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Ural State University, Pr. Lenina 51, 620083 Ekaterinburg, RUSSIA

November, 1995

Abstract

The problem of controlling stochastic linear systems with quadratic criterion
is considered. A class of optimal controllers which are equivalent to the separa-
tion theorem regulator is determined. For all of such controllers the quadratic
functional has the same value. The effects of disregarded disturbances which are
modeled by random noises in the dynamic block of the regulator are investigated.
It is shown that the equivalent (in the classic propounding) controllers respond to
these noises in different ways. Sometimes an ”equivalent optimal” regulator may
be less receptive towards additional disturbances than the standard one (which
comes from the separation theorem). The optimal regulator is found which takes
into account the presence of such noises. ‘
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1. Introduction

This work deals with the problem of finding an optimal feedback control for stochastic
continuous-time system under incomplete information. In the case of Linear-Quadratic-
Gaussian assumptions, the standard solution is given by the separation theorem [1] via
two separate problems: estimation and control. Here we consider other regulators of
the same structure (dynamic block+ feedback) which minimize the quadratic functional
but don’t satisfy the separation principle. :

The note is structured as follows. In Section 2, an equivalent controller conception
is introduced and the constructive description of such controller class is given. The so-
lution of only one additional matrix Riccati equation is required to design an equivalent
regulator. Since the quadratic criterion has the same value for all class determined,
the separation theorem gives us only one of the possible presentations of the optimal
control. :

In practice, functioning of an optimal regulator is inevitably accompanied by dif-
ferent distortions connected with analogous or digital simulation of the dynamic block.
For the estimation problem, a simple method was suggested to take account of such
misrepresentations [2],[3]. Errors of all sorts were modeled by random noises in dynamic
block of the observer. The present note deals with similar regulator investigations and
goes along with numerous works on robust control [4],[5]. In Section 3, we consider
the influence of additional noises on the ”optimal” controllers. The equivalent (in the



classic propounding) regulators turned out to respond to these disturbances in different
ways.

Section 4 is devoted to an optimal regulator which takes into account the presence of
such disturbances. The equations for parameters of the optimal regulator are derived.

Gection 5 contains the detailed examination of time-invariant system. It is shown
that the design of an equivalent stationary controller comes to a solution of quadratic
matrix equation. The conditions of the existence of only two solutions ( the separation
theorem regulator and the alternative one ) are presented. An example demonstrates
that the alternative controller may be much better than the standard regulator in case
of additional noises.

2. Equivalent Regulators

Consider a linear stochastic system described by the state equation

(t) = A(t)=(t) + B(t)u(t) + £(), ¢ €[0,T] (2.1)
and measurement equation

i(t) = C(t)a(t) +n(t 22)

where z is a n vector, u is a r vector, y is a m vector; A(t) , B(t) and C(t) are
continuously time-varying matrices of appropriate dimensions. The noise processes.
{f(t)} and {n(t)} are white Gaussian with properties

CE{E(t)} =0, B{Et)é(r)T} = 5(75)5(t—7) S() >0

E{n(t)} =0, E{n(t)n(r)"} = V()§(t — 1), V(t) 2 0

We assume that z(0) = zo is also Gaussian with mean and covariance given by
EZL'Q = My, E($0 - mo)(wo b mo)T = Ao.

Furthermore, zo, {£(%)}, {n(t)}are independent.
A regulator of the following structure is commonly used to control the system (2.1)
dynamic block

A1) = AW)=(t) + BOu() + FOGE) - CO),  (23)
with initial point '
z(0) = 2o
and feedback

u(t) = —F(8)z(2). (2.4)
So, the state vector z(t) of system (2.3) and control signal u(t) from (2.4) depend only

on the set of parameters U = (2, F(t), K(2)).
The cost performance for controlling is quadratic



Tl = B [ QM) + u@) NOu(ld +7(T)C(T)  (25)

where M(t) > 0 and N(t) > 0 are continuously time-varying symmetrical matrices,
G > 0 is a constant matrix, GT = G.
Prove the following result for regulators U = (2, F(t), K (t)) and U = (%0, F(t), K (¢)).
Theorem 1: Let ®(t) be a non-singular matrix for all ¢ € [0,T] that satisfies the
differential equation

