ̃
s

R
α,0 − g̃Rα , (128)

∆gAα,β = ∆g̃Aα,β + κα,β∆gA0 with ∆g̃Aα,β = ψ̃
s

R
α,β − g̃Rα − β sgn(zα)µ

s
e. (129)

In Section 8.1 we provide explicit values for ∆gA0 and ∆g̃Aα,β .

6.5 Self-ionization or autoprotolysis of the solvent

Since most considerable solvents dissociate slightly in ionic compounds, like water into protons
(or hydronium) and hydroxide ions, we explicitly account for these species. For the solvent A0

the ionic reaction products due to the self-ionization are denoted by A1 and A2. The autopro-
tolysis reaction of the solvent is thus

A0 + (κ1 + κ2)A0 −−⇀↽−− A1 + A2 (130)

with dissociation reaction energy ∆gD0 . For water, the dissociation energy is ∆gD0 = 1.034eV,
leading to a pH value of 7, i.e. nEH+ = nE

OH−
= 10−7 [ mol/` ].
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We also consider self-ionization to occur on the surface, where an adsorbed solvent species
dissociates in two (partially) solvated ions,

A
s

0 + (κ1,0 + κ2,0)A
s

0 −−⇀↽−− A
s

1,0 + A
s

2,0. (131)

For water this corresponds to the dissociation of adsorbed H2O into adsorbed H+ and OH−.
Note that the corresponding surface reaction energy ∆

s
gDH2O = ψ

s

R
1,0 +ψ

s

R
2,0−ψ

s

R
0 is not neces-

sarily equal to the dissociation energy ∆gD0 of the electrolyte phase. But it turns out that there is
a necessary constraint, (116), between the adsorption energies ∆gAα,β , the surface dissociation
energy ∆

s
gDα,β , and the volume dissociation ∆gD, namely

∆g̃Aα+1,β + ∆g̃Aα+2,β −∆g̃Aα,β = ∆
s
gDα,β −∆gDα . (132)

Thus if one prescribes the reaction energies ∆
s
gDα,β and ∆gDα one could determine an adsorp-

tion energy from (132).

Notice further that we automatically include a different reaction pathway for dissociation on the
surface, namely

A
s

0 + (κ1,1 + κ2,1)A
s

0 −−⇀↽−− A
s

1,1 + A
s

2,1 (133)

with reaction energy ∆
s
gD0,1. This could, for example, be the dissociation of adsorbed H2O into

adsorbed H and OH.

6.6 Bulk particle densities

The bulk particle densities nEα, α = 1, . . . , NE of the ionic species in the electrolyte are either
determined by the amount of salt which is put into solution, if complete dissociation is ensured,
or determined by the dissociation reaction energy ∆gDα according to equation (114).

For a binary, monovalent salts which completely dissociate we thus prescribe nEA = nEC =
c [ mol/` ]. The determination of the bulk density of the (free) solute, nE0, follows from the incom-
pressibility constraint (80), i.e.

nE0 =
1

vR0

(
1−

NE∑
α=1

vRαn
E
α

)
. (134)

6.7 Susceptibility

In general the electric susceptibility χE of the electrolyte depends on its local composition. Par-
ticularly, this dependence could be of importance within the boundary layer where the influence
of the susceptibility is maximal. However, to simplify our model we suppose a constant suscepti-
bility because then the chemical potentials become independent of the electric field E. In order
to take the boundary layer into account we assume a smaller value of χE = 25 for an aqueous
electrolyte than that of pure water. This is appropriate if the ions do not show a pronounced
dipole character and is a common approximation in electrochemistry [10].
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6.8 Surface chemical potential of the electrons

In the current model the surface chemical potential of the electrons µ
s
e is an unknown material

parameter that depends on the surface structure. Its consistent incorporation in the general the-
ory is the main scope of this quantity. However, for the example in Section 11 we use measured
data of the work function as value for µ

s
e.

7 Relationship to measurable quantities

In this section we bridge the gap of our theoretical model to experimental measurable proper-
ties. First we provide a relationship between ϕ

s

M − ϕE, the metal surface/electrolyte potential

difference, and the measurable electrode potential E. Its introduction is intimately related to the
used reference electrode. Next, a relation between the current I and the double layer charge
Q is given, which incorporates adsorption and electron transfer reactions. Based on this rela-
tion the double layer capacity C is introduced. We show further how the reference potential UR

could be determined from a single experiment and introduce the potential of zero charge E0.
A brief discussion on the electronic surface chemical potential µ

s
e follows, which leads to the

interpretation of µ
s
e as work function of the specific metal surface. Finally we provide relations

of our model to measurable quantities.

7.1 Measurable cell potential E

As a first step to introduce the measurable electrode potential E we must supplement our
metal/electrolyte interface by some reference electrode R. The metal and the reference elec-
trode are connected via some cables C1 and C2 to a voltmeter V which measures a voltage E
between its two identical, metallic plates V

s
1 and V

s
2. As a reference electrode we consider a sat-

urated calomel electrode (SCE), consisting of metallic mercury and solid calomel immersed in
a saturated solution of potassium chloride. The reference electrode is coupled to the electrolyte
E via some diaphragm.

The electrochemical cell, including measuring device and cables, may thus be written as

V
s

1 | C1 | M | E | R | C2 | V
s

2︸ ︷︷ ︸
E=ϕ

s
V1−ϕ

s
V2

(135)

The measured cell potentialE then corresponds to the surface potential difference between the
two plates of the voltmeter, i.e.

E = ϕ
s
V1 − ϕ

s
V2 . (136)

We denote the electrostatic potential of the bulk reference electrode R by ϕR and accordingly
the bulk chemical potential of electrons as µRe. Since the voltmeter plates and the cables are
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metals, we have continuity of µe− e0ϕ between V
s

1 and the M|E surface as well as between the

E|R surface and V
s

2. Hence we obtain

E = ϕ
s

M − ϕ
s

R − 1

e0

(µ
s

M
e − µ

s

R
e). (137)

Note that equation (137) relates the measured cell potential E to the (surface) potential differ-
ence ϕ

s

M − ϕ
s

R between the metal and the reference electrode. But we seek actually a relation

between E and the metal/electrolyte potential drop, ϕ
s

M − ϕE.

The potential difference ϕ
s

M−ϕ
s

R covers the potential drop between the metal and the electrolyte,

ϕ
s

M−ϕE, as well as potential drop between the reference electrode and the electrolyte, ϕ
s

R−ϕE,

ϕ
s

M − ϕ
s

R = ϕ
s

M − ϕE − (ϕ
s

R − ϕE). (138)

The question is now how a variation of (ϕ
s

M − ϕ
s

R) → (ϕ
s

M − ϕ
s

R) + δU distributes among the

M | E and E | R interfaces. We emphasize that this question can only be addressed, without any a
priori assumptions, by modeling the whole reference electrode/electrolyte interface in a similar
manner as the metal/electrolyte interface.

However, it is a quite common assumption[29, 11] that the E | R potential drop is constant, i.e.

ϕ
s

R − ϕE = UR,E = const. (139)

This assumption is sometimes also called ideally non-polarizable (reference) electrode [11]. A
variation (ϕ

s

M − ϕ
s

R) → (ϕ
s

M − ϕ
s

R) + δU thus affects only the E | R potential drop and one

obtains the relation

E = (ϕ
s

M − ϕE) + UR with UR = − 1

e0

(µ
s

M
e − µ

s

R
e)− UR,E. (140)

between the measurable cell potential E and the metal/electrolyte potential drop, ϕ
s

M−ϕE. The

reference potential UR is thus a constant with contributions from the reference electrode via
µ
s

R
e, the constant part of the reference electrode/electrolyte potential drop UR,E, and the metal

surface via µ
s

M
e.

We emphasize, however, that the assumption (139) is crucial and to be justified in an experimen-
tal setup. For example in a symmetric cell, where working and reference electrode (or counter
electrode in a two-electrode setup) are identical, a variation of (ϕ

s

M − ϕ
s

R)→ (ϕ
s

M − ϕ
s

R) + δU

distributes equally among the M | E and the E | R interface, leading to ϕ
s

R − ϕE = −(ϕ
s

M − ϕE)

[19]. Furthermore, ϕ
s

R−ϕE could even be non-linear dependent on ϕ
s

M−ϕE, especially for large

deviations from the potential of zero charge.

For the sake of this work we follow the classical assumption that ϕ
s

R − ϕE = const. and rely

thus on the relation (140).
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7.2 Charge and capacity of the double layer

The double layer charge Q [ C/m2 ] is related to the electric current density I [ A/m2 ] which
enters the metal electrode at the point xM according to

I =
dQ

dt
with Q =

∫ xS

xM

nF dx+
∑
α=e,M

zαe0n
s
α −

NE∑
α=1

|zα|∑
β=1

e0 sgn(zα)βn
s
α,β. (141)

A detailed derivation of the relation (141) based on non-equilibrium thermodynamics is given in
Appendix C.

The charge Q consists of three parts: (i) the charge contained in the boundary layer of the
metal side, (ii) the surface charge of metal ions and metal electrons and (iii) the charge which is
produced by electron transfer reactions. Note that the latter part of the charge (141)2 is usually
absent in electrochemistry, for example see [29, 11, 49]. In case that part (iii) is included it gives
rise to the so called Faradaic current.

Next we replace in (141)2 the charge due to the metal constituents by the charge due to the
electrolyte constituents. To this end we exploit the global electroneutrality condition, which is
briefly sketched. We assume that the electric current which enters the electrolyte at xE is equal
to the electric current that leaves the metal at the point xM. Thus, if charge neutrality holds for a
certain time t∗ we also have charge neutrality for all times, i.e.∫ xS

xM

nF dx+ n
s

F +

∫ xE

xS

nF dx = 0 . (142)

This condition is termed global electroneutrality condition since it states that the whole metal/
electrolyte interface is uncharged.

By use of (142) we obtain a new representation of the double layer charge Q, viz.

Q = QBL +Q
s

with QBL = −
∫ xE

xS

nF dx (143)

and Q
s

= −
( NE∑

α=1

zαe0n
s
α +

NE∑
α=1

|zα|∑
β=0

zαe0n
s
α,β

)
. (144)

Here QBL represents the charge of the electrolytic boundary layer and Q
s

is the charge induced

by the adsorbates and reaction products.

