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Abstract

We study a diffuse interface model for incompressible isothermal mixtures of two immiscible
fluids coupling the Navier—Stokes system with a convective nonlocal Cahn—Hilliard equation in two
dimensions of space. We apply recently proved well-posedness and regularity results in order to
establish existence of optimal controls as well as first-order necessary optimality conditions for an
associated optimal control problem in which a distributed control is applied to the fluid flow.

1 Introduction

In this paper, we consider the nonlocal Cahn—Hilliard/Navier—Stokes system

1

—_

or+u-Vo=Apu, (
pp=ap—Kxp+F(p), (
(
(

—_

u; — 2div (v(¢) Du) + (u- V)u+ V1 = puVe + v,

)
)
)
div(u) =0, )

1.

in @ :=Q x (0,T), where Q C R? is a bounded smooth domain with boundary 92 and outward
unit normal field n, and where T' > 0 is a prescribed final time. Moreover, DD denotes the symmetric
gradient, which is defined by Du := (Vu + VTu) /2.

This system models the flow and phase separation of an isothermal mixture of two incompressible
immiscible fluids with matched densities (normalized to unity), where nonlocal interactions between
the molecules are taken into account. In this connection, u is the (averaged) velocity field, ¢ is the
order parameter (relative concentration of one of the species), 7 is the pressure and v is the external
volume force density. The mobility in (1.1) is assumed to be constant equal to 1 for simplicity, while
in (1.3) we allow the viscosity v to be ¢o—dependent. The chemical potential 1 contains the spatial
convolution K * ¢ over §2, defined by

(K o)) = / Kz —y)ply)dy, z €9,

of the order parameter ¢ with a sufficiently smooth interaction kernel K that satisfies K (z) = K (—=z).
Moreover, a is given by

ola) = [ Kla=v)d.

for v € €1, and F' is a double-well potential, which, in general, may be regular or singular (e.g., of
logarithmic or double obstacle type); in this paper, we have to confine ourselves to the regular case.



The system (1.1)—(1.4) is complemented by the boundary and initial conditions

O 0 w=0, on¥:i=dQx(0,7). (1.5)
on
u(0) = uy, ©(0) = ¢y, in Q, (1.6)

where, as usual, Oi./On denotes the directional derivative of 1 in the direction of 7.

Problem (1.1)—(1.6) is the nonlocal version of the so-called “Model H” which is known from the literature
(cf., e.qg., [5, 28, 29, 34, 35, 36, 40]). The main difference between local and nonlocal models is given
by the choice of the interaction potential. Typically, the nonlocal contribution to the free energy has
the form [, K (z,9) |p(@) — ¢(y)|? dy , with a given symmetric kernel K defined on € x €; its

local Ginzburg-Landau counterpart is given by (/2)|Vp(x)|?, where the positive parameter o is a

measure for the thickness of the interface.

Although the physical relevance of nonlocal interactions was already pointed out in the pioneering
paper [43] (see also [14, 4.2] and the references therein) and studied (in case of constant velocity) in,
e.g., [6, 13, 23, 24, 25, 26, 38, 39], and, while the classical (local) Model H has been investigated by
several authors (see, e.g., [1, 2, 10, 11, 20, 21, 22, 32, 41, 44, 47, 50] and also [3, 9, 27, 37] for models
with shear dependent viscosity), its nonlocal version has been tackled (from the analytical viewpoint
concerning well-posedness and related questions) only more recently (cf., e.g., [12, 15, 16, 17, 18,
19]).

In particular, the following cases have been studied: regular potential F' associated with constant
mobility in [12, 15, 16, 18]; singular potential associated with constant mobility in [17]; singular potential
and degenerate mobility in [19]; the case of nonconstant viscosity in [15]. In the two-dimensional case
it was shown in [18] that for regular potentials and constant mobilities the problem (1.1)—(1.6) enjoys
a unique strong solution. Recently, uniqueness was proved also for weak solutions (see [15]).

With the well-posedness results of [18] and in [15] at hand, the road is paved for studying optimal
control problems associated with (1.1)—(1.6) at least in the two-dimensional case. This is the purpose
of this paper. To our best knowledge, this has never been done before in the literature; in fact, while
there exist recent contributions to associated optimal control problems for the time-discretized local
version of the system (cf. [30, 31]) and to numerical aspects of the control problem (see [33]), it seems
that a rigorous analysis for the full problem without time discretization has never been performed be-
fore. Even for the much simpler case of the convective Cahn—Hlilliard equation, that is, if the velocity
is prescribed so that the Navier—Stokes equation (1.3) is not present, only very few contributions exist
that deal with optimal control problems; in this connection, we refer to [48, 49] for local models in one
and two space dimensions and to the recent paper [42], in which first-order necessary optimality con-
ditions were derived for the nonlocal convective Cahn—Hilliard system in 3D in the case of degenerate
mobilities and singular potentials.

More precisely, the control problem under investigation in this paper reads as follows:

(CP) Minimize the tracking type cost functional

Bs

b1 B2
J(y,v) = ?Hu - UQH%Q(QP + 7”%0 - 90Q||%2(Q) + §||U(T> - UQH%Q(Q)Q



Ba 0
+ 5 19(T) = ¢allz ) + 5 10lz2e: (1.7)

where y := [u, ©] solves problem (1.1)-(1.6). We assume throughout the paper without further refer-
ence that in the cost functional (1.7) the quantities ug € L*(0, T; Gain), o € L*(Q), uq € Gaiv,
and pq € L%(Q), are given target functions, while 3;, i = 1. ..4, and -y are some fixed nonnegative
constants that do not vanish simultaneously. Moreover, the external body force density v, which plays
the role of the control, is postulated to belong to a suitable closed, bounded and convex subset (which
will be specified later) of the space of controls

V = L2<O, T; Gdiv);

where

L2 (Q)2

Gaiv = {u € C3°(Q)? : div(u) = 0}
We recall that the spaces G4, and
Vi == {u € Hy(Q)* : div(u) = 0}

are the classical Hilbert spaces for the incompressible Navier—Stokes equations with no-slip boundary
conditions (see, e.g., [46]).

We remark that controls in the form of volume force densities can occur in many technical applications.
For instance, they may be induced in the fluid flow from stirring devices, from the application of acoustic
fields (ultrasound, say) or, in the case of electrically conducting fluids, from the application of magnetic
fields.

The plan of the paper is as follows: in the next Section 2, we collect some preliminary results con-
cerning the well-posedness of system (1.1)—(1.6), and we prove some stability estimates which are
necessary for the analysis of the control problem. In Section 3, we prove the main results of this paper,
namely, the existence of a solution to the optimal control problem (CP), the Fréchet differentiability of
the control-to-state operator, as well as the first-order necessary optimality conditions for (CP).

2 Preliminary results

In this section, we first summarize some results from [12, 15, 18] concerning the well-posedness of
solutions to the system (1.1)—(1.6). We also establish a stability estimate that later will turn out to be
crucial for showing the differentiability of the associated control-to-state mapping.

Before going into this, we introduce some notation.

Throughout the paper, we set H := L?(Q), V := H'(f), and we denote by || - || and (-, )
the standard norm and the scalar product, respectively, in H and G, as well as in L2(Q)2 and
L?(2)?*2. The notations (-, -)x and || - ||x will stand for the duality pairing between a Banach



space X and its dual X', and for the norm of X, respectively. Moreover, the space Vy;, is endowed
with the scalar product

(’U,l, 'lLQ)Vdm = (V’U,l, V’U,Q) = Q(Dul, D’U,Q) V’U,h Us € V.

