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Abstract

In this paper, we investigate optimal boundary control problems for Cahn—Hilliard varia-
tional inequalities with a dynamic boundary condition involving double obstacle potentials
and the Laplace—Beltrami operator. The cost functional is of standard tracking type, and
box constraints for the controls are prescribed. We prove existence of optimal controls and
derive first-order necessary conditions of optimality. The general strategy, which follows
the lines of the recent approach by Colli, Farshbaf-Shaker, Sprekels (see Appl. Math. Op-
tim., 2014) to the (simpler) Allen—Cahn case, is the following: we use the results that were
recently established by Colli, Gilardi, Sprekels in the preprint arXiv:1407.3916 [math.AP]
for the case of (differentiable) logarithmic potentials and perform a so-called “deep quench
limit”. Using compactness and monotonicity arguments, it is shown that this strategy leads
to the desired first-order necessary optimality conditions for the case of (non-differentiable)
double obstacle potentials.

1 Introduction

Let Q ¢ RY, 2 < N < 3, denote some open, connected and bounded domain with smooth
boundary I' and outward unit normal field n, and let 7' > 0 be a fixed final time. Putting
Q:=0Qx(0,T),X:=T x(0,T), we introduce the function spaces

H:=IL*Q), V:=HYQ), Hp:=L*T), V:=H),
‘H := H x Hr, V::{(y,yp):yGVpr:v‘F:vp}, (1.1)

which are Hilbert spaces when endowed with the topolgies induced by their respective natural
inner products, denoted by (-, -)g for E € {H,Hr,V,Vr, H,V}. In the following, we
denote the norm in the generic Banach space E by || - ||z, with the one exception that for
convenience the norm of the space H” will also be denoted by || - ||;7. Moreover, let E*
indicate the dual space of F and let (-, -)p always stand for the duality pairing between
elements of £* and elements of E. It is understood that H is embedded in V'* in the usual
way, namely, such that (u, v)y = (u,v)y forall w € H and v € V; we then obtain
the Hilbert triplet V' C H C V™ with dense and compact embeddings. In the same way, we
construct the Hilbert triplets Vi C Hpr C Vi and V C 'H C V*, with dense and compact
embeddings.

Throughout this paper, we generally assume:



(A1) There are given constants 3; > 0, 1 < ¢ < 5, which do not all vanish, as well as
functions

29 € L*(Q), 2z € L*(X), 2q € L*(Q), zr € L*(T), and

Uiy, Uy € L°(X) with @y, < Uy, a.e.on X.

We then introduce the tracking type cost functional

b Ba
J((y,yr),ur) := b} ly — ZQH%?(Q) + ) lyr — ZE”%Q(E)

s on s
+ EHU(T) — 20|72() + £y lyr(T) — 2rl72) + ?HUFH%?(Z) ; (1.2)

which is meaningful for, e.g., (y,yr) € V and ur € Hr, and, for 7 > 0, the viscous Cahn—
Hilliard system with dynamic boundary conditions

Oy —Aw =0 in Q, (1.3)

w=T10y—Ay+&+ foly) nQ, (1.4)

Yo =Yr, Ony + Oyr — Aryr + & + go(yr) =ur, Oqw =0, on X, (1.5)
£€0l_1y(y) aein@, & €dl_iy(yr) aeon X, (1.6)

y(,0) =yo a.e.inQ, yr(-,0) =yo. aeonl. (1.7)

Moreover, let My > 0 denote some given constant, and let

Ung = {UF € Hl(O,T; Hp) N LOO(Z) : H&tuFHLz(E) < M, ,
ﬂlr SUI‘ S'ZZQF a.e.in Z}, (1.8)

be the set of admissible controls which is assumed nonempty throughout this paper. Our overall
boundary control problem reads as follows:

(Po) Minimize 7 ((y,yr),ur) subject to the state constraints (1.3)—(1.7)
and to the control constraint ur € U,q.

