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Abstract

Define the scale-free Gilbert graph based on a Boolean model with heavy-tailed radius distri-
bution on the d-dimensional torus by connecting two centers of balls by an edge if at least one of
the balls contains the center of the other. We investigate two asymptotic properties of this graph
as the size of the torus tends to infinity. First, we determine the tail index associated with the
asymptotic distribution of the sum of all power-weighted incoming and outgoing edge lengths at
a randomly chosen vertex. Second, we study the behavior of chemical distances on scale-free
Gilbert graphs and show the existence of different regimes depending on the tail index of the
radius distribution. Despite some similarities to long-range percolation and ultra-small scale-free
geometric networks, scale-free Gilbert graphs are actually more closely related to fractal percola-
tion and this connection gives rise to different scaling limits. We also propose a modification of the
graph, where the total number of edges can be reduced substantially at the cost of introducing a
logarithmic factor in the chemical distances.

1 Introduction

The spatial distribution of the population in a country is typically far from homogeneous, but rather
exhibits fractal patterns. Specifically, this has been investigated for Great Britain and the United
States [2, 3] and for Finland [17]. It is pointed out in [2, [17] that fractality has important implica-
tions for the design of wired telecommunication networks in the sense that the number and extent of
various levels of hierarchy should be adapted to the fractal geometry. A trade-off is involved in de-
termining the optimal number of levels. Using few levels has the advantage that most access points
can be connected by a small number of hops. However, this comes at the cost of having to install a
cable network of large total length. Indeed, a high-level node has to be connected to a large number
of low-level nodes in order to guarantee connectivity. Vice versa, using a large number of hierarchies,
one may be able to reduce the length of cables substantially, but this comes at the cost of increasing
the number of hops it takes a low-level node to reach the topmost layer of hierarchy. A related cost
analysis for hierarchical spatial networks is provided by Baccelli and Zuyev [4]. However, the network
structure investigated in that paper is obtained by iteratively considering Voronoi tessellations and
does not exhibit fractal geometries (see however [20] for some results in this direction).

In order to develop a fundamental understanding of the asymptotic behavior of cable lengths and
chemical distances (i.e., minimal number of hops needed to connect two points) in large networks,
it is important to abstract from the types of specific countries and deterministic fractals investigated
in [2, [17] and move to random networks. The spatial nature of the problem calls for models based
on random geometric graphs, and the fractal geometry suggests that one should look for scale-free
random graphs exhibiting a power-law degree distribution. The combination of these two constraints
restricts the list of appropriate choices substantially. We briefly review some of the most well-known
models in literature and discuss their drawbacks with respect to modeling the kind of networks we
have in mind.

One option could be to use long-range percolation, see [5} 16, [7] and the references therein. Here, one
starts from the lattice Z¢ and connects any pair of sites independently with a probability depending



only on their distance. This leads to a network with a giant connected component and power-law
degree distributions. However, this model does not offer an inherently defined hierarchy of nodes.
Moreover, if we think of a high-level node as having the purpose of providing access to all low-level
nodes in some region, then this would suggest that the occurrence of edges should be spatially
positively correlated. However, if 2, y € Z% are arbitrary sites in Z¢ and v/’ is close to y, then putting

an edge between x and y does not influence at all the probability of seeing an edge between x and
/

Y.
A second option could be to consider the ultra-small scale-free geometric networks on Z¢ introduced
in [21]. Two sites ,y € Z% are connected by an edge in this graph if |z — y| < min{R,, R,},
where {R.},cz« denotes a family of iid heavy-tailed random variables. For any site z € Z% the
value R, can be thought of as the radius of influence of z, so that ultra-small scale-free geometric
networks offer a natural possibility for defining the network hierarchy. Similar remarks apply to scale-
free percolation [9]. Recently, also a Poisson-based continuum analogue of this model has been
investigated, see [10,[11]. From a modeling point of view, this means that there is an excellent degree
of connectivity between high-level nodes. However, conversely, for low-level nodes it may be very
difficult to get connected to a nearby high-level node. This might pose a substantial obstruction to the
build-up of a hierarchical network. Due to the drawbacks of the existing networks models, we propose
two alternatives.

According to our discussion, it would be desirable to consider a variant of the ultra-small scale-free
geometric network, where two sites z, y € Z? are connected by an edge if |z — y| < max{R,, R,}
(instead of | — y| < min{R,, R,}). In other words, in order to connect = and y by an edge it is
no longer necessary that both x lies within the radius of influence of y and y lies within the radius of
influence of z. It suffices that x lies within the radius of influence of y or y lies within the radius of
influence of x. We consider a spatial variant of this network model, called scale-free Gilbert graph,
where the vertices are given by a homogeneous Poisson point process on the d-dimensional torus

with side length n, for some d,n > 2. See Figure [1al for an illustration of this graph in dimension
d =

2
=
A1, AN Y

(a) Scale-free Gilbert graph (b) Thinned scale-free Gilbert graph
Figure 1: Planar scale-free and thinned scale-free Gilbert graphs
As n — 00, we investigate the asymptotic distribution of the power-weighted sum of all incoming and

all outgoing edge lengths considered from a vertex that is picked uniformly at random, see TheoremsT]
and[2 In particular, our results imply that the asymptotic out-degree and in-degree distributions admit



polynomial tails. We also investigate the growth of the expected power-weighted sum of all outgoing
edge lengths as n — o0, see Theorem [3] In Section |4, we show that different scaling regimes of
chemical distances emerge depending on the tail index of the radius distribution.

Since the scale-free Gilbert graph exhibits a large degree of redundancy of connections, in Section
we present a variant, called thinned scale-free Gilbert graph, that substantially decreases these re-
dundancies by introducing a multi-layer topology. Loosely speaking, an edge in the original graph from
a low-level node x to a high-level node y is removed if yy can also be reached from x via an intermedi-
ate node z. See Figure[Tbjfor an illustration of the thinned scale-free Gilbert graph. A precise definition
of this graph will be given in Section |2, but we note already at this point that removing redundancies
does not alter the family of connected components. Furthermore, under suitable assumptions on the
tail behavior of the radius distribution, we show in Theorem [7] that the sum of power-weighted edge
lengths at a randomly picked vertex decreases significantly. Of course, reducing edge lengths comes
at the price of longer connection paths, but we will show in Theorem [§]that chemical distances grow
at most by a logarithmic factor in the size of the torus.

The present paper is organized as follows. In Section |2, we provide precise definitions of the scale-free
and thinned scale-free Gilbert graphs and state our main results. Next, in Section 3| we investigate
power-weighted sums of edge lengths at a typical point and prove Theorems and [3] Section
is devoted to the analysis of chemical distances for different regimes of the tail index. Finally, in
Section |5, we investigate the changes in terms of the asymptotic behavior of power-weighted sums of
edge lengths and of chemical distances as we move from the scale-free Gilbert graph to its thinning.

2 Model definition and statement of main results

In Sections2.1]and we provide precise definitions of the network models under consideration and
present our main results. In the following, d > 2 is always assumed to be an arbitrary fixed integer.
Moreover, B,.(&) = {n € R%: |n — &| < r} denotes the ball of radius 7 > 0 centered at £ € R%.

2.1 Scale-free Gilbert graph

Let X be an independently [0, o0)-marked homogeneous Poisson point process with intensity 1
in the torus T,,, where T,, is obtained from the cube [—n/2,n/2]? by the standard identification of
its boundaries. If n > 1,7 > 0 and £ € T, then we write B)"(£) = {n € T,, : dr, (£,n7) < r}
for the closed ball in T,, with radius r centered at &, where dr, (£, 7) denotes the toroidal distance
between £ and 7). The mark of a point from X™ g interpreted as the radius of a ball centered at
this point. Throughout the paper, we assume that the distribution of the typical mark R is absolutely
continuous and heavy-tailed. That is, there exist (3, s € (0, 00) such that limy, ., h*P(R > h) = [.
For every ¢ € (0, 1), we also fix tg = to(¢) > 0 such that t*IP(R > t) € (B(1 — ¢), 5(1 + ¢)) for
allt > to(e).

For n > 1 we investigate the directed random geometric graph G(X(”)) on the vertex set X, where
an edge in G(X™) is drawn from z = (£,7) € XM toy = (n,t) € XM ifn € B™(¢).