We also introduce the Stokes operator A with no-slip boundary condition (see, e.g., [46]). Recall that
A : D(A) C Ggiy — Gy isdefinedas A := —PA, with domain D(A) = H*(Q)*N Vg, where
P : L*(Q)* — Gy, is the Leray projector. Moreover, A~ : Gy;,, — G, is a selfadjoint compact
operator in (G4;,. Therefore, according to classical results, A possesses a sequence of eigenvalues
{Atenwith0 < Ap < Ay < -+ and \; — oo, and a family {w;};en C D(A) of associated
eigenfunctions which is orthonormal in GGy4;,,. We also recall Poincaré’s inequality

Ml < [VulP Yue Vi,

The trilinear form b appearing in the weak formulation of the Navier—Stokes equations is defined as
usual, namely,

b(u, v, w) :-/(u-V)zrwdx Vu,v,w e Vy,.
We recall that we have '
bu,w,v) = —blu,v,w) Yu,v,w e Vg,
and that in two dimensions of space there holds the estimate
b(u, v, w)| < Cyllul | Vul* | Vol w]'* Vol Yu,v,w € Vi,

with a constant 61 > () that only depends on ().

We will also need to use the operator B := —A + [ with homogeneous Neumann boundary con-
dition. It is well known that B : D(B) C H — H is an unbounded linear operator in H with the
domain

D(B) ={p € H*(Q): 0p/0n =0 ondN},

and that B! : H — H is a selfadjoint compact operator on H. By a classical spectral theorem
there exist a sequence of eigenvalues fi; with 0 < 1 < pp < -+ and pu; — o0, and a family of
associated eigenfunctions w; € D(B) such that Bw; = p; w; for all j € N. The family {w,};en
forms an orthonormal basis in H and is also orthogonal in V' and D(B).

Finally, we recall two inequalities, which are valid in two dimensions of space and will be used repeat-
edly in the course of our analysis, namely the particular case of the Gagliardo-Nirenberg inequality
(see, e.g., [8])

[l < Collol? ol VoeV, @.1)
as well as Agmon’s inequality (see [4])

[0y < Co ol ol Vo€ HYQ). (2.2)



In both these inequalities, the positive constants 62, (73 depend only on Q2 C R2.

We are ready now to state the general assumptions on the data of the state system. We remark that for
the well-posedness results cited below not always all of these assumptions are needed in every case;
however, they seem to be indispensable for the analysis of the control problem. Since we focus on the
control aspects here, we confine ourselves to these assumptions and refer the interested reader to
[12, 15, 18] for further details. We postulate:

(H1) Itholds ug € Vy;, and ¢o € H?(1).
(H2) F € C*(R) satisfies the following conditions:

dé;>0: F"(s)+a(x) > ¢ foral se R anda.e. x € €. (2.3)
36, >0,63>0,p>2: F'(s)+a(x)>é|sP? — ¢
forall s € R anda.e. x € (). (2.4)

3¢y >0,65>0,r€(1,2]: |F'(s)]" <¢y|F(s)|+¢5 forall s e R, (2.5)

(H3) v € C*(R), and there are constants ; > 0, D5 > 0 such that

n <wv(s) < VseR (2.6)

(H4) The kernel K satisfies K () = K(—x) forall « inits domain, as wellas a(x) = [, K(z—
y)dy > 0 fora.e. x € ). Moreover, one of the following two conditions is fulfilled:

(i) Itholds K € W*!(B,), where p := diam 2 and B, := {z € R*: |z| < p}.

(i) K is a so-called admissible kernel, which (cf. [7, Definition 1]) for the two-dimensional case
means that we have

K € W, (R*) N C*(R?*\ {0}); (2.7)
K is radially symmetric, K (z) = K (|z]), and K is non-increasing; (2.8)
K"(r) and K'(r)/r are monotone functions on (0, o) for some 7o > 0; (2.9)
|D*K (x)| < é x| for some ¢ > 0. (2.10)

Remark 1. Notice that both the physically relevant two-dimensional Newtonian and Bessel kernels do
not fulfill the condition (i) in (H4); they are however known to be admissible in the sense of (ii). The
advantage of dealing with admissible kernels is due to the fact that such kernels have the property (cf.
[7, Lemma 2]) that for all p € (1, 400) there exists some constant C}, > 0 such that

IV (VI )lliays < Gy bl Vb € LP(Q). @11)

We also observe that under the hypothesis (H4) we have a € W1>°(Q).

The following result combines results that have been shown in the papers [12, 15, 18]; in particular,
we refer to [15, Thms. 5 and 6] and [18, Thm. 2 and Remarks 2 and 5].



Theorem 1. Suppose that (H1)—(H4) are fulfilled. Then the state system (1.1)—(1.6) has for every
v € L*(0,T;Gga,) aunique strong solution [u, ©| with the regularity properties

u € C°([0,T); Vaw) N L*(0,T; H*(2)?), s € L*(0,T; Gain), (2.12)
@ € C°([0,T]; H*(2)), ¢ € C°([0,T); H) N L*(0,T;V), (2.13)
pi=ap—Kxp+ F(p) € C0,T); H*(Q)). (2.14)

Moreover, there exists a continuous and nondecreasing function Q : [0, +00) — [0, +00), which
only depends on the data F', K, v, ), T, uy and ,, such that

||u||CO([OvT];Vdiv)mL2(07T§H2(Q)2) + luellz20mGan + ||S0||CO([0,T];H2(Q)) + ||90t||C°([0,T};H)mL2(o,T;V)
< Qi([|lv]lr207:60)) - (2.15)

From Theorem 1 it follows that the control-to-state operator S : v — S(v) := [u, ], is well defined
as a mapping from LQ(O,T; Gl4iv) into the Banach space defined by the regularity properties of
[u, ] as given by (2.12) and (2.13).

We now establish some global stability estimates for the strong solutions to problem (1.1)—(1.6). Let
us begin with the following result (see [15, Thm. 6 and Lemma 2]).

Lemma 1. Suppose that (H1)«(H4) are fulfilled, and assume that controls v; € L*(0,T;Gai),
i = 1,2, are given and that [u;, ;] := S(v;), i = 1,2, are the associated solutions to (1.1)—(1.6).
Then there is a continuous function Qy : [0, +00)? — [0, +00), which is nondecreasing in both its
arguments and only depends on the data F', K, v, 2, T, ug and g, such that we have for every
t € (0,T] the estimate

Jug — U1||2CO([0¢];GM) + [lug — U’l”%?(o,t;\/dw) + g2 — S01||200([o,t];H) + [V (p2 — 901)||%2(o,t;H)

< Q(lv1ll 20760 1021l 220.1:600)) 102 = V1l Z2(0 5000y - (2.16)

Proof. We follow the lines of the proof of [15, Thm. 6] (see also [15, Lemma 2]), just sketching the main
steps. We test the difference between (1.3), written for each of the two solutions, by © : = us — uq in
G'4iv, and the difference between (1.1), (1.2), written for each solution, by ¢ := 5 — 1 in H. Adding
the resulting identities, and arguing exactly as in the proof of [15, Thm. 6], we are led to a differential
inequality of the form

1d
5t

1
<) (lu®I” + le®?) + — lo@®)l,,y forae te(0,T),
n

o) + le@I?) + 2 Ivu@)? + 2 Ive)?

where v € L'(0,T) is given by
(1) = c (1 + [[Vur () [lur () 71200y + IV + N1 7ag) + lw2(®)ll7a0y
+ o1 2y + 1V (O 11 () r2(0) -

The desired stability estimate then follows from applying Gronwall’s lemma to the above differential
inequality. O



Lemma 1 already implies that the control-to-state mapping S is locally Lipschitz continuous as a
mapping from L2(0,T;(Vy,)') (and, a fortiori, also from L?(0,T;Vy,)) into the space
[C°([0, T); Gain) N L*(0,T; Vair)] x [C°([0,T]; H) N L*(0,T;V)]. Since this result is not yet
sufficient to establish differentiability, we need to improve the stability estimate. The following higher
order stability estimate for the solution component ¢ will turn out to be the key tool for the proof of
differentiability of the control-to-state mapping.