® = A()0(t) + ®(t)(F(1)C(t) + B(t)K(t) — A(t)) — B(t)K (¢)— (2.6)
—®(t)F(t)C(t)®(t)
with initial condition
®(0) = 9
and the parameters of U be given by
%o = ®ozo, F(t) = B()F(t), K(t) = K(t)®™(2). (2.7)

Then the control signals u(t) and 4(t) that are formed by U and U are identical for
all t € [0,7] : u(t) = u(¢).
Proof: Show that the state vector z(t) and (t) of regulators U and U are con-

nected by 2(t) = ®(t)z(t). The following expressions directly come from the relations
(2.3),(2.6),(2.7)

L @(1)2(0) = B(1)e(t) + 2(0)3(1) =
= AR®)®(1)=(t) + BE)(F(H)C(t) + BOK(t) — A(t))=(t) — BE)K(8)2(t)—
_B(1)F(H)C()B(t)2(t) + B(1)A(t)2(2) — D) B()K (£)=(t)+
FOOF(E) () — CHR() =
— (A() - BOR )W) + B (y(t) - C12(1)a(1),
®(0)z(0) = ®ozo

Since Z£(t) satisfies the differential equation

5(t) = A(t)2(t) — BOK(£)2(t) + F(H)(5(t) — C(1)2(2)),

with initial condition

5(0) = @02’0

and with respect to the uniqueness of the Cauchy problem solution, we get the necessary
identity
#(t) = ®(t)z(t), t € [0,T]

The following relation that comes from (2.7),

a(t) = —K()2(t) = —K()®(t)®(t)2(t) = —K (t)=(t) = u(t),

completes the theorem proof.
Note 1. I U is given by (2.6),(2.7) then functional (2.5) has the same value for
the regulators U and U : J[u] = J[ii]. Therefore , Theorem 1 gives us a method to
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generate a class of equivalent regulators for any starting regulator U = (zo, F'(t), K(t)).
Actually , we need to solve Riccati equation (2.6) with fixed initial matrix ®¢ to define
the parameters of an equivalent controller by formulas (2.7). So the variety of the
equivalent regulators depends on the amount of such non-singular matrices @, for
which matrices ®(t) ( the corresponding solution of (2.6)) are also non-singular for all
te[0,T].

Note 2. Let matrix ¥(¢) = ®(t) — I, be also non-singular for all ¢ € [0,1]. From
(2.6) it is follows the next equalities

U(t) = A()U() + A®) + T()(F@)C(F) + B($)K(t) — A1)+
+F)C() + B)K(t) — At) — B(t)K(t) — Y(t)F()C (1) ¥(t)—
—Y@)F()C(t) — FO)C[#)¥(t) — F(H)C(t) =
= (A(t) - F()C(1))¥ () + Y(@)(B(H) K (t) — A(t)) — R() F(2)C(¢)¥ ()
From the other side

L _d -1 -1 _d -1 —1p @ -1 d o1
Z(UH1) = Z(UHOTOTD) = (V@) O (V)T O+5 (87 )

That is
d

e = — a1 e
Z(T7H(1) =~ (1) (T ()L (2)

Thus, matrix D(t) = ¥~(t) = (®(t) — I,)™" satisfies the following linear differential
equation

D(t) = D(t)(A(t) — F(t)C(t)) — (A(t) — B(t)K(£))D(t) — F()C(t) (2.8)
with initial condition
D(0) = (@0~ I.)™"

" In this case, the parameters of an equivalent regulator are

2o = (Io+ D (0))=0 ,

F(t) = (I + D) F (), K() = K(£)(In + D(1))""D(#). (2.9)

Further on, we shall consider only optimal regulators ( minimizing the quadratic
functional (2.5)).

