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ON THE EFFECT OF ESTIMATING THE ERROR DENSITY IN
NONPARAMETRIC DECONVOLUTION

Michael H. Neumann :
Weierstrass Institute for Applied Analysis and Stochastics, Berlin

ABSTRACT. It is quite common in the statistical literature on nonparametric de-
convolution to assume that the error density is perfectly known. Since this seems
to be unrealistic in many practical applications, we study the effect of estimating
the unknown error density. We derive minimax rates of convergence and propose
a modification of the usual kernel-based estimation scheme, which takes the un-
certainty about the error density into account. A simulation study quantifies the
possible gains by this new method in finite sample situations.
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1. INTRODUCTION

There is already a large amount of literature on nonparametric deconvolution. The
most frequently used approach is the kernel method, which amounts to a damped
or truncated division by the Fourier transform of the error density in the frequency
domain; see Carroll and Hall (1988), Stefanski and Carroll (1990), Fan (1991a, 1991b,
1993) and Ruymgaart (1993). Some of these authors derive also minimax rates of
convergence of such estimators in certain smoothness classes. Another approach ba-
sed on a wavelet-vaguelette decomposition of the convolution operator, which is also
appropriate in certain cases of inhomogeneous smoothness, is proposed in Donoho
(1992). Sometimes authors also consider deconvolution on the circle; see e.g. van
Rooij and Ruymgaart (1990). Sinusoids are then singular functions of the operator,
regardless of the particular error density. This allows the application of orthonormal
series methods that lead to a quite convenient analysis of the problem. However, this
approach suffers from the drawback that only periodic densities can be adequately
treated, which excludes many interesting functions and makes a widespread applica-
tion of such methods impossible. Some examples for deconvolution problems are given
in Carroll and Hall (1988); a real practical application is described in Mendelsohn
and Rice (1982).

Closely related problems, which can be more or less reduced to nonparametric de-
convolution, are estimation of mixing densities [Zhang (1990)] and nonparametric
errors-in-variables regression [Fan and Truong (1993)]. There are also interesting and
important higher-dimensional estimation problems, which are of deconvolution type,
like image reconstruction from observations degraded by a Toeplitz transform [Hall
(1990), Hall and Koch (1990)] and density estimation in computerized tomography
[Johnstone and Silverman (1990), Kolaczyk (1994)).

In all of the abovementioned papers it is assumed that the convolution or convolution-
like operator is exactly known. An approximate knowledge of it actually seems to be
realistic in some cases of application, for example in density estimation in computer
tomography. An amusing example of a perfectly known convolution operator is des-
cribed on page 201 in Fuller (1987). However, very often one has only a rough idea
about the convoluting density. A rather crude, but sometimes practicable method is
to perform only partial deconvolution, that is to remove only a certain fraction of the
error density from the data. This is studied in Stefanski and Carroll (1990), where
the authors tried three error densities with a different behaviour at the origin and in
the tails. Somewhat surprisingly, it turned out that the resulting estimators were not
too different from each other as long as only a certain fraction of the (unknown) error
density was removed. However, we can do much better, if we can draw some informa-
tion about the convolution operator from an additional experiment. This situation
has been studied by Horowitz in an econometric context and was described in a talk
given at Humboldt University, Berlin, in 1995. As soon as one can estimate the error
density consistently, one can also estimate the density of interest in an asymptotically
consistent manner.

In the present paper we study this effect of estimating the error density f. more
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closely. We assume that information about f. is provided by an independent expe-
riment. We propose a simple modification of the commonly used kernel estimators,
which takes the uncertainty about the convoluting density into account. We quantify
the additional error due to ignorance of f, and derive also a lower bound for the
risk in this situation. It turns out that the modified version of a kernel estimator,
which would be minimax in the case of known f,, is again minimax in the model
with unknown f,. Similarly to Fan (1991a, 1993) we derive also minimax rates of
convergence in the full problem.

