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Abstract

We derive quantitative error estimates for coupled reaction-diffusion systems,
whose coeflicient functions are quasi-periodically oscillating modeling the microstruc-
ture of the underlying macroscopic domain. The coupling arises via nonlinear reac-
tion terms and we allow for different diffusion length scales, i.e. whereas some species
have characteristic diffusion length of order 1 other species may diffuse much slower,
namely, with order of the characteristic microstructure-length scale. We consider
an effective system, which is rigorously obtained via two-scale convergence, and we
derive quantitative error estimates.

1 Introduction

Many mathematical models arising from biological, physical or engineering problems in-
volve effects on microscopic scales, e.g. spatial inhomogeneities of the underlying material.
In view of numerical simulations as well as more profound structural insight, we are in-
terested in finding effective, or homogenized, models. From the analytical perspective,
we ask for a rigorous justification of the effective model and, if available, error estimates
describing the difference to the original macroscopic model.

We refer to the books [BLP78, JKO94, MaK06, Tar09] for a general survey of ho-
mogenization theory. An important step in the theory of periodic homogenization was
the introduction of two-scale convergence in [Ngu89, All92], which allows to rigorously
treat systems involving different diffusion length scales, see e.g. [Pet07, MeM10]. So
far, the notion of two-scale convergence is a weak convergence. The periodic unfold-
ing technique, introduced in [CDG02], allows for a natural definition of strong two-scale
convergence and, hence, the treatment of nonlinear problems, cf. [Vis04, Vis06, Vis08,
MiT07, NeJO7, PtR10, Hanl1|. Based on this strong notion of convergence, one can ask
for quantitative error estimates, see e.g. [Gri04, Gri05, OnV07, FMP12, Muv13], as well
as for numerical simulations, see e.g. [MaS02, EE03, Eck05, CFM10, ChM12, FO*14].
For applications of periodic homogenization in physics and engineering, we refer to e.g.
[BeK83, ABK09a, ABK09b, Kee00] for systems of reaction-diffusion type in heterogeneous
media as well as to e.g. [KKT09, DFK10] for two-scale models on the evolution of damage.

The objective of this contribution are coupled reaction-diffusion systems of the follow-

ing type
u; = div(Dy(x, £)Vu®) + Fi(z, 2, u,0°)
vi = div(e®Dy(x, £)Voe) + Fo(z, £, us, v°)

supplemented with homogeneous Neumann boundary conditions and initial conditions.
Here, (u,v%) : [0,T]xQ — R™*™2 denote the concentrations of m; “classically” diffusing
species with characteristic diffusion length of order O(1) and ms slowly diffusing species
of order O(g). Moreover, I; :  x Y — Rmixd)x(mixd) denotes the diffusion coefficients
and F; : Q x Y x R™*m2 _ R™i the nonlinear reaction terms and both, ID; and F;, are
assumed to be periodic in y = x/e w.r.t. a prescribed microstructure.

It was shown in [MRT14] that the solutions (u®, v®) converge for ¢ — 0 to a limit (u, V')
that decomposes into a one-scale function u(t, ) and a two-scale function V (¢, z, y), which
solve the effective system

w =  div(Der(z)Vu) + £, Fi(z,y,u(z),V(z,y))dy  inQ,
Vi = divy(De(z,y)V,V) + Fy(z,y,u, V) in Qx Y.

in Q (1.1)

(1.2)



In order to install the limit passage (1.1) — (1.2), we employ the technique of two-scale
convergence via periodic unfolding, cf. (2.6). This involves the periodic unfolding operator
7. : L'(Q) — LY(Q x V), the folding operator F. : L'(Q x V) — L'(Q) and the gradient
folding operators G° respective G, cf. Section 2.1. With this method, the strong two-scale
convergence of the slowly diffusing species v°, i.e. maxo<i<r || Zz v°(t) = V(t)|| L2(0x») — 0,
was proved in [MRT14], cf. Section 3.1, whereas the strong convergence u® — u follows
immediately from the compact embedding H'(Q) C L?*(Q2). This result was obtained
under the assumption of L>-regularity of the coefficients and global Lipschitz continuity
of the reaction terms, cf. (3.6.A1)—(3.6.A4). One major analytical difficulty to overcome
is the periodicity defect [Gri04] or T.-property of recovered periodicity [MRT14], i.e.

for all u® € H'(Q) : T.uf € L*(Q; H'(Y)) € L*(Q; H'(Y)), but

w-lim. o 7z u® € L*(Q; H'(Y)), if the limit exists. (1.3.PD)
The aim of this paper is to derive in Theorem 3.2 the error estimate
max {H T (t) = V()| z20xy) + w0 () — w(t)|| 2 } < et/ (1.4)

0<t<T

In the interior of the domain €2, the convergence rate in (1.4) can be improved to £'/2,
see Theorem 3.3. We assume additional spatial regularity w.r.t. the macroscopic scale
x € Q of the given data (3.6.A5), i.e. V,D;, V,F; € L>*(Q x ), and the effective solution
(u, V) (3.6.A6), i.e. u € H*(Q), V € HY(Q; H())). We assume neither additional spatial
regularity of the original solutions (u®,v®) nor of the corrector functions.

In [FMP12], a reaction-diffusion system predicting concrete corrosion is considered,
but the system does not include slowly diffusing species v°. Nevertheless, for the classically
diffusing species u® and its gradient Vus the convergence rate /2 and /%, respectively,
is rigorously proved by the method of periodic unfolding. For systems involving slowly
diffusing species v°, convergence rates of order £'/2 are derived in [Eck05, Muv13] via the
method of asymptotic expansion assuming continuous given data and limit solutions.

