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Abstract

We consider the Allen-Cahn equation with constraint. Our constraint is the subdifferential of
the indicator function on the closed interval, which is the multivalued function. In this paper we
give the characterization of the Lagrange multiplier to our equation. Moreover, we consider the
singular limit of our system and clarify the limit of the solution and the Lagrange multiplier to our
problem.

1 Introduction

In this paper, for each £ € (0, 1] we consider the following Allen-Cahn equation with constraint:

1 1
uy — Au® + 8_23[[71,1]@5) > E—QUE in @ := (0,T) x €, (1.1)
%“V =0 on¥:=(0,T)x T, (1.2)
u(0,2) = ui(z), =€, (1.3)

where 0 < T' < +o0, Q is a bounded domain in RY (1 < N < +o00) with smooth boundary
I' := 02, v is an outward normal vector on I" and uj is a given initial data. Also, 01|y 1)(+) is the
subdifferential of the indicator function /|y 1)(+) on the closed interval [—1, 1] defined by

[0, ifze[-1,1],
I[_Ll](Z) .—{ +00, otherwise. o

More precisely, 01[_1,1)(-) is a set-valued mapping defined by

0 ifz<—lorz>1,
_J [0,00) ifz=1,
(=) =4 (g if —1<z<1, (1-9)

(—o00,0] ifz=—1.

The Allen-Cahn equation was proposed to describe the macroscopic motion of phase boundaries. In
the physical context, the function u* = wu(¢,x) in (P)° is the nonconserved order parameter that
characterizes the physical structure: u® = 1, —1 < u® < 1 and u®* = —1 correspond respectively to
pure liquid, mixture and pure solid.

There are vast literatures of Allen-Cahn equation with or without constraint. For such works, we refer
to[1,3,7,8,9, 11, 15, 18], for instance. In particular, Chen and Elliott [8] considered the asymptotic
behavior of the solution to (P)* as ¢ — 0. However, there was no information of an element of
81[,171](1;5) in [8].

In this paper, for each ¢ € (0, 1] we consider an element \° € OI_1 1(u®), which is called the
Lagrange multiplier to (P)® :={(1.1), (1.2), (1.3)}. Also, we investigate the limiting observation of \* as



e — 0. Namely, we consider the singular limit of our system (P)® and clarify the limiting of the solution
u® and the Lagrange multiplier A° to (P)® as ¢ — 0.

Recently, elliptic and parabolic variational inequalities were considered in connection with Lagrange
multipliers (cf. [3, 4, 10, 13]). Note from the constraint that the notion of solution to (P)® is given in
variational sense (cf. Remark 2.1 below). Therefore, it is worthy considering the Lagrange multiplier to
(P). Also, we are very interested in the limit of the Lagrange multiplier to (P)* as ¢ — 0.

This present paper aims to consider the Lagrange multiplier A* and the singular limit of (P)* as ¢ — 0.
The main novelties found in this paper are the following:

(i) We give the characterization of the Lagrange multiplier A° to (P)°.
(i) We show the convergence of the solution «° and the Lagrange multiplier A° to (P)® as ¢ — 0.

(i) We clarify the properties of the limit of u° and \° as € — 0.

The plan of this paper is as follows. In Section 2, we state the main results in this paper. In Section 3
we recall the decomposition result of the subdifferential of convex functions. Also, we prove the main
result (Theorem 2.1) concerning the existence-uniqueness of solutions to (P)® and properties of the
Lagrange multiplier A°. In Section 4, we prove Theorem 2.2 corresponding to the item (ii) and (iii) listed
in the above.

Notations and basic assumptions

Throughout this paper, for any reflexive Banach space B, we denote | - | g the norm of B, and denote
by B* the dual space of B.

In particular, we put H := L?()) with usual real Hilbert space structure, and denote by (-, -) g the
inner product in H. Also, we put V' := H'() with the usual norm

1
el = {lef + [V}, zeV,

and denote by (-, -) the duality pairing between V* and V. By identifying H with its dual space, we
have V' C H C V* with compact and dense embeddings; then,

(u,v) = (u,v)y foru € Handv € V. (1.6)

In the proof of Theorem 2.1, we use some techniques of proper (that is, not identically equal to infin-
ity), |.s.c. (lower semi-continuous), convex functions and their subdifferentials, which are useful in the
systematic study of variational inequalities. Therefore, let us outline some notations and definitions.
For a proper, |.s.c. and convex function ¢ : H — R U {400}, the effective domain D(1)) is defined
by
D(y) :={z € H; (z) < oo}.
The subdifferential of v is a possibly multi-valued operator in H and is defined by z* € 0(z) if and
only if
ze€ D) and (2", y—2)g < Y(y) —¢(z) foraly € H.