First, we investigate the asymptotic distributions of the power-weighted sum of all outgoing and all
incoming edge lengths. To be more precise, fix « > 0, n > 1 and let R* be a copy of R that is



independent of X ™. Then,
DS, = > €11 5 ) (€):

(&rex®)

denotes the sum of ath powers of the lengths of all outgoing edges at the node (o, R*), where we

put |£] = dr, (€, 0). Considering the limit n — o0, i.e., letting the size of the torus tend to infinity, it
(a)

is intuitive (and will be shown rigorously in Theorem [1|below) that the random variables {Dout,n}n>1

converge in distribution to the random variable

D) = Z €11 B () (),

(&r)ex

where X denotes an independently [0, co)-marked homogeneous Poisson point process in R? with

intensity 1. In addition to showing the convergence of Dgﬁt)m to Dgﬁg we also investigate the behavior
of the tail probabilities pf;jz,t = P(Dgffg > t) as t — oo. In the following, 4 denotes the volume of

the unit ball in R<.

Theorem 1. For every o > 0 the random variables {D((,fft)n} converge to the random variable

n>1
D) in distribution. Moreover,

lim ¢/ Dp) = (drg/(a + d))* @+ g,

o
t—o0

In particular, the degree distribution of out-degrees admits asymptotically polynomial tails of order s/d.
In contrast, when considering in-degrees an entirely different asymptotic behavior emerges. Indeed,
in Theorem [2| below we show that for s < d the degree distribution is asymptotically degenerate,
whereas for s > d it is Poissonian (with finite mean). In order to make this precise, let

DR = > e gm0 (9,

(&mrex®

denote the sum of ath powers of the lengths of all incoming edges at the node (o, R*), where ov > 0,

n > 1. As in the case of D(()fft)n we will see that the random variables Di(ni)@ converge in distribution
(a)

to a random variable D, given by

DY = 3" €109,

(&rex

where as before X denotes an independently [0, co)-marked homogeneous Poisson point process
in R¢ with intensity 1. The following result is devoted to the tail probabilities pl(,f‘z = IP’(D-(O‘) > 1)

n

(a

Theorem 2. For every a > 0 the random variables {D- converge to the random variable

)
inn S p>1
DY) in distribution. Moreover, P(D{*) = o) = 1 fors < d, whereas if s > d, then D\") is a
Poissonian random variable with mean kg ER®. Finally, if« > 0 and s > d, then

lim t(s_d)/api(r?ﬁ = drgB(s —d) .

t—o0
Besides considering limit distributions, we also determine leading-order asymptotics for the expecta-
tions {IEDi(f?)l}n>1 as n — oo. Note that here it is not necessary to distinguish between ingoing and

outgoing edges, since EDgﬁt)n = ]ED(OEZL foralln > 1.

in



Theorem 3. Let o > 0 be arbitrary. Then one can distinguish between three limiting regimes for the
random variable JED,(,? 21 depending on the sign of « + d — s.

(i) Ifs > o+ d, thenlim,,_, ED') o = drg(a+ d)'ER*.
(i) Ifs = a+ d, thenlim,, . (log n)_lEDi(nofL = dkgf.
(i) Ifs < o+ d, then lim,,_,oo n®~ %~ dEDm o ﬂﬁ*1/271/2]d In|@=sdn.

Next, we investigate the asymptotic behavior of chemical distances in scale-free Gilbert graphs, where
we allow a directed edge in G'(X ™) to be traversed in both directions. For the analysis of G(X (™),
it will be convenient to distinguish between the regimes s < d, s = d and s > d. We say that a family
of events occurs with high probability (whp) if the probabilities of the events tend to 1 as n — oo.
In the case where 3 < d, whp there exists some point of X( ") that is connected to all other points
by an edge in G(X ™). In particular, the diameter of G(X ™) is at most 2 whp The cases s = d
and s > d are more subtle. If s > d, then as n — oo the probability that G'(X (™)) contains isolated
vertices is bounded away from 0, see Proposition[10} Still, if (3 is sufficiently large, then it follows from
continuum percolation that whp there exists a giant component containing a positive proportion of the
vertices. But even inside this giant connected component the effects of the heavy-tailed nature of R
are barely noticeable. This is to be understood in the sense that chemical distances (i.e., minimal
number of hops) between nodes at distance 1 grow almost linearly in n. To be more precise, putting
e; = (1,0,...,0) € T, and denoting by g(x) the closest point of X seen from a given point
x € T,,, we have the following result.

Theorem 4. Assume that s > d and let & > 0 be arbitrary. Then, the chemical distance between
q(—ney/4) and q(ne, /4) is at least n/ (log n)* whp.

We conjecture that the sublogarithmic correction factor is only an artifact of our proof.

Conjecture 5. Assume that s > d. Then, there exists a constant ¢ = c¢([3,d) > 0 such that the
chemical distance between q(—ne; /4) and q(ne, /4) is at least cn whp.

Finally, we assume that s = d. On the one hand, in contrast to the case s > d the heavy-tailedness
of the radius distribution has a substantial effect on chemical distances. On the other hand, the con-
nectivity structure still does not degenerate as in the case s < d. Therefore, from the point of view of
modeling scale-free network structures, the regime s = d might be considered to be the most inter-
esting one. In Theorem@]below we show that if the parameter [ is sufficiently large, then not only the
graph G(X ) is connected whp, but, moreover, its diameter remains bounded in the sense that whp
it is dominated by the total progeny of a subcritical Galton-Watson process. This asymptotic behavior
differs decisively from the one of either long-range percolation [5] |6] or ultra-small scale-free geomet-
ric networks [21]. As we will see in the proof of Theorem [g] this scaling regime is a consequence of
the close relationship between scale-free Gilbert graphs and fractal percolation processes.

Theorem 6. Assume that 3 > d¥/?2%¥+1(d + 1)log2. Then, the graph G(X™) is connected
whp, and, moreover, the diameter diam G/(X (™) of G(X ™)) s stochastically dominated by an affine
function in the total progeny of a subcritical Galton-Watson process whp. To be more precise, there

exists a coupling between X ™) and the total progeny I" of a subcritical Galton-Watson process such
that P(diam G(X ™) > 2 + 24T) € O(n™1).



2.2 Thinned scale-free Gilbert graph

As explained in Section the scale-free Gilbert graph G(X(")) contains a large number of redundant
edges, which can be removed without affecting its connected components. To be more precise, if
T = (51,7“1), To = (gg, TQ),$3 = (53,7“3) < X(n) are such that T > To > T3, 52 < B;{I‘l”(fl) and
& € Bl (&) N B (&), thenin G(X ™) the point 23 is connected both to 21 and 2». However, the
edge from x5 to x1 is redundant since one can also reach x; from x3 by first moving from x3 to o
and then from x5 to 1. See Figure [2|for an illustration of this configuration. In order to reduce the total
network length, we therefore introduce a variant G’ of the original graph (G, where such redundancies

are removed.

&

Figure 2: The dashed edge connecting =1 and x5 is redundant

To be more precise, for any finite subset ¢ of T,, x [0, 00) define the thinned scale-free Gilbert
graph G'(yp) as the graph on ¢, where an edge is drawn from (£, 7) € @ to (n,t) € @if (n,t) €
B (£) x [0, r) and there does not exist (¢, w) € ¢ N (B (€) x (t,7)) such thatn € BI"().

By definition, G (X (™) is a subgraph of G(X ™) and we will see in Proposition that the thinning
does not affect the connected components of G(X(”)). From the point of view of telecommunication
networks, we can reach the same set of subscribers using a smaller cable length. Next, we investi-
gate the question whether the reduction of cable length is substantial. For concreteness, we assume
that s = d. We show that the leading order of the expected power-weighted sum of lengths of out-
going edges in G’ ({(0, R*)} U X ™) is strictly smaller when compared to the graph G(X (™), see
Theorem 3] To be more precise, defining

Dy, = Z €1% L ((0,—*)(€.r)) is an edge in G ({0, R*)}UX ()5
(&r)ex™

where a > 0 and n > 1 we have the following result.

Theorem 7. Assume that s = d. Then, the expected out-degree EDQSS,)n is asymptotically bounded

from above by a constant, i.e., IED:,L(,?)H € O(1). Moreover, if o« > 0, then EDQS?L € O(n*9%) for
some ) > 0.

In Section [5, we show that removing redundancies does not destroy the property of connectivity.
However, this thinning operation does influence the quality of connectivity, in the sense that chemical
distances will increase. Indeed, instead of moving from x € X ™) o Y € X directly along an edge
in the graph G/(X (™), introducing a multilayer topology via G’(X ™) might force us to move through
a potentially large number of layers, before we can get from x to y. Still, chemical distances increase
at most by a logarithmic factor in the size of the sampling window.