2. A MODIFIED REGULARIZATION SCHEME FOR THE CASE OF UNKNOWN ERROR

DENSITY
Suppose we have n i.i.d. random variables Xj,:--,X, distributed according to a
density fx. However, we do not observe the X;’s directly, but
Y; =X;+¢, 7=1,...,n, (2.1)

where the €;’s are i.i.d. with density f., also independent of the X’s.

We are interested in estimating fx, but we do not know f, exactly. We assume that
some knowledge about f, can be drawn from an additional experiment, where we
observe

e;~ fo, 7=1,...,N, (2.2)

where the €}’s are again i.i.d., also independent of the Y;’s above.
In the case of known f,, the most frequently used approach is based on linear regu-
larization in the frequency domain. Such an estimator has the form

fx(m) = 5- /exp( —wz)K, (w)(pf((w)) (2.3)

where ¢.(w) = Eexp(iwe;) is the Fourier transform of the density f. and

(py(w) =nt Zexp(sz) (2.4)

Jj=1

is the natural estimate of py(w) = E exp(twY;) . The smoothing kernel K, is often
taken as K,(w) = K(w/hy) for some bandwidth h, — oo, but other choices could
also be reasonable in some particular cases for f,.

In our case of unknown f,, one might be tempted to replace ¢, in (2.3) simply by

N
@e(w) = N7 exp(iwe}), (2.5)

j=1
which gives the estimator
w
fX(:c) =3 /exp(—zwa:)Kn(w)(iY(( )) (2.6)

This is actually done by Horowitz, and leads for an appropriate choice of the band-
width A, to a consistent estimator of fx. However, the practical choice of h,, is now
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even more complicated than in the deconvolution problem with known f,, since an
appropriate value for k, depends on the smoothness of both fx and f..

Here we consider an alternative method, which can be motivated as follows. It is clear
that the characteristic function ¢, can be estimated at each point w with the rate
N-1/2 Hence, @.(w) is clearly a reasonable estimator of (p,( ), if |p(w)] > N~Y/2,
For frequenc1es w with |@.(w)] € N~Y? | this estimator is no longer satisfying, since
the noise of @.(w) is then of larger order than the size of the signal. Actually, we
have to estimate 1/p.(w) and therefore this problem is even more critical: very small
values of |@.(w)| would lead to an instable estimator of fx. Hence, one could wish to
exclude all those frequencies w from the estimator (2.3), for which |¢.(w)| < N~1/2
holds. This is approximately reached by multiplying the integral in (2.3) with the
indicator I(|@.(w)| > N~1/?), that is, we obtain the modified estimator

File) = = [ exploiwo) ) (pe) 2 N 2R . (2
The following lemma shows that this is actually a reasonable strategy for estimating
1/pe(w).
Lemma 2.1. It holds
-~ > N-1/2 2 -1
B2 - il = oo )
Pe(w) pe(w) lpe(w)]*” @e(w)] ,

In other words, the estimator I(|@.(w)| > N~/?)/@.(w) behaves just as we co-
uld hope: its risk attains the rate N7'|p.(w)|™* like the (nearly) ideal estimator
1/@.(w) in the case of |p.(w)| > N~/2 | and attains the rate |p.(w)|~? like the
(nearly) ideal estimator which is identically zero, in the case of |p.(w)| < N=1/2.
An important implication of the above lemma is given by the next theorem.
Theorem 2.1. There ezists a universal constant C < oo , such that

BIFx — fxllbe < O {BNFx — falbs + | |Kn(w)|2|90x(w)|2min{N"ll%(W)l'z,1}é¢06})~

We show in the next section that the second term on the right-hand side of (2.8)
cannot be avoided; it is just a lower (rate-) bound for estimating fx in the case of
unknown f, under reasonable assurnptlons on the class within f, varies. It follows

further, that our estimator f x 1s minimax in all smoothness classes Fx for fx in
which the estimator fX would attain the optimal rate of convergence for known fe-

From the practical pomt of view, the advantage of our new estimator f x over the
estimation scheme (2.6) is, that we can use just the same bandwidth A, as in the case
of known f,. We think that the choice of h, is now much less critical than without
thresholding by I(|@.(w)| > N~/2).