For various properties and related notions of the proper, I.s.c., convex function v and its subdifferential
01, we refer to a monograph by Brézis [5].

Next, let us give an assumption on initial data. Throughout this paper, we assume the following condi-
tion (A):



A ui € K:={z€V;|z/]<lae.inQ}forale € (0,1].

Finally, throughout this paper, C; = C;(+),7 = 1,2,3,---, denotes positive (or nonnegative) con-
stants depending only on its arguments.

2 Main results

We begin by giving the rigorous definition of solutions to our problem (P)° (¢ € (0, 1]).

Definition 2.1 For each e € (0, 1], a function u® : [0,T] — H is called a solution to (P)* on [0, T,
if the following conditions are satisfied:

() ut € WH2(0,T; H) N L>=(0,T; V).

(ii) There is a function \* € L*(0,T; H) with \* € 0Ij_y 1)(u) a.e. in Q) such that

(U(0), 2 + (T (2), 92)y0 + =5 (F(0),2) 0 = =5 (6 (0), 2)

forallz € V andae.t € (0,T).
(iii) uf(0) = g in H.

We call X° in (ii) a Lagrange multiplier to (P)* on [0, T'].

Remark 2.1 |t follows from the constraint 01 [~1,1] () and (ii) of Definition 2.1 that the equation (1.1) is
equivalent to the following variational inequality:

(um) = L)) - z) + (Ve (l), Vus () = V2), < 0

€2 "
forallz € K anda.e.t € (0,T).

Now, let us mention the first main result in this paper, which is concerned with the existence and basic
property of the solution and the Lagrange multiplier to (P)° on [0, T'].

Theorem 2.1 Assume (A). Then, foreache € (0, 1], there exist a unique solution u® to (P)* on [0, T
and a Lagrange multiplier \* in the sense of Definition 2.1 such that

>0 on{(t,x) € Q; u(t,z) =1},

N(t,z)d =0 on{(t,x) € @Q; —1 <u(t,x) <1}, (2.1)
<0 on{(t,x) € Q; u(t,z) = —1}.



In next Section 3, we give the proof of Theorem 2.1.

Next, we consider the limiting situation of (P)° as € — 0. To do so, we use the following energy
functional:

e £ g 1 1 —u?
F(u) = | Vul|® + —1_1 1y (u) + dx, uweV. (2.2)
Q 2 15 ’ 2e

Now we state the second main result in this paper, which is concerned with the singular limit of (P)®
ase — 0:

Theorem 2.2 Assume (A). For each e € (0, 1], letu® be the unique solution to (P)* on [0, T'|. Also,
let \* be the Lagrange multiplier to (P)° on [0, T in the sense of Definition 2.1. Assume that there are
the function ug € L'(Q)) and a positive constant M, independent of ¢ € [0, 1], satisfying ug(z) = 1
or—1 fora.e.x € (),

sup F°(ug) < M (2.3)
e€l0,1]
and
lin% lug(x) — up(z)|dx = 0. (2.4)
E— [e)

Then, there are a subsequence {c;} of {e} withe;, \, 0 as k — oo, the functions u € L*(0,T; H)
and \* € L*(0,T;V*) and a positive number Ny, independent of ¢ € (0, 1], such that u(t, ) takes
only the values 1 or —1 for a.e. (t,xz) € (0,T) x ©Q,

klim ut(t,x) = u(t,z), ae (t,z) € Q, (2.5)
[ e = utee )] o < Mol tl?, Vit € 0,71, 26
0
lir% u(t,x) = up(x), ae x €, (2.7)
/ |Vu(t)| < No, aete(0,T) (2.8)
Q
and
A —— \* weakly in L*(0,T; V*) as k — oo. (2.9)

Moreover, \* — v = 0 in L*(0,T; V*), hence,
N=1lon{(t,x) € Q; u(t,z) =1} (2.10)

and
N=—lon{(t,z) € Q; u(t,z) = —1}. (2.11)

In Section 4 we prove Theorem 2.2 by using a priori estimates of u* and A\°.

3 Solvability of (P)°

In this section we consider (P)® for each ¢ € (0, 1]. In fact, we study (P)° by arguments similar to
[14, 17], namely by the theory of abstract evolution equations governed by subdifferentials.



Now, we define a functional ¢ on H by

1 2
ool) = 2/Q|Vz| dv.  ifzeV, o)
00, otherwise.

Clearly, o is proper, I.s.c. and convex on H.