Notice that the pre-factor of e0n
s
α,β in (144) is zα and not zα,β = zα − sgn(zα) β, i.e. the

charge number of constituentA
s
α,β , c.f. the electron transfer reactions (78). This originates from

the fact that the Faradaic current, i.e. the surface reaction of electrons, contributes to the charge
Q as −

∑NE

α=1

∑|zα|
β=1 e0 sgn(zα)βn

s
α,β .

7.2.1 Charge representation of the metal/electrolyte interface model

Recall that the charge QBL of the electrolytic boundary layer is related to the gradients of the
electric potentials byQBL = ε0(1+χ)(∂xϕ

∣∣
xE
−∂xϕ

∣∣E
S
) with ∂xϕ

∣∣
xE

= 0, see (111). We apply
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equation (112) at x = xS to obtain

QBL = sgn(ϕ
s
− ϕE)

√
2ε0(1 + χ)

(
p̂(ϕ

s

M − ϕE)− pE
)

(145)

This is a remarkable result since it states that the charge contribution of the electrolytic boundary
layer to the double layer is exclusively determined by the local pressure p at x = xS . Moreover
we observe from (145) that the charge QBL can be determined without solving the coupled
system of Poisson’s equation and the momentum balance. However, we must solve the non-
linear equation (105) to obtain p as a function of ϕ

s

M − ϕE and thus QBL = Q̂BL(ϕ
s

M − ϕE).

The charge Q
s

due to the electrolyte adsorbates and their reaction products can be expressed

in terms of the surface mole fractions y
s
α as

Q
s

= −

∑NE

α=1 zαe0y
s
α +

∑NE

α=1

∑|zα|
β=0 zαe0y

s
α,β

aRV y
s
V +

∑NE

α=0 a
R
αy
s
α +

∑NE

α=0

∑|zα|
β=0 a

R
α,βy

s
α,β

. (146)

With the representations (92),(95),(98) and (101) for y
s
α, y

s
α,β and y

s
V we obtain an expression

of Q
s

in terms of (ϕ
s

M − ϕE). Moreover, the relation (109) between surface charge and surface

tension allows to rewrite (146) as

Q
s

= −γ̂′(ϕ
s

M − ϕE) , (147)

with the abbreviation γ̂′ = dγ̂/d(ϕ
s

M − ϕE). This result is important because it shows that the

surface tension has an intrinsic impact on the surface charge.

Note that the representation (146) of Q
s

is a function of ϕ
s

M − ϕE and of the surface tension γ.

Similar to the volume we must solve the non-linear equation (102) to obtain γ as a function of
ϕ
s

M − ϕE and obtain consequently Q
s

= Q̂
s

(ϕ
s

M − ϕE).

The double layer charge Q is thus also represented in terms of ϕ
s

M − ϕE, namely

Q̂(ϕ
s

M − ϕE) = Q̂BL(ϕ
s

M − ϕE) + Q̂
s

(ϕ
s

M − ϕE) . (148)

7.2.2 Capacity representation of the metal/electrolyte interface model

The determination of the double layer capacity C relies on the general relation I = dQ
dt

, and a
variation of the measurable cell potential E, i.e.

I =
dQ

dt
= C · dE

dt
with C =

dQ

dE
=

dQ̂

d(ϕ
s

M − ϕE)
. (149)
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We emphasize that the representation Q = Q̂(ϕ
s

M−ϕE) is only obtained if the electrochemical

interface behaves quasi-static, i.e. remains in thermodynamic equilibrium. In [20] it is shown
that this assumption is reasonable for slowly varying boundary conditions. Recall thatQ [ C/m2 ]
covers contributions of the electrolytic boundary layer, adsorbed charged species on the surface
as well as reaction products due to electron transfer. The decomposition (143), Q = QBL +Q

s
,

into boundary layer and surface parts motivates a corresponding decomposition of the capacity
into a volume and a surface capacity,

Ĉ = ĈBL + Ĉ
s

with ĈBL =
dQ̂BL

d(ϕ
s

M − ϕE)
and Ĉ

s
=

dQ̂
s

d(ϕ
s

M − ϕE)
. (150)

The function ĈBL is obtained from (145) as

ĈBL(ϕ
s
− ϕE) = sgn(ϕ

s
− ϕE)

√√√√ ε0(1 + χ)

2
(
p̂(ϕ

s

M − ϕE)− pE
) p̂′(ϕ

s

M − ϕE) , (151)

with the abbreviation p̂′ = dp̂/d(ϕ−ϕE). Note that due to (107) a relation between the deriva-
tive of the pressure and the free charge density exists,

p′ = −nF . (152)

The function C
s

is determined in an analogous manner. The relation (109) between the surface

stress and the charge yields Q
s

= γ̂′(ϕ
s

M − ϕE). Thus we have

Ĉ
s

= −γ̂′′(ϕ
s

M − ϕE) (153)

with the abbreviation γ̂′′ = d2γ̂/d(ϕ
s

M − ϕE)2. In the appendix B we provide an algebraic

expression of the function Ĉ
s

.

7.3 Determination of the reference potential UR

We are interested in the investigation of a specific metal electrode, e.g. silver, with various sur-
face orientations in contact to different electrolytes. For example, we will investigate Ag(110) in
Section 9. For this reason it is necessary to determine the reference potential UR = − 1

e0
(µ
s

M
e −

µ
s

R
e) − UR,E. As discussed before, we consider UR as a constant material parameters which

depends on the metal surface and the used reference electrode. Note that UR could in principle
be computed from a model of the reference electrode/electrolyte interface. However, since we
do not explicitly model the E|R interface, we must determine UR from a single measurement. It
turns out that a non-adsorbing salt is sufficient for this purpose.
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To this end we focus on a state where the measured potential E is identical to the reference
potential UR. The corresponding quantities of that state are indicated by ∗. For E∗ = UR the
identity (140) implies that the surface potential ϕ

s

∗ must be equal to the electrolyte potential ϕE,

i.e.
E∗ = UR ⇐⇒ ϕ

s

∗ = ϕE . (154)

According to relation (105) between the pressure and the electrostatic potential we have ϕ
s

∗ =

ϕE if the pressure at the surface is equal to the pressure in the bulk electrolyte, i.e.

E∗ = UR ⇐⇒ p̂(ϕ
s

∗ − ϕE) = pE . (155)

From representation (145) of Q we conclude that the boundary layer charge must vanish,

E∗ = UR ⇐⇒ Q̂(ϕ
s

∗ − ϕE) = 0 . (156)

Hence, the measured value E∗ is identical to the reference potential UR if the boundary layer
charge q vanishes.

In Appendix D we show that the reference potential UR corresponds to the minimum of the
boundary layer capacity CBL if the partial molar volumes vRα and the charge numbers |zα| of
all ionic constituents α = 1, . . . , NE are equal. This can be achieved by assuming vRα =
(1 + κα)vR0 with equal solvation numbers of all ionic species, i.e.

E∗ = UR, vRα = (1+κ) vR0 , |zα| = 1, α = 1, . . . , NE ⇐⇒ min
U
CBL(U) = UR. (157)

However, we can only measure the total charge Q = QBL + Q
s

, but not the boundary layer

charge QBL separately.

The trick to determine UR from an independent measurement relies on an electrolyte which
does not adsorb on the considered metal surface [54]. If there are no further ionic species in
the electrolyte then the surface capacity does not contribute to the total capacity, i.e. C

s
≡ 0.

In that case the reference potential corresponds to the potential where the capacity has a local
minimum.

However, we allow self-ionization or autoprotolysis of the solvent which leads to additional ionic
species in the electrolyte and on the surface which results in C

s
6= 0. In that case we have to

assume that the surface capacity only shifts slightly the minimum of the total capacity.

For example a non-adsorbing electrolyte on a silver electrode is an aqueous solution with
KPF6(H2O), where neither the anion PF−6 nor the cation K+ adsorbs on silver surfaces
[61, 62, 63]. We exploit this circumstance in Section 8.2 to determine UR for (110), (100) and
(111) surfaces of silver.

7.4 Potential of zero charge E0 and applied potential U

For a non-adsorbing salt we exploited the circumstance Q̂(ϕ
s

∗ − ϕE) = 0 ⇔ E∗ = UR

in order to determine UR from a single experiment. Since Q = 0, the metal is uncharged
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and E∗ corresponds to the potential of zero charge of the metal surface M
s

in contact with a

non-adsorbing electrolyte.

However, if the adsorption occurs, E∗ = UR is not the potential of zero charge anymore. The
quantities of the state of zero charge are indicated by 0. The condition of zero charge on the
metal is in general

xS∫
xM

nFdx+ e0(zMn
s
M − n

s
e) = 0 ⇐⇒ E0 = (ϕ

s

0 − ϕE) + UR. (158)

If adsorption occurs,ϕ
s

0 6= ϕE and thusE0 6= UR. However, we can determine ϕ
s

0−ϕE from the

condition (158)1. Note that all model parameters, and especially the bulk salt concentrations nBα ,
are incorporated in the functionQ(ϕ

s

M−ϕE). Hence the measured potential of zero charge,E0,

of an adsorbing electrolyte is dependent on the actual salt concentration, which was reported
for various metals [61, 62, 63, 50, 36].

Our general relationship between the measured potential E and ϕ
s

M − ϕE can be rewritten as

E = (ϕ
s

M − ϕE) + UR = (ϕ
s
− ϕ

s

0) + E0. (159)

Experimentally, E0 corresponds to the measured cell potential without any externally applied
voltage, i.e. the cell potential after immersion of the metal into the electrolyte [40]. Applying a
voltage U essentially means a deviation of E0 by U , which gives

E = U + E0. (160)

We can thus identify the applied potential U as

U = (ϕ
s
− ϕ

s

0) = (ϕ
s

M − ϕE) + (ϕ
s

0 − ϕE). (161)

where (ϕ
s

0 − ϕE) is constant and determined from (158)1. Note, for a non-adsorbing salt we

have (ϕ
s

0 − ϕE) = 0 and thus U = (ϕ
s

M − ϕE).

7.5 Measured Charge and Capacity

The crucial quantities that relate our electrochemical model to experimentally data is the dou-
ble layer charge Q and the cell potential E. Recall the current/charge relation (149), i.e. I =
dQ/dE, and consider Q̃(E) as representation of the measured charge. The measured capac-
ity C̃(E) is then accordingly defined as

C̃ =
dQ̃

dE
. (162)
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Our model lead to functions Q̂(E − UR) and Ĉ(E − UR) of the double layer charge and
capacity. We emphasize that the functions Q̃ and Q̂ (as well as C̃ and Ĉ) are actually two
representations of the same physical quantity, i.e.