Theorem 8. There exists ¢; > 0 such that whp any =,y € X ™ that are adjacent in G(X (")) can
be connected by a path in G' (X (”)) consisting of at most ¢, log n. hops.

3 Proofs of Theorems 1,2 and (3|

In the present section, we investigate the asymptotic distributions of the sum of all outgoing and of the
sum of all incoming power-weighted edge lengths at a typical vertex. First, in Theorem[i] we consider
the case of outgoing edges. The proof is essentially based on the observation that conditioned on R*
the random variable Dc(,‘jt) concentrates around its conditional mean.

Proof of Theorem[il Using the canonical coupling between the Poisson point process X ™) on the
torus T, and the Poisson point process X on R¢ we deduce that

P(DS), # DY) < P(R* > n/2),

and the latter probability tends to 0 as n — oo. In order to determine the tail behavior of the random
variable D%, for any r > 0 we put

D, = Z €171 B,(0) (),

(Eex

noting that D~ = D). In particular,

tS/(aer)pgiz,t — / tS/(aer)P(DT > t)]PR<dT), (1)
0

where P denotes the distribution of the random variable R. Let ¢ > 0 be arbitrary. In order to
analyze (), we first consider the case where t > (v(e)~'r)*9, ie., where r < wv(e)t!/(@+d),

writing v(e) = (14¢) " (dkq/(a+d))~/(@+9 Let N, be a Poissonian random variable with mean

/@drd, where r > (. Additionally, {Ui}izl be an iid sequence of random vectors that are independent

of N, and uniformly distributed in B; (0), so that D, = r* S |U;|“. First,

Nrt

P(D, > t) < P(N, > ) +P( D r (Ui > 1),
=1

where n,.; = [tr~%k4v(e)*+ (1 +¢)@+D/2 | Note that for sufficiently large values of ¢~ we have
nr,t/(lidrd> > t(v(g)r,a—l)a—i-d(l 4 8)(a—i—d)/‘l > (1 + 5)(a+d)/4’

so that the Poisson concentration property [19, Lemma 1.2] implies that SUD, <y (e)t1/ (a+d) P(N, >
n,:) decays at least exponentially fast in t%/(“*% as ¢ — oo. Similarly, taking into account E|U; |* =
d/(a + d), we obtain that

tr="/(n ElUL|%) > (14 &)@t D2,

so that using the classical theory of large deviations shows that also the expression

Nt

sup IP’(ZTO‘|U1~|“ 2t>

r<u(e)ti/(etd) N



decays at least exponentially fast in t%/(®t® as t — oo. In particular,

[e.e]

lim ts/(o‘+d)pgﬁ27t = lim s/ IP(D, > t)Pg(dr), (@)

t—o0 t—o0 v(e)tl/ (a+d)

provided that the latter limit exists and is finite. In order to compute the right-hand side in (2), we split
the integral into three parts, which are analyzed separately. To be more precise, put

v(—e)tt/(etd)
I = / /et IP(D, > t)Pr(dr),

(e)t1/(a+d)
fa = _/ J(atd) 1/ OP(D, < t)Pg(dr),
v(—e)tt/ (et
and .
]272 = / ts/(a+d)PR(dT‘) — ts/(a—l—d)P(R > U(—S)tl/(a+d)),
o(—e)tl/(atd)

First, note that /5> tends to v(—e) *( as t — oo and the latter expression tends to (drq/(a +
d))*/(@+d) ag ¢ — 0. Hence, it suffices to show that the integrals I; and I, ; tend to 0 as we let first
t — oo and then ¢ — 0. Indeed,

I < 5/ D(P(R > v(e)t/ @Dy — P(R > v(—e)t/(+)),

and the right-hand side tends to 3(v(e)~® —v(—¢)~*) as t — oo, which vanishes as ¢ — 0. Finally,
we observe that

—ha = tS/(aer)P(Dv(fs)tl/(ade) < HOP(R > v(—e)tt/@FD),

We conclude the proof of the theorem by noting that the expression ¢/ (“FIP(R > v(—g)t!/(e+d)
remains bounded as t — 0o, whereas P(D,,_);1/(+a) < t) tends to 0. Indeed, D _.);1/(a+a) has

expectation (1 — &)~ (@+9¢ and variance

v ( _5) 2a+dt(2a+d)/(a+d) Ua—i—d

200

so that the latter claim follows from the Chebyshev inequality. O

The proof of Theorem |2| relies on a rather delicate comparison of Di(rf“) and the random variable
max(eex €15, () (&)-

Proof of Theorem[2 First, observe that the in-degree of the origin Di(,?,)n is a Poissonian random
variable with mean

/ P(R > [€])de,

n

which is at least dry fon/2 r4=IP(R > r)dr. If s < d, then this lower bound tends to oo as n —
0. Using Dl(na; < D, this shows that P(D\") = o0) = 1 and that (Di(:le)@l converge in
distribution to Di(f). In the following, we may therefore assume that s > d. To show the assertion on
the convergence in distribution, we proceed as in the proof of Theorem[2] Indeed, using the canonical
coupling between the [0, oo )-marked Poisson point process X ™ on the torus T, and the [0, co)-

marked Poisson point process X on R¢, we deduce that

P(D{) # D) <P(X NS\ (Baja(0) x [0,00)) # 0),



where
S={(r)eR x [0,00): > [¢]}.

Note that #(X NS\ (B,2(0) x [0,00))) is Poissonian with mean

/ P(R > |¢|)d¢ = d/fd/ r* 1 P(R > r)dr.
RY\B, /5(0)

n/2

The assumption s > d implies that the latter integral tends to 0 as n — oo. We also observe that by
definition, D" is a Poissonian random variable with mean E#(X N S). Moreover, this mean can be
expressed as

/ P(R > |£])d¢ = d/fd/ r'P(R > r)dr = kgER®.
R4

0

(@)

n ’

It remains to determine the tail behavior of D for « > 0. The derivation of the lower bound is

based on the elementary relation

P(X NS\ (Bua(0) x [0,00)) #0) =P( max [¢|* > ) <P(DY >1). (3)

(&r)exns

Let e > 0 be arbitrary. Note that the random variable #(X NS\ (By1/«(0) x [0, 00))) is Poissonian
with mean

/ P(R > |¢)d¢ = dmd/ rP(R > r)dr,
RI\B,; /4 (0)

tl/a

and observe that for all £ > t4(¢) the latter expression is bounded from below by

[e.e]

(1 —e)drap rd= = ldr = (1 — e)(s — d) drgBtd=)/.

tl/c

Therefore,

P(DL) > 1) > 1 — exp(—(1 — &) (s — d) " "diapt=2/)
> (1= 26)(s — d) MdrgBta-90e,

provided that ¢ > 0 is sufficiently large. For the upper bound, we need more refined arguments, since
in principle Di(no‘) could be larger than ¢, even if max (¢ »ycxns [£|* < t. To achieve the desired upper
bound we show, loosely speaking, that the behavior of the sum Di(r?) is already determined by its

largest summand. Let ¢ € (0, 1) be arbitrary. Then our upper bound is based on the inequality

P(Dy) > t) < P( omax [6] 2 (#(1—2)"") + P#(X N S) 2 et

+P(#(X NS\ (B (0) X [0,00))) > 2),

and in the rest of the proof the three summands on the right-hand side are considered separately.
Using similar bounds as in the derivation of the lower bounds, we obtain that

. (s—d)/a > . 1/a — -1 1 — (dfs)/oz.
Jim 0 OB( e 6] > (11— £))'") = daB(s — ) (1 - )

Furthermore, P(#(X N S) > et'/4) tends to 0 exponentially fast in t'/4 since #(X N S) is a
Poissonian random variable with finite mean.



Finally, #(X NS\ (Bys/ua) (0) X [0,00))) is a Poissonian random variable whose mean is at most
2dkg3(s — d)~113(d=5)/(42) Hence, the Poisson concentration property yields

P(#(X NS\ (B (0) x [0,00))) = 2) € Ot D/C),

Since € > 0 was arbitrary, this completes the proof of Theorem O

Theorems [1] and [2 show that on the distributional level, there is a substantial difference between
power-weighted sums of outgoing and incoming edge lengths. However, when moving to the level
of expectations, these differences disappear. In fact, the equality of expectations is an immediate
consequence of Slivnyak's theorem, and is true for a much more general class of Poisson-based
random geometric graphs. Still, for the convenience of the reader, we present some details.