The distinctive feature of this contribution is the nonlinear coupling of the classically
and slowly diffusing species combined with the periodic unfolding method, which allows
to avoid any assumption of spatial continuity. Our proof to (1.4), in the first part, follows
along the lines of [MRT14] and we derive the Gronwall-type estimate

S 7w = VP + e —ul?) < C (10" = VP + [l —ul?) + A + A, (15)

where || - ||| == || - |lz2xy) and || - || :== || - || 2(q) and A", A" comprise errors terms. In
[MRT14], it was shown that these errors vanish as ¢ — 0. The novelty of this contribution,
the second part of the proof, is the quantification of their convergence, namely |A¥" +
A < e'/2C. In order to quantify those error terms, we have to find, in particular, error
estimates for the folding and unfolding operators, see the lemmas 3.5, 3.6, and 3.7 in
Section 3.3, which heavily rely on the improved regularity w.r.t. x € Q and ideas from
[Gri04]. Moreover, we use a quantification result for the periodicity defect (1.3.PD) from
[Gri05], see Lemma 3.8.

The structure of the paper is as follows: In Section 2, we introduce basic notations,
definitions, and results concerning periodic unfolding (Sec. 2.1) and two-scale convergence
(Sec. 2.2). In Section 3, we consider the coupled systems (1.1)—(1.2) and derive the error
estimate (1.4). Therefore, we list our assumptions and recall the existing convergence
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result (Sec. 3.1), state our Main Theorem (Thm. 3.2 & 3.3), explain the structure of its
proof (Sec. 3.2), and we derive preparatory error estimates (Sec. 3.3). Finally, we give the
proof of Theorem 3.2 (Sec. 3.4) and we discuss the obtained results (Sec. 3.5).

2 Two-scale convergence

Here, and throughout this paper, x denotes the macroscopic variable and the microscopic
variable y captures periodic oscillations in z/e. In order to describe the convergence from
(1.1) to (1.2), we introduce the concept of two-scale convergence, which is designed for
problems with underlying periodic microstructure. The definition of two-scale convergence
(2.6), introduced in Section 2.2, is based on the periodic unfolding technique, described in
Section 2.1, and with this it reduces to the notion of classical weak and strong convergence
in the two-scale space L*(Q x V).

2.1 Periodic unfolding, folding, and gradient folding operators

Throughout this paper, let Q2 C R? be a bounded domain with Lipschitz boundary 9.
Following [CDG02, CDGO08, MiT07], Y = [0,1)¢ denotes the unit cell so that R? is the
disjoint union of translated cells A + Y, where A\ € Z% Identifying opposite faces of Y
gives the periodicity cell ), i.e. the torus

y = Rd/Zd.

But, in notation, we will not distinguish between elements of the unit cell y € Y and the
ones of the periodicity cell y € ). Using the mappings [-]y : R — Z% and {-}y : R? - Y,
we have the unique decomposition

for all z € R?: x = [z]y + {z}y, where [2]y € Z? and {z}y € Y.

A function f € LL _(R?) is called Y-periodic, if f(z) = f({z}y) for a.a. z € R% Then,

we can identify every periodic function f with a function f on ). Introducing the small
length scale parameter € > 0, we define the sets

A={AeZ'eA+Y)CQ} and Q. :=int (Unen. e +Y)).

With this definition of the subset Q. C €2, we sort out microscopic cells e[z /]y +Y which
overlap the boundary 0€2. Moreover, we have vol(Q\2.) = O(e) for those cells which are
only partially contained in 2. Based in these notations, the periodic unfolding operator

T.: LY(Q) — LY(Q x V) is defined via, cf. [CDG02, CDGO0S],

R LA = S

Moreover, we have the crucial properties, cf. [CDGOS§],

product rule: T.(wv) = (T.u)(Tzv)  for all u,v € L*(Q),
unfolding criterion: [, F dx = foy,Z; Fdzdy +w(e) forall F e L'(Q).



Here, we have w(e) — 0 with ¢ — 0 for all F' € LP(Q2) with p > 1, due to VOl(Q\QE) — 0.
The convergence rate of w(e) depends on the regularity of the function F.
For the reverse operation, we define the folding operator F.: L*(Q2 x V) — L'(2) via

(FU)(x) = ][ U {2}y) de (2.3)

o[2], e

for all z € Q. and (F. U)(z) = 0 otherwise. Even for smooth functions U : 2 x ) — R the
folded function F. U is only piecewise constant in x, hence V(F. U) cannot be determined
in the classical sense. Therefore, we define the so-called gradient folding operator G2,
respective G!, which suitably regularizes the folded function F.U. The definition of
the above mentioned gradient folding operator is taken from [MRT14, Def.3.7], cf. also
[Hanll, Prop. 2.11], [Vis04, Thm. 6.1], and [MiT07, Prop. 2.10]. At first, we define the
functions with zero average via

H, (V) = {ue H (V)| [yuly)dy =0}

Definition 2.1 (Gradient folding). v = 0: The gradient folding operator G° : H*(Q2) x
L2 HL (V) — HY Q) maps a pair of functions (u,U) € HY(Q) x L*(Q; HL (Y)) to
u® = G%(u,U), where u® € H'(Q) is the unique weak solution of the elliptic problem

/ (u® —u) - o+ (Vu* — F[Vu+ V,U)]) : Vodr =0 for all p € H'(Q). (2.4)
Q

v = 1. The gradient folding operator G} : L*(2; HY(Y)) — HY(Q) maps a two-scale
function U € L*(Q; HY(Y)) to u® := G U, where u¢ € H'(Q) is the unique weak solution
of the elliptic problem

/ (u — F.U) - o+ (eVus — F(V,U)) :eVodr =0 forall p € H'(RQ). (2.5)
Q

For € > 0 fixed, the Lax-Milgram lemma yields the existence of a unique weak solution
u® € H'Y(Q) of (2.4)/(2.5), so that the gradient folding operators are indeed well-defined.