Lemma 2. Suppose that the assumptions of Lemma 1 are fulfilled. Then there is a continuous function
Qs : [0, —I—oo)2 — [0, +00), which is nondecreasing in both its arguments and only depends on the
data ', K, v, QQ, T, wy and @y, such that we have for every t € (0, T the estimate

Jua — ulHé’O([O,t};G’d“,) + [lug — ulH%?(o,t;vdiv) + g2 — 901||2CO([o,t];V) + g2 — 901||%2(0,t;H2(Q))
+ g2 — @1“?{1(%1{) < Q3(HU1HL2(D7T;G(MU)7 HU2HL2(07T;GW) |vg — Ulﬂiz(o,T;(vdw)') .

(2.17)
Proof. For the sake of a shorter exposition, we will in the following always avoid to write the time

variable ¢ as argument of the involved functions; no confusion will arise from this notational convention.
Setu := uy — u;j and ¢ := @2 — 1. Then it follows from (1.1), (1.2) that
or=Ap—u- -V —uy- Vo, (2.18)
pi=ap—Kxo+ F'(ps) — F'(p1). (2.19)
We multiply (2.18) by /1; in H and integrate by parts, using the first boundary condition of (1.5) (which
holds also for /z). We obtain the identity

1d __ _ N -
% IVAIP + (¢, 1) = — (w- Vo, i) — (s - Vo, [ig). (2.20)

Thanks to (2.19), we can first rewrite the second term on the left-hand side of (2.20) as follows:
(1, i) = (SOt, ap; — K * o+ (F"(02) — F”(@l))%,t + F”(901>90t)
= /Q (a+ F"(¢1))pide + (AL —u- Vo —us - Vi, —K * ;)
+ (6, (F"(02) — F"(01))2.1)
= /Q (a+ F"(p1))p; do + (Vii, VE o) — (upr, VK x @) — (upp, VK % @)
+ (e, (F"(02) — F"(01))02,) (2.21)

Here we have employed (2.18) in the second identity of (2.21), while in the third identity integrations
by parts have been performed using the boundary conditions dpi/0On = 0 and u; = 0 on X, as
well as the incompressibility conditions for w;, 7 = 1, 2.

We now estimate the last four terms on the right-hand side of (2.21). Using Young’s inequality for
convolution integrals, we have, for every ¢ > 0,



(Vi, VK * )| < [Vl [VE x| < [Vl VK] Ls,) el
elledl* + Cox |V (2.22)

IN

Here, and throughout this proof, we use the following notational convention: by C,, we denote positive
constants that may depend on the global data and on the quantities indicated by the index o; however,
C, does not depend on the norms of the data of the two solutions. The actual value of C,, may change
from line to line or even within lines. On the other hand, I',, will denote positive constants that may not
only depend on the global data and on the quantities indicated by the index o, but also on v and v,.
More precisely, we have

Ty = D(lv1ll20,1560.) 102ll2201:600))

with a continuous function T : [0, +00)? — [0, +00) which is nondecreasing in both its variables.
Also the actual value of I', may change even within the same line. Now, again using Young'’s inequality
for convolution integrals, as well as Hélder’s inequality, we have

(wer, VE +¢)| < Ck [ullzs@e lerllzsw el < elled® + Tex [IVull®,  (2.29)

(20, VE 5 0)| < Crc ualls@e ellzs el < ellerl® + Texcllellv - @24)

Moreover, invoking (H2), (2.15) and the Gagliardo-Nirenberg inequality (2.1), we infer that

| (02, (F"(02) — F" (1)) p2.0) | < lleell 1F" (02) — F" (1)l 24 02l ooy

1/2 1/2
< Trlledl lel v leailza@ < Trlled el el ool

< ell@ll? + Ter lloaelli lell® + Terllolli - (2.25)

1/2 1/2

024l
As far as the terms on the right-hand side of (2.20) are concerned, we can in view of (2.19) write

(w- Vi, ) = (u-Veor,ap — K x @+ (F"(p2) — F'(01) 20 + F"(¢1) 1),  (2.26)
(ug - Vo, i) = (uz - Vo,a 0, — K % @y 4 (F"(p2) — F'(¢1)) 020 + F'(¢1) 1), (227)

where the terms on the right-hand side of (2.26), (2.27) can be estimated in the following way:

[(u-Ver,ap — K x¢)| < Ck |lullragy o1l el
< elleel® + Tex |[Vul?, (2.28)

[(w - Veor, (F"(g2) = F"(¢1)) 024) | < Trllullloallmze 1ol 192l o)
< Urllulllielly leadllv < Trligadlv lull® + Trllelly (2.29)

[(w Veor, F'(e1) @) | < Trllullss@pe leillaze el < elled* + Tep [Vul®, (230)



(w2 Vep,ar — K @) | < Crlluallaee IVl llodll < T [Vl 1Vl il

< elleell* + Tex IVell lellmae < elledl” + ellolliz@ + Tex IVl (2.31)

| (w2 - Vo, (F"(02) — F" (1)) p20)| < T lluall oy Vel awe lell i) o2l o)

1/2 1/2 1/2 1/2

< Trllellm@ el el lezell 2 lleaallv™ < elleliizg) + Ter el lellv o2y

< €llelliz@) + Ter ol + Ter llezdly el (2.32)

[(ua - Voo, F"(@1) @) | < T [[wal| ey I Vellscpz el < Do [Vl [Vl [l
< elledll® + Ter IVl llellmz@ < eledl® + ellelipg + Ter Vel (2.33)
where we have used the Hélder and Gagliardo-Nirenberg inequalities and (2.15) again.

We now insert the estimates (2.22)—(2.25) and (2.28)—(2.33) in (2.20), taking (2.21), (2.26) and (2.27)
into account. By the assumption (2.3) in hypothesis (H2), and choosing ¢ > 0 small enough (i.e.,
¢ < ¢,/16), we obtain the estimate

d o -
VAP +éllonl® < Cox VAP + Terer (Ve + ll#ll)
+ Ter lloaelly (1wl + llell?) + 6€llelieg - (2.34)

Next, we aim to show that the 2 norm of ¢ can be controlled by the H? norm of /. To this end, we
take the second-order derivatives of (2.19) to find that

82,u = a3j¢+8a8]<p+8 adip + ¢ 0;(0;a) — 9;(0; K * )
+ (F"(p2) — F"(01)) 002 + F" (1) O30
+ (F"(p2) — F" (1)) Osp2 0502 + F" (01) (832 050 + Dip 0j01) - (2.35)

Let us we multiply (2.35) by 82 S in H and then estimate the terms on the right-hand side of the
resulting equality. We have, invoking (2.3),

((a+ F"(p0) 02 020) > 1 |02l (2.36)

and, for every 9 > 0 (to be fixed later),
(hadye+ 0000, 0%0) < C IVl 1020l < 51202 + Csx IVl 237)
(0 0:(050) — 00, K ), 050) < Cr llell ool < dllo5ell* + Cox llell*,  (238)

where the first inequality in the estimate (2.38) follows from (2.11) if /& is admissible, while in the
case K € W2’1(B ) the first term in the product on the left-hand side of (2.38) can be rewritten as

82 a— 82 K x ¢ so that (2.38) follows immediately from Young’s inequality for convolution integrals.
Moreover, invoking Agmon’s inequality (2.2) and (2.15), we have

((F"(¢2) = F'(01) 9302, 02¢) < T @l el 193]



3/2

1/2
< Tr el el 1050l < Trllel el < dllelieq + Torllel® @39)

In addition, by virtue of Hélder’s inequality and (2.15), we have
((F"(02) = F"(01)) Oip 0302, 0%0) < T Il ooy I0sellocey 1952l oy 102
< Trllelv leallzzg 1050l < 01105017 + Tsr llell (2.40)

and, invoking the Gagliardo-Nirenberg inequality (2.1) and (2.15),

(F’”(%) (Dsp2 050 + Opp Oj01), %0)

< I'r (l0ealla) 1056l ) + 100l ra@ 1901l aey) 195l
1/2
< Tr (lerllz@ + lallnz@) Vel 18500 < TrlIVel IVl 1050l
< Tr Vel el < dllelinq + Tar Vel (2.41)