Regulator (2.3),(2.4) with parameters given by the separation theorem [1] is com-
monly used to control a system under incomplete information

F(t)= A®)CT®)V7(®), K(t) = N7H(t)BT(t)L(t) (2.10)

where matrix A(t) = E(z(t) — 2(t))(z(t) — 2(¢))T is a solution of differential equation

A(t) = ADA() + AR AT(2) — A CTEVH)CRAR) + S(), (2.11)
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with initial condition

A(0) = Ag
and matrix L(t) is a solution of equation
L(t) = —AT(t)L(t) — L(t)A(t) + L) B()N () BT (¢) L(t) — M(t), (2.12)
with initial condition
L(TY=G

It follows from the consideration above that the separation theorem determines
only one of possible optimal control realizations. Actually, a whole class of equivalent
regulators may be described by theorem 1 for the regulator (2.10),(2.12). Obviously,
all of such controllers are optimal. ‘

3. Regulator with Random Noises in Dynamic Block

In this section, we consider in detail a class of optimal regulators U = (%, F(t), K(t))
that are equlvalent to the separation theorem regulator (2.10)-(2.12) U = (2o, F'(t), K (t)).
Matrices F(t) and K(t) are given by (2.7) where ®(t) is a solution of Cauchy problem
(26). -

* In practice, functioning of an optimal controller is accompanied by different distor-
tions which are connected with analogous or digital simulation of the dynamic block.
In present note , errors of all sorts are modeled by random noises in the dynamic block
of the controller Similar approach to the estimation problem was suggested in [2],[3].

ConS1der the following dynamic block

&(t) = A()(t) + B)a(t) + F(£)(§(t) — C(£)(t)) + v(2) (3.1)
where {v(¢)} is white Gaussian, independent of other system noises random process
with properties E{v(t)} = 0, E{v(t)vT(7)} = Q(¢)é(t — 1), Q(¢) > 0.

We assume

5(0) = @o(mo + 6) | (3.2)

where my = lEmo, and vector 6 that models errors in determination of the dynamic
block initial state, is given by E8 = 0, E06T =0, © > 0.
Let feedback be formed by

u(t) = —K (£)3(t)

The state vector r(t) = ( m(t)é&)z(t) )Of closed-loop dynamic system satisfies the

next equation

M) = A(t) ( )C(t) 0 I, —F(t) —1,
r(t) - ( )C(t) (t) - B(t)f{(t) ] r(t) + [ 0 F(t) I, C(t)’ (3-3)

£(2)
¢@t) = [ n(t) }
v(t)

3
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and initial condition

r(0) = ( %;020 ) .
Then, we have for matrix R(t) = E(r(t) — Er(t))(r(t) — Er(t))?
R(t) = A(H)R(t) + R(t)AT() + T() + Q(2) (3.4)

and initial condition

R(0) = [ Dot 20087 ~8008]
S| —9,007 2,007

Here A(t),T'(t) and Q(¢) are partitioned according to

_ [ A®) - F()C(@) 0 _| e -Q@
A“)‘[ FHC() A(t)—B(t)ff(t)]’ Q(t)‘[—cz(t) Q) ]
D) = [ FOVEE@W) +S@) —FOVE)EF®) ]

T —FOV@EFE)  FOVEEF@) |

In such circumstances criterion (2.5) may by rewritten in such a way
T
J = / tr(M(t)R(t))dt + tz(GR(T)) (3.5)

where

M(t) KT@#)N@)EK () + M(t)

R(t) is.a solution of system (3.4).
Since all system noises are independent, it is easy to prove the following presentation
of functional (3.5)

w1 8 g[8 €]

J=Jo+Jg+J, (3.6)
where

Jo = [ (M) Rol))ds + tx(GRo(T))

is the optimal value of criterion (2.5) in the case of v(¢) = 0,0 = 0 and matrix Ro(t)
satisfies

Folt) = A() Rolt) + AT(t) + T(2) (3.7
with condition »
Ro(O) = l: AOO g ]

The integral

Jo= [ (Mt Bo(e))dt

is a term caused by the influence of indeterminacy of initial value Z, (v(t) = 0,6 # 0)
-and matrix Ry(t) is given by