2.2 Weak and strong two-scale convergence

We are now in the position to give the definition of weak and strong two-scale convergence
following again [CDG02, CDGO08, MiT07]. The notion of two-scale convergence was first
introduced in [Ngu89|] and coincides for bounded sequences with Definition (2.6a), here
below. For a more detailed comparison of the different definitions see [MiT07, Sec. 2.3].

For (uf). C L*(Q), we say u® weakly (2.6a) respective strongly (2.6b) two-scale con-
verges to U in L?(Q2 x Y), if

BT i LPOQxY) L T —U in LAQxY), (2.6a)
wBU i LPQxY) L Tuw U in LX(Qx)). (2.6b)

The unfolding operator 7, is defined for the class of Lebesgue-integrable functions, where
boundary values play no role, so that in particular L?(Q x V) = L*(Q2 x Y). In view of



the periodicity defect (1.3.PD), we carefully distinguish the spaces H'(Y') and H(Y) =
H! (Y), where the latter one is a closed subspace of H'(Y"). For brevity, we set

per

X =HYQ), H=IL*Q), X=ILQH(Y),

Xoo = LA(Q: HL (D)), and H = L3(Q x V). (2.7)

We have sequential compactness w.r.t. the weak two-scale convergence and it is shown
in e.g. [Ngu89], [All92, Prop. 1.14], [Dam05, Thm. 5.2, Thm. 5.4], [PeB08, Thm. 3.4] that
bounded sequences of one-scale functions (u). admit a weakly two-scale converging sub-
sequence, 1.e.

() |uflg<C = IUEH: v 25U inH,
(i) |Jufllg +e|Vei|g <C = U eX: v 25U & &'V 22 V,U in H,
(i) |lufl|x <C = F(u,U) € X xXu : v& — uin X and VquLVu+VyU in H.

Since (2.4) implies || G U||g+¢||V(GL U)||lx < C, (ii) implies the existence of a weakly two-
scale convergent subsequence. However, for given U € X the gradient folding operator
guarantees even strong two-scale convergence. So, (G!U). C X recovers any function
U € X via strong two-scale convergence and it is shown in [Hanl1, Prop. 2.11] that

vy=0: forall (u,U) € X xX,, : Q?(u,U)iu&V[gg(u,U)]2—S>Vu+VinnH,
v=1: forallUeX: G1UZU &eV[G: U] 2 V,U in H.

Convenient commutation relations, such as F.(V,U) = eV(F.U) or G1(V,U) = eV(GL U),
cannot be expected, since F. U ¢ X and V,U ¢ X. Instead, we have that the different
folding operators are comparable in the sense that their difference vanishes, see [MRT14,
Prop. 3.9],

vy=0: forall (v,U) € X x X, :
lu = G2(u, U)[|a + || Fe[Vu + VU] = VG (u, U)]lx — 0, (2.8)
y=1: foralU eX: |F.U -G U||u+ | F-(V,U) —eV(GLU) ||z — 0.

3 Error estimates for reaction-diffusion systems

We consider a system of two coupled reaction-diffusion systems, where the coupling arises
via the nonlinear reaction term (f§, f5), whereas the diffusion tensor has block structure

up\ div(D5Vue) fi(us,v%)\ .
(vf) = <div(52]D)§VvE)> + (f;(us,v5)> in [0,7] x Q. (3.1.P,)

We supplement (3.1.P.) with homogenous Neumann boundary conditions on 9 and
prescribed initial values u®(0) = u respective v°(0) = v§. In [MRT14] (see Theorem 3.1
below) we proved that (u®, v®) converges for ¢ — 0 to a limit (u, V') that decomposes into
a one-scale function u(¢,z) and a two-scale function V (¢, x,y) which solve the effective

system
(§) - (BB (e8] wimeoes wan



Here, the effective diffusion tensor Dqg and the effective u-reaction f.g only depend on the
macroscopic variable x € ), while the diffusion tensor D, and the V-reaction F» depend
on the two-scale variables (z,y) € Q x Y, see (3.6.A1)—(3.6.A2) and (3.3)-(3.5), below.
The function-to-function map fog: Q x R™ x L?(Y;R™2) — R™ is defined as

fert(z,u, Z) ::/))Fl(x,y,u, Z(y))dy. (3.3)

The effective diffusion tensor Deg : Q — ROMxdx(mixd) ig oiven componentwise via the
classical homogenization formula, see e.g. [BLP78, All92, LNWO02],

d
Degr(2)ijp1 = / D1 (2, Y)ijrr + D D1(,y)izer - Oy 2(y)ir dy, (3.4)
y

r=1

for i,k = 1,...,mq, j,l = 1,...,d, where the so-called correctors z;; € HL ()) solve the
local problem in the weak sense:

d
div, <]D>1(Jc, Y)ijkl + Z}D)l(x,y)ijkr . 8yTz(y)kl> =0 in )Y for a.a. x € Q. (3.5)

r=1

3.1 Assumptions and existing results

We recall the definition of the function spaces (X, H, X, X,y, H) in (2.7) and we impose
the following assumptions on the given data of (3.1.P.)—(3.2.Py) for i = 1,2:

The diffusion tensor
D; : Q x Y — Rmaxdx(mixd) g yniformly bounded and elliptic, i.e. (3.6.A1)
Jp>0: Dy(z,y)€: € > plé]? for all £ € R™¥4 (z,y) € Q x V.

The reaction term
F;: Qx Y x Rmtm 5 R™i is yniformly bounded in Q x Y
as well as differentiable and globally Lipschitz continuous in R™%™2 e, (3.6.A2)
AL > 0: |F(x,y, A1, By) — Fy(z,y, As, Bo)| < L(|]A1 — As| + |B1 — Bsl)
for all (A4;, B;) € R™*™2 (g, y) € Q x V.

The initial values

satisfy ug, div(DegVug) € H and Vp, div,(D,V, V) € H. (3.6.A3)

The dependence on ¢
D5 := F.D; and f£(-, A, B) :== F. Fi(,-, A, B) for all (4, B) € Rm*m2, (3.6.A4)
3> 0 sl + 1| div(DsVag) | + sl + 1| div(e2D5Ves) [ < c.