Hence, by means of (2.36)—(2.41), we obtain that

(@]m@”w)z 105el* = 26 llellfe@ — Tax el

provided we choose 0 < § < ¢;/6. On the other hand, we have

(027, 0%0) < 2 H hell® + H Al

and, by combining the last two estimates, we find that

lo5al* = ||3js0||2—2015||90||H2 —Tsxr el

where the factor ¢; is absorbed in the constant I'5 x . From this, taking the sum over ¢, j = 1, 2, and
fixing 0 < § < ¢;/64, we get the desired control,

2
~ C
Il 2 3 I9lle@ — Trrlel- (2.42)

Let us now prove that the H? norm of /1 can be controlled in terms of the L? norm of ©¢. Indeed, from
(2.18) we obtain, invoking the Hélder and Gagliardo-Nirenberg inequalities,

AL < Nl + [[wllza@pe Vel a2 + lluallia@pe Vel s
1 2
< lledl + ClIVulllloll ) + C lluzll e HVsﬁl\l/2H90H A (2.43)

Thanks to a classical elliptic regularity result (notice that g1/ On = 0 on 02), we can infer from (2.19),
(2.43) and (2.1) the estimate

1l o) < cell = A+l < cllAnl + Trrllel

< cellgill + T IVull + TVl Il + Trr el (2.44)

where ¢, > 0 depends only on ). Combining (2.42) with (2.44), we then deduce that

C1
el < clladl+Tr (IVul + lelv)- (2.45)
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With (2.45) now available, we can now go back to (2.34) and fix e > 0 small enough (i.e, € < e,
where ¢, > (0 depends only on ¢; and c.) to arrive at the differential inequality

d o @ -
VAP + S led® < C VAP + Trer (Ve + ll#ll7)
+ T lp2.llv (el + llell”). (2.46)

Now observe that j1(0) = 0. Thus, applying Gronwall’s lemma to (2.46), and using (2.15) for 9 ;, we
obtain, for every t € [0, T7,

IVEOIE < T( [ (IVulF + o) })ar

t
+ (1o + I9laaam) | lendrlfpar)

where, for the sake of a shorter notation, we have omitted the indexes K and I in the constant I.
Hence, using the stability estimate of Lemma 1, we obtain from the last two inequalities that

IVAI® < T s = 01302y 2.47)

Now, taking the gradient of (2.19), and arguing as in the proof of [15, Lemma 2], it is not difficult to see
that we have

~ C1
(Vi Vo) 2 2 IVel” =T liel?,
and this estimate, together with
~ C1 9 2 ~12
Vi, Vo) < 2 IVell® + — IVl
C1
yields
~112 é% 2 2
IVEIT = 16 IVell” = Tllel”,

where the factor ¢; /2 is again absorbed in the constant I'. This last estimate, combined with (2.47),
gives

le@If < Tllvs — le%Q(O,T;(de)’)' (2.48)

By integrating (2.46) in time over [0, ¢], and using (2.47) and the stability estimate of Lemma 1 again,
we also get

t
/ loiM) 2 dr < T lvs — 01 Eamvmy (2.49)

The stability estimate (2.17) now follows from (2.48), (2.49), (2.45) and Lemma 1.
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3 Optimal control

We now study the optimal control problem (CP), where throughout this section we assume that the
cost functional 7 is given by (1.7) and that the general hypothesis (H1)—(H4) are fulfilled. Moreover,
we assume that the set of admissible controls V,, is given by

Vod := {’U € L*(0,T; Gain) : vailw,t) < vi(x,t) < vy, t),
ae (z,1) €Q, i=1,2}, (3.1)

with prescribed functions v, v, € L?(0, T’; G4, ) N L>°(Q)?. According with Theorem 1, the control-
to-state mapping

S:V—-H, veV—SW):=[u,p €H, (3.2)
where the space H is given by
H = [H'(0,T; Gaw) N C°([0,T); Vi) N L*(0, T; H*(Q2)?)]
x [CH([0,T); H) N HY(0,T; V) n CO([0,T); H*(2))], (3:3)

is well defined and locally bounded. Moreover, it follows from Lemma 2 that S is locally Lipschitz
continuous from V into the space

W = [C°([0,T); Gaiw) N L*(0, T V)|
x [H'(0,T; H)nC°([0,T]; V) N L*(0, T; H*(Q))]. (3.4)
Notice also that problem (CP) is equivalent to the minimization problem

Inin f(v),

for the reduced cost functional defined by f(v) := J (S(v),v), for every v € V.

We have the following existence result.

Theorem 2. Assume that the hypotheses (H1)—«(H4) are satisfied and that )V, is given by (3.1). Then
the optimal control problem (CP) admits a solution.

Proof. Take a minimizing sequence {v,,} C V,4 for (CP). Since V, is bounded in VV, we may assume
without loss of generality that

v, — v weaklyin L*(0,T; Ga),

for some v € V. Since V,,4 is convex and closed in V), and thus weakly sequentially closed, we have
UV E V.

Moreover, since S is a locally bounded mapping from V into H, we may without loss of generality
assume that the sequence [u,, v,| = S(v,), n € N, satisfies with appropriate limit points [w, 7|
the convergences

u, — w, weakly*in L>=(0,T; Vy,) and weakly in H(0,T; Gg;,,) N L*(0,T; H*(2)?), (3.5)
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on — P, weakly*in L>(0,T; H*(Q)) and in Wh>=(0,T; H),
and weakly in H(0,T;V). (3.6)

In particular, it follows from the compactness of the embedding H'(0,T; V) N L>(0,T; H*())
C C°[0,T); H*(Q)) for 0 < s < 2, that p,, — P strongly in C°(Q), whence we conclude that
also

fin = apn — K % on + F'(p,) =T :=aP— K*xp+ F'(p) stonglyin C°(Q),
v(p,) — v(p) stronglyin C°(Q). (3.7)

We also have, by compact embedding,
u, — u stronglyin L*(0,T; G ),
and it obviously holds

u,(t) — u(t) weaklyin Gy, forallt e [0,T]. (3.8)

Now, by passing to the limit in the weak formulation of problem (1.1)—(1.6), written for each solution
(W, pn] = S(v,), n € N, and using the above weak and strong convergences (in particular, we
can use [12, Lemma 1] in order to pass to the limit in the nonlinear term — 2 div(v(y,)Duy,)), it
is not difficult to see that [w, ] satisfies the weak formulation corresponding to ©. Hence, we have
[w, ] = S(v), that is, the pair ([w, @], U) is admissible for (CP).

Finally, thanks to the weak sequential lower semicontinuity of ;7 and to the weak convergences (3.5),
(3.6), (3.8), we infer that © € V4, together with the associated state [@, p] = S(v), is a solution to
(CP). O

The linearized system. Suppose that the general hypotheses (H1)-(H4) are fulfilled. We assume
that a fixed © € V is given, that [, §| := S(U) € H is the associated solution to the state system
(1.1)-(1.6) according to Theorem 1, and that h € V is given. In order to show that the control-to-state
operator is differentiable at v, we first consider the following system, which is obtained by linearizing

the state system (1.1)-(1.6) at [w, p| = S(V):

& — 2div(v(p)DE) — 2div(V (@) n Dw) + (w-V)E+ (€-V)u + V7

= (an—Kxn+F'(@)n)Ve+uVn+h inQ, (3.9)
mAw-Vn = —€-Vo+Alan—Kxn+F'(@)n) inQ, (3.10)
div(¢) =0 inQ, (3.11)
£=10,0", a%(an—K*nJrF”(@)n) =0 on¥, (3.12)
£(0) =1[0,0", n(0)=0, inQ, (3.13)

where
n=ap— Kx*xp+ F(p). (3.14)

We first prove that (3.9)—(3.13) has a unique weak solution.
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Proposition 1. Suppose that the hypotheses (H1)—«(H4) are satisfied. Then problem (3.9)—«3.13) has
for every h € V a unique weak solution [€, 1] such that

g S Hl (07 T7 (‘/d’b’u),) N OO([Ou T}) Gdiv) N L2(07 T; Vdiv)»
ne Y0, T;V")nC®[0,T); H) N L*(0,T; V). (3.15)

Proof. We will make use of a Faedo-Galerkin approximating scheme. Following the lines of [12], we
introduce the family {wj}jeN of the eigenfunctions to the Stokes operator A as a Galerkin basis in
Viaiv and the family {1;};en of the eigenfunctions to the Neumann operator B := —A + [ as a
Galerkin basis in V. Both these eigenfunction families {w, } ;e and {1;};en are assumed to be
suitably ordered and normalized.