Q = Q̃(E) = Q̂(E − UR) and C = C̃(E) = Ĉ(E − UR). (163)

This allows for a comparison between measured and computed data of the electrochemical
interfaces.

8 Examples: Silver in contact with various aqueous salt so-
lutions

We consider aqueous solutions of KPF6, KClO4 , NaClO4 and NaF in contact with various
single crystal silver surfaces.

KPF6 is a non-adsorbing salt which is used to discuss several aspects of our model. Particularly
it serves to determine the reference potential UR and to validate our theory at experimental data
for Ag(110)[61].

KClO4 and NaClO4 serve to compare our model to experimental data of different, independent
research groups for Ag(100), Ag(110) and Ag(111).

NaF is studied for various concentrations. We compare our theory to measured capacity data
for Ag(110)|NaF at various concentrations. After this validation step, the coupled system of
Poisson and momentum equation,(83) and (84), is used to compute the structure of the space
charge layer at three selected potentials.

8.1 Constituents and parameter

In the following we describe all constituents and the corresponding parameters.

The solvent is water, A0 = H2O, which is subject to self-ionization and dissociates in solvated
hydroxide ions, A1 = OH−, and solvated protons1, A2 = H+. At room temperature T =
298 [ K ] we have a pH value of 7, i.e. nE1 = nE2 = 10−7 [ mol/` ], which corresponds to a
dissociation energy of ∆gDH2O = 1.043eV.

We consider KPF6, KClO4 , NaClO4 and NaF salts which are assumed to dissociate com-
pletely to ionic species A3 ∈ {PF−6 ,ClO−4 ,F

−} and A4 ∈ {K+,Na+}. The salt concentra-
tion in the bulk is denoted by c [ mol/` ] and determines as nE3 = nE4 = c.

The susceptibility of the electrolyte is considered as χE = 25.

We compute the partial molar volume from the density of pure water as vR0 = 1.7973 ·
10−5 [ m3/mol ]. For the solvated ions we consider a solvation shell of κα = 45 solvent
molecules and compute the partial molar volume according to vRα = (1 + κα)vR0 .

1Note that protons are considered as solvated protons. One might thus also think of H3O
+, or even

[H2O]κH+ H+.
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As metal we consider silver, AM = Ag (lattice constant `Ag = 4.0853 Å, Fermi level µMe =
5.49 [ eV ]) with A

s
M = {Ag(110),Ag(100),Ag(111)} surfaces. The of surface density of

metal ions, n
s
M , is computed from the lattice constant of silver and the specific surface orienta-

tion: n
s

(110)
M = 1.4038 , n

s

(100)
M = 1.9853 , n

s

(111)
M = 2.2925 [ 10−9mol/cm2 ]. As surface chem-

ical potential of the electrons µ
s
e we use the measured data of the work function [23, 21, 56],

µ
s

(110)
e = 4.52 , µ

s

(100)
e = 4.64, µ

s

(111)
e = 4.74 [ eV ]. We assume that each surface metal atom

provides one adsorption site, ωM = 1.

Water is assumed to adsorb on the surface as A
s

0 = H2O
s

with an adsorption energy of

∆gA0 = −0.08 eV and a partial molar area of aR0 = 1.42 · 108 [ mol/cm2 ]. The adsorp-
tion energy of protons and hydroxide ions is computed from the reaction energy of the self-
ionization on the surface, ∆

s
gDH2O (c.f. Section 6.5). We assume that at the potential of zero

charge the surface concentration of H+

s

is equal to the concentration of OH−

s

on the surface,

i.e. ŷ
s

H+(E0)
!

= ŷ
s

OH−(E0). This leads to the constraint ∆g̃AH+

s

= ∆g̃A
OH−
s

. Equation (116) de-

termines the adsorption energy as ∆g̃AH+

s

= 1
2

(
∆gAH2O + ∆

s
gDH2O−∆gDH2O

)
. Self-ionization on

the surface is considered to be far more favorable than in the volume, i.e. ∆
s
gDH2O � ∆gDH2O.

We employ exemplarily ∆
s
gDH2O = 0.05eV, but provide also a parameter study in the following.

We assume a surface solvation number of 25 for H+

s

and OH−

s

.

Regarding the adsorption of the ionic salt species we distinguish between adsorbing, ∆g̃Aα,β >
−1eV, and non-adsorbing species, ∆g̃Aα,β � −1eV. Non-adsorbing ions will not explicitly
be considered since their surface concentration is practically zero. We assume that neither the
alkali metal ions Na+,K+ nor the hexafluorophosphate ion PF−6 adsorb on the metal surface (in
the potential range of interest). Fluoride and perchlorate, however, are considered to adsorb as
partially solvated ions A

s
3,0 ∈ {F−

s

,ClO−4
s

}. The respective solvation numbers and adsorption

energies are discussed in the examples.

8.2 Reference potential

The reference potential UR can be determined from a single potential of zero charge measure-
ment of a non-adsorbing salt. It is experimentally known that neither K + nor PF−6 adsorbs on
silver and the potential of zero charge E∗ is equal to the reference potential UR for an aqueous
KPF6 solution (c.f. Section 8.2). The necessity of such a reference measurement originates
from the fact that we do not explicitly model the reference electrode|electrolyte interface (c.f.
Section 7.1).

Remember that the reference potential UR depends on µ
s

M
e according to (140)2 and thus on the

surface orientation. Consequently Valette [61, 62, 64, 65, 63] measures different zero charge
potentials of the working electrode for the various silver surfaces. We can read off the measured
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(b) Pressure at the interface p|ES

Figure 5: Computed boundary layer charge QBL and pressure p|ES for a 0.005M KPF6 solution
as function of ϕ

s
−ϕE. The plots are obtained from equations (105) and (145), respectively. The

dashed lines correspond to the potentials which are obtained from the turning point of QBL(U).

zero charge potential E∗ for A
s
M ∈ {Ag(110),Ag(100),Ag(111)} vs SCE and obtain

UR
Ag(110) = −0.97 [ V ] , UR

Ag(100) = −0.86 [ V ] and UR
Ag(111) = −0.69 [ V ] . (164)

9 Ag(110)|KPF6 - general discussion of the model

The Ag(110)|KPF6 interface serves as a first example to discuss the different aspects of our
model. In the main part of the discussion we fix the bulk concentration of KPF6 to 0.005M
and rely on ϕ

s
− ϕE, the potential between the metal surface and the electrolyte, as scale of

the electric potential. Finally we provide a computation of the capacity for salt concentrations of
(0.0025− 0.1)M with respect to the measured cell potential E.

First of all remember the decomposition (143) of the total charge Q in boundary layer and
surface contributions, i.e. Q = QBL + Q

s
. We discuss the boundary layer and the surface

contributions consecutively and validate our theory on the total capacity C .

9.1 Boundary layer charge and capacity

The boundary layer charge (see eq. (145))

QBL = − sgn(ϕ
s
− ϕE)

√
2ε0(1 + χ)

(
p|ES − pE

)
(165)

is determined by the pressure p at the interface, p|ES . Equation (105) provides an implicit relation
between p|ES and ϕ

s

M − ϕE which can be used to determine p|ES = p̂(ϕ
s

M − ϕE).

42



Figure 5 displays the computed boundary layer charge QBL and the pressure p|ES at the metal
surface for a 0.005M KPF6 aqueous solution. The values ϕ

s

0−ϕE = 0 V, ϕ
s

1−ϕE = −0.17 V

and ϕ
s

2 − ϕE = +0.17 V correspond to the turning points of the boundary layer charge QBL

and to local extrema of CBL (see Figure 6). We find that the pressure increases if ϕ
s
− ϕE

is deflected from 0 V, in either positive or negative direction. Between 0 V and ±0.17 V the
pressure behaves non-linear, while beyond ±0.17 V the pressure increases almost linearly.
Origin of the increasing pressure is the Lorentz force −nF ∇ϕ (c.f. equation (84)) which tries
to compress the electrolyte near the metal interface and whereby the pressure at the interface
rises. The decrease of the boundary layer capacity beyond ϕ

s
− ϕE = ±0.17 V originates from

the same effect.
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Figure 6: Computed boundary layer capacity CBL as function of the electrolyte potential drop
ϕ
s
− ϕE for a 0.005M KPF6 solution. The minimum of CBL corresponds to the potential of zero

charge, ϕ
s

0 − ϕE = 0 V. CBL has two maxima at ϕ
s

1,2 − ϕE = ±0.17 V.

If we were to ignore the pressure p in the whole derivation of Section 5.2.1 we would even
obtain an unbounded capacity! This circumstance, i.e. the failure of the Poisson–Boltzmann
approximation for ϕ

s
− ϕE > ±0.1mV, is well known in the literature, and several solutions

were presented[7, 22, 2, 12]. However, tracing this failure back to the negligence of the material
pressure p is quite unknown. V. Freise was the first who mentioned 1952[24] that the pressure
p plays a crucial role in the theory of the diffuse double layer. But his work was not widely
recognized and his capacity predictions were yet in the order of (200− 300)µF/cm2. Common
to all extensions of the classical Poisson–Boltzmann-theory is the representation of the charge
QBL and the capacity CBL as single equations QBL(ϕ

s
−ϕE) and CBL(ϕ

s
−ϕE). But the general

case is an (algebraic) equation system

CBL = CBL(ϕ
s
− ϕE, p|ES − pE), g(ϕ

s
− ϕE, p|ES − pE) = 0 (166)

which determines the boundary layer capacity2. The equation (166)2 indicates the constraint
(105). The consistent modeling of this study incorporates

2Note, in our derivation we used the implicit function theorem to write p|ES = p̂(ϕ
s
− ϕE) in order to obtain the
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� coupled electrostatics and mechanics: ∇p = −nF (ϕ, p)∇ϕ and ε0(1 + χE)∂xxϕ =
nF(ϕ, p)

� incompressibility: µα ∝ vRα · p (chemical potential linear in p) and
∑NE

α=0 v
R
αn

R
α = 1

(incompressibility constraint),

� and the solvation effect: vRα 6= vR0 , α = 1, . . . , NE .