Spatial Lipschitz continuity of the given data
For (A, B) € R™*™2 fixed, it holds V,D;, V. F;(A, B) € L=(Q2 x V) (3.6.A5)
and we write Cr := sup, ,ycaxy{|F (7,9, A, B)| +|V.F(z,y, A, B)|}.

Improved spatial regularity of the effective solutions

Vit e [O,T] : u(t) S HQ(Q) and V(t) c HI(Q;HI()}))’ V;t(t) c HI(Q,L2(3})) (36A6)

Convergence rates for the initial values

Je>0: || T2vf — Vollu + [|u§ — uollg < e¥/2c. (3.6.A7)
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We obtain the two evolution triples X € H C X* and X C H C X*. The assumptions
(3.6.A1)—(3.6.A4) guarantee the existence of unique weak solutions (u®, v%) of (3.1.P.) and
(u, V) of (3.2.Py). Further, the differentiability of the reaction terms and the additional
regularity of the initial values (3.6.A4) ensure improved time-regularity of the solutions
and the following a priori bounds: there exists C, > 0 independent of € so that, cf.
[MRT14, Thm. 2.1 & Prop. 2.2],

llloromm HIVEEloqin v leromm +elVelogrsm < Co g 7y
lullerqorm HIVulleqmim IV lerqomm IV Vilcqomim < G
Moreover, we have the following convergence result.

Theorem 3.1 ([MRT14, Thm.5.1]). Let the assumptions (3.6.A1)—(3.6.A4) as well as

ug — ug in H and v ﬁVQ in H be satisfied. The sequence of weak solutions (uf,v®) of
(3.1.P.) converges to the weak solution (u,V') of (3.2.Pg) in the following sense:

maxo<i<r || o v5(t) — V()||a — 0, eVoF 2V, V in L2(0,T;H), and

3.8a
v 25V, in L0, T3 H), moreover Vit € [0,T)] : eVoe(t) 2 Vv,V (t) in H; (3:50)
u® — win L*(0,T; X) and u§ — v, in H'(0,T; X*), moreover (3.8h)

AU € L2(0,T;Xy) s.t. Vi€ [0,T]: Vur(t) 2 Vu(t) + V,U(t) in H.

One may drop the additional assumptions div(D§Vug), div(e?D5Ves) € H on the
initial values, see [Reil5]. Therein, it is shown that any solution with u§,v§ € H can be
approximated by a solution satisfying improved time-regularity as in (3.7).

3.2 Main Theorem and outline of the proof

Under the assumption of additional spatial regularity (3.6.A5)—(3.6.A7), we derive the
following error estimates for the strong convergences in (3.8). We emphasize that we do
not assume improved spatial regularity for the original macroscopic solutions (uf, v®).

Theorem 3.2. Let (u®,v°) and (u,V) denote the solutions of (3.1.P.) and (3.2.Py),
respectively, and let the assumptions in (3.6) hold true. Then there exists a constant
C > 0 independent of € such that

max {[| 7207 (t) = V(&) + lu(t) —u®)]n} <7'C, (3.92)

0<t<T

| T(eVV) — Vo, Vizorm + || Te(Vus) — {Vu+ V,U}|r207m < eY*C. (3.9b)
Moreover, we find the improved convergence rate in the interior of the domain €2.

Theorem 3.3. Let the assumptions (3.6) hold true. For all 6 > 0, let Qi denote an
open subset of 0 with inf,cq, , dist(x,0Q) > 6. Then, there exists a constant Cs > 0
independent of € such that for all € < 6/(4\/d) it holds

1Z:v° = Ve @unxy) T | Z:(eV7) = VoV 20,152 (@00x )
+ lu® = ulleqorrzum)) + | Ze(Vu) = {Vu + VU 20,7020 <)) < 120,



Here, we focus on Theorem 3.2 and for the proof of Theorem 3.3, we refer to [Reil5.
Therein, the boundary error of order /2, ¢f. Lemma 3.4, is neglected and the periodicity
defect error is of improved order ¢ using [Gri04, Prop. 3.3 & Thm. 3.4].

Thanks to (3.6.A5), we can equally choose Df(z) = D(z, z/¢) or D* = F. D in (3.6.A4)
because we can identify WH(Q) with C%(Q).

For U € L*(0,T;X,,) in (3.8b) we have a.e. in [0,7] the representation U;(z,y) =
Z;lzl %(x)zij(y), where the correctors z;; € HL ()) solve the local problem (3.5). Since
u € H?*(Q) by (3.6.A6), we obtain immediately U € H'(Q2; H} ())) and in particular we
do not assume any improved regularity for the correctors z;;. Note, (3.9b) implies the

strong two-scale convergence Vus 2 Vu + V,U in L?(0,T;H), which also holds in (3.8b)
under the assumptions of Theorem 3.1.

Outline of the proof of Theorem 3.2: The essential idea is to derive the following
Gronwall-type estimate

SUTE =VIg+ v —ulf) <C (1T = VI + lu* —ulF +7%). (3.10)
Then, Gronwall’s lemma yields for all ¢ € [0, T]
1T 0% () = V@Il + e () = ()l < O (I T2 05— Volli + llug — uoll +€'7?)

and using assumption (3.6.A7) on the initial values gives immediately (3.9a). We derive
(3.10) in separate steps, namely

Ll =l <C (| Tov" = VI + |Ju® —ull} +?) in Steps 1-2, and (3.11)
%H T.0° — VHEQHI <C (|| T.v° — V||12HI + ||luf — quzq + 51/2) in Steps 3-4. (3.12)

1. |ju® — u||}-estimate: Following the argumentation in [MRT14, Sect. 4.2/Proof of
Thm. 4.1 (Step 2-5)], we derive the Gronwall-type estimate

silles —ullly < O (120" = VIE + [lu® — ullfy + A"), (3.13)

where A" =AY (folding mismatch between F. and G° resp. F. and G2)
+ AY (periodicity defect of 7. cf. (1.3.PD))
AT (

+ AY (approximation error f{ ~s fog resp. f5 ~» F)

+ A¥ (unfolding error ||V —T. F. V|| resp. || Tz u—ul|w).