Proposition 9. Let o > 0 be arbitrary. Then EDc(,ffzn ED

n,n°

Proof. For (&,7), (n,t) € X™ we write ((£,7), (1,t)) € G(X™) if there is a directed edge from
(€,7) to (n,t) in the graph G(X ™). Then an application of Slivnyak's theorem yields

nEDpa=E D Y dn(6m) Len maecixe)
(Er)ex® (nHex™

=E Z Z dr,, (&, 1)L (e ) (nayecxm)

(n,)exX ™) (¢,r)eXx ()

~ED),
O

Now, we can proceed with the proof of Theorem
Proof of Theorem[3 We begin with part (i). Noting that for every n > 1 the random variable DI(HZL
is stochastically dominated by the random variable D( ) and that the random variables {DIn n} con-

verge to Di(n *) in distribution, it suffices to show that ED = drq(a + d)""ER*T. Indeed, Camp-
bell’s formula implies that

EDy = / [EI"B(R > [€])dé = dra / FHIR(R S ) dr = dig(a + d) TERH
R 0

For parts (ii) and (iii) we can also proceed by applying Campbell’s formula. Indeed, let £ > 0 be
arbitrary and choose ty = to(¢) as in Section For part (ii), we first obtain that the expressions

o)™t [ Ie"B(R > €

and

(log )" / E"B(R > |¢])dé < 28(logn)”" / Inle~dn
T \B,",(0) T

1\B, },(0)

tend to 0 as n — oo. Furthermore,

n/2
(log )~ / EPB(R > [€])dé < (1 + ¢)(log n)~'drg / ldr
BI,(0)\BE (0) to

= (1+¢)(logn) 'draB(logn — log2 — logty).
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Since an analogous argument gives the corresponding lower bound, this completes the proof of part
(ii). It remains to deal with part (iii). Proceeding similarly to part (ii), we first note that

woed [ R > g
BtO"(o)
tends to 0 as n — oo. Furthermore,

pead / EPB(R > [€])de < (14 )3 / inl*=dn,
Tn\By" (0) T:\B

T
t()l/n(o)

and the right-hand side tends to (1 + &)/ f[—1/2 1214 In|*~5dn as n — oo. Again, since the lower
bound can be obtained using similar arguments, this completes the proof of part (iii). O

4 Chemical distances

In the present section we investigate the behavior of chemical distances (i.e., shortest-path lengths)
on scale-free Gilbert graphs. We have already mentioned in the introduction that the regime, where
s < d might be of limited interest, as the diameter is at most 2 whp.

4.1 Regime s > d

In the present subsection, we consider the regime s > d whose connectivity properties turn out to be
rather similar to those of the Boolean model with light-tailed radii. For instance, we note that isolated
vertices may occur with positive probability.

Proposition 10. Assume that s > d. Then

lim P(o is isolated in G(X™ U {(0, R*)})) > 0.

n—oo
Proof. First, we note that similar arguments as in Theorems [1]and |2| can be used to show that the
probabilities P(o is isolated in G(X ™ U {(0, R*)})) converge as n — oc. Moreover, the events
{D-(O) = 0} and {D(()?J)tn = 0} are both decreasing events, so that the FKG inequality (see,

in,n

e.g. [14, Theorem 1.4]) implies that they are positively correlated. Hence,

IP(o is isolated in G(X(”) U{(o,R")})) > IP)(D-(O) = O)]P)(Dég)t,n = 0)7

in,n

so that using Theorems|1|and|2|completes the proof. O

Next, we prove Theorem {4, which shows that allowing random radii with tail index s > d does not re-
duce substantially chemical distances in comparison to the case of constant radii. To be more precise,
the reduction amounts at most to a sublogarithmic factor. The key idea for the proof of Theorem ]is to
analyze the connections in the graph G(X(")) at different length scales. Although at every scale the
presence of long edges can be used to reduce chemical distances, still such shortcuts are sufficiently
rare to yield only a sublogarithmic reduction factor in comparison to the linear growth rate n. Before
going into the (technical) details, we provide a rough sketch of the proof. Put p = (s + d)/(2s), and
subdivide the torus T,, into k; = n(!=")? subcubes Q, .. ., Q, of side length n. The probability
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that there exists (£,7) € X ™ with r > nP is of order at most n%n =" = n~(5=9/2_On the other
hand, if such a point does not exist, then the endpoints of any edge in G(X(”)) are contained in
adjacent subcubes. Hence, the number of subcubes that we need to visit if we move from q(—ne; /4)
to g(ne; /4) is at least of order n' 7.

Now, we continue by subdividing each of the subcubes ()1, . . . , Qk, into subsubcubes of side length
n?” . For each of the subcubes (Q; the probability that there exists (£, ) € XM AN Q; with r > n?” is
of order at most n?n " = p~(s=9P/2_ The part of the path connecting ¢(—ne; /4) and ¢(ne; /4)
in any such subcube is a nearest-neighbor path on the level of subsubcubes, so that typically np=p°
steps are needed to cross that subcube. If this was true for all ¢ € {1, ..., k1 }, then we would obtain
a lower bound for the chemical distance between g(—ne; /4) and g(ne; /4) that is of order n'~7’
and continuing in this fashion, we would obtain in fact a lower bound that is linear in n. However, at
each level we have to deal with a small loss, which leads to the sublogarithmic correction term in the
final lower bound.

In order to make this argument precise, it is convenient to introduce some notation similar to that used
in fractal percolation, see [12]. In order to define precisely the iteration mentioned in the previous
paragraph, we need to ensure that at each layer the number of subcubes is an integer. Therefore, we
define ay = n, and then, inductively, a;, = ak,l/Lak,l/npkj. We also put by, = aj_1/ax. Next, in
order to determine the position of subcubes in the kth layer, we use the index set

Je = {(i1,...,ir) € (2N i;€{0,...,b; — 1} forall j € {1,...,k}}.
Fork > 1land I = (i,...,ix) € Ji, we define the site z; = a1i1 + - - -+ + axix and the cube
Qr=(—n/2,...,—n/2) + z1 + [0, 1]dak,

which is also called a k-cube. Note that we think of the (); as being embedded in the torus T,
so that it is possible that QQ; N Qp # (0, even if the d..-distance between z; and zy is strictly
larger than a;. We say that I, I’ € J, are x-connected if there exist Iy = I,...,I,, = I’ such
that Q;, N Qp,,, # Oforallj € {1,...,m — 1}. In the following, we frequently consider certain
neighborhoods of cubes of the form (); for some I € J;. To be more precise, for r > (0 we denote
by Q7 = {€ € T, : dX» (&, Q) < r} the subset of all £ € T,, such that the toroidal d.-distance
from & to the cube () is at most 7.

Next, we need to capture the property that a path ~ in G(X(”)) that starts in a cube (); needs a
large number of hops to move far away from this cube. To be more precise, fore > O and k£ > 1
we introduce the notion of (£, k)-good indices. If I € Jj, then I is always (e, k)-good. Furthermore,
inductively, if I € J; is such that 0 < k' < k, then we say that I is (g, k)-good if a) X ™ N (Q; x
lar11,ar]) = () and b) for every *-connected subset v C Jj.; that is contained in Q7" and
consists of at least by1/4 elements, it holds that y contains at most e#+ elements that are (¢, k)-
bad. If I = (), then we additionally assume that X ™ N (Q; x [n, o0)) = (). Sometimes, we also say
that the cube Q)1 is (g, k)-good if the index I has this property. Note that it would be more intuitive if
condition a) required that X ™ N (Q; x [aw41,00)) = (. However, the present definition has the
advantage that the (&, k)-goodness of an index I € .J;, only depends on X ™ N (T, x [0, ax]).
This property will be helpful in Lemma[16|below, where we establish a stochastic domination between
the configuration of (e, k)-good cubes and Bernoulli site percolation.

In the following, it will also be convenient to strengthen the notion of (&, k)-good cubes in order to
have some control over cubes in a suitable environment of a given one. To be more precise, for u > 0
and k' < k, we say that I € Jy is (u, ¢, k)-good if I is (e, k)-good for all I’ € Ji such that
Qr C Q™.