Ro(t) = A(£)Re(t) + Ra(t)AT(2) (3.8)
with condition [ 067 T
[ 8,087 —0,08]
Ra(0) = | —2:02 087

The integral

J, = / "o (M) Ry (8)dt

is a term caused by additional noise in the dynamic block (3.1) (v(¢) # 0,8 = 0) and
matrix R,(t) satisfies

R,(t) = A(t)R,(t) + R,(t)AT() + Q(¢), (3.9)

with condition
R,(0)=0
With respect to the Note 1 of Theorem 1, Jy has the same values for all regulators
that are equivalent to the separation theorem regulator (2.10)-(2.12). Meanwhile, terms
Js and J, have different values for different ”equivalent” regulators. So, they depend
on matrix ®q. :
Let consider the following example

2(t) = u(t) + £(t), t€l0,1]
g =z(t) +n(t),

Be()e?() = s8(t — 7, En(t)n’() = vé(t — 7)

(3.10)

where

s=00l,v=M=N=1, G=0, Ay =0, ©=0.005 ¢g=0.01

Under such conditions we have J, = 0.005,J = 0.0075 for the separation theorem
regulator (¢o = 1) and J = 0.0066 for one of the "equivalent” regulators (¢o = 150).
Evidently, if there are additional noises (0 # 0,Q # 0) then the separation theorem
regulator is not the best one in the equivalent class. Thus, the problem arises to choose
a parameter ®( that minimizes the quadratic criterion.
To simplify the following discussion, we consider the scalar case

#(t) = a(t)a(t) + b(E)u(t) + £(1), t € [0,T]

y(t) = c(t)=(t) + n(?),
2(t) = a(t)z(t) + b(t)u(t) + F(B)(y(E) — ct)2(t)) + v(2)
u(t) = —k(t)=(t)
E¢()ET(7) = s(t)8(t — 1), En(t)y” (r) = v(t)8(t —7), Ev(t)v"(r) = q(t)8(t = 7)

and , since Jy does not depend on ¢ , we confine to optimization of J = Jy + J,..
It may be easily shown that

J (o) = f ' tr(M(t)R(t))dt
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where

R(t) = A(t)R(t) + R(t)AT(t) + Q(t) (3.11)
_ 20 —p20
R(O)‘:[—fpé@ 70 ]

Let o(t) and 714(t),712(t), 722(t) (the corresponding elements of matrix R(t) ) be
designated as

= ¢(t), ag = 11(t), @z =T12(t), g = Faa(t).
Then the relations (2.6),(3.11) may by rewritten as a system of differential equations
di = ¢i(t, alaa2aa37a4)v 1= 17 273,47 (312)
with conditions

a1(0) = o, a2(0) = 930, a3(0) = =30, as = 3O

where
Pa(tyon) = aa(F(t)e(t) + b()k(t)) — of F(t)e(t) — b(£)k(2)
Pa(t, a1, az) = 2a(a(t) — a1 f(t)c(t)) + ¢(%)
ba(t, on, g, a3) = caen f(t)e(t) + as(2a(t) — ar f(t)c(t) — b(t)k(t)/cn) — q(t)
VYa(t, 1, a3, a4) = 2e103f(t)c(t) + 2aq(a(t) — b(t)k(t)/c1) + q(t)

In this case functional J(yo) has the following form

_ T ’
J(SOO) = L ‘Q(taal)a27 .a3aa4)dt (313)
where
Q(t, a1, 2, a3, aq) = M(t) (a2 + 203 + aq) + E2(£)N(t)as/a?