Moreover, recall that, since w; € D(A), we have div(w;) = 0. Then we look for two functions of
the form

£.(t) = al” (Hw;, Zb“‘ ()5,

J=1

that solve the following approximating problem:

(0, (1), wi)v,,, + 2 (v(B(1) DE, (), Dw;) + 2 (v'(B(t)) nu(t) D(t), Dw;)
+ b(w(t), &, (1), wi) + b(§, (1), u(t), w;) (3.16)
= ((ama(t) = K xma(t) + F"(@(1) 0a(t)) VE(t), wi) + (7(t) V(1) w) + (h(t), w),

O (), i)y = —(V(an, — K 1, + F'(B) ) (1), Vibi) + (@(t) na(t), Vi)
+ (£, P(), Vibi), (3.17)
En(()) = [07 0]T7 77n<0) =0, (3.18)

fori = 1,...,n, and for almost every t € (0,T"). Apparently, this is nothing but a Cauchy problem
for a system of 2n linear ordinary differential equations in the 2n unknowns o™, b, in which,
owing to the regularity properties of [@, ], all of the coefficient functions belong to LQ(O, T'). Thanks
to Carathéodory’s theorem, we can conclude that this problem enjoys a unique solution a™ =

(agn)’ .. ’a%n))T, b .— (bgn), o ’bgln))T such that a’(n)’ b ¢ {1 (0, T;R™).

We now aim to derive a priori estimates for &, and 7,, that are uniform in n € N. For the sake of
keeping the exposition at a reasonable length, we will always omit the argument ¢. To begin with, let
us multiply (3.16) by agn), (3.17) by bg"), sumover? = 1,--- ,n, and add the resulting identities. We
then obtain, almost everywhere in (0,7),

L e+ ) + 2 (%) D&, DE,) + (0 + F(2) V.. )

= —b(,,u,§,) — 2 (V,(@) nn D, DEn) + ((ann K *n, + F"'(@)n.) VP, €, )
+ BV, €,) + (h§,) — (nnva — VK * 1y, Vﬁn) (Mn FW( ) Vo, vnn)
+ (W, Vi) + (£, P, V). (3.19)
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Let us now estimate the terms on the right-hand side of this equation individually. In the remainder
of this proof, we use the following abbreviating notation: the letter C' will stand for positive constants
that depend only on the global data of the system (1.1)—(1.6), on ©, and on [w, |, but noton n € N;
moreover, by C, we denote constants that in addition depend on the quantities indicated by the index
o, but not on n € N. Both C' and C, may change within formulas and even within lines.

We have, using Hoélder’s inequality, the elementary Young’s inequality, and the global bounds (2.15) as
main tools, the following series of estimates:

6(€0, @ &,)] < €l VBl 1€ < CIVE ull a2 [I€,
< €|IVEI* + Ce @iz 1€,117, (320)

2 (V' (@) m Du, DE,) | < Clinullrage) | D8l agayex2 | VE, |
< e|[VEI? + Ce (lmll® + 1l IV0all) 1 D] 4 g2 <2
< €[[VENP + Cell@lize 1nal? + € 1Vnall? + Cee V] 1T 71202 7117

< €VE I + € IVmll® + Cee Tl 52 Inal%, (3.21)

(@, — K« + F"(@)02) VP, €,) | < Clmall 121 200 1€l 24522
< Clmall IVEL < €llVE* + Cellmall?, (3:22)

((EV, &) = [(0a V)| < VAl L@z [l 1€l 1@z < CIVE, ]l

< €| VEI1? + Ccllmll?, (3.23)
(R, €, < ClEN? + C A3, (3.24)
|(1.Va — VK %1, V)| < Clnall Vol < € IVnl* + Co [lnal*- (3.25)

Moreover, also employing the Gagliardo-Nirenberg inequality (2.1), we find that

| (@) VZ, V)| < C il IV@llzayz [V nal
< Cllmall + Iall2 1¥9a012) 190l < € IV0a]17 + Cer lImall?, (3.26)

@10, V)| < @ sy 1l aey V00 < C (Imall + a2 1V 001M2) 1 V0|
< I Vmll? + Ceo ||mall?, (3.27)

(6., Vi)l < ClBllazi@ 1€ IVl < € IVll® + Co 111" (3-28)

Hence, inserting the estimates (3.20)—(3.28) in (3.19), applying the conditions (2.3) in (H2) and (2.6)
in (H3), respectively, to the second and third terms on the left-hand side of (3.19), and choosing € > 0
and ¢ > 0 small enough, we obtain the estimate
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d . .
U&7+ Imall®) + 21 (IVELIE + & [Vl
< O (1 + [[allfz(2) (1€.117 + lmal?) + C RIS (3.29)

Since, owing to (2.15), the mapping t — Hﬂ(t)”%#(mz belongs to L'(0, T"), we may employ Gron-
wall’s lemma to conclude the estimate

”En||L°°(O,T;Gdiv)ﬂlz?(O,T;de) < CHh“V?
||Tln||L°°(0,T;H)|"]L2(O,T;V) < O ||h'||V forall n € N (330)

Moreover, by comparison in (3.16), (3.17), we can easily deduce also the estimates for the time deriva-
tives 0;&,, and 0;1),,. Indeed, we have

||at€nHL2(O7T;(de)/) S C Hh”y, ||3t'r]nHLz(07T;V/) S C Hh”y forall n € N (331)

From (3.30), (3.31) we deduce the existence of two functions &, 7 satisfying (3.15) and of two (not
relabelled) subsequences {&,,}, {n.} (and {9;€,,}, {0, }) converging weakly respectively to &,
(and to &,, n;) in the spaces where the bounds given by (3.30) (and by (3.31)) hold.

Then, by means of standard arguments, we can pass to the limit as n — oo in (3.16)—(3.18) and
prove that &, 7 satisfy the weak formulation of problem (3.9)—(3.13). Notice that we actually have the
regularity (3.15), since the space H'(0,T; (Vu,)') N L*(0,T; Vy,) is continuously embedded in
C°([0, T); G i ); similarly we obtain that € C°([0, T']; H).

Finally, in order to prove that the solution &, 7 is unique, we can test the difference between (3.9),
(3.10), written for two solutions &, 71 and &, 12, by & := &, — &, and by 1 := 1, — 1), respectively.
Since the problem is linear, the argument is straightforward, and we may leave the details to the reader.

O

Remark 2. By virtue of the weak sequential lower semicontinuity of norms, we can conclude from the
estimates (3.30) and (3.31) that the linear mapping h +— [£€", 7", which assigns to each h € V
the corresponding unique weak solution pair [£™, "] := [£, 7] to the linearized system (3.9)-(3.13),
is continuous as a mapping between the spaces V' and [HI(O,T; (Vain)") N CO([0, T); Gain) N
L*(0,T; Vain)] x [H'(0,T; V)N C°([0,T); H) N L*(0,T;V)].

Differentiability of the control-to-state operator. We now prove the following result:

Theorem 3. Suppose that the hypotheses (H1)—(H4) are fulfilled. Then the control-to-state operator
S 'V — 'H is Fréchet differentiable on ) when viewed as a mapping between the spaces V and Z,
where

2 := [C([0, T); Gain) N L0, T5 Vi) | x [C([0,T1; H) 0 L*(0, T; V).