€

approximation error D ~» Dgg resp. D5 ~» D)

Above, u € H is canonically understood as two-scale function v € H. The last
error term AY (resp. AY") does not occur in [MRT14], but is addressed as a one-
liner here. Since 1-4|lut—ul}, = [,(uj—u) - (v*—u)dz, we ideally subtract the
weak formulations of (3.1.P.), and (3.2.Py), (resp. (3.1.P.), and (3.2.Py),), test
with the difference u®—u (resp. 7: v°*—V') and we obtain (3.13). However, due to the
two-scale structure of (3.2.Pg), analytical difficulties arise and we cannot proceed
straight forward. We modify this basic idea as follows:

In Step 1a, we test (3.1.P.), (resp. (3.1.P.),) with u*—G%(u,U) (resp. v*—G! V)

and then, we reformulate the e-problem into a two-scale problem using the unfolding
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operator 7. and the folding operators F., G¥ (resp. G!). Due to regularity issues
between F. and G°, cf. (2.8), we create the error term A} (resp. AY).

In Step 1b, due to the periodicity defect (1.3.PD), we test (3.2.Pg), (resp. (3.2.Py),)
only with (u,U) (resp. V). Afterwards, we reformulate the limit problem and insert
the missing terms u® and 7-(Vu®) (resp. 7. v° and 7:(¢Vv?)) at the cost of creating
the error term AY™ (resp. AY).

Finally, in Step Ic, we add both reformulations and make further rearrangements
in terms of the errors AY —AY" (resp. Ay —AL") so that we end up with (3.13).

2. Estimation of A and (3.11): We show |A"| < ¢Y/2C. In more detail, we apply
Lemma 3.7 (with v = 0) to AY" and we use Lemma 3.8 (with v = 0) for AY". The
remaining error terms AY ~AY resolve easily with Lemma 3.5 and (3.15).

3. 4| T.v° — V||4-estimate: Recalling the arguments in [MRT14, Sect. 4.2/Proof of
Thm. 4.1 (Step 2-5)] or proceeding analogously to Step 1, we arrive at

Sl v = VI < C (1 Tev” = VIE + [l —ullf + A7), (3.14)

where AY" =370 AV

4. Estimation of A" and (3.12): We show |AY| < £Y/2C. As in Step 2, we use
Lemma 3.7 resp. Lemma 3.8 (with v = 1) for AY" resp. Ay as well as Lemma 3.5
and (3.15) for Ay -AY".

5. Derivation of (3.9b): We derive error estimates for the gradient terms by following
the lines of [MRT14, Proof of Thm. 4.1 (Step 7)].

3.3 Preparatory error estimates

We recall that 2 is a bounded domain with Lipschitz boundary such that we have in
general (), ; Q2. With this, the treatment of cells e(\; +Y") intersecting the boundary 02
is crucial. Therefore, we begin with a rather classical result for the error on Q\(2,, where

Q, = {z € Q|dist(z,0) > p}, which is later on applied to O\Q...

Lemma 3.4 ([Gri04, Gri05, Reil5]). For allu € X and U € HY(Q; L*(Y)), there exists
a constant C' > 0 only depending on the properties of the domain €0 such that

lull L2\, < (0+V0)Cllullx  and U] L2@\0,x») < (0 + ) CIU || g2y

The most important observation in deriving the error estimates (3.9a)—(3.9b) is the
quantification of the well-known two-scale property, cf. [MiT07, Prop.2.4(e)|, for every
U e L*(Q x Y) exists a sequence (uf). C L*(Q) such that u® 2, U in L*(Q x Y). For
example, such a sequence is given by u® = F.U. More precisely, based in the explicit
definitions of 7. and F., it holds:

Lemma 3.5. For all U € H'(Q; L*())), there exists a constant C > 0, only depending
on ) and'Y, such that

|U ~ T 7 Ulls < (2 + /01U iz



Proof. We use the unfolding criterion (2.2) and we apply the Poincaré-Wirtinger inequal-
ity on each cell int(e(\; +¢€Y’)) C Q. so that

v - fUM—EZ/HHAwa—ﬁmwymw%fmw+ma

N EA
S Z C (dlam(g()\z -+ Y)) HV$U||%2()\-;+5Y) + (,()(6) S €2C||U||§_]1(Q;L2O})) + (.U(&f)

)\iEAs

Using Lemma 3.4 with o = eV/d gives

2
()] < 2T nany < (€ + VAUl izzien)
Hence, we have the desired estimate. O

As a direct consequence of Lemma 3.5, we have, e.g. [Gri04, Eq. (3.4)],
forue X: [|[Tou—ullg < (e+ve)C||lullx. (3.15)

For possibly discontinuous functions U € H*(€2; L?())), the “naive folding” z + U(z, z/¢)
is not well-defined. But, in the proof of Lemma 3.7 below, exactly such a “naive folding” is
employed. Therefore, we need a suitable regularization U, of U so that J.(z) = U.(x, x/¢)
is well-defined and the difference || F. U — .||y is of order O(e++/2). Therefore, we use
in addition to G° respective G! another regularization of the folding operator F., namely,
the so-called scale-splitting operator Q., cf. [CDG02, CDGO08, Gri04].

For u € LY(), the function Q. u is the Qi-Lagrangian interpolant of the

discrete function F.u. Observe, Q.u € WH*(Q) and F.u € L=(Q). (3.16)

Note, for general functions u € L>(Q) and z € L?()), the composition z — u(z)z(z/e)
lies in L?(92), see e.g. [LNWO02, Thm.4].