The necessary condition of extremum j;o = 0 is presented by the integral equation

on N
[ a6+ e Bult) + 5o + o pu()de =0 (314)
where o
Bi(t) = Fpo’ 1=1,2,3,4
satisfy the system in variations
. 0; O0c; (0
i =3 20, 50 = 20,
_7_1 6900

With respect to the equations (3.12), derive the following differential system for f;(¢)
Ba(t) = (F(t)e(t) + b(t)R(t) — 26 (8) f(2)e(t))ul2)

Bal) = —202(2) F(2)e(t)Ba(t) + 2(a(t) — () F(t)c(t)) Ba(t)
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Ba(t) = (F(D)e(t)(a(t) — as(t))) + as(DB(t)R(D) /X (D) Br(t)+  (3.15)
+au (1) f()e(t)Ba(t) + (2a(2) — ax (8) F(£)e(t) — b(t)k(2)/ a(t)) Bs(2)

Ba(t) = 2(s(t) F()c(t) + cu(t)b(t)k(1)/a(2))Bu(t) + 26 (1) F(£)e(t) Ba(t)+

+2(a(t) — b(2)k(8)/ e () Ba(t)

with conditions

B1(0) =1, B2(0) = 2000, B3(0) = —2¢00, B4(0) = 200

Finally, the necessary condition of extremum is (see {3.13),(3.14))

T 2
[ |0utren(0) — 20 Z G 4 sty one) + 28000 + 8o |t = o
(3.16)
Here «;(t), Bi(t) satisfy accordingly the systems (3.12),(3.15) and f(¢), k(t) are the pa-
rameters of the separation theorem regulator (2.10),(2.12). Thus, to solve the problem
we must find the parameter ¢o (see (3.12),(3.15)) for which the equation (3.16) is
* carried out.

We have designed the regulator that is the least sensitive to additional noises. It
is optimal only in the class of regulators that are equivalent to the separation theorem
regulator. The design of an optimal controller with taking into account the presence
of additional noises is examined in the section 4.

4. Optimal regulator

In this section we consider a linear stochastic system (2.1),(2.2) with regulator which
consists of dynamic block

2(t) = A(t)2() + B(t)u(t) + F(£)(§(t) — C(£)=(1)) + v(?) (4.1)
with initial state
z(0) =
and feedback ) :
u=—K(t)z(t) (4.2)
We assume that initial state of dynamic block (4.1) is fixed. Therefore, cost perfor-

mance J{u] from (2.5) depends on the set parameters U = (F(t), K(t)) only. Consider
the following optimal control problem

Ju] — irt}f‘ (4.3)



Theorem 2: The optimal parameters F'(t), K(t) of control problem (4.3) satisfy the

next equalities
R (t) = (A(t) = F(H)C(2)) Ru(t) + RBu(t)(A() — F(H)C )"+

+F(V)FT(t) + S(t) + Q(2)
Ria(t) = (A(t) — F(t)C(1)) Rus(t) + Rua(t)(A(t) — B(E)K (2))T+
+Ru(t)CT () FT(t) — F(O)V () FT(t) — Q(1)

Ras(t) = (A(t) — B(t)K(£)) Raa(t) + Raa(8)(A(t) — B)K (1)) +
+ELOCTMFT(t) + F()C(®) Rualt) + FOVFT() + Q)
Ril(O) = Ao’ Rlz(O) = 0, RZZ(O) =0

Waa (1) + (A(t) = F)C() Waa(t) + Waa(0)(A(t) — FH)C(1)+
FWaa(t)F(1)C(1) + CT () FT (1) WE(E) + M(t) = 0

' Wn(?) + (A(t) — F(t)C (1)) Wha(t) + Wia(t)(A(t) — B()K (t))+

+CT()FT(t)Waa(t) + M{t) = 0
sz(t) + (A(t) = B(t)K ()T Way(t) + Waa(t)(A(t) — B(t)K(2))+
+KT(#)N)K(t) + M(t) =0
Wi(T) =G, Wia(T) =G, Woo(T) =G

V(@) FT(8)(Wi(t) — Wia(t) — W5(t) + Was(2)) =
= C(t)(Ru1 (t)(Wha(t) — Waa(t)) + Raa(8)(Wi5(t) — Waa(2)))

Roa(t) KT ()N (t) = (Riy(t)Wia(t) + Raa(t)Was(t)) B(2)
Proof: Let

e(t) = z(t) — (), r(t) = [ 28; ] , B(t) = [ g;gg gzzg; ]

where

(4.4)

 (4.6)

(4.7)