12



Next, in order to analyze a given self-avoiding path v = (21, .. ., x,,,) in G(X ™) at different scales,
it is useful to introduce certain discretizations of . First, for any k& > 1 we define a function i, :
T, x [0,00) — J, where 1;(&, ) denotes the uniquely determined element I € .Jj, satisfying
& € ;. Note that in general applying /i to each element of y results in a path that is no longer
self-avoiding. A popular technique for transforming arbitrary paths into self-avoiding ones is Lawler’s
method of loop erasure [15]. Unfortunately, when performing loop erasure naively for discretizations
at different scales, the resulting self-avoiding paths may be quite incomparable with respect to moving
from one scale to another. Therefore, we consider a refinement of the standard loop-erasure method,
which is adapted to dealing with different scales. For k > 1 define an ordered subset ~(**LE)
of 7, the (k, k)-loop erasure of -y, which can be identified with the standard loop erasure of the

discretization of y via ;. To be more precise, let j € {1,...,m} be the largest integer such that
t(xj—1) = pe(21). Then define recursively y**1E) = (24, %(k’k’LE)),where Yo = (Tj,. .., Tp)is
the subpath of y starting from ;. Next, suppose that &’ < k and let y*+1RLE) = (3 0 )
be the (k' + 1, k)-loop erasure of ~. In particular, m; = 1. Choose j € {1,..., N} as the largest
integer such that i (T, ,) = fur (21). Then define recursively v+ *LE) = (xl,yt(k/’k’LE)), where
Y = (Tm,, - - ., T ) is the subpath of ~y starting from x,,, . The construction of ~(K"BLE) s illustrated
in Figure [3]
1

kkLE) ( F=LkLE) (

Figure 3: Construction of fy( dark gray) and fy( union of light and dark gray)
Next, we note that if k' < k and +y are such that 4*%E) hits only (e, k)-good (k' — 1)-cubes, then

a large proportion of k’-cubes in y*"*) are (¢, k)-good.

Lemma 11. Let k' < k and ~y be a path in G(X™ N (T, x [0,aw])) hitting only (e, k)-good
(k" — 1)-cubes. Furthermore, assume that #~**LE) > b, /4. Then, the number of (3, , k)-bad
k' -cubes hit by v*'FLE) s at most 14704~ K #LE),

Proof. Let y(*"®LE) — (g . .. 2, ). We denote by v+ the family of all I € .J; such that
Qr C Q3a’“' forsome j € {1,..., N}.In other words, ™ is obtained by a suitable dilation from

uk/(l“mj)
the discretization of 'y(k"k’LE). Then the number of (3, ¢, k)-bad k’-cubes hit by fyUMvLE) is at most 7¢
times the number of (e, k)-bad &’-cubes in . Furthermore, for each j € {1,..., N} denote by 7;
the *-connected component of 4+ N QZZ‘II(M_) containing /i (2, ). Since 7 hits only (&, k)-good
(k' — 1)-cubes, we conclude that for every j = {1,..., N}, the number of (£, k)-bad k’-cubes in
7; is at most e#y;. Moreover, note that for every j;, jo € {1,..., N} the components 7;, and ;,
either coincide or are disjoint. In the following, we fix a subset S C {1, ..., N} with the property that
a) for every j € {1,..., N} there exists s € S such that y; = 7, and b) if 5, s" € S are such that
s = ¢, then s = §'. Since the union Uge 57y, covers ™, the number of (g, k)-bad k'-cubes in
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is at most ZSES e#,. Finally, noting that for each I € ~™ there exist at most 3¢ elements s € S
with I € -, we obtain that

D ey, < BledyT < 21y WRE),

seS

This concludes the proof. O

In the following, we use the discretizations {y*"*tE)},, ., ) to derive suitable accurate lower
bounds on the number of hops in . The most immediate approach to do this would start from counting
the number elements in 7*"#LE) and multiplying this number by a suitable factor reflecting the scaling
in the kth layer. However, if a k’-cube is hit by v(*%LE) then this provides only very little information
as to how many (k' + 1)-cubes are hit by (¥ +1:5LE)  Another approach could be to measure the
Euclidean distance between the endpoints and multiply it by a suitable factor taking into account the
scale of discretization. However, also this idea is problematic, since it is not clear how to determine
an upper bound for the number of (¢, k)-bad cubes occurring in a path in terms of the distance of
the endpoints. Therefore, in order to measure the length of a discretized path, we propose a slightly
more refined approach. It is adapted to changing scales, and, moreover, the length still grows at least
linearly in the number of elements of a path.

Letk > land vy = (z1,...,%,) be a self-avoiding path in J;. Let D = (d;,ds, ...,d, ) be an
ordered subset of {2, ..., m}. We say that D forms an independent subset of -y if Q[di_l ﬁQ[dm =
(foralli € {1,...,m' — 1}. By A(y) we denote the length of ~, which is defined as m/, ., — 1,
where m/, .. is the maximal size of an independent subset of ~y. At first sight, it might seem unnatural
to require Qr, , N Qy,,,, = 0 instead of Qr, N Qr,,,, = (). However, when considering a linear
arrangement of m > 2 adjacent elements of .J;, then the second possibility would lead to a length of
at most [m /2], whereas the first yields the more accurate value m — 2.

In the following, we often consider the case, where k' < k and v = (z1, ..., x,,) is a self-avoiding
path in G(X™ N (T, x [0,ax])). Then, an independent subset of 1 (7**8)) is also called
a (k', k)-independent subset of v and we write A (7y) for A(pu (7*#L8))), which is called the
(k', k)-length of ~y. Next, we provide an affine lower bound for (£’, k)-lengths in terms of number of
sites.

Lemma 12. Let k' < k andy be a self-avoiding path in G(X(n) N (Tn % [0’ ak;’])). Then,
A k() + 1> 1070y (KRLE),

Proof. The proof proceeds by induction on #7. If Air () = 0, then there exists I € Jis such that

7 remains inside Q7" . In particular, #~*"*LE) < 3 Otherwise, write y* FL8) = (. ... z,,.)
and let D = (dy,...,d,s) be an ordered subset of {1,..., N} such that the ordered set
(1w (T, )s - - - ,uk/(:cmdm/)) corresponds to a (K, k)-independent subset of ~ of size

m’ = A\ x(y) + 1 > 2. Furthermore, we also assume that among all (£, k)-independent subsets
of maximal size, D is chosen as the lexicographic maximum. Next, we claim that dy — d; < 9% + 1.
Otherwise, we could choose d’ € {d1 +1,...,dy— 1} suchthat Q, (s, ,) N Q“k/(mwrl) =(Pand
Qukr(xmd, )N Quk,(xmd ) = (), contradicting the maximality property used to define D. Similarly, we
- 2
see that d; < 3¢ 4 1. Therefore, #%(k’k LE) > #yBRLE) — 104, where 7, = (xmdQ_n e T)
denotes the subpath of - starting at Tig, 1 Furthermore, since D was chosen as the lexicographic
maximum of all independent subsets of maximal size, we also see that Ay () > A (7). Hence,

M) 1> A e(e) +2 > 14 1079 BB > 107y (FhLE)
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Next, we show that (k’, k)-lengths exhibit a good behavior with respect to changes in scale.

Lemma 13. Let2 < k' < k andy be a path in G(X™ N (T, x [0, ax])). Then,
M ke (7) = A1k (7) b

Proof. Lety = (z1,...,Z,,). We proceed by induction on #-, noting that the case A\g/—1 x(7) = 0
is trivial. Next, let y"#LE) = (3, = x,. )andchooseu,v € {1,..., N} suchthat pi_1(,,,)
and pig—1(z,, ) are the first two elements in a maximal (¥’ — 1, k)-independent subset of ~y. Putting
I = pyr—1(xpm,_,) and Iy = g1 (24, ), we note that Qr, NQy, = 0. In particular, Qs (xm, ) L
QZZGM)' Hence, denoting by v+ = (Zy,_,,---,Tm) the subpath of -y starting from x,,,_,, we

obtain that

Mg (7) = b+ A () > (14 Mv—1.6 () brr > Ar—16(7) b,

as claimed. n

Lety = (z1,...,7m) = ((&1,71),..., (&En,7m)) be a self-avoiding path in G(X™ N (T, x
[0, ax])) for some k' < k. In order to derive helpful lower bounds on m, we make use of the obser-
vation that inside any (e, k)-good cube Q7 with I € J; the path -y consists of segments of length at
most a1, and, moreover, most of the (k" + 1)-cubes that hit this path are also (&, k)-good. Hence,
it is convenient to identify subpaths of -y that do not intersect (e, k)-bad cubes. Also the subpaths
should not be too short and, finally, some care should be taken to ensure compatibility with taking
(k', k)-loop erasures.