A data-driven bandwidth choice can be performed by some cross-validation technique
in the Fourier domain, which was described in Stefanski and Carroll (1990) and Dey,
Mair and Ruymgaart (1993). For the sake of a clear presentation we do not include
this step in our considerations here.



3. OPTIMALITY OF THE METHOD IN SMOOTHNESS CLASSES

~F*
In this section we derive rates of convergence for the estimator fy in certain smo-

othness classes Fx and F. for fx and f., respectively. A lower bound for the rate
in estimating fx is obtained combining ¢ lower bound for the problem with known
fe with a lower bound, which captures the additional difficulty due to ignorance of
fe. Since both bounds hold true simultaneously, we obtain a lower bound for the
difficulty of the full problem We show that this rate of convergence will be attained

by our estimator f x for an appropriate choice of hy,.

3.1. The additional difficulty due to ignorance of the error density. First we
fix certain smoothness classes of functions for fx and f,. Fan (1991a, 1993) considers
Holder smoothness classes for fx and obtained optimality of the kernel method in
the case of known f, for the pointwise risk and for L,-risk on a compact interval [a, b].
Fan (1991b) shows that the same rates are attainable for the global L,-risk in some
smoothness classes with integrated Holder modulus of continuity. Here we consider
also the L,-risk on the whole real line; accordingly we consider the following class in
a Bessel-potential space:

Fy = {f’ f density, [ |Fl@)(1 + lel)f| dw < C}’

where f(w) = [exp(izw)f(z)dz is the Fourier transform of f. For integer § the
set Fx is a usual Ly-Sobolev class; for 8 not an integer Fx is a set of functions with
bounded norm in the Besov space Bf, 5; see Triebel (1995, Section 2.3).

We do not want to fix a specific smoothness class for f. at this point. Let (w) =
I;’;(w)l be the modulus of the Fourier transform of any density f, with the additional
property that

Cur(w) < 1(w) < On(w) (31)

holds for all w, w’ with |w—w’| <1 and some constants 0 < C; < C’é < 0o . Define,
forany C >0,

Fo = {f| § density, |f() > Crw)}-

We consider this quite general class first, since the assumption of a “regular decay”

of f(w) as considered in the next section excludes some interesting densities.

It is well-known (for details see the proofs in Fan (1991a, 1993)) that the hardest .
one-dimensional subproblem does not capture the full difficulty in estimating fx in
the case of known f,. In other words, there do not exist two sequences of densities
fxaim fx2n € Fx, which are sta,t1st1cally not consistently distinguishable and satisfy
| fX,l,n fxonll? 1.(8) = Cn™ , where n™" is the optimal rate of convergence. A
suitable lower bound can be derived considering composite hypotheses of growing
dimension. In contrast, the additional difficulty due to ignora.nce of f, can be captured
by an appropriate one-d1mens1onal subproblem. The idea is now to ﬁnd two pairs of

densities f.ni, fon2 € Fe and fxwi, fxng € Fx with
H(fen, fenz) < CNY2, (3.2)



where H(f,g) = [[(v/F — /7)?]/* denotes the Hellinger distance,
fena* fxna = fenz* fxne (33)

and the property that ||fx ~1— fx n2|lz,(z) is as large as possible (in order) among
all densities satisfying (3.2) and (3.3). (3.2) and (3.3) will imply that one cannot
consistently discriminate between the two experiments based on f, n,1, fxv1 and
fen2, fx,n,2 , Tespectively. The value of | fx,x1— fxn2|lL,(®) provides then a lower

bound for estimating fx under the assumption fx € Fx and f. € F, . This
is formalized in the following theorem. The starting point for the search for these
densities is the search for the least favourable frequency, that is

wy = argmin {(1 + |w|)™" min{ N Jy(w)| %, 1} }. (3.4)
Theorem 3.1. Assume (2.1) and (2.2) and let wy be defined by (3.4). Then

inf  sup {B|Fx — fxld,m} = CQ+ lwyl)? min{N"?|y(wy)|"?, 1}.
fx fx€Fx,f-€F,

In conjunction with Theorem 2.1, we obtain immediately the optimality of fy in
classes Fx where fx is minimax for the problem with known f.:

Corollary 3.1. Assume (2.1) and (2.2). Let fx be minimaz in Fx with known f.,
|fe(w)| = |y(w)|, where v satisfies (3.1). Then

suo {BIFy — fxlfuw) < Cint sw _ {BIFx ~ fult)-
Ix€Fx,f-€F, . fx fxeFx.fe€Fe .