Moreover, for any T € V the Fréchet derivative S'(T) € L(V, Z) is given by S'(T)h = [€", 1",

for all h € V, where [.Sh, nh] is the unique weak solution to the linearized system (3.9)—3.13) at
[w,p] = S(v) that corresponds toh € V.
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Proof. Let v € V be fixed and [u,p] = S(v). Recalling Remark 2, we first note that the linear
mapping h — [€™, "] belongs to L(V, Z).

Now let A > 0 be fixed. In the following, we consider perturbations h € V such that ||k, < A.
For any such perturbation h, we put
[w" " :=S@+h), pri=ut-m-€", ="
Notice that we have the regularity
p" € H'(0,T;Vy,) N C%([0, T; Gaiw) NV L*(0, T Vi),
" e HY(0,T; VYN C%[0,T); H) N L*(0,T;V). (3.32)
By virtue of (2.15) in Theorem 1 and of (2.17) in Lemma 2, there is a constant C] > 0, which may

depend on the data of the problem and on A, such that we have: for every h € V with ||h|, < A it
holds

[l "l < CFy ¢ oo < O (3.33)

lu® — ﬂ"%O([O,tLGdiv)ﬂLQ(0,t§Vdiv) + [lo" ~ @H?{1(o,t;H)mCO([O,t];V)OLQ(O,t;HQ(Q)) <& Hh”‘%
for every ¢t € (0,77 . (3.34)

Now, after some easy computations, we can see that p®, ¢ (which, for simplicity, shall henceforth be
denoted by p, g) is a solution to the weak analogue of the following problem:

P, — 2div(v(p)Dp) — 2div((v(¢") — v(@))D(u" — @) — 2div((v(¥") — v(p) — V(P)n") D)
+(p - V)u+ @ V)p+ ((u"—7u) V) (u"—u)+va"
=a(e"-P) V(" —p) = (K (" —9)) V(" = @) + (aqg— K xq) Vp
(a@ ~ K x9)Vq+ (F'(¢") = F'(@) V(" = %) + F'(%) Vg
) h

+ (F'(¢ F'(g) — F'(®)n™) Vg in Q, (3.35)

+ (uh—a)- V(" -9)+p-Vo+u-Vqg
= A(aq —Kxq+ F(¢") = F'(®) - F'®)n") inQ, (3.36)
div(p) =0 in Q, (3.37)
p=10,0]", %(aq —Kxq+F(¢") - F(p)— F'(p)n") =0, onX, (3.38)
p(0) =1[0,0]", ¢(0)=0, inQ. (3.39)

That is, p and g solve the following variational problem (where we avoid to write the argument ¢ of the
involved functions):

(P, w)v,, + 2 (v(@)Dp, Dw) + 2 (((¢") — v(p))D(u" — @), Dw)
+ 2 ((V(gph) —v(®) — V' (p)n™) D, Dw) + b(p,w,w) + b(w, p, w)
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+ b(ul -, u" —w, w)

= (a (" =P)V(" —0),w) — ((K * (¢" = 9)) V(" — 7), w)
T ((aq - K )V w) + (a7 — K x5)Va,w) + (F(o") - F'(2)V(g" - 7), w)
+ (F'(®)Vg,w) + ((F'(¢") = F'(p) = F'(e)n") Ve, w) , (3.40)
<qt,@/»>v+((u —u) V(" -9),%)+ (p- Ve, ¢) + (w- Vg, ¢)
—(V(ag— Kxq+F'(o" = F(p) — F'(®)n"™), Vi), (3.41)

for every w € Vy;,, every ¢» € V, and aimost every t € (0, 7).

We choose w = p(t) € Vi, and ¥ = q(t) € V' as test functions in (3.40) and (3.41), respectively,
to obtain the equations (where we will again always suppress the argument ¢ of the involved functions)

3ol 42 [ V@D Dpde +2 [ () - v@) Dt~ ) Dpa
+ 2/91/(@)qpﬁszdx +/Qz/’(a{‘) (" —®)*Du : Dpdx +/Q(p-V)ﬁ-pdx
—l—/Q((uh—ﬁ)-V)(uh—ﬁ)-pda:
— [ale" oVt ) o [ (K1 (" -P) V(6" - ) pda
—i—/ﬂ(aq—K*q)VE'pdaE +/Q(a¢—K*¢)Vq~pdx
+ [ (P - F@) = 5) pdo + [ Pe)a-pds
+ [ P@uve-pde+ g [ bt 97 Ve pds, B.42)

Gl + [ (@ =) 9" =) gdo + [ (b Vo) qds

N | —

— /Q Vq-V(ag—Kx*q+ F' (") — F'(p) — F'(p)n") dz. (3.43)

In (3.42), we have used Taylor’s formula

A) = v(R) +V@)(e" ~B) + 5 )"~ )

(") = (@) + F'@)(e" ~7) + 5 F"(o)(e" ~ B)"

where
ol =0+ (1 —0Mp, oh =60"(x,t) € (0,1), fori=1,2.

Moreover, in the integration by parts on the right-hand side of (3.43) we employed the second boundary
condition in (3.38), which is a consequence of Guh/an = 0Ju/On =0 on ¥ and of (3.12) (where
ph = aph — K x o + F'(¢")).
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We now begin to estimate all the terms in (3.42). In this process, we will make repeated use of the
global estimates (3.33), (3.34), and of the Gagliardo-Nirenberg inequality (2.1). Again, we denote by
(' positive constants that may depend on the data of the system, but not on the choice of h € V) with
|h|ly < A, while C,, denotes a positive constant that also depends on the quantity indicated by the
index o. We have, with constants ¢ > 0 and € > 0 that will be fixed later, the following series of
estimates:

2 / (") ~ (@)D" —u): Dpda| = |2 / /(o}) ("~ 7)D(u" —): Dp |

< Clig" = BllLs | D(u” = @)l a2 || Dp]

< €| Vpl* + Celle™ = BIV IV (u” — @)l ([u”ll 202 + [l 20)2)
< €| Vpl* + C V(" =)l (lu"lln2(2 + [[@llm2@)2) [R5, (3.44)

as well as
2 [ v(®)aDw:Dpds| < Cllaluse) DTl |95
Q

< €|IVpl* + Ce llall lallv IVl [[al] 20y
< e|[Vpl® + €[IVal® + Ceo (14 [[TlIF202) llall*- (3.45)

Moreover, by similar reasoning,

| [ (68 (" - 9 DuiDpds| < C 6" = Gl DTl s [ 95
Q

< e|Vpl* + Celle® = Blv 1@y < ellVPI* + Cell@lzz g IRy (3.46)

| [ Vya-pds| < [pllsoy IVl o]
Q

< €| Vpl* + Cclfllia e Il (3.47)

‘/Q((uh_ﬁ)-V)(uh_ﬂ).pd:p‘ = ’/Q((Uh—ﬂ)'v)P'(uh—ﬁ)dx

< €| Vpl* + Cellu” =@l s qp < €| VPl + Cclu® —a|*||V(u" — )|

< VPl + OV @) .48)
h _ —=\2
[t -avet -9 pir = - [ 2 g0 pas
Q Q
< Cllpll e ~ Bl < Il + Clie™ ~ It < llpl* + Cllal, (2.49)

—A(K*<wh—¢>)v(wh—¢)'pdﬂc = A(VK*(wh—a))<w“—@)-pdx

< Clle™ =Bl €™ =@l Ipllae < VoIl + Celle™ —2l1* [l — 2}
< €| Vpl® + Cc ||y, (3.50)
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/(aq—K*Q) Ve -pdr < Cllgl VPl Ipllawe < €l Vpll® + Cellal®, (351)
Q
/(W—K*E) Vg pdzr < Cl@luz@ IVal lpll < €[Val* + Celp]?, (3.52)
Q

/Q (F'(") — F'(@) V(" —7) - pda = / F'(o%) (¢" — B V(¢ — ) - pde

< Clle" =2llrae V" =) Py < €l Vpl® + Ce "™ —2lly

< e||Vp|* + Cc|h|y, (3.53)
/ ?)Vq-pdr < C||Vq|llpll < €|Val* + Co|lp|?, (3.54)
/ ?) aVe - pdr < C gl IVl Iplliioe < clVpI® + Collal®,  @58)

///

(" =) Vg -pdr < C|e" =Bl IVPlLip IPlli@

DN | =
\

< 6HVPH2 + Celle™ =Blly < €l Vpl* + Cellhlly. (3.56)

Observe that in the derivation of (3.48), (3.49), and (3.50), we have used (3.37) and the first boundary
condition in (3.38), while in (3.44), (3.53), and (3.56), we have set o := 07" + (1 — 0%)p, where
O = 07 (x,t) € (0,1),forj = 3,4.