When all particles were to have the same partial molar volumes, vRα = vR0 , one obtains a
decoupling of the Poisson- and the momentum equation (see the discussion in Section 5.2.1
and 5.3).

The solvation effect in the electrolyte essentially influences the height of the CBL maxima via
the partial molar volumes vRα = (1 + κα) · vR0 . If solvation were neglected, i.e. vRα ≈ vR0 , the
capacity is highly overestimated. Figure 7 shows a parameter study of CBL with respect to the
solvation number κα = κ, α = 1, . . . , NE .
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Figure 7: Parameter study of the boundary layer capacity CBL with respect to the solvation
number κ.

The specific metal surface has no impact to the boundary layer charge QBL and the capacity
CBL. From a physical point of view this is obvious since the free energy of the electrolyte phase
is itself independent of the metal constituents. The metal surface determines only ϕ

s
− ϕM for

the electrolyte phase from the boundary condition ϕ
s
−ϕM = (µ

s

M
e−µMe)/e0. SinceQBL and CBL

are expressed in terms of ϕ
s
− ϕE, a different metal surface can only shift the potential scale,

due to a different surface chemical potential µ
s
e, but never changes the functions Q̂BL and ĈBL.

Note that this allows for an electrode independent survey of electrolytic solutions.

representation CBL = CBL(ϕ
s
− ϕE, p̂(ϕ

s
− ϕE) − pE) = ĈBL(ϕ

s
− ϕE), which was convenient in the further

derivation. However, to actually compute CBL one has to solve the coupled equation system (166).
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9.2 Surface charge and capacity

Next we discuss the surface properties of the Ag(110)|KPF6 example. Due to the dissociation
of water into protons and hydroxide ions we have four charged species in the electrolyte, namely
K+, PF−6 , H+ and OH−. We assume that neither K+ nor PF−6 adsorbs on the metal surface,
allow, however, for an adsorption of H2O, H+ and OH−. Regarding the adsorption of H+ and
OH− we assume equal concentrations at the potential of zero charge (quite similar to an equal
concentration of H+ and OH− in the bulk electrolyte).
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Figure 8: Coverage of the Ag(110) surface with respect to the potential ϕ
s
− ϕE.

Figure 8 shows the coverage n
s
α/n

s

R
M of surface vacancies (V), adsorbed water (H2O

s

), protons

(H+

s

) and hydroxide ions (OH−

s

). Around the potential of zero charge, ϕ
s
− ϕE ≈ 0, the surface

is mainly covered with adsorbed water and surface vacancies. For ϕ
s
− ϕE < 0 the metal

surface becomes negatively charged and thus attracts H+

s

. For ϕ
s
− ϕE > 0 we have exactly

the opposite situation and the coverage of OH−

s

increases. For both situation we observe a

saturation due to the finite amount of adsorption sites on the surface.
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Figure 9: Computed Q
s

as function of ϕ
s
− ϕE, originating from the adsorption of protons (H+)

and hydroxide ions (OH−). The potentials ϕ
s

3 and ϕ
s

4 correspond to the turning points of Q
s

.

According to equation (147) the surface tension γ also changes as a function of ϕ
s
− ϕE.

The corresponding surface charge density Q
s

is displayed in Figure 9a. According to equation

(147), a variation of the surface charge also corresponds to a variation of the surface tension
(Figure 9b). The turning points ϕ

s

3 and ϕ
s

4 ofQ
s

mark the transition from adsorption to saturation.

It is quite remarkable that the surface gets indeed fully covered with H+ or OH−, even for the
low bulk concentration of nEH+ = nE

OH−
= 10−7 [ mol/` ]. But the bulk is actually an infinite

reservoir of particles, and even if the concentration in the bulk is quite small, one could still have
a transition of an infinite amount of particles from the bulk onto the surface.

The surface solvation effect plays a major role for the limits of the surface charge. Consider a
Ag(110) surface with an elementary charge on each adsorption site. The surface charge would
then be±e0 ·n

s

R
M ≈ ±135µF/cm2. But if each ion contains κα,0 water molecules in its surface

solvation shell, a fully covered surface corresponds to a surface charge of ±e0 · n
s

R
M/(1 +

ω0 κα,0) ≈ ±3.3µF/cm2.

From a mathematical point of view the surface solvation effect, embedded in our surface ther-
modynamic theory (c.f. section 3), leads to an (algebraic) equation system

C
s

= C
s

(ϕ
s
− ϕE, γ − γRM), g

s
(ϕ
s
− ϕE, γ − γRM) = 0 (167)

for the surface capacity C
s

. The equation (166)2 indicates the constraint (102). Decoupling of

(167)1 and (167)2 is achieved for aRα,β = aR0 , i.e. without solvation effect.

Adsorption energies of H+ and OH− have a major impact on the surface charge and ca-
pacity. The energies are calculated from the adsorption energy of water, ∆gA0 = −0.08eV
, the dissociation energy in the electrolyte, ∆gDH2O = 1.043 [ eV ], and the surface dissocia-

tion energy ∆
s
gDH2O. The central parameter which determines the width of the surface capacity,
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i.e. ϕ
s

4 − ϕ
s

3, is actually ∆
s
gDH2O. If surface and volume dissociation energies are equal we ob-

serve a width beyond 1 V. It seems thus necessary that ∆
s
gDH2O � ∆gDH2O and we assumed

∆
s
gDH2O = 0.10 [ eV ] for this example. Figure 10 shows a parameter study of the surface dis-

sociation energy ∆
s
gDH2O. We emphasize that a broadly conceived parameter study will be pub-

lished in a subsequent paper.
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Figure 10: Parameter study of the dissociation energy ∆
s
gDH2O from the surface reaction H2O

s

+

(κH+

s

+ κOH−
s

)H2O
s

−−⇀↽−− H+

s

+ OH−

s

and its impact on the surface capacity C
s

.

9.3 Total capacity and validation

Finally we provide computations of the total capacity C = CBL + C
s

. In Figure 11 we display

the capacity C as a function of the charge Q. The locations of the extrema correspond to(
Qi, Ci

)
=
(
Q̂(ϕ

s

i − ϕE), Ĉ(ϕ
s

i − ϕE)
)
, i = 0, 1, 2. The (implicit) (Q,C) plots are quite

illustrative since they are independent of the actual electrostatic potential scale.
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Figure 11: Implicit plot
(
Q̂(ϕ
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− ϕE), Ĉ(ϕ
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− ϕE)

)
for ϕ
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− ϕE ∈ [−0.5, 0.5] V.
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For the comparison of our theory to experimental data we rely on the relation (140) between E
and ϕ

s
− ϕE,

E = ϕ
s
− ϕE + UR

Ag(110) with UR
Ag(110) = −0.97 [ V ] , (168)

Note that this relation between E and ϕ
s
− ϕE corresponds to a constant space charge layer

at the reference electrode|electrolyte interface.

In Figure 12a we display the computed capacity Ĉ(−E − UR
Ag(110)) with respect to E for

various concentrations of KPF6. Figure 12b shows the measured capacity of G. Valette for
Ag(110)|KPF6, Figure 3.a from [61].
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TABLE 1 

Potent ia l  values (SCE) in mV of the capacity min imum for a (110)  silver e lectrode in NaF, 
NaC104 and KPF 0 solut ions 

Anion Co ncen t ra t ion /M 

0.1 0.04 0.02 0.01 0.005 

F -  - -1007  - -988 - -982 - -978 - -975 
C107~ - -993  - -983  - -980 - -977 - -975 
PF~ - -980  - -975  - -975 - -975 - -975 

Figure 3 shows the concentrat ion effect on C(E) curves in KPF6 (a) and 
KBF4 (b) solutions. With KPF6, for which the concentrat ion range is suffi- 
ciently extended,  the capaci ty  minimum potential  Em is independent  of 
concentration,  with an accuracy of +3 mV (Table 1); then, no specific adsorp- 
tion or a quite negligible one is inferred. In this case alone, Em is identifiable 
with the pzc, so the (110) silver electrode pzc is --0.975 + 0.005 V (SCE). As a 
consequence of this absence of specific adsorption, the capacity is lower at the 
positive maximum with respect to NaF or NaC104; the behaviour of PFg and 
BF7~ should be identical. From Table 1 it can be seen that  for the 0.005 M solu- 
tion E m is independent  of the nature of the anion. With low concentrations, 
o i for F- and CIOY, are small (O i < <  1 #C cm -2) and Em is not  experimentally 
sensitive to this phenomenon within the limits of accuracy. With each electro- 
lyte the E~ dependence on concentrat ion seems to become significant above 
O.O4 M. 

From Parsons and Zobel graphs [9], straight lines are obtained for all elec- 
trolytes~ their inverse slopes are equal to 1.22 (NaF), 1.17 (NaC104) and 1.10 
(KPF6). Since the weaker the specific adsorption the lower is the inverse slope, 
only for KPF6 is the roughness coefficient R value actually approached, so 1 < 
R < 1.10 + 0.05. 
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Fig. 3. C(E) curves for a (110) silver electrode.  Concent ra t ion  dependence  in (a) KPF6, and 
(b) KBF6 solutions.  
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Fig. 3. C(E) curves for a (110) silver electrode.  Concent ra t ion  dependence  in (a) KPF6, and 
(b) KBF6 solutions.  

(b) Measured capacity (Fig 3.a from [61],
reprinted with permission from Elsevier)

Figure 12: Comparison of the computed capacity (a) and the measured capacity (b) of the
Ag(110)|KPF6 interface for concentrations of (0.0025− 0.1)M.

Note that there is no parameter variation except the bulk concentration of KPF6, i.e. nEK+ =

nE
PF−6

= cKPF6
. We obtain a broad qualitative and quantitative agreement of the whole capac-

ity spectrum, i.e. with respect to the measured potential E and the salt concentration cKPF6
.

This is, in the view of the very simplistic free energy models that we employed in Section 4,
astonishing.

10 Ag(abc)|NaKClO4 - comparison to multiple experimental
data

In this example we briefly compare measured capacity data of Ag(110), Ag(100) and Ag(111)
from different research groups to our new model. We rely exemplarily on the data of Schmick-
ler/Beltramo for 0.05M KClO4 [54, 5, 6] and Valette3 for 0.04M and 0.1M NaClO4 [62, 63, 61].