To be more precise, let k¥’ < kand y = (71,...,2,) be a path in G(X™ N (T, x [0, an])).
Furthermore, let A C i (v*#L8)) and write v*#L8) = (2, ... z,,.). Then, we define a
family of disjoint subpaths ® 4 () = {7i}ic(1,....y inductively as follows.

W If (1) € A, then @4(7) = Pav(, (@)} (Zmgs - - - Tim)- In other words, for the construc-
tion of ® 4 () we discard the initial segment of (¥ *LE) not belonging to A.

B Otherwise, let L € {2,..., N} be the smallest integer such that (i (2., ) € A.

W If for every j € {1,...,my} there exists I € A such that §; € Q?ak’, then put
¢ =1,y = concat((z1,...,Tm,),7;) and v, = ~i fori € {2,...,0'}, where
D a\ (@)} (Zinps - Tm)) = {Vi}iequ,...ry, and where concat denotes concatena-

tion of paths. In other words, if until reaching x,,, the path 7 stays close to A, then
to construct i, then we proceed recursively as follows. We take the first subpath from

D\ (@)} (g - Tm)) = {Vi}ieqr,..ry and paste it to the subpath from x; to
T -
B Otherwise, let 7 € {1,...,m} be the smallest integer such that there does not exist

I € Awith & € Q3" and put

(I)A(’y) = {(.Il, e ,l’j_l)} U (I)A\{Mk/(rl)}((xmm . ,l’m))

In other words, 1 is the longest initial segment of -y that stays close to A; the other sub-
paths are constructed inductively.
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(a) Path -y (solid line) and set A (shaded region) (b) Subpaths 71, y2 and 3

Figure 4: Construction of ® 4()

The construction of ® 4() is illustrated in Figure 4]

Now, we can use the construction ® 4 to obtain (&, k)-good cubes at smaller scales.

Lemma 14. Letv be apathin G(X ™M (T, x [0, ax])). Denote by {~;}'_, the collection of subpaths
of y obtained by applying the construction ® 4 with the family A as the set of those (3, ¢, k)-good
indices I € Jy, such that v *'E) hits Q; and Q"' does not contain the endpoint of y. Then,

A C U (YD), and foreveryi € {1,..., (},

1. the path ~y; hits only (¢, k)-good k'-cubes; in particular, ~; is a path in G(X N (T, x
[07 ak'-H]))!

2. the path ~y; starts in Q1 for some I € A and ends in Qp for some I' with Qp N Qv = ) for
all 1" € A; in particular, #fyi(klﬂ’k’LE) > byry1/4, and

8 3 (i) = k() — (#yWREE — A
Proof. The relation A C Ule,uk/ (%(k/’k’LE)) and claim 1 follow immediately from the definition of
® 4. Claim 2 is shown by induction on #-, noting the assertion is trivial if = 0. Next, we deal with
claim 2 if £ > 0. Write y*"#LE) — (. .. 2,,.). Clearly, our attention can be restricted to the
case, where pys (1) € A. Let L € {2,..., N} be the smallest integer such that p(x,,, ) € A.
If for every j € {1,...,my} there exists I € A such that {; € Q?a"", then the claim follows
immediately from the induction hypothesis. Otherwise, let j € {1,...,m} be the smallest integer
such that there does not exist / € Awith §; € Q3™ Since v is a path in G(X ™ N (T, x [0, ax])),
we conclude that Quk,(m) N Quk,(xj_l) = (). This completes the proof of claim 2 for 7, whereas for
~; with 2 > 2, we may conclude by induction.

It remains to prove claim 3. Choose an ordered subset (dy, ..., d,,) of {1,..., N} corresponding
to a maximal (&', k)-independent subset of ~y. Furthermore, for i € {1, ..., ¢} let D; be the subset
consisting of all d’ € D such that pi (2, ) € A and z,,, € ;. Note that if we remove from D;
the element corresponding to the starting point of ;, then we obtain a (', k)-independent subset
of ;. Moreover, we assert that this independent subset can be enlarged by two further elements.
Once this assertion is shown, we see that Ay x(7;) > #D; and summing over all i € {1,...,(}
completes the proof. In order to prove the assertion, we choose d; ; as the largest index from D,
such that §mdi71 € Q?’“’ for some I € A. Similarly, we choose d, » as the largest index such that
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fmdi , € Q?a’“’ for some I € A. Then, we can enlarge the independent subset D; by adding d; ; + 1
and d; ; + 1. Indeed, for any d' € D; we have iy (7,,,,) € A, whereas there is no I € A such that
Q“k’(xwiﬁl) C Q7. Similarly, Q“k’(xmdi,l) C Q7" for some I € A, whereas thereisno [ € A

2a

such that Q... (2, ) C Q7 ™. Therefore, Qu,, (zyn, )N Quy(am, ) = (), and this completes
i, 7,1 i,
the proof. 0

Combining the previous auxiliary results, we now provide a lower bound for #.

Lemma 15. Let k' < k and 7 be a path in G(X™ N (T, x [0,a])) hitting only (¢, k)-good
(k' — 1)-cubes. Furthermore, assume that #~ ¥ #'E) > b, /4. Then there exists a constant ¢ > 0
such that it by, > c, then 4y > (1 — 1500%)* '\ () [T5_p 11 bs-

Proof. The proof proceeds via backward induction on k', the case k'’ = k being trivial. First, let
A C Jy be as in Lemma|[14]and write ® () = {7;}¢_;. By induction hypothesis and Lemma 3]
we conclude that for every i € {1,..., ¢},

k e
#y > (1-1500%)" " Nppaw() [ 05> (1=1500%)" ¥ N i) [T b
j=k'+2 J=k+1
By Lemma we have A C U;’;’l,uk/ (”yi(k/’k’LE)) and by Lemma (11| the number of (3, ¢, k)-bad

cubes hit by v*FLE) is at most 147%#~* #L8) Hence, if by, is sufficiently large, then part 3 of
Lemma([T4] Lemma[i1]and Lemma[i2]imply that

¢
> Mw() = Ma(y) — 14T ey R — 78 > (1 - 1500%) M i (7),
i=1

so that

k

¢ ¢ k
>y > (1 1500%) S ") [T b= (1= 1500%) k() T b
i=1

=1 j=k'+1 j=k'+1

This completes the proof. O

Next, we show that the process of (3, ¢, k)-good indices dominates a Bernoulli site percolation pro-
cess with arbitrarily high marginal probability. This uses similar arguments as in [18, Lemma 2.2].

k(n)

Lemma 16. Lete > 0 and p € (0, 1) be arbitrary. Furthermore, letk = k(n) be such thatn™"""" €
o(1). Then there exists ng > 1 such thatifn > ng and k' € {0, ...k}, then the family of (¢, k)-
good cubes in Jy, stochastically dominates a Bernoulli site process on Jy with marginal probability

p-

Proof. In order to prove the claim, it is convenient to separate clearly the two conditions used in the
definition of (e, k)-goodness. First, an index I € Jy is said to be short-ranged if X™ N (T, x
lag11,ap]) = 0. Second, I € Jy is said to be iterable if for every x-connected subset ¥ C Jy1 1
that is contained in Q" and is of size at least by, /4, it holds that -y contains at most e#+7 indices
that are (¢, k)-bad. By construction, the configuration of short-ranged indices in Jy is independent
of the configuration of iterable indices in .J. Hence, to obtain the desired stochastic domination of a
Bernoulli site process, it suffices to consider the two types of configurations separately.
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To be more precise, let ¢ > 0 and p € (0, 1) be arbitrary. Furthermore, put ¢ = 2-23"/¢. We prove
that there exist ny > 1 (depending only on d, € and p) with the following properties, where without
loss of generality we may assume that p > 1 — q.

1. Letn > ngand k' € {1,...,k}. Then the process of short-ranged indices in .J;/ stochasti-
cally dominates a Bernoulli site process on .J;» with marginal probability given by /p.

2. Letn > ngand k' € {1,...,k}. If the process of (£, k)-good indices in Jx/,1 dominates a
Bernoulli site process on Jis1 with marginal probability given by 1 — ¢, then the process of
iterable indices in J,» dominates a Bernoulli site process on Ji with marginal probability given

by \/p.

Once these two claims are shown, we conclude by induction.

For the first claim, we note that the configuration of short-ranged elements in J;- is already a Bernoulli
site process. Furthermore, provided that n > 1 is sufficiently large, the marginal probability of failing
to be short-ranged is at most

d _ k/d_ k}l _ k}l
20af,ais, < 20" PP = opn P e

where 1 = ps — d > 0. In particular, the latter expression tends to 0 uniformly over all &’ €
{1,...,k(n)} asn — oo.