3.2. Rates of convergence in smoothness classes. So far we have concentrated
on the quite general set F, for f,. If we assume additionally some kind of “regular
decay” for | fe(w)|, we are able to derive rates of convergence depending on n and N.
Let, for some a >0,

Fo = {f| fdensity, [Fw) < (1 + )=}

This assumption basically means that f, has about a derivatives. It turns out that
this relation is satisfied for gamma distributions with shape parameter «, which
contain for @ =1 the exponential and for & = &/2 the chi-square distribution with '
k degrees of freedom as special cases. Another example, which satisfies this condition
with a = 2, is the Laplace (double exponential) distribution.

First we state a lower bound, which characterizes the difficulty in estimating fx €
Fx in the case of known f, € F,.

Theorem 3.2. Assume observations (2.1) and that the error density f, is known.
Then

inf  sup {EII—JFX - fX“%z(m)} = n—zﬁ/(2ﬁ+2af1)_
fx fx€Fx.fe€Fe
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According to Fan (1991b), a particular estimator, which attains the optimal rate of
convergernce, is given by ‘

- 1 : Py (w)
Fx(e) = 5= [ exp(=iwa)K (w/hn) R (3.5)

where h,, < nl/(28+22+1) 354 the kernel function K satisfies

(A1) K@) =1+0(wf) as |u| =0,

(A2) [IK(w)(1+ |w)*Pdw < oo.
To derive a lower bound for the rate of convergence in the case of unknown f,, we
only have to combine the lower bounds contained in Theorems 3.1 and 3.2. It can be
easily seen that the lower bound given in Theorem 3.1 is of order N~—((8/2)A1) which
gives the following assertion.

Corollary 3.2. Assume that observations according to (2.1) and (2.2) are available.
Then

inf  sup {EH?X - fX||%2(m)} > C (n—zﬁ/(2ﬁ+za+1) + N—((ﬁ/a)/u))_
fx fx€Fx,f.€F. ‘

In the case of unknown f. we consider the estimator

= 1 . L _1/2,Pr(w)
Fx(@) = o= [ exp(—iwe)K(w/ha)I(|§.(w) 2 N /)W do. (3.6

Theorem 3.2 and Corollary 3.1 imply the followiﬁg assertion.

Theorem 3.3. Assume that observations according to (2.1) and (2.2) are available.
Further, assume (A1), (A2) and h, < n'/(?B+2e+1)  Thepn

sup {Ellf} - fX||f:z(m)} =0 (n_zﬁ/(zﬁ“““) + N‘((ﬁ/“)“)).
fx€Fx ,fe€F: .

Remark 1. The uncertainty about ¢, is modeled in a stochastic setting, which permits
_an estimator @, with |@.(w) — ¢.(w)| = Op(N~%2) . Then an appropriate double
asymptotics, that is n, N — oo , leads to certain rates of convergence. Note that
analogous effects hold true in a nonstochastic setting as well, that is when one takes
any nonrandom approximation @, to ¢.. To fix this idea, assume that |@.(w) —
we(w)] < ev, ey — 0. Then we obtain analogous results to Theorems 2.1, 3.1
and 3.3. ‘

Remark 2. We see from Theorem 3.3 that one obtains the usual rate of convergence
in the special case of n = N . However, we stress again that it is important to apply
the thresholding scheme (3.6) to guard against too small values of @.(w) which can
occur with positive probability and which would lead to an unstable estimate of fx.



4. SIMULATIONS

In this section we present some results of a simulation study, which support the claims
made in the theoretical part of this paper.