Let us now estimate all the terms in (3.43). At first, we have

[ (=) V(" =) ada] < [ = e 196" =2 el
< IV @t )| [kl (194] + la])
< IVl + all* + Coll V(" ~ PRI (257)

| |- V@) ada] < Ipllise [98lusiar ol < C pllscar [l lal

< e|[Vpl* + Ccllall*. (3.58)
As far as the term on the right-hand side of (3.43) is concerned, we first observe that we can write

Fl(e") = F'(p) — F'@)n" = (¢" — p) /0 [F"(re" + (1 —1)p) — F'(p)] dr + F"(9) q.

Therefore, we have
V(F(g") - F'(@) - @) = V(o" —p) / [F"(roh + (1 — 7)) — F"()]dr

") / [F"(roh + (1 - D) (V" + (1 - 1)VP) — F"()Vp]dr
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F”( )Vq + QF”/(QD)VQO
= V(" -9 /0 /O F"(s(re" + (1= 7)) + (1 = 5)9) (r¢" + (1 = 7)% — P)ds dr
+ =9 [ [+ (- npIr (et - 7)

+ VE/O F® (s(rgoh +(1-7p)+ (1 - s)@) (to"+ (1 - 7)7 —P) ds] dr

+ F"(9)Vq + ¢ F"(p)Vep

= An (" —P)V(e" —P) + Br (¢" — 9)’Ve + F'(®)Va + ¢F" (2) VP, (3.59)

where we have set

2|

1 1 1
h = / 7'/ F" (st + (1 — s7)@)dsdr + / T F"(ro" + (1 —7)p)dr,
0 0 0

1 1
—/ 7'/ FW (st + (1 — s7)p) dsdr.
o Jo

Observe that in view of the global bounds (3.33) we have

ol
>

| AnllL=(@) + | Brll=@) < Cs, (3.60)

with a constant C'; > 0 that does not depend on the choice of h € V with ||k||), < A.

Now, on account of (3.59), the expression on the right-hand side of (3.43) takes the form

- / Vo-V(aq— Kxqt F(e" — F'(@) ~ F'@n") de
—(Vg, (a+ F"(9))Va) — (Vg ¢ F"(@)VE) — (Vg, ¢ Va — VK xq)
— (Va, An (¢" = P)V(¢" = D)) — (Va, Br (¢" = 9)* Vi), (3.61)
and the last four terms in (3.61) can be estimated in the following way:

|(Va,aF"@)Ve)| < ClIVallllallzaw IVl L@
< ClIVall (llall + gl [IVgll'?) < € IVal* + Ce gl (3.62)

|(Vq,qVa— VK xq)| <C|Vqlllall < €IVal* + Colqlf, (3.63)

|

Va, An (" = 2)V(e" = 9))| < C V(" = D)l 9" — Blla@ I V4l

< €IVall* + Colle™ = BlI} ™ — Bl
< €Vall* + Co " = Bllire@ IR, (3.64)

|(Va, Br (¢" = 9)° V)| < C[Valllle™ = BllTs ) IVPl 12
< dIVgl]* + Colle™ —3lly < €|Val]* + Co|h]f3 . (3.65)
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We now insert the estimates (3.44)—(3.56) in (3.42) and the estimates (3.57), (3.58) and (3.62)—(3.65)
in (3.43) and recall (3.61) and the conditions (2.3) and (2.6). Adding the resulting inequalities, and
fixing € > 0 and € > 0 small enough (i.e., ¢ < /22 and ¢ < ¢;/16), we obtain that almost
everywhere in (0, T") we have the inequality

%(thH2 +d"1?) + o VPP + e [V 1P < a (™1 + [lg"]°) + Br.  (3.66)
where the functions a, B, € L'(0,T) are given by
a(t) = C (1+ [@(t)[Fr2@e)
Bu(t) = C Ry (1 + (1) [F2@2) + ClRIS (HV(U" —@)O)* + I(¢" = D)D)l
+ IV @t = @)@ (1) |20z + @D l0r2) )
Now, since ||h||y, < A, it follows from the global bounds (3.33) and (3.34) that
T
| onttyar < cn.
Taking (3.39) into account, we therefore can infer from Gronwall’s lemma that

IP" o060y + 1P 1220100y + N ey + 0™ 22070y < C IR

Hence, it holds

IS@+h) - S@© — " 0"z _ lp" "]z 1/2
= < Clhlly™ =0,
IR]lv 1Rl
as ||h||y, — 0, which concludes the proof of the theorem. O

First-order necessary optimality conditions. From Theorem 3 we can deduce the following neces-
sary optimality condition:

Corollary 1. Suppose that the general hypotheses (H1)—(H4) are fulfilled, and assume thatv € V,q4
is an optimal control for (CP) with associated state [w, ] = S(U). Then it holds

&[%@—%%¢Mﬁ+&Kﬂ@w@%wﬁ+&4@m—m%@mw

T
+ 64/(¢(T) — o) n™(T) dx + 7/ /6- (v—o)dxdt > 0 Vv € Vy, (3.67)
Q 0 JQ

where [£h , nh] is the unique solution to the linearized system (3.9)—3.13) corresponding to h =
vV — .

Proof. Introducing the reduced cost functional f : V — [0, 00) given by f(v) := J(S(v), v), for
allv € V,where 7 : Z x V — [0,00) is given by (1.7), and invoking the convexity of V,4, we have
(see, e.g., [45, Lemma 2.21])

f@w-2)>0 VYove V. (3.68)
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Obviously, by the chain rule,
f(v) =T (S(w),v) o S'(v) + T, (S(v),v), (3.69)

where, for every fixed v € V, J; (y, v) € Z'is the Fréchet derivative of J = J (y, v) with respect
toyaty € Z and, for every fixed y € Z, 7, (y,v) € V' is the Fréchet derivative of 7 = 7 (y,v)
with respect to v at v € V. We have

jy/(?J?”)(C):51/0T/Q(U—UQ)-C1dxdt +62/0T/Q(90—¢Q)<2dxdt

4 [ (D)~ un) - (D) de + By [ (A7) = o) G(T) d
Q Q
V(=1[¢1,¢] € Z, (3.70)
where y = [u, ¢|. Moreover,
T
j{,(y,v)(w)zv//v-wd:vdt Yw € V. (3.71)
0 Ja
Hence, (3.67) follows from (3.68)—(3.71) on account of the fact that, thanks to Theorem 3, we have
S'(@)(v —o) = [£" ",
where [Eh,nh] is the unique solution to the linearized system (3.9)—(3.13) corresponding to h =

v — . O

The adjoint system and first-order necessary optimality conditions. We now aim to eliminate the
variables [ﬁh, nh] from the variational inequality (3.67). To this end, let us introduce the following

adjoint system:

Py = — 2dv(v(®@) Dp) — (@-V)p+ (B-V)u + (VE - fi(w — ug), (3.72)

@ = — (aAq + VKiVq + F"(9) Aq) —u-Vq + 2V (p) Du : Dp
—(@p-Vo-Kx* (D -Vp)+ F'(@)p-Vo) +p-Vi— (@ —¢q), (B73)
div(p) = 0, (3.74)
p =0, % =0 onX, (3.75)

on

p(T) = B@(T) —uq), qT)=BB(T) — pa). (3.76)

Here, we have set

(VK#Vq)(z) := /QVK($ —y)-Vq(y)dy fora.e. x€Q.