Lemma 3.6. For w € X and z € L*(), there exists a constant C > 0, only depending
on Q and Y, such that

| (Few = Quw) ()i < £/2C |l 2l 2y

Proof. Based on the identity

| (Fow— Qeuw HH—EZ/‘ Q. w(@) ) det (), (317)

Ni€Ae AiteY

we consider in the following only one microscopic cell \;+¢eY, whereby w.l.o.g. \; = 0. The
term w(e) comprises the boundary cells and it is treated with Lemma 3.4. By definition,

we have for x € €Y and every k = (k1,...,Kkq) € {0, 1}%
2 =Ne (@) ; —
- (k) | (k) S ) T if iy = 1,
(QE w)(x) = E%}dCFE ’LU)(EKZ) "I Xy where Ty = { 1 _glsz\g/’a(:r)l if k; = 0.
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With 2" € [0,1], we obtain

Aﬂﬁwm—%wwvﬁﬁdwﬂdE:KEMW—EMMMVZMQFM

rke{0,1}4
>

rke{0,1}4

2
5d||2||%2(y) < 22d62d”vw”%2(5Y)||Z||2L2()J)' (3.18)

£ w© - wie+enas

For the last estimate in (3.18), we use the fundamental relation w(§) — w(§ + ex) =

»Sfol Vw(é + ext) - kdt with || < V/d so that we obtain for |ds/d¢| =1

2 1 2,
< g%z][ / V(e + ent)? dtd¢ — g—d/ IV (s)[2 ds.
ey Jo €Y Jey

£ w© - w(e+en)as

Inserting (3.18) into (3.17) and summing up over all \; € A, gives the desired result. [

The next Lemma quantifies the convergence (2.8) and relies on Lemma 3.6. It is
applied to the estimation of the folding mismatch AY respective AY".

Lemma 3.7. For all (u,U) € H(Q) x HY(Q; H. (Y)) respective U € H'(Q; HY())),

there exists a constant C' > 0 such that

v=0: | G2(u, U) — ullg + |VIG2(u, U)] — F.[Vu+ V,U]||lx < e2C,  (3.19a)
y=1: 1G1U = FU|lu + [eV[G: U] = F[V,Ulllu < e2C. (3.19D)

Proof. The proof follows in principle [Hanll, Prop.2.1]. It is adjusted to the estimate
(3.19b) and it utilizes the gradient folding operator G! in the case v = 1. In the case
v =0, i.e. (3.19a), we resort to G and we only point out the differences afterwards.

The case v =1 : By an orthogonality argument, cf. [Reil5], we may assume that

U(r,y) =w(z)z(y) with we X and z € HY(Y).
Recalling G! in (2.5) and Q. in (3.16), we decompose u® := G! U € X as follows
u(r) = Ve(x) + go(v) with J.(2) = Q. w(x)z(2). (3.20)

By construction, we have . € X and the remainder g. € X is defined for each ¢ > 0 as
the solution of the elliptic problem

/ ge - p+eVg. : eVopdr =Ll (p) forall p € X, where (3.21)
0
) = [(FU =0 ¢+ (RAT,U) - £V0)  eVipda.

Q

The function g. can be estimated as follows

2 lgella + 1eVgelln)® < g% + Vgl = €(g:)
< (| FeU = Ye|lm + | Fa(va) —eVell) (lgellzr + 11eVgellm) (3.22)
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which yields ||g|lg + [[eV:llg < 2(|FU —O:||ug + || F-(V,U) — VI ||g). Now, we

estimate the difference between u® and F. U by adding and subtracting .. Recalling
g. = u° — ¥, and computing eVY, = eV 1, + V, I, we arrive at

[ = FoUlla + [[eVu® = Fo(V, Ul

< ([0e = FoUlla + lgellar + [eVIe = Fo(VyU)lla + 1eVgell )

<3 ([0 = FeUlla + eV = Fo(VyU) | 1)

<3([[0: = FoUllu + IVyde = Fo(VyU)ll1 + €l Valel ) - (3.23)

According to [CDGO8, Prop.4.5] it holds || Q- w||x < C|lw|x and hence ||V, 9:||lg <

C||V.U|lm. We proceed by estimating the remaining terms in (3.23) with the help of
Lemma 3.6

Hﬁs - -7:5 UHH + Hvyﬂe - ‘FE(VZJU>HH
= 1(Qew — Few)z(-/e)lu + (Qew — Few)Vyz(-/e) || < e *Cllwl|x |2l i)

and thus (3.19b) is proved.

The case v = 0: In (3.20), we set u° := G%(u,U) and decompose u® = 1. + g., where
Ne = u+ e, and Y. (x) = (Q.w)(x)z(x/e) for U(z,y) = w(x)z(y).

In (3.21), we use (9., ¢)x = {=(¢) for all ¢ € X with (.(¢) = [,(u—n.)- ¢+ (F[Vu+
V,U] = Vn.) : Vedz.

As in (3.22), we have ||g-|lg + [[V:cllg <2 (|lu — n:lla + [| Fe[Vu+ V,U] — Vne|lu)-

In (3.23), we have Vn. = Vu + eV, 9. + V0. and hence |[u° — u||lg + || Fo.(Vu) —
Vaullg + [[Vue = F[Vu + VUl[|ln < 3E|[dellu + [[Vyde — Fo(VyU)llu + el Vadelln).
Again, the application of Lemma 3.5 & 3.6 and (3.15) as well as the improved regularity
(u,U) € H*(Q) x HY(Q; HL (V) give (3.19a). O

We use Lemma 3.8 below to estimate the periodicity defect error AY respective AY .