It remains to prove the second claim. By assumption, the process of (&, k)-good indices in Jy/41
dominates a Bernoulli site process on Ji/1 with marginal probability 1 — g. An element [ € J/11 is
called dom-bad if it is a closed site in this Bernoulli site process. Furthermore, we say that I € Jy is
dom-iterable if for every x-connected subset v C Ji/ that is contained in Q‘}’“' and consists of at
least by 1/4 elements, it holds that 7y contains at most e~ elements that are dom-bad.

For any fixed u € {1,...,3%{,,}, the cube Q7" contains at most Bdbd,HZ(?’d_l)“ x-connected
subsets consisting of precisely u elements, see [19, Lemma 9.3]. For any such *-connected set there
exist at most 2" possibilities to choose the location of dom-bad sites. Hence, the probability that / is
not dom-iterable is at most

3dbd,+1 Z 2(3d—1)uzuq€u < 3dbd/+121—3d(bk/+1/41' (4)
u>byry /4

If&" € {1,...,k(n)} and n is sufficiently large, then by, > nf"k/(l_p)/Q. Therefore, we see that
tends to O uniformly over all £’ € {1,...,k(n)} as n — oc. The proof of the second claim is
concluded by invoking [16, Corollary 1.4]. Alternatively, it is also possible to apply [18, Theorem 2.1],
which also yields an explicit bound for the value of nn that is needed to achieve the desired domination.

O

Now, we have collected all preliminary results required to complete the proof of Theorem

Proof of Theoremd. Define k = k(n) = | (log” n—1log'® n)/log p|, where for m > 1 we denote
by log(m) n the m-fold iterated logarithm. In particular,

" e (log® n, (log® n)pfl).
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Moreover, we conclude from Lemmas |15/and that whp the number of hops between q(—ne; /4)
and g(ne;/4) is at least

k
(1= 1500%) Ay (7) [ b5 > (1 — 1500%)"1nt =+
j=2

-1

> 1(1 = 1500%) n(log® n) P

1

1

It thus remains to provide a suitable lower bound for (1 — 1500%)*. Indeed,
klog(1 — 1500%) > (—2log(1 — 1500%)/ log p) log'® n,

so that choosing ¢ > 0 sufficiently close to 0 to ensure that — log(1 — 1500%)/logp > —a/4
shows that (1 — 1500%)* > (logn)~/2. O

4.2 Regime s = d

In the present subsection, we consider the critical regime, where s = d and provide a proof of
Theorem [6] We first explain the main ideas before presenting all the details. If there exists © =
&, r) € XM with r > V/dn, then all points of X ™ are connected to z directly by an edge. On
the other hand, if T,, is not covered by a single ball, then the torus can be subdivided into smaller
subcubes, and we try to cover these subcubes by smaller balls. While some are now covered, others
will stay uncovered. At this points one proceeds iteratively, subdividing the remaining subcubes into
subsubcubes and aiming at covering these smaller cubes by smaller balls. We claim that this algorithm
terminates with high probability, yielding a connected random geometric graph whose diameter is
bounded from above by the total number of subcubes introduced in this construction.

Similar to Section 4.1} in order to make these arguments rigorous, it is useful to highlight a link to
fractal percolation. However, now the fractal percolation process is considerably simpler, since each
occurring subcube is subdivided into precisely 2¢ subsubcubes, irrespective of the level, in which
the original subcube is located. In the present setting, the total index set 7 is therefore given by
J = Um>0{0, 1}md, where the symbol U is interpreted as disjoint union. Furthermore, for each
I=(iy,...,in) € J we put

Qr=(—n/2,—n/2,...,—n/2) + nz 2’3'@']- + [0, n2’m]d.
j=1

Proof of Theorem[6. In order to make the sketch presented at the beginning of the subsection rig-
orous, we introduce a fractal percolation process {Z(I)};c7. For k > 0and I € {0,1}* put
Z(I) = 0if and only if there exists (£,7) € X suchthaté € Q;andr € (Vd2 Fn, v/d27¥+2n).
The number of points (£,7) € X such that § € Q; and r € (vVd2 %+1n, v/d275+2n) is Poisson
distributed with parameter

n'27*(P(R > Vd2 " 'n) — P(R > Vd2¥n)).
Provided that v/d2 *+1n > t,(1/2) this expression can be bounded from below by

nd2—kdd—d/2ﬁ(2kd—d—1n—d 3. gkd=2d-1p-dy > Bd-—4?9-24-1,
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Hence, if additionally 3 > d%/222¢%1(d + 1) log 2, then
P(Z(I) = 1) < exp(—fd 27271 < 27471, (5)

Since each cube (); gives rise to 2¢ subcubes, this already provides a first strong indication for the
relationship to subcritical Galton-Watson processes.

To make this precise, it is convenient to introduce some auxiliary structures. By C}, k& > 0 we denote
the union of retained cubes at the kth level. Thatis, Cy = [—n/2,n/2]¢ and if k > 0, then

Cry1=CrN U Qr.

I€{0,1}(k+1)d: Z(1)=1

Furthermore, we also consider the index sets A,(CO), AS) C {0, 1}* whose associated cubes are
discarded/retained at the kth step. That is A" = {I € {0,1}* : Q; C Cy_, and Z(I) = o}.
Finally, we construct a backbone B C X ™) such that if C,,, = () for some m > 1, then a) any
point of X (™) is connected by an edge in G(X ™) to some point in B and b) B is a connected set
in G(X™). To construct B, we choose for each I € A}(€0) apoint r; € X™ such that £ € Q;
and r € (vVd27¥+1n, /d27%2n). Then, we denote by B the collection consisting of the points z;,
where [ € A,(CO) for some k£ > 0. See Figurefor an illustration of the construction of B.

-

//
A

V= N\ H
—

~ /’,/".‘ == \V4
NV N

1

Figure 5: Backbone of a scale-free Gilbert graph

In particular,

#B =D H#AY, <21y #AY.

k>0 k>0

Now, we show that the set B has the desired properties. Since C,,, = (), we conclude that the union
of the cubes Q;, with I € A\ for some k > 0 covers T,,. If z = (£,7) € X™ is arbitrary,
then by choosing I € A,(CO) such that £ € (); and noting that Q; C B;TI” (&1), we see that z is

connected to z; by an edge in G(X (™). Moreover, if I, € A,(g) and I, € A,(Cg) are such that k; < ks
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and Q;, N Qp, # 0, then Q;, UQy, C Byr *(€1,)- Hence, x5, and 1, are connected by an edge
in G(X™). Since for any I € A,(CO and I’ € Ak,) we can find I; = I,...,1,, = I such that
I; € A,(CS) and @, N Qy,,, # 0, this proves the second claim on B.

Hence, if there exists m > 1 such that C,,, = (), then the diameter of G (X ™) is at most 2 + #B.
It remains to compare # B to the total progeny of a subcritical Galton-Watson process; this analysis
will also show that the probability that C,,, = ) for some m > 1 tends to 1 as n — oo. Indeed,
consider the subcritical Galton-Watson process whose offspring distribution is Binomial with 2¢ trials
and success probability 2741, Put k = ko(n) = |log(2v/dn/ty(1/2))/log2]. It follows from
and the independence property of the Poisson point process that there exists a coupling between

X ™) and the Galton-Watson process such that for every k < k, we have T}, > Zf:o #Agl). Here
T;. denotes the total progeny of the Galton-Watson process up to the kth step. In particular,

max{P(Cy, # 0), P(#B > 2Ty, )} <P(Tiy 1 # Ti,) < 277 < t(1/2)/(Vdn),

where the second inequality uses a well-known result for Galton-Watson processes, see e.g. [13,
Theorem 5.1]. O

5 Using a multi-level topology for redundancy elimination

In the present section, we provide a comparlson between the scale-free Gilbert graph G(X ) and
the thinned scale-free Gilbert graph G'(X ) where some redundant edges are removed. First, we
prove Theorem|7]

Proof of Theorem[Z In the following we fix o = to(1/2). We first show that we can neglect contri-
butions by (1) to ]ED(’)S?)” coming from points (1, ¢) € X ™ such that t > +/|n|. Indeed,

<[ [, B Viareaar)
0 +" (o
= [ bR > PR > Vi
= [ BCR [DBCR > idn+ / WB(R > n)B(R > /)
T \B™P (o T
0

Since the second expression remains bounded as n — o0, it suffices to consider the first. Then,

/ PR > [n)P(R > /|l dn<252/ ey
Tn\Bt%n( 0) Tn\Bt%n(O)

o [ stz [ s,
Tn\B 75(0) B, 7, (0)\B, "( )

and we consider the two summands separately. Clearly, the first is in O(no‘*d/Q). For the second we
obtain that

n/2
/ |77‘a73d/2d77 _ d/id/ uafd/Zfldu’
B, (0N\B}S () t%

n/2
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which is in O(1) if @ = 0 and in O(n™>{0:2=d/4}) it o > 0. Furthermore, we can clearly neglect the
contributions by(n) to EDZ,S?% coming from points (1, ) € X ™ with |n| < min{e'?, ¢2}.