3Note that measured data for a 0.05M NaClO4 solution is not presented by Valette. To avoid a misunder-
standing with respect to the concentration difference between the two examples we also display data for a 0.1M
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It is assumed that ClO−4 adsorbs on the surface, while K+ and Na+ do not adsorb. From this
viewpoint the two solutions behave equally and can be directly compared.
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(a) Ag(110) (Data of [54] and [61])
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(b) Ag(100) (Data of [54] and [62])
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(c) Ag(111) (Data of [54] and [61])

Figure 13: Computed and measured capacity of aqueous 0.05M KClO4 and
0.04/0.1MNaClO4 solutions of for various silver surfaces. All measurments were performed
vs. SCE.

Figure 13 displays the measured data and computed capacity for Ag(110), Fig. 13a, Ag(110),
Fig. 13c, and Ag(111), Fig. 13c.

It is well known in literature that the shift of the potential scale between the three surfaces orig-
inates from the different work functions[25, 60]. Within our derivation of the reference potential
UR = 1

e0
(µ
s

M
e − µ

s

R
e) + UR,E this is naturally incorporated due to the dependency of µ

s

M
e on the

specific metal surface.

Even though the electrochemical systems are equal from a theoretical point of view, we observe
quite large deviations between the experimental data. Several reasons contribute to this devia-
tion: non-perfect metal surface (steps and defects), contaminations of electrolyte phase, varia-
tion of the diffusional potential UR,E, setup of the counter and reference electrode, and further
issues. Since we do not explicitly account for such deviations within our model, it is sufficient for
our purpose to observe that our computed capacity is within the measuring error between two
experiments. However, we observe a systematic broadening of the capacity between the data
of Valette, the data of Schmickler/Beltramo, and our computed capacity curves. One possible
origin of this systematic deviation could be a violation of the assumption ϕ

s

R − ϕE = const.

We briefly describe the model parameters which were used to compute C in Figure 13. ClO−4
is assumed to adsorb on the surface with an adsorption energy of ∆g̃A

ClO−4
= −0.2 [ eV ].

The solvation number of ClO−4 on the surface is κ
sClO−4

= 15 and thus smaller than κ
s

OH− =

25. The reference potentials of each metal surface are employed according to (164). All other
parameters are as described in Section 8.1. Note that the partial molar areas of all constituents
remain equal for all three examples.

With these parameter we computed also the capacity spectrum for salt concentrations of 0.005−
0.1M NaClO4. Figure 14 displays a comparison of our computed values to the measured data

NaClO4 solution.
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of Valette for a Ag(110) surface. We find a broad qualitative and quantitative agreement and re-
emphasize that there is no other parameter variation than the bulk salt concentration cNaClO4

.
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quency effects have been observed with the other electrolytes. 
The curves in Fig. 2 show the concentrat ion effect on C in F-  (a) and CLOY, 

(b) solutions. The diffuse layer contr ibut ion is easily verified by the well- 
pronounced minimum. For both electrolytes, the minimum potential  Em is 
dependent  on concentrat ion.  In the concentrat ion range from 0.005 to 0.1 M 
the shifts AEm are equal to +18 and +32 mV for NaC104 and NaF (Table 1); 
they characterize an anionic specific adsorption, and a stronger specific adsorp- 
tion of F- than that  of ClOy, may be asserted. On mercury the inverse order 
is given [ 5], but  on gold [6], the same order as found here is observed. An 
a t tempt  to explain the different behaviour between mercury and solid surfaces 
is given in the discussion section. 

An interesting observation may be made on Fig. 2, if the C values of the 
two maxima sm~ounding the minimum axe compared.  At the negative maxi- 
mum the height is identical for F- and CLOY,, and no specific adsorption can be 
assumed. At the positive maximum C is higher with F-;  this can be explained 
by the assumption that  there is weak anionic specific adsorption in this poten- 
tial range and that  F- is more strongly adsorbed than CLOY,. The total capacity 
is given by [7] 
( C )  - 1  = (c i )  -1 + ( c d )  - 1  (1 + 0oi/()O) (1) 

where C, C i and C d are the capacities of the double layer, inner layer and dif- 
fuse layer, and a and o i are the electrode charge and that  of the specifically 
adsorbed ions. 

As specific adsorption becomes stronger, 30 i/ao decreases from zero, and the 
factor multiplying (C d)-~ decreases, so C increases and tends towards C i, at a 
given electrode charge. On the other hand, o d remains opposite to a, because 
]oi l< o, and C d decreases as the anion becomes more strongly adsorbed, 

therefore the total capacity is expected to decrease. Since C increases from 
C10?~ to F-,  the influence of (1 + 3oi/3o) would be greater than that  of C d. It 
is assumed here that  the inner-layer capacity C i is weakly dependent  on the 
nature of the anions as found for C1- and F- [8]. 
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Fig. 2. C(E) curves for a (110) silver electrode. Concentration dependence in (a) NaF, and 
(b) NaC104 solutions. 
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a t tempt  to explain the different behaviour between mercury and solid surfaces 
is given in the discussion section. 

An interesting observation may be made on Fig. 2, if the C values of the 
two maxima sm~ounding the minimum axe compared.  At the negative maxi- 
mum the height is identical for F- and CLOY,, and no specific adsorption can be 
assumed. At the positive maximum C is higher with F-;  this can be explained 
by the assumption that  there is weak anionic specific adsorption in this poten- 
tial range and that  F- is more strongly adsorbed than CLOY,. The total capacity 
is given by [7] 
( C )  - 1  = (c i )  -1 + ( c d )  - 1  (1 + 0oi/()O) (1) 

where C, C i and C d are the capacities of the double layer, inner layer and dif- 
fuse layer, and a and o i are the electrode charge and that  of the specifically 
adsorbed ions. 

As specific adsorption becomes stronger, 30 i/ao decreases from zero, and the 
factor multiplying (C d)-~ decreases, so C increases and tends towards C i, at a 
given electrode charge. On the other hand, o d remains opposite to a, because 
]oi l< o, and C d decreases as the anion becomes more strongly adsorbed, 

therefore the total capacity is expected to decrease. Since C increases from 
C10?~ to F-,  the influence of (1 + 3oi/3o) would be greater than that  of C d. It 
is assumed here that  the inner-layer capacity C i is weakly dependent  on the 
nature of the anions as found for C1- and F- [8]. 
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(b) Measured capacity (Fig 2.b from [61],
reprinted with permission from Elsevier)

Figure 14: Comparison of the computed capacity (a) and the measured capacity (b) of the
Ag(110)|NaClO4 interface for concentrations of (0.005− 0.1)M.

11 Ag(110)|NaF - structure of the double layer

As last example we consider an aqueous NaF solution in contact with Ag(110). After a brief
discussion of the considered model parameter we provide computations of the capacity spec-
trum and validate our theory with the data of Valette. Then we use our metal/electrolyte/interface
model to compute the structure of the space charge layer.

Note that this approach is physically rigorous since we use the same set of equations4 to com-
pute the capacity and the space charge layer.

11.1 Validation

The fluoride ion F− is considered to adsorb on the metal surface. Two central parameter arise
then in our model, the adsorption energy ∆g̃AF− and the surface solvation number κ

s
F− . All other

parameters are kept equal to the examples before.

4Actually the equation system for the capacity is the first integral of the PDE system that determines the space
charge layer structure.
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In the volume, the solvation shell is considered as the whole cloud of solvent molecules which
are bound to the central ion in either the first, second or even third solvation shell, without further
distinction. The first shell which covers 4− 8 solvent molecules and is dependent on the actual
chemical constituent[33]. However, the second shell covers far more solvent molecules is mainly
determined by the charge of the central ion. This lead to the assumption that all monovalent ionic
species have an equal solvation number in the electrolyte phase.

On the surface, however, this assumption might not hold. Since solvated ions strip off a part of
their total solvation shell, the element specific first solvation shell can be more dominant on the
surface. Hence we consider different solvation numbers for the adsorbates. In Section 10 we
already assumed a solvation number of κ

sClO−4
= 15 for the adsorbed perchlorate ion. Fluoride

is assumed to bind even less solvent molecules on the surface, and we employ κ
s

F− = 8. The

adsorption energy for F− is chosen as ∆g̃AF− = −0.16 [ eV ], whereby adsorption near the
potential of zero charge occurs (see Figure 20 of the surface coverage).

We obtain then the capacity spectrum shown in Figure 15a for the Ag(110)|NaF interface. Note
that similar to the examples before we vary only the bulk salt concentration of NaF, i.e. nEF− =

nE
Na+ = cNaF. Figure 15b displays the measured data of Valette.
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quency effects have been observed with the other electrolytes. 
The curves in Fig. 2 show the concentrat ion effect on C in F-  (a) and CLOY, 

(b) solutions. The diffuse layer contr ibut ion is easily verified by the well- 
pronounced minimum. For both electrolytes, the minimum potential  Em is 
dependent  on concentrat ion.  In the concentrat ion range from 0.005 to 0.1 M 
the shifts AEm are equal to +18 and +32 mV for NaC104 and NaF (Table 1); 
they characterize an anionic specific adsorption, and a stronger specific adsorp- 
tion of F- than that  of ClOy, may be asserted. On mercury the inverse order 
is given [ 5], but  on gold [6], the same order as found here is observed. An 
a t tempt  to explain the different behaviour between mercury and solid surfaces 
is given in the discussion section. 

An interesting observation may be made on Fig. 2, if the C values of the 
two maxima sm~ounding the minimum axe compared.  At the negative maxi- 
mum the height is identical for F- and CLOY,, and no specific adsorption can be 
assumed. At the positive maximum C is higher with F-;  this can be explained 
by the assumption that  there is weak anionic specific adsorption in this poten- 
tial range and that  F- is more strongly adsorbed than CLOY,. The total capacity 
is given by [7] 
( C )  - 1  = (c i )  -1 + ( c d )  - 1  (1 + 0oi/()O) (1) 

where C, C i and C d are the capacities of the double layer, inner layer and dif- 
fuse layer, and a and o i are the electrode charge and that  of the specifically 
adsorbed ions. 