We used as a convenient programming environment the XploRe system, which has
been developed by W. Hardle and coworkers, and runs on personal computers. A
description of this is contained in Hardle, Klinke and Turlach (1995).

For the sake of convenience we took convolutlons of Laplace (double exponential)
densities for fx and f.. Let fo(z) = 0.5exp(—|z|) be the standard Laplace density.
Then its Fourier transform fo(w) = 1/(1 4+ w?) is a real function. The d-fold
convolution of fy has a Fourier transform 1/(1 + w?)?, which makes the link to our
smoothness classes obvious.

For the regularization step we used the uniform kernel K(z)= I(|z| <1) and took
this nonrandom bandwidth h,, which is optimal for the estimator f; with known
error density f,. The explicit calculation of this bandwidth is quite simple in our
particular example. The risk in estimating px(w) by @x(w) = @y (w)/pe(w)
equal to

var(@x(w)) = var(@y(w))/|pc(w)* = n7'(1 — |Gy (w)[*)lpe(w) ™.

Since we use the uniform kernel, the only alternative is to estimate wx(w) by zero,
which gives a risk equal to | X(w)lz Let fx and f, be d;-fold and d,-fold convolutions
of fo, respectively. The optimal smoothing set, that is the set Q,, of frequencies which
should be included in the estimation process, is given as

%= {w] 27 = ler@Pew) < lpx())
= {w| 1< (+D)erw)?}
= {w| 1< (1)1 + PR
= {w lw| < \/(n+1)1/(2d1+2dg) — 1}.

Accordingly, we set h, = \/(n + 1)/ (2di+2d2) 1

We considered two cases, namely fx smoother than f, and vice versa. The sample
size of the main experiment was chosen to be n = 200 . Since the effect of estimating
f. can be expected to be large, if the sample size of the additional experiment is small
compared to n, we took N = 10 . In each case we generated 100 random samples
using the Gaussian pseudo-random number generator from XploRe. To obtain the
desired distributions of the random variables we used the fact that X; X, + X3X,
is Laplace distributed, if X; ~ N(0,1) are independent; see Johnson, Kotz and
Balakrishnan (1995, Section 24. 6) In the following we present the results of the
simulation experiments.

1) fx smoother than f,
In thls case we took d; =4 and d» = 2. The (estimated) risks: of the estimators
Fx, f x and f x are shown in Table 1.

Typical realizations of the real part and the imaginary part of the Fourier transforms
of these estimators as well as of these estimators themselves are shown in Figures 1la,



Table 1
| estimator | L,-risk |

Fx  ]0.00257
Ffx  |0.01010
Fx  |0.00828

1b and 1c, respectively. We displayed the “most typical” realization, which minimizes
the sum of the differences between the Lj-losses and the L,-risks of the three estima-
tors. The thick line shows the truth, i.e. Re(yp X) Im(px) and fx, respect1ve1y The

thin solid line refers to fx, the dotted line to f. x and the dashed line to f x-

[Please insert Figures la, 1b and lc about here.]

Figures 2a, 2b and 2c show the worst case for the uncorrected estimator fx, that is

this realization, where the Ly-loss for fx is maximal.
[Please insert Figures 2a, 2b and 2c about here.]

These pictures underline the necessity of takmg the uncertainty about f, into account,

which is done by our estimation scheme f x-

2) f. smoother than fx _
We considered also a more difficult case of estimating fx with d; = 2 and dy =4.
The estlmated risks are shown in Table 2.

Table 2
| estimator | L,-risk |

7 ]0.019037
fX 0.086432
Py |0.065023

As could be expected, the risks are considerably larger than in the case above, which
reflects the fact that a smooth fx and a nonsmooth f, are favorable. The most
typical of the 100 realizations is shown in Figures 3a, 3b and 3c. o

[Please insert Figures 3a, 3b and 3c about here.]

Finally, the worst case for fX is displayed in Figures 4a, 4b and 4c.
[Please insert Figures 4a, 4b and 4c about here.]