It remains to obtain bounds for the contributions that are covered by neither by (1) nor by(n). For any
v >0and € € [—n/2,n/2]% we put

Sy =1{CERY V/In] < |¢—nl < |nland Z(¢ —n, —n) € [=7, 7}

see Figure @ for an illustration of S, ,,. If v is sufficiently small, then for every n > 1 and n €
[—n/2,n/2]% the sector S, ,, is contained in [—n/2,n/2]%. In the following, we fix any such value
Yo and put S, = S, ,. It will also be convenient to denote by S; = dBi(o) N (|n|~'(S, —n))
the intersection of the unit sphere with a shifted and scaled copy of .5,,. Finally, we denote by oy =
Vd_l(S,;) the surface area of ST’?, a quantity which is independent of 7.

Figure 6: Construction of the set .S, ,, (shaded)

If (1, ) is an out-neighbor of (0, R*) in G’ ({0, R*} UX™) suchthatt < \/|n|,then XN A, ;, =
(), where
Ape = {(Cw) € 5y x [0, RY) - w > |¢ —n[}.

Furthermore, we note that conditioned on R* = r the number of points of X ™) contained in 4,,, is
a Poissonian random variable with mean

7]
/ P(R € (|¢ —n|,r))d¢ = 00/ ud_llP’(R € (u,r))du.
Sy Il
If n > 1 is sufficiently large and |n| > t2, then the right-hand side is at least

n]
ﬁao/ - %u’l — %udflr’ddu > ﬁao(ilog In| — ‘%) > %ﬁao log |n|.
n

Putting b3(n) = ]EDoutn — bi(n) — be(n), we therefore obtain that

W [ L 0R( 0 o8 ) drBa(r
Bn Bn(o
— [ e > )y

Tr\B 5 (0)

<28 ||~ 4= Bdy + 23 || 4=Feo/dp
T, \BI7, (0) B, (0\Bj (o)
n/2
<20 ]77|°"d’5"°/8d77 + Qﬁd/@d/ u®Bo0/8=1qy,.
']Tn\Bn/2(0) tg
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Observing that the last line is in O(1) if & = 0 and in O(n™ax{%a=Bo0/16}) it o > () completes the
proof. O

When passing from G(X ™) to G'(X (™) only redundant edges are removed, in the sense that
connected components remain unchanged.

Proposition 17. With probability 1 the graphs G(X ™) and G'(X ™) have the same connected
components.

Proof. It suffices to show that if z = (£,7),y = (n,t) € X™ are connected by an edge in
G(X ™), then x and y are contained in the same connected component of G’( X ™). Suppose that
this was false. Then, choose a counter-example with the property that | — ¢| is minimal. Without loss
of generality we may assume r > t. Since x = (£, r) and y = (), t) are not connected by an edge
in G'(X ™), there exists a point z = (¢, w) € X™ N (B™(£) x (t,r)) such thatn € B ().
By the minimality of the counter-example we see that both y and z as well as z and = are contained
in the same connected component of G’(X(”)). Therefore also x and y are contained in the same
connected component of G’ (X (™), yielding a contradiction to the initial assumption. O

Next, we show that when moving from G/(X (™) to G’(X (™)) chemical distances increase at most
by a logarithmic factor in the size of the torus. To achieve this goal, we make use of a variant of
the descending chains concept introduced in [8]. To be more precise, let x1 = (£1,71), ..., Tm =
(ém, rm) be suchthatr; > ry > --- > 7,.Thenzy, ..., x, are said to form a toroidal descending
chainif &1 € B (&) forevery i € {1,...,m — 1}. In the following result, we show that there is
a close relationship between the existence of short connections in G’ (X (™)) and the absence of long
toroidal descending chains.

Lemma 18. Letx = (£,7) € X™ andy = (n,t) € X™ N (B™(¢) x (0,7)). fm > 1is such
that the chemical distance between = andy in G' (X (")) is larger than m, then there exists a toroidal
descending chain starting from x and consisting of more than m points.

Proof. We proceed similarly to [1, Lemma 10].Inductively, we construct points {xg-i)}0<j<i

{(5]@)’ r§i))}0<j<i such that for every i € {1,...,m} we have

M r) > >,
iy €9 e BT (€N toralje {1,...,i—1
e (& J y...,1— 1}, and
J

(4)

J

(@)

(iii) there exists j € {1,...,7 — 1} such that =’ and xjiﬂ are not connected by an edge in

G'(X ™).
Indeed, for the induction start we just choose x(()l) = z and xgl) = 3. Next, suppose that 1 < m

and that we have constructed points {:zry in X satisfying properties (1)-(3). Choose

Jo € {0,...,i — 2} such that 1;%_1) and x%;ll) are not connected by an edge in G'(X (™). By

definition of G'(X (™) there exists 2’ = (¢',1') € X™ N (B%ﬁl)(ﬁ(.ifl)) X (r(ifl) 7"(1;1))> such
T]O

R }Oéjéi

Jo Jo+1 7% jo

23



that f(l Ve BT (¢'). We put

2V i < o,
! if 7 =90+1,
X

D it > o+ 1.

o) =

Clearly, properties (i) and (ii) are satisfied. Since a violation of property (iii) would imply that the
chemical distance between x and y in G'(X (™) is at most m, this completes the proof. O

For the applicability of Lemma [18] it is important to show that long toroidal descending chains can
occur only with small probability.

Lemma 19. There exists a constant c; > 0 such that whp X (") does not contain a toroidal descend-
ing chain consisting of more than c, log n elements.

Proof. We distinguish several cases depending on the radii occurring in the chain. First, note that
the probability that there exist distinct (&,7), (1,t) € X such that min{r,t} > n3/* is at most
n?P(R > n**)2, which tends to 0 as n — oo. Hence, it suffices to consider toroidal descending
chains with radii bounded above by n>/%. Next, we note that the expected number of toroidal descend-
ing chains consisting of m+ 1 steps and where all radii are bounded above by ¢ty = ty(1/2) is at most
n(kqtd)™ /m!. Using Stirling’s formula, we see that when putting m = log n, this expression tends
to 0 as n — oo. Finally, the expected number of toroidal descending chains consisting of m > 1
steps, and where all radii are contained in (%o, n3/4) is at most

n3/4 Tm—1
/ / / Ce / / 1d£m+1PR(drm) e d£2]P)R<d7a1>d€1
T, Jto  JBI (@) By (6m)

n3/4

- / / it B (i) - - Pr(dry)

nr:vd (/t dPR(dT))

In order to derive an upper bound for the latter expression, we need to investigate ERdl(t07n3/4)(R).
We compute

td

d n3d/4

P(R > to)dt + / P(R* > t)dt
t

ERdl(tMsM)(R) = /
0
n3d/4

<td+ 2@’/ tde
1
< 4dplogn,

provided that n > 1 is sufficiently large. In particular, the expected number of toroidal chains consist-
ing of m steps, and where all radii are contained in (ty, n3/*) is at most

n®(4drkqflogn)™/m),
and Stirling’s formula implies that when putting m = clog n this expression is at most
exp(dlogn + c(logn)(log(4derqBlogn) — log(clogn))).

Finally, the latter expression tends to 0 as n — oo, if ¢ > 0 is sufficiently large. O
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Combining Lemmas [18]and [T9|the proof of Theorem [g]is now immediate.

Proof of Theorem[8. Lemmashows thatif 2,y € X (™ are connected by an edge in G(X ™) and
the chemical distance between z and y in G'(X (™) is at least ¢, log n, then X (™ contains a toroidal
descending chain consisting of at least ¢; log n elements. Lemma[19|shows that the complements of
the latter events occur whp. O
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