Lemma 3.8 ([Gri05, Thm.2.2 & 2.3]). For every u € X with |lul|x < ¢ (v =0) and
|ullg + ¢||Vullg < ¢ (v =1), there exists a function V. € X and V. € X,,, respectively,
and a constant C' > 0, only depending on Q2 and Y, such that

v=0: [[Pllx < Cllullx and || T-(Vu) = {Vu+ Vy Wel|rayvixe) < e2C]ullx,
v=1: [[Vellx < Cllullg + &l Vulla) and
17w = el vy < e2C (ullm + €l Vulln).

3.4 Proof of Theorem 3.2

Proof of Theorem 3.2. By the uniform bounds (3.7), all functions are continuous in
time and thus we can restore to work with estimates pointwise for all ¢ € [0, T.
Step 1: <L||u® —ul|3;-estimate. For simplicity in notation we suppress the index i = 1.
Step la: Reformulation of (3.1.P;),;. We test the e-problem

/u§.¢dx:/—]D)sVuE:Vgp—i—fs(uE,vs)-(pdx for all p € X
Q Q
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with ¢ = u*—G%(u, U), where (u,U) € X xX,, solves (3.2.Pg) uniquely for all ¢ € [0, T}, cf.

(3.26). Moreover, inserting the terms +u and + F.[Vu+ V,U], rearranging and applying
the unfolding criterion (2.2) gives

/ uj - (u° —u)de = / —T.D*T.(Vu®) : [T.(Vu®) — {Vu -V, U} dzdy
Q Qxy
+ / fE(uf, %) - (uf —u)de + AV,

Q

(3.24)
where AY = [ (f70uf,0%) = ) - (u— Q2w U)
Q
— DV (F[Vu+ V,U] = VG (u,U))dz + w(e). (3.25)
Step 1b: Reformulation of (3.2.Py),.

We reformulate (3.2.P), using the homogenization
formulas (3.4)—(3.5) and U;(x,y) = Z;lzl g;‘; ()2 (y)

/ ug - da = / —D[Vu+ V,U]: [V + V,¥]dzdy + / fe(u, V') - dz
Q axy Q

for all (1, V) € X x Xoy (3.26)

and we test (3.26) with the solution, i.e. (¢, ¥) = (u, U). Introducing the terms +u* and
+ 7.(Vu®) and rearranging gives

/Qut (u—u)dr = /Qxy —D[Vu+V,U]: {Vu+V, U} —7.(Vu©)]| dz dy

+ / fer(u, V) - (u— u®) da + AY,
Q

where AY" = /(feff(u, V) — ) - u® de — / (3.28)
Q Qxy

Step 1c: Derivation of the Gronwall estimate (3.13). Adding (3.24) + (3.27) yields
—ully = /(uE —u) - (u° —u)de
Q
/ L DFT(VEE) — {Vu+ VU] ¢ [T(Val) — {Vu+ VU] de dy
QxYy

+/[f€(u€,v5) — fu, F- V)] - (uf — u)da + AV,
Q
where AY = 1 AY with

(3.27)

DVu+ VU] : 7.(Vu®) dz dy.

(3.29)

u® . _
AS

/ (D — T.DF)[Vu+ V,U] : [T.(Vaf) — {Vu+ V,U}] dz dy,
QxY

(3.30)
AV = /Q Fo, Fo V) — Farw, V)] - (6 — u) da.

(3.31)

Exploiting the ellipticity of 7: D, the Lipschitz continuity of f€ in (3.29) as well as Holder’s
and Young’s inequality give

Sl — ulfy < =l (V) — {Vu+ VU

+ L ([[uf = ullg + [[0° = Fo Vg Jvf —ullm + A

<2L (|Juf —ul[f + | Tv° = V7)) + A, (3.32)
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where AY" = A% + A¥ with A¥ = 2L||V — 7. F. V|4 and hence (3.13).
Step 2: Estimation of A* and (3.11). We derive quantitative estimates of the errors
AY¥ . AY. We estimate the error AY (3.24) with Lemma 3.7 and Lemma 3.5, viz.

AT =] [ o) =) - (u= G ) do
— DV [F[Vu+ V,U] — VG (u, U)] dz + w(g))
< C(Gy) (lu = G2 (W, U)llir + || Fe[Vu + VU] = V G2 (w, U)|l1 + wle))
< el2C, (3.33)
where C' = C(Cy,, |U|| g1z )), [|u]| m2(0)) and we used (3.6.A2) and (3.7) to estimate

the first integral. Moreover, we have |w(e)| < C <||u||H1(Q\§a) + HVCUUHL?(Q\(AZEXJJ))

(e + v/€)C by Lemma 3.4.
We treat the second term AY" (3.27) with Lemma 3.8. Recalling (3.26), we find a
two-scale function W, so that (u®, U.) € X x X,, is an admissible test function and hence

0= /(feﬁ(u, V) —uy) - ude — / D[Vu+ V,U] : [Vu® + V, V. ] dz dy. (3.34)
Q Qxy
Subtracting (3.34) from (3.27) yields with Holder’s inequality and (3.6.A5)—(3.6.A6)

AY| =

/ D[Vu + V,U] : [T.(Va) — {Va + V,0.}] dz dy
QxY

< |ID[Vu + VUl zr @2y | Ze(Vu®) — {Vu® + VU b 2 (v x)
< e'2C(Cy, [ Dllwree @iz Ul s (vy)- (3.35)

The third term A% (3.29) is treated with Holder’s inequality and Lemma 3.5:

Ay

/ (D — D) [V + V, U] : [V + VU — T(Ver)] da dy)
QOxYy

< C(G)||(D = T F. D) [Vu + V, U] ||u
S 81/20(05, HDHWI,OO(Q;LOO()}))). (336)

The estimation of A} (3.31) is a little more involved. Applying (2.2) only to the first
term in (3.31) yields