It shows even more drastically than in the first example the advantage of our new

estimator f x over f Xx-



5. PROOFS
Proof of Lemma 2.1. We distinguish between two cases, |p.(w)] < 2N~Y/? and
pe(w)] 2 2N2
(i) Let |pe(w)| < 2N~%/2 . Then

12

I(|pe(w)| > N2 1
Pe(w) soe(w)'

d

_ 1 5w -1/2 5 (w -1/2 |Be(w) — ‘Pc(‘”)lz
= ooyt (Bl <N77) 4 BI (lpw)l 2 N77) A2 e
= 0 (1/lp(w)?).

(ii) Let |p.(w)| > 2N~%/2. To derive the desired upper bound we apply Bernstein’s
inequality, which we quote for reader’s convenience from Shorack and Wellner (1986,
p. 855):

Let Zi,...,Zx beii.d. random variables with EZ; = 0 and |Z;] < K almost

surely. Then, for Z=N"1Y Z;,

P(Z>c) < exp (— Ne/2 )

var(Z,) + (Kc)/3

< exp|-— ¢ + ex (——?’—]XE)
- xP 4var(Z) P\"2k

holds for arbitrary ¢ > 0.
Now we have

P (|pu(@)l < N72) < P(1gew) — gew)| > lpe(w)] = N7V7)
< P(I8w) = pelw)] > lpe(w)1/2)
‘< Cexp(~CNlpe(w)[’)
= 0 (N"lltp,(w)l‘z) .
Using this and
1 1 [6w) = ge(w)P

Be(@)? T lpe(w)P?  [@e(w)Plee(w)?
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we obtain that

2

E‘IU@(W)\ >N 1

Pe(w) Pe(w)
_ 1 5 (w -1/2 5 (w -1/2 |Pe(w) — pe(w)|?
= oot (Bl < N7P) 4 B (16u(w)] 2 N77) (5 dm 2 5

< O (Npe(w) ™)
Elpe(w) = o) , Blge(w) ~ pe(w)*N
lpe(w)[* [pe(w)]*
= 0 (N7Yp.(w)™*).

|

Proof of Theorem 2.1. Using the decomposition

Fx(e) - fx()
= fx(z) — fx(=) '
I(p() 2 N 1

I [ o) qa,(w)] o
D (w -1/2
+ 51; / exp(~1zw) Kn(w)px (w)pe(w) [I(I%( cﬁ)J(i)N ) ~ ijw)]

= n(e) + mofe) + r3(a)

~ we obtain that

B|fy - fxl* < 32E/|r,-(x)|2dz.

=1

The first summand on the right-hand side is just the risk of fx. Using Parseval’s
identity we obtain, due to independence of @y and @, that

E [Ir(e)fde = -21;E/|F2|2dw
I(|ge(w)] > N7

1

[ 1K) E [pr() - pr() B

C/IKn(w)lZEI(ﬁY(w) - (py(&))'z dw

IA

[pe(w)I?

IN

C E|fx — fx|*

@c(w) we(w)

2

dw
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2

dw

Again by Parseval’s identity we get that
I(|@o(w)] 2 N7/%) L }

E/lrg(:c)lz de = él;r-E/ Kn(w)tpx(w)%(w)[ Pe(w) T (W)

< O [ 1K) Plox(@) [N pu(w)|* A1) do,

which completes the proof. [

Proof of Theorem 3.1.

(i) Construction of f, v

Let fo be any density with |}?o(w)l < y(w) .
If wy <1, weredefine wy :=1. Now we set

sin(z)

feni(z) = Ki [fo(w) + (T) } + (—-1)pn(), (5.1)

where

on(z) = Ka(N2 A Jy(en)])

sin(wyz)sin(z) (Sin(w)) ’

z z

sin(z) 2 -
K = (f[o(:n)-f-( - ”dm) .
Since py is an odd function, we have
/fe,N,i(m)de =1, i=1,2

Moreover, if K, is chosen small enough, the f, y:’s will be nonnegative and satisfy

foi(w)] = Ch(w)| VY.

and

(i1) Construction of fxn,
Let oy = [y(wn)|7 (1 + |wn|) 2.
If cy <1, we define

fxni(z) = fa,N,(s—i)(w)*{ch (Sin(ww) Sin(m))z + 2(1 — cn) (Siniw))'z}', i=1,2,

T T

where “x” means convolution of the two functions on the right-hand side. The term
in braces integrates to one; hence fx v is a density. The convolution of f, y; with
the function in braces has the effect that fx y;is bandlimited to frequencies around
w=wy and w=20.