Ru(t) = E(e(t) — Ee(t))(e(t) — Ee(t))T, Rua(t) = E(e(t) — Ee(t))(2(t) - Ez(2),

Rox(t) = Rf3(t), Bna(t) = E(2(t) — E2(t))(2(2) — E=(t))"

The matrix R(t) = E(r(t) — Er(t))(r(t) — Er(t))T satisfies the differential equation

R(t) = A(t)R(t) + R(t) AT (t) +I'(t) + Q(t)

10
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and initial condition

where '
_ [ Aw - Feew) 0
A(t) = [ F(t)é(t) A(t) — B(t)K(t) ]

_ | FOVEFI(#) +S(t) —F@)V()FI( Q(t) —Q(
re = [ rOvr | FOVEFT ] Q)= [ W ]
Criterion (2.5) has a form
J= /0 (M) R(E)dt + tr(GR(T)) (4.10)
where
Mt M(t G G
M) = [ MEt; K(t)TN(t)IE()t)—}—M(t) ] G = [ G G]

Thus, stochastic problem (4.1)-(4.3) may be rewritten as a deterministic problem to
choose matrices F'(t) and K(t) which minimize the functional (4.10) with restrictions
(4.8),(4.9). The similar approach was used in [6],[7].

Lagrange function for this variational problem is

H = H(R,W,F,K) = tr((A(t)R(t) + R(t)AT(t) + T(t) + Q(t))W(t)) + tr(M () R(t))

where W = W Wi is a matrix of Lagrange multipliers.
Wa Wae ‘ A ;
The necessary conditions of extremum are presented by the system
- OH . . '
R= o R(0) =Ry (4.11)
. oH
W= 3R’ W) =6 (4.12)
0H OH

Using the relations

X X Yiu Yo
X [ X1 X } ’ [ Yoo Yao }

tr(X +Y) = te(X) + tr(Y)
tr(XY) = tr(YX) = tr(X11 Y11 + X12Y21 + Xn Y12 + X22Y23)

we have the next representations

t2((AR + RATYW) = tx((ATW + WA)R)

g 4.14
7 AR+ RAT+T +Q (4.14)

11



OH

AW W 4.1
g = AW+ WA+ M (4.15)
OH T
oF = ~2C(Bu(Wit = Wia) + Ria(Wis — Wan))+ (4.16)
+2VFT(W11 - Wl2 - Wg + WZ?)
OH T T
ag = ~2BLWu + RaWn)B + 2RnK'N (4.17)

It follows from (4.14)-(4.17) that necessary conditions (4.11)-(4.13) can be written
as system

R=AR+RAT +T+Q, R(0) = R,
W=ATW+WA+M,W(T)=G

—C(Ry1 (Wi — Wig) + R12(W112; — Waa))+
+VFT (W — Wig — WL +Wy)=0

—(RELWia + RysWos) B + Ry KTN =0

* Using the block representation of matrices R, AT, Q,W, M,G we have equations
(4.4)-(4.7).

5. Time-Invariant Systems

Consider a time-invariant system

#(t) = Az(t) + Bu(t) + £(2), (5.1)
i(t) = Ca(t) +n(?) (5:2)

where

E{¢(t)} =0, E{¢(t)é(r)"} = S6(t—7), >0

E{n(t)} =0, E{n(t)n(r)T} = Vé(t—r), V>0

To control the system (5.1) let design a regulator that consists of dynamic block
| 2(t) = Az(t) + Bu(t) + F(g(t) — Cz(t)) (5.3)
and feedback

u(t) = —Fz(t). | (5.4)
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In this case the quadratic criterion is
J[u] = lim B[z () Ma(t) + u” (£)Nu(t)], M > 0,N > 0 (5.5)

We assume that (A, B) is stabilized and (A, C) is detectable. Then, sets F = {F |
A— FC—stable} and K = {K | A — BK —stable} are not empty. Regulator (5.3),(5.4)
with parameters U = (F, K)(F € F,K € K) will be called stabilizing. For any of such
regulators a closed-loop system '