As specific adsorption becomes stronger, 30 i/ao decreases from zero, and the 
factor multiplying (C d)-~ decreases, so C increases and tends towards C i, at a 
given electrode charge. On the other hand, o d remains opposite to a, because 
]oi l< o, and C d decreases as the anion becomes more strongly adsorbed, 

therefore the total capacity is expected to decrease. Since C increases from 
C10?~ to F-,  the influence of (1 + 3oi/3o) would be greater than that  of C d. It 
is assumed here that  the inner-layer capacity C i is weakly dependent  on the 
nature of the anions as found for C1- and F- [8]. 
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(b) Measured capacity (Fig 2.a from [61],
reprinted with permission from Elsevier)

Figure 15: Comparison of the computed capacity (a) and the measured capacity (b) of the
Ag(110)|NaF interface for concentrations of (0.005− 0.1)M.

The overall agreement of the capacity spectrum is quite remarkable. Reconsider that we essen-
tially employed an ideal, incompressible mixtures in the volume and a lattice based ideal mixture
on the surface. Both models account entropically and mechanically for the solvation effect. How-
ever, the thermodynamic consistent coupling of mechanics and electrostatics in the volume and

51



on the surface gives obviously a broad accordance to measured data. Employing more sophis-
ticated free energy models ρψM, ρψE and ϕ

s
as well as a concentration dependent susceptibility

χE seems promising for modeling electrochemical interfaces in an even wider potential range
and allows for more material specific surface effects, e.g. surface reconstruction[38].

However, for the sake of this work the comparison of Figure 15 is sufficient to validate our theory
in the potential range E = [−1.5,−0.5] V.

11.2 Structure of the double layer

After validating our theory and the considered parameters we use the metal/electrolyte/interface
model to compute the structure of the space charge layer. By structure we mean the space de-
pendent solutions of all molar densities nα(x) in the metal and the electrolyte phase, the surface
concentrations n

s
α, and the electrostatic potential ϕ(x). We employ ϕM = E as boundary con-

dition and compute ϕ
s

and ϕE accordingly. We discuss the structure of the space charge layer

exemplarily for three potential values, i.e. E = {−0.6,−0.9,−1.4}V vs (SCE) and a bulk salt
concentration of cNaF = 0.1 [ mol/` ].

Figure 16 displays the computed structure of the space charge layer for E = −0.9V, which
corresponds to ϕ

s
− ϕE = 0.07V.
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Figure 16: Structure of the Ag(110)|0.1M NaF (aq) interface at E = −0.9V.

The metal surface is positioned at xS = 0, with the metal domain to its left and the electrolyte to
its right. Scales are in absolute values as computed from our theory. The solid lines display the
numerical solutions nα for the electrolyte and the metal species, respectively. On the surface
S, the right bar chart denotes the coverage aRα · n

s
α of adsorbates and surface vacancies. Note

that
∑NS

α aRαn
s
α = 1 according to (73). The left bar shows the ratio between surface electrons

n
s
e and surface metal ions n

s
M , i.e. n

s
e/(n

s
M + n

s
e) and n

s
M/(n

s
M + n

s
e). The black dashed line

corresponds to the space dependent, continuous electrostatic potential ϕ.
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We observe a space charge layer within the metal which originates from a decrease of the
electron density ne near the surface. Origin of this decease is the necessary condition ϕM −
ϕ
s

= −(µ
s
e − µMe) = −0.972V. The space dependent profile of the electron density ne is

obtained from a solution of the Poisson equation (88) as ne(x) = n̂e(ϕ(x)). The chargeQM =
xS∫
xM

nFdx, which is accordingly stored in the metallic boundary layer, is computed as

QM =

√√√√2ε0
µMe
vRM

(
1−

µ
s
e

µMe
− 2

5

(
1−

(µ
s
e

µMe

) 5
2
))

= 14.41

[
µC

cm2

]
. (169)

Note that QM is constant because ϕM−ϕ
s

= const. Even though the space charge layer in the

metal is rather thin, it stores quite an amount of charge in order to generate the potential drop
ϕM − ϕ

s
= −0.972V.

The amount of electrons on the surface is then computed from the electroneutrality condition
(142) as

n
s
e = n

s
M + (QM −Q)/e0 . (170)

At the potential of zero charge,E0, the termQ vanishes per definition and the metallic boundary
layer chargeQM is balanced by the surface electrons in order to provide electroneutrality. How-
ever, for E 6= E0 the surface electrons additionally balance the electrolytic and the adsorbate
charge.
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Figure 17: Structure of the Ag(110)|0.1M NaF (aq) interface at E = −1.4V.

In the electrolyte we observe a diffuse space charge layer, i.e. a Poisson–Boltzmann (PB) type
behavior. One could characterize a PB-like behavior by the absence of a Stern layer, which we
defined via the turning point of the free charge density nF, i.e.

xO =

{
x, if ∃ x ∈ R : ∂xxn

F = 0 , ∂xxxn
F 6= 0

xS, else
(171)
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Note that xO is implicitly dependent on ϕ
s
− ϕE. Since in the PB-approximation nF is strictly

monotone, no turning point exists at all. For a 0.1M solution the potential range of the PB-
approximation is ϕ

s
− ϕE ≈ ±80mV and termed low potential regime.

However, beyond ϕ
s
− ϕE ≈ ±80mV we observe the formation of a new layer (c.f. Figure

17), which is characterized by the region (xS, xO). Since beyond the turning point of nF, i.e.
x > xO, the diffuse layer proceeds, we interpret the layer between the metal surface xS and
xO as Stern layer[58]. The point xO actually corresponds to the plane xO × R2, which we
interpret as outer Helmholtz-plane. Consequently, we are able to define the outer Helmholtz-
or Stern layer-potential: ϕO = ϕ(xO).

It is thus also possible to precisely define the different potential regimes, i.e.

ϕO = ϕ
s

: low potential and ϕO 6= ϕ
s

: high potential. (172)

Note, in the low potential regime we have xO = xS and thus no Stern layer (or outer Helmholtz
plane) is present.

The diffuse layer is characterized by the domain (xO, xE). However, the Debye length λD =√
ε0(1+χE)kBT

e20 cNaF
is actually the proper length scale of the diffuse layer. Hence we define xD =

xO + λD and term ϕD = ϕ(xD) the diffuse layer potential.
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Figure 18: Computed width of the Stern layer, xS − xO, as function of ϕ
s
− ϕE.

It is indeed quite remarkable that our model naturally predicts the formation of such a layer,
however, with certain deviations from classical assumptions:

� In the classical view, the inner Helmholtz plane is assumed as fixed layer of slightly ad-
sorbed, solvated ions closest to the metal surface. We observe indeed a local saturation
of solvated ions, which also suggests the interpretation as Stern layer, however the width
(xS − xO) of this saturation layer is dependent on ϕ

s
− ϕE, see Figure 18a.
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� Due to the perception of a fixed layer of (solvated) ions near the surface it is assumed that
the outer Helmholtz-plane and the metal surface form a simple parallel plate capacitor
of constant capacity[1, 31, 11]. Within our definition of the outer Helmholtz-plane we
observe, however, that its capacity contribution

CStern =
dQStern

dE
with QStern = −

∫ xO

xS

nFdx (173)

is not constant.

� For ϕO = ϕ
s

the diffuse layer capacity

Cdiffuse =
Qdiffuse

dE
with Qdiffuse = −

∫ xE

xO

nFdx (174)

contributes exclusively to the boundary layer capacity CBL, since no Stern layer is formed
(i.e. xO = xS). However, for ϕO 6= ϕ

s
the diffuse layer capacity vanishes since Qdiffuse

becomes a constant, according to ϕO − ϕE = const (c.f. Figure 18b). Consequently,
the Stern layer capacity CStern becomes the single contribution to CBL for ϕ

s
6= ϕO. This

suggests the following decomposition

CBL =

 Cdiffuse, for ϕO = ϕ
s

CStern, for ϕO 6= ϕ
s

(175)

� For ϕO−ϕE > 0, the Stern layer corresponds to the saturation layer of solvated cations,
c.f. Figure 19, while for ϕO − ϕE < 0 solvated anions form the Stern layer, see Figure
17.

Note that our findings are independent of the actual metal surface (c.f. the discussion at the end
of section 9.1). The Stern layer is exclusively determined by the properties of the electrolytic
solution.
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55



In contrast, the adsorption layer on the metal is dependent on material specific parameters,
i.e. the adsorption energies ∆g̃Aα . Due to the adsorption of partially solvated ions on the metal
surface, we interpret the mixture of adsorbates present on xS ×R2 as inner Helmholtz-plane.
Note that mathematically this layer has no actual width since the adsorbates are modeled as
surface mole densities. Consequently, the electrostatic potential ϕ is continuous at xS and no
potential drop occurs at the inner Helmholtz-plane.
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Figure 20 displays the computed coverage of the metal surface. For ϕ
s
−ϕE > 0 we observe an

adsorption of F− as well as an adsorption of OH−. However, forE > −0.9V adsorbed OH− is
suppressed by F−. Adsorbed OH− as well as F− was indeed found on silver surfaces[15, 34].
However, a detailed quantitative investigation is beyond this scope. We find that the increase
of the right capacity maxima, c.f. Figure 15a, arises from the adsorption of F−. Because the
surface solvation shell number κ

s
F− of F− is smaller as κ

s
OH− . Additionally, the adsorption of

F− is favored compared to OH−, i.e. ∆g̃AF− < ∆g̃A
OH−

. The non-linear interplay between these
parameters actually increases the right capacity hump.

For E < −1V we observe an adsorption of solvated H+. Within the considered potential range
H+ is not considered to react further. But surface electron transfer reactions H+ + e− −−⇀↽−− H
as well as subsequent reactions H+H −−⇀↽−− H2 are indeed covered within our model. However,
a broad investigation of the occuring parameters is part of a subsequent work.

Even though the concentration of H+ in the electrolyte might seem rather negligible, its reservoir
µEH+ provides an infinite amount of H+. Thus, the surface could indeed get fully covered with H+

while its bulk concentration remains rather small. But we find also an increasing concentration
of H+ at the interface, which forms similar to Na+ a saturation layer. Adsorbed protons on
silver surfaces were found by Lipkowski and co-workes[43]. The adsorption of Na+ is not to be
expected in the potential range of interest. But adsorption as well as electron transfer reactions
for cations are in principle incorporated in our theory.
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12 Conclusion and Summary

In this study we derived a new model to describe the properties of the metal/electrolyte interface.
It is based on continuum thermo-electrodynamics and employed here in a 1D equilibrium case.
The model relies on mixture theories of the metal, the surface, and the electrolyte phase, which
model several material specific effects such as solvation or incompressibility. We account for
numerous chemical reactions, namely

� dissociation in the electrolyte as well as on the surface (especially the self-ionization of
water),

� adsorption from the electrolyte and the metal,

� as well as electron transfer.