Also, we define the proper, I.s.c. and convex functional Z|_; 1) of H by

Tio1q(2) = / I_1q(2)dx  forany z € H,
Q

where I|_ 1 is the indicator function defined in (1.4).

Next, we consider the functional ¢ defined by the form:
1
©(2) = po(z) + ;I[,M](z) forany z € H.

Clearly, ¢ is proper, |.s.c. and convex on H with the effective domain D(¢) = K, where K is the set
defined in (A).

Here, we recall the following decomposition result of the subdifferential J.

Proposition 3.1 (cf. [6, Section 3], [17, Theorem 3.1]) The subdifferential O of ¢ is decomposed
into the following form:

1
dp(z) = dpo(z) + 8—281[,1,1](2) inH foranyz € H.

By arguments similar to [6, Section 3] and [17, Theorem 3.1], we can prove Proposition 3.1, so, omit
its detailed proof.

Now, we prove Theorem 2.1 by using Proposition 3.1 and applying the abstract theory of nonlinear
evolution equations associated with subdifferential O¢p.

Proof of Theorem 2.1. By the similar arguments as in [14, Section 1], we can show the existence-
uniqueness of a solution 1< to (P)° on [0, T'] foreach e € (0, 1]. In fact, we easily prove the uniqueness
of solutions to (P)° on [0, T'] by the quite standard arguments: monotonicity and Gronwall’s inequality.

Now, we show the existence of solutions to (P)* on [0, T'|. We easily see that the problem (P)® can be
rewritten in an abstract framework of the form:

dt (3-2)

d g g 1 g .
cPrd (t) + Op(u°(t)) — U (t)>0 in H, fort > 0,
u(0) = uf in H.

Therefore, applying the Lipschitz perturbation theory of abstract evolution equations (cf. [6, 12, 16]),
we can show the existence of a solution u° to (P) on [0, T'] for each & € (0, 1] in the variational sense
(cf. Remark 2.1).

Also, note from Proposition 3.1 that (CP)® is equivalent to the following:

d 1 1
. —u(t) + dpo(u(t)) + —282[_171}(1@5@)) — —2u€(t) 50 in H,
(CP) dt € €

fort > 0,

u?(0) = u§ in H.



Namely, there are functions v € L?(0,T; H) and \* € L*(0,T; H) such that v°(t) € dpg(us(t))
a.e.in (0,77), \* € 0I1_111(v°) a.e. in @ and (3.3) holds in the following sense:
1 1
%us(t) +v%(t) + 5_2)\E<t) - 8—2u€(t) =0 inH, fort > 0.

Thus, from the characterization of d¢,, we easily see that u® is a solution to (P)* on [0, 7] and \° is
the Lagrange multiplier to (P)° on [0, 7] in the sense of Definition 2.1.

Taking account of the definition (1.5) of 91[_1 1)(+), we conclude from A\° € OI;_ 3j(u®) a.e.in () that
the signature result (2.1) of the Lagrange multiplier A\° holds. Thus, the proof of Theorem 2.1 has been
completed. [

4 Singular limit of (P)°" as ¢ — 0

In this section we consider the singular limit of (P)* as ¢ — 0. Then, we clarify the limit of the solution
u® and the Lagrange multiplier A* to (P) on [0, 7).

We begin by giving the uniform estimate of u° and A° with respect to € € (0, 1].
Lemma 4.1 Suppose all the same conditions in Theorem 2.2. For each ¢ € (0, 1], let u® be the

unique solution to (P)° on [0, T']. Also, let \° be the Lagrange multiplier to (P)° on [0, T'] in the sense
of Definition 2.1. Assume that there is a positive constant M, independent of ¢ € |0, 1|, satisfying

sup Z°(uy) < M.
€€[0,1]

Then, there is a positive number N1 > 0, dependent on M and independent of ¢ € (0, 1], such that

T T
5/ [us (7)) |4 dr + sup F(uf (7)) +/ IA°(7)[}.dT < Ni. (4.1)
0 r€[0,T] 0
Proof. Multiplying (1.1) by cug, we get
d
elus (7)|3 + d—fs(ua(T)) =0 forae.7>0, (4.2)
T

where .7 <(-) is the functional defined in (2.2). By integrating (4.2) in 7 over [0, t] (C [0,7T]), we get
t
8/ [us (7)|Fdr + FE(uf (b)) = Fe(ug) < M forallt € [0,T). (4.3)
0
Also, taking account of the constraint 61[_171] (+) (cf. (1.5)), we easily see that

lu®] <1, ae.inQ. (4.4)

By (1.6), (4.4) and (ii) of Definition 2.1, we see from Holder inequality that:

/0T</\€(t),z(t))dt‘ _ /OT(f(t),z(t))Hdt'

T

g/o |(£%u5 (1), (t))H\dtJr/o |e* (Vus(t), Va(t H|dt+/ |(u®(t), 2(t)) ;| dt

0

< (52|u§|L2(07T;H) +e2VT sup |Vu®(t)|g + /T2 > 12| L2 (0,13 (4.5)

te[0,T]



forany z € L(0,T; V), where || denotes the volume of . Therefore, from ¢ € (0, 1], (2.2), (4.3)
and (4.5), we infer that:

XN |r2orvey < VM +V2MT +/T|Q| foralle € (0,1]. (4.6)

From (4.3) and (4.6), we infer that the uniform estimate (4.1) holds for some positive constant /V;.
Thus, the proof of Lemma 4.1 has been completed. O

Corollary 4.1 Suppose all the same conditions in Lemma 4.1. For each ¢ € (0, 1], let u® be the
unique solution to (P)° on [0, T']. Also, let N1 > 0 be the positive number obtained in Lemma 4.1. Put

1 S
h(s) := —/ V1—o02do fors € [—1,1]. (4.7)
V2Jo
Then, the following estimates hold:
sup / |\Vh(u®(t,x))|dx < Ny (4.8)
te[0,7)
and
/,/' Deldzdt < Ny(ty — )2 “9)

forallt,,to with) < t; <ty <T.

Proof. First, note from (4.7) that h/(s) = /(1 — s?)/2 for s € [—1,1].

Now, we show the estimate (4.8). By (4.4) and the Schwarz inequality, we have:
[ 19h e opldn = [ (e )|V o)lds
Q Q
1

1 — (u(t, 2))* € 2
< — —d = “(t d
<5 5 217+2/Q|Vu(,a:)| x

SJ(%W

< N; forallt €[0,T].
Thus, (4.8) holds.
Next, we show (4.9). By (4.4) and Hdélder inequality, we have:

(h Weldadt = [ [ e (02 ¢ ) o
[T 1
f;(/:Ualilﬁggﬁifdmﬁ)Q(thg@ﬂ;ﬁ)Q

< (b= t)Me sup TN

tet,t2] €

< Ny(ta — t1)%

for all £1, o with 0<t; <ty <T.

Thus, the proof of Corollary 4.1 has been completed. [



Now, we prove the main Theorem 2.2, which is concerned with the singular limit of (P)* as ¢ — 0.

Proof of Theorem 2.2. At first we show the existence of a subsequence {;} of {¢} and the function
uw € L*(0,T; H) such that u(t, =) takes only the values 1 or —1 for a.e. (t,x) € (0,7) x Q and
(2.5) holds.

By the definition of A (cf. (4.7)), we easily see that the function h is bounded on [—1, 1]:
|h(s)| < C) foralls € [—1,1] (4.10)

for some positive constant C, > 0. Therefore we infer from (4.4) and (4.10) that:
T
/ / \h(uf (¢, 2))|dzdt < T|Q|Ch. (4.11)
0 JQ

Taking account of (4.8), (4.9) and (4.11), we see that { h(u®) } is bounded in BV ((0, T") x 2) uniformly
ine € (0,1], where BV ((0,T") x Q) is the space of all bounded variation functions on (0,7") x €.
Since BV ((0,T) x ) is compactly embedded into L' ((0,7) x Q) (cf. [2, Corollary 3.49]), there
are subsequence {¢;} C {e} and the function h* € BV ((0,T") x £2) such that &, — 0 and

h(u®*) — h* in L'((0,T) x Q) as k — oo. (4.12)

Therefore, taking a subsequence if necessary, we see that:
h(u(t,z)) — h*(t,z), ae. (t,xz) € (0,T) x Q ask — . (4.13)
Since h is continuous and strictly increasing on [—1, 1] (cf. (4.7)), we can find a unique function u(¢, x)

such that
h*(t,x) = h(u(t,x)), ae. (t,x) € (0,T) x Q (4.14)

and
uk(t, ) — u(t,z), ae. (t,z) € (0,T) x Q as k — oo, (4.15)

hence (2.5) holds. Clearly, it follows from (4.4) and (4.15) that:

lul <1, ae.inQ. (4.16)
From (4.1), (4.4), (4.15), (4.16) and Lebesgue’s dominated convergence theorem, we infer that:
0< // (1= (u(t,z))?) dedt = khm // uk(t,x))?) dadt
< 2N1Tk11m e =0, (4.17)

which implies that the limit function u of u* takes only the values 1 or —1 fora.e. (¢, z) € (0,7") x 2.