AZS = 7;f5(72u7787:av) 'Z(ua_u) —F(U,V) ) (u‘g—u)dxdy.
QxYy

Introducing the terms £ F(Z;u, 7. F. V) - To(uv® — u) & +F(u,v) - T.(u® — u), applying
Holder’s inequality, and recalling the assumptions (3.7) & (3.6.A2) gives
A <N (T TFV) = F(Tu, TF V) |ul Z-(v* — u)|x
HIF(Tew, TFV) = Fu, V) lall To(u = u)lu
(V) lall (0" = w) = (v = u)lla
<C(L,Cp,Cp) (| T: F- F(Tou, T. F. V) — F(T.u, T. F. V) ||lm (3.37)
H Tu—ula + T FV = Ve + | (e =) = (v = u)][r) - (3.38)
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We exploit the Lipschitz continuity of F' (3.6.A5) in (3.37) and we apply Lemma 3.5 resp.
(3.15) in (3.38) so that we arrive at

AL < Y2C(L, Cy, O, IV || i sr2 o)) (3.39)
For the last error term we have immediately
A = 2LV = LR V|§ < eCL, VI @ir2m)- (3.40)

Recalling the Gronwall-type estimate (3.13), we combine the estimates (3.33), (3.35)—
(3.36), (3.39)—(3.40) and hence we obtain the quantitative estimate (3.11).

Step 3: -L|| T-v° — V||}-estimate. ~ For brevity we skip the index ¢ = 2 in this step
and the following. Proceeding as in Step 1, we arrive at (3.14) with

AY = / (5, 0°) — ) - (F. V=G V)
Q

— eD°Vo© 1 [FL(V,V)—eV(GL V)] dz + w(e), (3.41)
AY = /Q y[F(u, V)—=Vi|-T.v* =DV, V : V(7 v°) dz dy, (3.42)
AT = /Q (D= LDV, V(T V)dady, (3.43)
A = [ T F(TuV) - V) (T - V) dedy, (3.44)
AY = QEHJ;T u — ul|3 (3.45)

Step 4: Estimation of AY" and (3.12). Applying Lemma 3.7 to the first error term
AY" (3.41) yields

AT < CG) (|1 7V = GEVm + | Fo(V,V) = V(G V)l + w(e)) < eV2C, (3.46)

where C' = C(Cy, |V || i1 ;11 (»))). Moreover, we used Lemma 3.4 to estimate |w(e)| <
ClVI @y < €+ VECHIV i @m ).

For the estimation of AY™ (3.42), let ¥, € X be as in Lemma 3.8. Then, in particular,
U, is an admissible test function for (3.2.Pj), and hence the application of Hélder’s
inequality and Lemma 3.8 gives

|AY | < DV, V] + [F(u, V)| + [Villl @z o | T vF = Vel vy
< NDVYV]+ [F(u, V)| 4 Vil 5@i20)eC(Q) ([[0° |l + €l Vs 1)
<20, (3.47)

Where C = C(Cb, CF, ||]D)||W1,00(Q;LOO(3))), ||V||H1(Q;L2(y))7 ||%||H1(Q;L2(y)))-
Recalling D° = F.D and f¢ = F. F, the error terms AY (3.43)-AY" (3.45) are esti-

mated easily by using Lemma 3.5:

|AY ] < 2G||(D — T D)V, V||l < eY20(Ch, Q, D]z (1)) (3.48)
IAY| < 20| T2 fE(Tow, V) — F(u, V)| < €Y2C(Cy, Cp), (3.49)
|AY | =2L|| Tz u — ul|f < eC(L, [Ju]lx). (3.50)
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Overall the Gronwall-type estimate (3.14) and the quantitative estimates (3.46)—(3.50)
give (3.12). Hence, we finish the proof of (3.9a) by applying Gronwall’s lemma to (3.10).

Step 5: Deriwation of (3.9b). Integrating (3.32) over [0, 7] and exploiting (3.9a) as
well as the A% -estimations in Step 2 yields

pllVu + V,U — T.(Vu©) H%?(O,T;H)

T
: /o _%%Hue — |3 + 2L (||u6 — a3 + || T v — V||]%I) + |A¥ | dt < TeY2C.
The estimation of the gradient follows analogously for the slowly diffusing species v°.
With this, we finish the proof of Theorem 3.2. O]

3.5 Discussion

We close the paper with a brief comparison of the obtained convergence rates. In [FMP12],
a nonlinearly coupled system of reaction-diffusion systems is considered on a cubical
domain Q C R? with exactly periodic, porous microstructure. The system does not
include slowly diffusing species v°, but rather nonlinear boundary conditions at the surface
of the pores. For the classically diffusing species u® the convergence rate £'/2 is rigorously
proved by the method of periodic unfolding and results from [Gri04, Gri05]. We emphasize
that the gradient term is squared in [FMP12, Thm3.6], which means ||Vu + V,U —
T.(Vu) || 20,7y < O('/*). This error estimate is comparable with the one in Theorem
3.2. The focus of this text is the convergence of the slowly diffusing species v* which is
strongly two-scale converging, as are eVv® and Vu®. In contrast, u® is strongly converging
in L2(€) and hence, the improved rate ||[u® — u gz < O(¢'/?) up to the boundary is not to
expect for v°.

In [Eck05, Muv13], nonlinearly coupled systems of reaction-diffusion equations in-
volving diffusion length scales of order O(1) and O(g) are considered in a heterogeneous
setting. Whereas in [Eck05] the coefficient functions are of the form D(z, x/¢), in [Muv13],
the heterogeneities in the domain Q C R? are not arranged in a strictly periodic man-
ner. In both cases, the approach of formal asymptotic expansion is used and then, the
convergence rate O(c'/?) is proved under the assumption of significantly more spatial reg-
ularity of the limit solution. In Theorem 3.3, our method reproduces the rate 0(51/ %) as
in [Eck05, Thm.4.5] and [Muv13, Thm.3.1] under significantly weaker assumptions on
the given data and limit solutions.
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