If ey > 1, we define the fx n;’s in a slightly different way. Since fx n; must be
densities, the L;-norm of the term in braces must be one. On the other hand, it turns
out that the Ly-norm of that term is responsible for the L,-difference between fx n1
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and fx 2 To maximize this difference we extract a smaller frequency band, that is
we define

™ T

: ) 2
Femil@) = foroon(a) * {2cN (sm(wzw) sm(m/CN)) } =12

Hence, the fxy:’s are in both cases densities, that is they are nonnegative and
integrate to one. Further, it is easy to see that

2
dw < C.

Fona-a(@){ - Hw)(A + |w])?

[Fravsw) @+ [ dw = [

Moreover, we have that

2
dw

Ifxna — fxnoli,m) = %/ (fena(w) — ﬁ.N,z(w))m(w)
2 (N7 A W(ew)?) Ir(ew) T + o)™
= C(N7'y(wn) 2 AL) (1 + lwn])™?. (5.2)

v

(iii) Asymptotic indistinguishability of the experiments

Now we state statistical indistinguishability of the experiment with f, y; and fx .
from that with f, ny» and fx n2.

First, we have

favale) = funal@)
(Fewa(z) + /fera(z))?

< o(N* Alyn)P) [ (Sin(wN w)Sin(m)y do

T

H*(fens fenz) = f

= O (N7 Aly(wn)?).

We define for two densities f and g the Hellinger affinity p(f,g) = f+/f/g . Note
that we have, according to (2.1) and (2.2), two sets of observations, which possibly
provide information about fx. Let f; denote the joint density of Y3,...,Yn,€l,... ey’
under f, v; and fx n;:. Since the observations Y; and €} are independent, wé obtain
that

p(fi,f) = p ((fc,N,l s Fx v ) (fona * fx,N,z)[n]) p (fe[ﬂg',n ,“ﬂz)
N
p

(fe,N,l; fs,N,Z)

N
1 — %Hz(fe,N,la fG,N,?-))

> (1-C/NY >¢C >o. (5.3)
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(iv) A lower bound for the risk
On the other hand, we obtain for any estimator fx that

o f) < [Mx0) = Sl rees e,

| fxn1 — fX,N,zH

RO NN

||fXN1 — fx.vell

< \ﬂIfX,N,l - fx,N,zll‘Z/WX(y) — fxnall?fi(y) dy

#Wa = Froall® [ 1T20) ~ fromall )y, 6.
From (5.2) through (5.4) we obtain that
i?nfmax{Efz,N,l;fX,NJ”?X - fX,N,lIlZ:Efe,N,z,fx,N,z “._f_X - fX.N,2“2}
X

2 C“fX,N,l — fxnzl?
> C(N7'y(wn) 2 AL) (1 + |ww])™,
which proves the theorem. [ S

Proof of Corollary 3.1. The assertion follows from Theorem 2.1,. which holds uni-
formly in fx, Theorem 3.1 and the assumption that

sup  {E|fx — fx|? } < Cinf  sup _{E|fx - fxIP}.
fx€Fx.f€F. X fx€Fx.f.€Fe
0 , :
Proof of Theorem 3.2. Although the proof in Fan (1993) was given for Holder classes
and L,-risk on a compact interval rather than for Bessel-potential classes and L,-risk
. on the real line, we can derive a lower bound using the same calculations as in Fan’s
proof. An upper bound for the L,-risk on the real line and smoothness classes with
an integrated Holder modulus of continuity was derived in Fan (1991b). It can be
easily shown that analogous rates are valid in our Bessel-potential classes. [J
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