Next, we show (2.6). Note from (4.9) that the following inequality holds:

/|h T (ty, ) — h(u*(ta, x) |dx<// x)))s|dtdx

< Ni(ty — tl)% (4.18)

for all ¢1, to with 0<t; <ty <T.



Taking the limit in (4.18) as k — oo, we infer from (4.4), (4.10), (4.12)—(4.14) and Lebesgue’s domi-
nated convergence theorem that:

/ h(u(ty, 7)) — hu(ts, 2))] dz < N (ts — £1)3
Q
for a.e. {1, to with 0<t; <ty <T.

(4.19)

Since the limit function u of u®* takes only the values 1 or —1 for a.e. on (0,7") x €, we easily see
that:

C
[ty 2)) = hults, 2))] = S lutr, @) = ults, )
with Cy = h(1) — h(—1), (4.20)
ae r € Qandae. ty, ty € (0,7).
Therefore, we observe from (4.19) and (4.20) that:

2N
/|u t1,x) — ulty, x )|dx<71(t2—t1)

fora.e. ti,towith0) <t <ty <T.

[SIE

(4.21)

By (4.21), we can redefine the function u in order that u(t) € L'(f2) is continuous with respect to
€ [0,T]. Therefore, (4.21) hold for all t,t, € [0,7] with to > t;, thus, (2.6) holds by putting
NO = (2N1)/Cg

Next, we show (2.7). At first, we note from (2.4) that
ugt(r) — ug(x), ae.x € Q ask — o0 (4.22)

by taking a subsequence if necessary. Therefore, by (2.3), (4.10), (4.22) and the continuity of A, we
easily see from Lebesgue’s dominated convergence theorem that:

lim [ |h(ug®(x)) — h(uo(z))|dz = 0. (4.23)

Now, putting ¢; = 0 in (4.18), we have:
1
/ | R (g — h(u*(tg,x))| dx < Nyt3  forallty € (0, 7). (4.24)
Taking the limit in (4.24) as k — 00, we see from (4.12)—(4.15), (4.23) and (4.24) that:

/ |h(uo(x)) — h(u(ty, z))|dx < Nlté, a.e. .ty € (0,7]. (4.25)

Since ug(x) takes only the values 1 or —1 for a.e. x € Q and u(t) € L*(Q) is continuous with
respect to t € [0, T, we easily see from (4.20) and (4.25) that:

2Ny
/|u0 — u(ty, x)| de < —— o t3 forallty € (0,7]. (4.26)
3

Thus, passing the limit ¢, — 0 in (4.26), we observe that (2.7) holds.

Next, we show (2.8). By (4.8), (4.12) and the lower semicontinuity of the total variation under L!-
convergence (cf. [2, Proposition 3.6]), we observe that

/ IVh*(t)| < Ny, ae.te(0,7T), (4.27)
Q



where [, [Vh*(t)| is the total variation measure of h*(t). Since u(t, x) takes only the values 1 or
—1forae. (t,z) € (0,T) x €2, we infer from (4.14) and (4.20) that

/ vu) <2 aete07). (4.28)
Q C3

Hence, (2.8) holds.

Finally, we show (2.9)—(2.11). By the uniform estimate (4.1), we easily see that there is a subsequence
of {&1.} (which we denote ¢}, for simplicity) and a function A\* € L?(0,T; V*) satisfying (2.9).

From (4.4), (4.15) and Lebesgue’s dominated convergence theorem, we infer that:
u — u in L*(0,T; H) as k — oo. (4.29)

By (1.6), (4.1) and (ii) of Definition 2.1, we have that:
T T
/ (ATE(t) — u®*(t), z(t))dt <: / (N (t) — us (1), z(t))Hdt)
0 0

T T
g/ (ust (2), (¢ H\dt+/ (V™ (1), V(b)) | dt
<€k\/ Ni|z|p20,m;m) +5k\/2TNl‘z|L2 0,T;V)

forany z € L*(0,T;V).

From (2.9), (4.29) and the inequality as above, we see that
T

/0 T()\*(t) —u(t), 2(#))dt = Lim [ O (E) — ut (1), 2())dt < 0. (4.30)

k—o0 0
Since z € L?(0,T;V) is arbitrary, we infer from (4.30) that
N —u=0(e L*0,T;H)) in L*(0,T; V*). (4.31)

Since the function u € L?(0,T’; H) takes only the values 1 or —1 for a.e. in (0,7) x 2, we easily
conclude from (4.31) that (2.10) and (2.11) hold. Thus, the proof of Theorem 2.2 has been completed.
[
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