A=A +p (5.6)

where

- (20)w0= (£0) 4= a5 e

and control signal (5.4) have stationary distributed states A = ( : ) ,u = —Kz that

are independent of zo,zp. The second moment matrix A = EANT of stationary dis-
tributed state A satisfies the equation

AA+AAT +T, =0 (5.7)
where .
| L[5 o
10 FVET |-
In this circumstances functional (5.5) is '
J[u] = Elz" Mz + uTNu] = tr(MAy; + KTNK As), (5.8)

Here Aj1, Agy are the corresponding parts of matrix A

| A A12' AT
A= [Am Azz]’ Az = A,

Consider a stabilizing regulator U = (F, K) and some regulator U = (F, K), and
prove the following result. )
Theorem 3: Let the parameters of regulator U be given by

F=0F K=K (5.9)
where non-singular matrix ® satisfies the equation
AP+ O(FC+BK—-A)—®FC®—- BK =0. (5.10)

Then

1) regulator U is also stabilizing
FeF KeKk; (5.11)
2) the following correlation is carried out

EzzT = Fz3%, Ewu® = Eaa” (5.12)
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z

N

for stationary distributed states A = ( z ) , A= ( ) and stationary distributed

controls u = —Kz, i = —K% that correspond to regulators U, U.
Proof: Consider matrices

A-FC 0 _[A-FC 0 L I,-9
4=1"Fc A—BK]’Al_[ Fc A-BI”{]’D‘[O I, ]

With respect to (5.9),(5.10) , we have A = D' A; D, i.e. matrices A and A; are similar.
Formula (5.11) follows directly from the coincidence of the similar matrices spectra.
Matrix A = EX)T satisfies the equation

AA+AAL +8=0

where

A=| A -BK s=|% .0
TV FC A-BEK—-Fc|”° |0 FVET |~

Using (5.9),(5.10), it is easily shown that A from (5.7) and A are connected by

R=8AST, § = [ﬁ“ g]

Equalities (5.12) come directly from the following relations

E$$T = A11, Ei‘.’;)T = An,

Euu® = KAp KT, Eaial = KAypKT
Aoy = BA®T, K = K&71,

Theorem is proved.

Note, the quadratic criterion (5.8) has the same values for all the controls @ that
are formed by the regulators U of the class described, J[i] = J[u]. Here parameters F
and Kare given by (5.9) when @ is a solution of the equation (5.10).

Evidently, the variety of regulators U that are equivalent to a starting regulator
U, depends on the number of solutions (5.10). The maximum number equals to C3,.
The case with only two solutions is of special interest. Assume that matrix & — I,
is non-singular and designate D = (® — I,)~!. Then D satisfies the following linear
equation

D(A-FC)—(A-BK)D-FC=0 (5.13)

If spectra of matrices A — FC and A — BK don’t intersect then this equation has one
solution. Under such circumstances, there are only two equivalent regulators: a starting
controller U = (F, K) and the alternative one U = ((D~! + I,)F, K(D + I,,)"' D).

Now, we take the regulator

4(t) = Az(t) + Bu(t) + F(§(t) — Cz(t)) + ()

u(t) = —F2z(t).

14



with additional noise v(¢) in the dynamic block :

E{v(t)} = 0, E{v(t)v" (1)} = Q§(t - 7),@ > 0

We consider a class of regulators U = (F, K') which are equivalent to the separation
theorem regulator Uy = (Fo, Ko)

Fo=AoCTV™!, Ko=N"'BTL.
Here Ag and L are given by

ADg + DNoAT — AgCTVICAG+ S =0

ATL+LA—-LBN'BTL+ M =0
The quadratic functional (5.5) may be presented (see (3.6)-(3.9))

J=Jh+J,

where:

Jo = tr(MRo)

and matrix R, satisfies

ARo+ RoA" +T =0;

J, = tr(MR,)

and matrix R, satisfies

ARI/ + RuAT‘l'Q = 0.