Then we derive the equilibrium representations of the mole densities in the volume and on
the surface as function of the metal surface/electrolyte potential drop ϕ

s
− ϕE. We show how

ϕ
s
−ϕE is related to the measured cell potentialE and derive functions for the chargeQ and the

capacity C of the metal/electrolyte interface. This allows for a comparison to experimental data,
which shows a broad agreement with respect to cell potential as well as salt concentration.

We emphasize that we made no a priori assumptions on the structure of the metal/electrolyte
interface, but rather predict the double layer based on our general mixture theories. This ap-
proach is justified by a validation of our model to measured capacity data. Since the same set
of equations is used to compute the actual structure of the double layer, we provide (for the
first time) a thermodynamically consistent picture of the metal/electrolyte interface in a broad
potential range.

We are also able to reinterpret some classical conceptions of the double layer based on the
results of our model. We find:

� a space charge layer in the metal that covers the constant chargeQM and generates the
potential drop ϕM − ϕ

s
,

� a potential dependent surface electron density, which balances the metallic boundary
layer charge at the potential of zero charge,

� specifically adsorbed ions on the surface which are reinterpreted as inner Helmholtz
plane,

� the formation of an ionic saturation layer near the surface, which is imagined as Stern
layer,

� and the diffuse layer, which covers a constant charge Qdiffuse for ϕO 6= ϕ
s

, i.e. in the high

potential regime which implies ϕO − ϕE = const.
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12.1 Continuum thermodynamics versus microscopic model

The continuum approach ignores the atomistic structure of the material at hand and covers ma-
terial specific phenomena in the explicit free energy function. In contrast, atomistic models like
molecular dynamics (MD) or density functional theory (DFT) resolve the microscopic structure
of the material.

Then at least two natural questions appear: Are the regimes where continuum thermodynamics
and microscopic models can be applied disjunct? How is continuum thermodynamics related
to the corresponding microscopic model in those regimes where both can be applied? The an-
swer to these questions is not obvious at all. Clearly the microscopic oscillations of neighboring
atoms are not reflected by continuum models. But nevertheless both models might be capable
to embody correctly the envelopes or the mean values of these oscillations. For example, let
us consider a metal in the vicinity of its surface to vacuum. We compare the predictions of the
electronic charge distribution of the atomistic Lang-Kohn model [42] with the predictions of the
continuum Thomas-Fermi model [57, 37]. Both models are used to calculate the surface energy
of metals. To this end both models must first calculate the electronic charge distribution, which
they do with a different degree of accuracy. In the metal far away from the surface the electronic
charge is roughly equal to the charge density of the metal ions. Near to the surface the electron
density decreases and tends to zero a little bit outside the metal. From a macroscopic point of
view the electronic charge distribution is approximately the same in both models. However, the
Lang-Kohn model show more fine details like the Friedel oscillations around the mean value of
the electronic density. The mean value, however, is well predicted by the Thomas-Fermi model
as well. Particularly both models show a boundary layer on the metal side of the surface and(!)
a nonzero electron density within a thin boundary layer outside the metal.

Which type of model approach is to be used relies also on the type of experiment which is
used to investigate the metal/electrolyte interface. Measurements of currents and capacities
vs potentials were extended in the last decades by scanning tunneling microscopes (STM),
X-ray photoelectron spectroscopy (XPS) and additional imaging techniques with the scope of
a visual representation of the electrode/electrolyte interface. Quite crude, one could say that
imaging techniques like STM and XPS go hand in hand with microscopic methods, like MD or
DFT, while the measurements of currents and capacities have their counterparts in continuum
non-equilibrium thermodynamics.

12.2 A remark on surface thermodynamics

In our model the electronic cloud in front of the metal surface is taken into account, but not
explicitly resolved. The current model includes theses electrons as surface constituents charac-
terized by a surface electron density. This gives an example for a common strategy of continuum
thermodynamics. Some properties of a material that one does not resolve on the scale of inter-
est are described by an object that is called a singular surface, S. The notion singular indicates
that bulk fields may become discontinuous across S, however, S may carry an own mixture in
terms of surface densities. The fundamental setting of surface thermodynamics is quite simi-
lar to continuum thermodynamics of the volume. It deals with surface balance equations, there
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is a local surface entropy inequality and corresponding to the volume there is a surface free
energy function which is the central quantity of the constitutive model for surfaces. The consis-
tent coupling of surface thermodynamics to electrodynamics was quite recently well developed
[30, 4, 47]. Continuum surface thermodynamics has many applications. Among them we find
the modeling of different phases of the same substance as well as the modeling of thin elastic
membranes, e.g. the hull of rubber balloons.

Its application to metal surfaces, however, describing adsorbates as well as surface electrons
within one theory, is quite rare.

12.3 Outlook

Our model should be considered as fundamental framework of the metal/electrolyte interface.
The model is easy to be adopted to other metal surfaces, different solvents and salts, as well as
mixtures of electrolytes. It allows for numerous further investigations of the double layer struc-
ture, providing a systematic insight of its complex structure. Additionally, the extension of our
model to the non-equilibrium situation is straight forward. Our model provides a thermodynami-
cally consistent extension of the classical Poisson–Nernst–Planck model, which ensures that in
equilibrium its results are in broad agreement to experimental data. Furthermore, model based
investigations of cyclic voltammetry as well as impedance spectroscopy provide a substantial
benefit to modern electrochemistry, with a whole new level of accuracy.

A Free energy densities

The free energy densities for the volume and the surface, respectively, of Section 4 must be
derived from phenomenological or microscopic approaches.

A.1 Free energy - electrolyte

At first we derive the free energy density (38) of the electrolyte. The free energy consists of three
contributions: (i) reference free energy, (ii) free energy due to the liquid pressure and (iii) free
energy due to the entropy of mixing. Further energetic contributions are not considered here,
meaning in thermodynamic terminology, the electrolyte is modeled as a simple mixture [47, 16].

Recall the general constitutive relations for the pressure and the entropy density from Section
2.4,

p = −ρψ̂ +
N∑
α=0

nαµα and ρη = −∂ρψ̂
∂T

. (176)

For our purpose we have to transform the constitutive relations (176) in a more proper repre-
sentation. For this reason we consider the free energy density in terms of the mole fractions yα
and the total mass density ρ,

ρψ = ρψ̂(T, n0, . . . , nN) = ρψ̌(T, ρ, y0, . . . , yN−1) . (177)
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In the new variables the constitutive relations (176) may be rewritten as

p = ρ2∂ψ̌

∂ρ
and ρη = −∂ρψ̌

∂T
. (178)

The mechanical contribution to the free energy are derived from a simple linear elastic re-
lation for a homogenous mixture of the volume V under the pressure p,

p = pR +KE

(
VpR

V
− 1

)
. (179)

Here VpR is the volume of the mixture under the reference pressure pR and KE is the bulk
modulus of the mixture. For the volume VpR a linear relation to the number of particlesNα, α =
0, 1, . . . , N is assumed, i.e.

VpR =
N∑
α=0

vRα Nα, (180)

where vRα denotes the partial molar volume of constituent α at temperature T and reference
pressure pR. We assume that the molar volumes vRα are constant. Insertion of the reference
volume in (179) yields

p = pR +KE (nH − 1) with H =
N∑
α=0

vRα yα . (181)

Finally the mechanical contribution ρψmech to the free energy density (38) follows from (181),
(178) and by integration. The integration constant is chosen such that the mechanical free en-
ergy vanishes if the pressure p is equal to pR.

The entropic contribution to the free energy density. In a simple mixture the entropy of mixing
is represented by

Smix = −kB
N∑
α=0

Nα ln
(Nα
N

)
. (182)

It is important to recall that the particle numberNα of constituent α > 0 indicates the numbers
of solvated constituents, and N0 represents exclusively that part of the solvent that is not tied
within any solvation shell.

In a homogenous mixture the mixing entropy density ρηmix is given by Smix = V ρηmix. Thus
we have

ρηmix = −kBn
N∑
α=0

yα ln(yα) . (183)

Insertion of (183) into the constitutive relation (178)2 and integration yields to the entropic con-
tribution ρψmix of the free energy density (38).

60



A.2 Free energy - metal surface

The modeling of the surface free energy (55) is based on the general constitutive relations for
the surface tension and and the surface entropy density,

γ = ψ̂
s
−

Ns∑
α=0

n
s
αµ
s
α and η

s
= −

∂ψ
s

∂T
. (184)

To extract the electronic contribution we write ψ
s

= ψ
s
e(T, n

s
e) + ψ̂

s
r(T, n

s
0, n

s
1, . . . , n

s
NS−1

). In

analogy to the electrolyte we exchange variables and obtain

ψ
s

= ψ
s
e(T, n

s
e) + ψ̌

s
r(T, y

s
0, . . . , y

s
NS−2, n

s
M) . (185)

After a short calculation we obtain from (184) new representations of the surface tension γ and
the surface entropy density η

s
in the new variables

γ = −n
s

2
M

∂ 1
n
s
M
ψ̌r
s

∂n
s
M

and η
s

= −
∂ψ̌
s

∂T
. (186)

Note, the electron density cancels out in γ because we have assumed in Section 5.2.3 that the
surface chemical potential µ

s
e is a constant.

The mechanical contribution of the free energy density is derived from the simple relation
between surface tension and the surface mole density of the metal ions,

γ = γR +K
s

(
aRMn

s
M − 1

)
. (187)

The surface tension decreases if the surface metal lattice is elongated, i.e. if n
s
M decreases.

Insertion of the constitutive relation (187) into (186)1 yields the mechanical part of the free
energy density.

The entropic contribution follows from the mixing entropy Smix on the surface which is given
by Boltzmann’s formula,

Smix = kB ln(W ). (188)

Herein W represents the number of realizations of a thermodynamic state on the surface to be
defined as follows.