Since uq € Gy, o € H, the solution to (3.72)—(3.76) can only be expected to enjoy the regularity

1/\5 S H1(07 T) (de)/) N C([07 T]a Gdiv) N L2(07 Ta ‘/div)a
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g€ H 0, T;VYnC([0,T]; H) N L*(0,T; V). (3.77)

Hence, the pair [p, q] must be understood as a solution to the following weak formulation of the system
(3.72)—(3.75) (where the argument ¢ is again omitted):

<pt7 >de ( (@)D/ﬁa DZ) = _b(ﬂaﬁvz)+b(zvﬁ7i§)
+ (WQ% ) ((E_U’Q)vz)v (3.78)

(@ X)v — ((a+ F"(@)Vq, Vx) = (Va+ F"(@)Ve,xVq) — (VK*Vq x) — (- V, x)
+2(V(®)Du: Dp,x) — ((ap- Vo — K = (p-Vp) + F'(@)p- VP), X)
+ (P VI X) = 5% — va): X): (3.79)

for every z € Vy;,, every x € V and almost every t € (0,7"). We have the following result.

Proposition 2. Suppose that the hypotheses (H1)—«(H4) are fulfilled. Then the adjoint system (3.72)—
(3.76) has a unique weak solution [p, q| satisfying (3.77).

Proof. We only give a sketch of the proof which can be carried out in a similar way as the proof of
Proposition 1. In particular, we omit the implementation of the Faedo-Galerkin scheme and only derive
the basic estimates that weak solutions must satisfy. To this end, we insert p(t) € Vy;, in (3.78) and
q(t) € H in (3.79), and add the resulting equations, observing that we have b(u(t),p(t), p(t)) =
(u(t) - Vq(t),q(t)) = 0. Omitting the argument ¢ again, we now estimate the resulting terms on the
right-hand side individually. We denote by C' positive constants that only depend on the global data
and on [u, P|, while C,, stands for positive constants that also depend on the quantity indicated by
the index o. Using the elementary Young’s inequality, the Hélder and Gagliardo-Nirenberg inequali-
ties, Young’s inequality for convolution integrals, as well as the hypotheses (H1)—-(H4) and the global
bound (2.15), we obtain (with postive constants € and ¢’ that will be fixed later) the following series of
estimates:

/Q(ﬁ-VT)ﬁ-T?dx‘ < Bl IVl sz 1Pl < eIV + Ce [@llf2 ) DI,

797 aa| < 11 1980 [Bllsar < e IVBIF +C. |l

o~ s ~ LT
b [ @=0) pia| < 6 ol 7l < 1B+ 7 1w — ol

|97 (Va+ F"@)V5) da| < Cic |71V + C s IV 19

< Cr lalIval + ¢ (gl + gl 1vgl2) [1Vgll 2]l

< €Ivall* + Ce 11,

| [ (VK das| < cclvallal < ¢ IVal° + el
Q

2 [ (/(7) DwsDB) Gae| < CDwN 1102 195 [ 5
Q
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< C 1Dl 10BN (I + 1 V) ?)
< e IVBI + € [V + Coor (1+ [lzare) I
| [(@B- V) da| < Cc Bl 198 17 < CIVB
< e |IVBI + CcJal®
| [ K« ve)dda| < Cucllplusar IVPlas ) < CIVEI

< €| VplI* + Cc |lall?,

| F@@- Vo) < CIvEl Il < <IVEIF+ .l

-V 7ds] < [l IVilar 1] < €l 1931171 < V3 + C. 17

_ - _ ~ e B
. [ (P = v)dds] < Ballp = poll I < 1A + 2 17— ol

Fixing now € > 0 and ¢ > 0 small enough (in particular, 7¢ < 7,/2 and 3¢ < ¢;/2), and using
(2.3) and (2.6), we arrive at the following differential inequality:

d , - - ~ . ~ . ~
7 (IBI” +11a”) + o (Il + 1a1°) +6 > 21 [VPI* +é [V, (3.80)
where the functions o, 6 € L'(0,T) are given by

o(t) = C 1+ @) lfqp).  0t) =C (B —ue)®)* + 55 (@ — ) )I).

By applying the (backward) Gronwall lemma to (3.80), we obtain

T
- > -~ >~ TO'T T
BOIF + 130)1° < [[BOI + GO+ [ or)dr] el =
t
< C [IB)12 + 13T + 5 | = woll} + 817 - poll;
> b q 11U = UQIL2(0,T;G asv) 2 1P — PallL2Q) |»

forallt € [0, T]. From this estimate, and by integrating (3.80) over [t, T'], we can deduce the estimates
for pand ¢in C°([0, T; G i) N L2(0, T; Vi) and in C°([0, T); H)N L%(0,T'; V'), respectively. By
a comparison argument in (3.72), (3.73), we also obtain the estimates for p, and ¢; in L*(0,T; V.. )
and in LQ(O, T; V'), respectively. Therefore we deduce the existence of a weak solution to system
(3.72)—(3.76) satisfying (3.77). The proof of uniqueness is rather straightforward, and we therefore
may omit the details here. O

Using the adjoint system, we can now eliminate Eh, nh from (3.67). Indeed, we have the following
result.

Theorem 4. Suppose that the hypotheses (H1)—«(H4) are fulfilled. Letv € V,4 be an optimal control
for the control problem (CP) with associated state [w, p] = S(v) and adjoint state [p, q]. Then it
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holds the variational inequality

T T
’y//6-(’0—6)dwdt+//fo-(v—ﬁ)dmdtZO Vv € V. (3.81)
0 JQ 0 JQ

Proof. Note that thanks to (3.76) we have for the sum (that we denote by Z) of the first four terms on
the left-hand side of (3.67)

5 /OT/Q@—uQ) -ghdxdth/oT/Q(@—m)n"dwdt%/ﬂ(ﬂ(iﬁ) —uq) - €M(T) da

v @) - gt = [ @) ehara v [ [ ot dvar

" / (Bu(6), €7 (v, + (€. BB, ) dt
" / (@), (v + (). 30 dt. 3.62)

Now, recalling the weak formulation of the linearized system (3.9)—(3.13) for h = v — v, we obtain,
omitting the argument ¢,

(& P)va, = —2(v(@) DE", Dp) — 2 (V'(¥) " Du, Dp) — b(w.&", p)
- b(&" @, p) + ((an — K"+ F'(@)n") VP, p)

+ (EVvn",p) + (v-v,p), (3.83)
Qv = — (V(an" = K«n"+ F'(®)n").Vq) + (un", Vq)
+ ("9, VY. (3.84)

Now, we insert these two equalities as well as (3.78) and (3.79) in (3.82). Integration by parts, using
the boundary conditions for the involved quantities and the fact that Eh and p are divergence free
vector fields, and observing that the symmetry of the kernel K implies the identity

/(K*n)wdx = /(K*w)nd:p Vn,we H,
Q Q

we arrive after a straightforward standard calculation (which can be omitted here) at the conclusion

// (v—o)dxdt.

Therefore, (3.81) follows from this identity and (3.67). O

that Z can be rewritten as

Remark 3. The system (1.1)—(1.6), written for [w, |, the adjoint system (3.72)-(3.76) and the varia-
tional inequality (3.81) form together the first-order necessary optimality conditions. Moreover, since
V.4 is @ nonempty, closed and convex subset of LQ(Q)Q, then (3.81) is in the case v > 0 equivalent
to the following condition for the optimal control © € V4,

6:1@Vad(—§),
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where P,  is the orthogonal projector in L?(Q)? onto V,q4. From standard arguments it follows from

this projection property the pointwise condition

U;(z,t) = max {va,i(x,t), min {_771@@7”7 vbﬂ-(x,t)}} ,i=1,2, fora.e. (x,t) €Q,

where p; = p;, i =1, 2.
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