Matrices A,I', M and Q have the following structure
A= A-FC 0 r— FVFT+S —FVFT
- FC A-BK |’ | —-FVFT FVFT |

_| M M @ -Q
M—[M KTNK—i—M]’Q_[—Q Q}

Here as in(3.6), Jo is the optimal value of criterion when v(¢) = 0 which is the same
for all "equivalent” regulators; J, is a term caused by the influence of disregarded
additional disturbances and its values are different for different matrices ®. The term
Jp is absent because stationary criterion doesn’t depend on the initial information.

‘The examples show that the equivalent regulator U may be less receptive towards
additional noises then the separation theorem regulator Uy,

Now, we derive the optimal regulator which takes into account the influence of
additional noises.

Let R = ErrT be the second moment matrix of stationary distributed state

15



r= [ ’ ; z ] of a closed-loop system

r(t) = Ar(t) + 5(t)

where

(t) — 2(t £(t) — F(t) — v(t
r(t):{ ()z(t)()],ﬁ(t)z[ ()Fn(t;-(i—)u(t)()}’Fef’ Kek

The blocks of matrix R = [ ‘gi g:z ] are

Ry =E(z—2)(z— z)T, Ry = E(z — z)zT, Ry = Rﬂ, Ryy = Ez2T
They satisfy the equations -
(A= FC)Ry1+ Ryy(A—FC)YT+FVFT+54+Q=0

(A— FC)Ry; + Rio(A— BK)T + RyCTFT —FVFT - Q =0 (5.14)

(A— BK)Ry; + Ry2(A— BK)T + RLCTFT + FOR;; + FVFT 4+ Q =0

Criterion (5:5) can be rewritten as

J = tr(M(Bu + Riz + B3 + Rn2) + K" NK Ro) (5.15)

Thus, stochastic optimal problem may be rewritten as deterministic problem to
choose matrices F' € F and K € K which minimize the criterion (5.15) with restrictions

(5.14). Blocks of the matrix W = %2 %:z

optimal parameters F' and K satisfy the equations

] of Lagrange multipliers and the

(A—FCY'Wy + Wi (A— FC)+ Wi FC+ CTFTWL + M =0
(A— FC)TWyy + Wia(A— BK) + CTFT Wy + M =0 (5.16)

(A— BK) Wy + Wy(A - BK)+ KINK + M =0

VFT(Wy — Wia — W5 + Was) = C(Ru (Wit — Wia) + Ria(Wih — Wap))  (5.17)

Ry KTN = (RL,Wy3 + RpyWao) B (5.18)
So, the necessary conditions of extremum are presented by the system(5.14),(5.16)-

(5.18).
Ezample. Let demonstrate the received results by the following example
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2(t)
y(t)

Consider a regulator

&(t) = ult) + f(y(t) — 2(1)) + v (t), Ev(t)v" (1) = ¢6(t - 7),

u(t) +£(2), EE()ET(r) = s8(t — 1),
z(t) +n(t), En(t)n’(r) =vé(t—7)

I

ult) = —ka(t)

In this case 7 = {f | f > 0},K = {k | ¥ > 0} and a class of optimal (when ¢ = 0)
controllers consist of
the separation theorem regulator

f0=\/§, ko=\/—%

Jo=J=Myso+sVMN

and additions caused by disturbances v(t) are given by

BV S B N .
L= g, 2N\/; (5.19)

The question of what regulator is better when ¢ # 0, is solved by the relation of Mv
and Ns . If Mv > Ns as, for example, in the case of minimizing Ez? (M is large, N is
small) or in the case of vanishing process noise (s — 0) then the regulator U = (f, )
must be preferred. If Mv < Ns ( for example, v is small) then it is better to use
the separation theorem regulator Uy = (fo, ko). At last, in the case of Mv = Ns both

regulators yield the same result J, = J,,.

and the alternative one

Here

6. Conclusions

In this work, the problem of controlling linear stochastic systems under incomplete
information is considered. A conception of the equivalent regulator is introduced and
the constructive description of such regulator class is suggested. All equivalent regu-
lator form control signals of the same value. The influence of additional noises in the
dynamic block on the "optimal”regulators ( equivalent to the separation theorem one)
is investigated. It turns out that sometimes it may be much better to use a regulator
that doesn’t satisfy the separation principle.
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