The surface of the metal lattice is formed byN
s
M metal ions which provide ωMN

s
M adsorption

sites, where ωM ≥ 1 is a constant. The surface electrons do not require adsorption sites. Thus
the adsorption sites are at the disposal of the adsorbates from the electrolyte and of the further
interfacial constituents which arise on S. We assume that each of these interfacial constituents
with numberN

s
α needs ωα adsorption sites and thus covers ωαN

s
α adsorption sites. In general
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not all adsorption sites are occupied. The empty sites are called vacancies and we calculate
their number by

N
s
V = ωMN

s
M −

NS−2∑
α=0

ωαN
s
α. (189)

We define the thermodynamic state on the surface by the sequence of occupation numbers
(N
s

1,N
s

2, ...,N
s
NS−2,N

s
V ) on ωMN

s
M sites. Thus it has

W =
(ωMN

s
M)!

N
s

1! · N
s

2! · · · N
s
V !

(190)

realizations. To calculate Smix = kB lnW we assume that exclusively large numbers are in-
volved so that we may apply Stirling’s formula. Furthermore we introduce the surface number
densities and the mixing entropy density according to Nα = n

s
αA and Smix = η

s

mixA, where

A denotes the surface area. Insertion of the surface entropy density into (186) and integration
gives the mixing entropy contribution of the surface free energy density (57).

B Representation of the surface capacity

Here we provide a semi-explicit representation of the surface capacity C
s

. First of all note that

the surface charge Q
s

has the representation

Q
s

= −

∑NE

α=1 zαe0y
s
α +

∑NE

α=1

∑|zα|
β=0 zαe0y

s
α,β

aRV y
s
V +

∑NE

α=0 a
R
αy
s
α +

∑NE

α=0

∑|zα|
β=0 a

R
α,βy

s
α,β

. (191)

With the representations (92),(95),(98) and (101) for y
s
α, y

s
α,β and y

s
V we obtain an expression

of Q
s

in terms of (ϕ
s
− ϕE) and (γ − γR), i.e. Q

s
= Q̂

s
(ϕ
s
− ϕE, γ − γR). The surface charge

is thus a function of ϕ
s

and the surface tension γ. The surface fractions y
s
α,β obey the constraint

(102), i.e.

y
s
V (γ − γR) +

NE∑
α=0

y
s
α(ϕ

s
− ϕE, γ − γR) +

NE∑
α=0

|zα|∑
β=0

y
s
α,β(ϕ

s
− ϕE, γ − γR)− 1 = 0 , (192)

which is an implicit relationship between ϕ
s
− ϕE and γ − γR. Hence, we may use the implicit

function theorem to deduce a solution γ = γ̂(ϕ
s
− ϕE) from equation (192), which satisfies

dγ̂/d(ϕ
s
− ϕE) = Q

s
(c.f. equation (147)). The surface capacity C

s
is thus

Ĉ
s

=

dQ̂
s

dϕ
s
− ϕE)

=
( ∂Q

s

∂(ϕ
s
− ϕE)

+Q
s
·

∂Q
s

∂(γ − γR)

)
. (193)
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With the (dimensionless) abbreviations

f
s

1 :=
NE∑
α=1

zαy
s
α + e0

NE∑
α=1

|zα|∑
β=0

zαy
s
α,β (194)

f
s

2 := y
s
V + ω0y

s
0 +

NE∑
α=1

ωαy
s
α +

NE∑
α=1

|zα|∑
β=0

ωα,βy
s
α,β (195)

f
s

3 =
NE∑
α=1

z2
αy
s
α +

NE∑
α=1

|zα|∑
β=0

z2
αy
s
α,β (196)

f
s

4 = e0

NE∑
α=1

zα ωα y
s
α + e0

NE∑
α=1

|zα|∑
β=0

zα ωα,β y
s
α,β (197)

f
s

5 = y
s
V + ω0y

s
0 +

NE∑
α=1

ωαy
s
α +

NE∑
α=1

|zα|∑
β=0

ω2
α,βy

s
α,β (198)

we obtain for the surface capacity the expression

Ĉ
s

= − e2
0

kBTaRV

fs 1 · f
s

4 − f
s

3 · f
s

2

(f
s

2)2
+

f
s

1

f
s

2

f
s

4 · f
s

2 − f
s

1 · f
s

5

(f
s

2)2

 . (199)

Note that the term e20
kBTa

R
V

indeed has units F
m2 and that all functions f

s
k, k = 1, . . . , 5, are

dependent on ϕ
s
− ϕE and γ − γR.

C Current-charge relation

In this section we derive the relation (141) between the current and the electric charge. The
derivation is based on non-equilibrium thermodynamics. The necessary theory can be find in
the textbooks [47, 16], or in our previous publication [20].

We have still the one-dimensional setting of Section 2.1. However, to avoid confusion concerning
the surface normal, in this appendix we use the three-dimensional versions of the formulas.
First of all we introduce at the points xM, xS and xE parallel surfaces, viz. AM := {xM} × R2,
S := {xS} × R2 and AE := {xE} × R2. The corresponding surface normals ν are identical
and point into the positive x direction, i.e. ν = (1, 0, 0). We assume that the surface speeds of
AM,AE and S are zero, whereby the following balance equations assume a simpler form.

The electric current I [A/m2] flowing into the metal through the area AM is given by

I =
(
zee0
me
je · ν + zMe0

mM
jM · ν

)
|AM

. (200)

Herein je,M [kg/sm2] are the mass flux densities of electrons and metal ions, respectively. The
following objective is the representation of the right hand side of (200) by time derivatives. To
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this end we introduce the particle balance equations for electrons and metal ions,

d

dt

∫ xS

xM

mαnα dx = (jα · ν)|AM
− (jα · ν)|S , α = e,M . (201)

Next we introduce the corresponding surface balance equations, which are used to determine
the fluxes in (200),

d

dt
(men

s
e) = re + (je · ν)|S and

d

dt
(mMn

s
M) = (jM · ν)|S (202)

Herein denotes re the production density of electrons due to electron transfer reactions on the
surface S. The metal ions do not participate in chemical reaction, i.e. we have rM = 0. Inserting
the balance equations (201) and (202) into (200) yields

(jF · ν)|AM
=

d

dt

(∫ xS

xM

nF dx+
∑
α=e,M

zαe0n
s
α

)
− zee0

me
re . (203)

The electrons are exclusively involved in the electron transfer reactions (78). For this reason we
may write

re = −
NE∑
α=1

|zα|∑
β=1

sgn(zα)meRα,β , (204)

where Rα,β denote the reaction rate of the electron transfer reaction (α, β) that produces the
surface constituent Aα,β . Its balance equation can now be used to eliminate the production
density re. The balance equation has a simple form because Aα,β only lives on the surface S,

d

dt
(mα,βn

s
α,β) = rα,β , β = 1, . . . , |zα| , α = 1, . . . , NE . (205)

Recall that the constituentAα,β is involved in two electron transfer reactions. Hence the produc-
tion density rα,β is represented by

rα,β = mα,β(Rα,β −Rα,β+1) , (206)

where we fix Rα,|zα|+1 = 0. By means of (205) we may replace the reaction rates in (204) by
time derivatives appearing in (205). At first we obtain

re = −me

NE∑
α=1

|zα|∑
β=1

sgn(zα)
( rα,β
mα,β

+
rα,β+1

mα,β+1

+ · · ·+
rα,|zα|
mα,|zα|

)
. (207)

Rearrangement of the sums and inserting the surface balance equations yields

re = −me
d

dt

( NE∑
α=1

|zα|∑
β=1

sgn(zα)βn
s
α,β

)
. (208)

Finally we substitute the production density re in (203) by the representation (208). The result
is

I =
∂

∂t

(∫ xS

xM

nF dx+
∑
α=e,M

zαe0n
s
α +

NE∑
α=1

|zα|∑
β=1

zee0 sgn(zα)βn
s
α,β

)
. (209)
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D Reference Potential

In Section (7.3) we discuss how to determine of the reference potential UR from a capacity-
potential plot. To this end we use the proposition: If

vRα = (1 + κ) vR0 and |zα| = 1, α = 1, . . . , NE (210)

then we have the equivalence

E∗ = UR ⇐⇒ dCBL

d(ϕ
s
− ϕE)

∣∣∣∣
ϕ
s
=ϕE

= 0 . (211)

Its proof starts from a useful relation between the charge and the capacity which follows from
the equations (145) and (151),

CQ = k0P
′ . (212)

We abbreviate C = CBL, Q = QBL and P = p− pE, and k0 is a constant. The abbreviation P ′

denotes the derivative of the pressure P with respect to the potential difference ϕ
s
− ϕE.

The twofold derivative of (212) yields

C ′′Q+ 3C ′C = kP ′′′ . (213)

We conclude that Q|ϕ
s
=ϕE = 0 implies C ′|ϕ

s
=ϕE = 0 iff the pressure satisfies P ′′′|ϕ

s
=ϕE = 0.

Next we calculate the derivatives of the pressure P . To this end we use the representations
(107) and (82) for the pressure and the electric charge density,

P ′′′|ϕ
s
=ϕE = −

( e0

kBT

)2( NE∑
α=0

z3
αe0n

E
α

)
+

e0

(kBT )2

( NE∑
α=0

z2
αe0n

E
α

)( NE∑
γ=0

zγe0v
R
γ n

E
γ

)
(214)

Assuming that the conditions (210) hold, then P ′′′|ϕ
s
=ϕE = 0 due to the electro neutrality con-

dition (36).

Until now we only showed that the capacity CBL has an extremum at UR. To proof that CBL has
a local minimum at UR we have to show that C ′′B is positive at UR. We differentiate the equation
(213),

C ′′′Q+ C ′′C + 3C ′′C + 3C ′C ′ = kP ′′′′ . (215)

We conclude that C ′′ is positive at UR iff P ′′′′ is positive at UR. A simple but cumbersome
calculation yields:

P ′′′′|ϕ
s
=ϕE =

1

(kBT )3

( NE∑
α=0

z4
αe

4
0n

E
α

)
− 3

(kBT )3

( NE∑
α=0

z2
αe

2
0n

E
α

)( NE∑
β=0

z2
βe

2
0vαn

E
α

)
+

3

(kBT )3

( NE∑
α=0

z2
αe

2
0n

E
α

)2( NE∑
β=0

v2
βn

E
β

)
. (216)

We observe that the second and the third term are quadratic in the number densities nEα of
the ions. Thus in a dilute solution, i.e. nα � 1mol/`, the second and third term are small in
comparison to the first term. Therefore in a dilute solution P ′′′′ is positive at UR and thus CBL

has a local minimum at UR, at least in a dilute solution.
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