In (1.7), yo and yo,. are given initial data with yo;. = Yo, Where the trace y. (if it exists)
of a function y on I' will throughout be denoted by yr without further comment. Moreover, in
the following 0y, Vr and Ar will always stay for the outward normal derivative, the tangential
gradient, and the Laplace—Beltrami operator, respectively, on I'; in addition, f5, go are given
smooth nonlinearities, while ur is a boundary control. Since we will confine ourselves to the
viscous case 7 > 0, we will henceforth assume without loss of generality that 7 = 1.

The system (1.3)—(1.7) is an initial-boundary value problem with nonlinear dynamic boundary
condition for a Cahn—Hilliard differential inclusion, which (cf. Proposition 2.2 below) under appro-
priate conditions on the data admits for every ur € U,q a solution quintuple (y, yr, w, &, &r),



where the solution components (v, yr, {r) are uniquely determined. Hence, the control-to-state
operator Sy : ur — So(ur) := (y,yr) is well defined on U,q, and the control problem (7P)
is equivalent to minimizing the reduced cost functional

Trea(ur) == J(So(ur), ur) (1.9)
over U,q.

In the physical interpretation, the unknown ¥y usually stands for the (conserved) order parameter
of an isothermal phase transition, typically a rescaled fraction of one of the involved phases. In
such a situation, it is physically meaningful to require ¥ to attain values in the interval [—1, 1]
on both €2 and I'. A standard technique to meet this requirement is to use the indicator function
of the interval [—1, 1],

9

I (y) = { 0 if ye[—1,1]

+o0o otherwise

so that the non-diffusive parts of the local specific bulk and surface free energies, Fyux =
I+ fo and Fiurface = 1 [~1,1] T g2, are of double obstacle type, and the subdifferential
OI1_4 1), defined by

<0 fv=-1
ne€dl_1y(v) ifandonlyif n ¢ =0 if —1<wv <l
>0 fvo=1
is employed in place of the usual derivative. Concerning the selections &, & in (1.6), one has
to keep in mind that £ may be not regular enough as to single out its trace on the boundary I’,
and if the trace §. exists, it may differ from {r, in general.

The optimization problem (Py) belongs to the problem class of so-called MPECs (Mathematical
Programs with Equilibrium Constraints). It is a well-known fact that the differential inclusion
conditions encoded in (1.3)—(1.6), which occur as constraints in (Py), violate all of the known
classical nonlinear programming constraint qualifications. Hence, the existence of Lagrange
multipliers cannot be inferred from standard theory, and the derivation of first-order necessary
condition becomes very difficult.

While numerous papers deal with the well-posedness and asymptotic behavior of Cahn—Hilliard
system (cf., e. g., the references given in [13, 14, 7]), there are comparatively few investigations
of associated optimal control problems. Usually, these papers treat the non-viscous case 7 = 0
and are restricted to differentiable free energies and to the case of distributed controls, with
the no-flux condition (8ny)|F = (0 assumed in place of the more difficult dynamic boundary
condition (1.5). In this connection, we refer to [21] and [15], where the latter paper also deals
with the case of double obstacle potentials.

Quite recently, also convective Cahn—Hilliard systems have been investigated from the view-
point of optimal control. In this connection, we refer to [22] and [23], where the latter paper
deals with the two-dimensional case. The three-dimensional case with a nonlocal free energy
was studied in [19]. There also exist contributions dealing with the more general and difficult



Cahn—Hilliard/Navier—Stokes systems, cf. [17] and [16]. Finally, we mention the papers [5] and
[6], in which control problems for a generalized Cahn—Hilliard system introduced in [18] were
investigated.

The only existing contribution to the optimal control of viscous or non-viscous Cahn—Hilliard
systems with dynamic boundary conditions of the form (1.5) seems to be the recent paper [8] in
which three of the present authors investigated the case of differentiable bulk and surface free
energies that may have singular derivatives. A typical case to which the analysis in [8] applies
is given by the logarithmic form

Flog(y) = h(y) + f2(y), where
hy) =c(l+y) n(1+y)+(1—y) In(1—y)), —-1<y<I1l, (1.10)

with some fixed constant ¢ > (. Note that in this case the inclusions (1.6) have to be replaced
by the equations £ = h/(y) and & = A/ (yr), respectively.

In this paper, we aim to employ the results established in [8] to treat the non-differentiable double
obstacle case when &, & satisfy the inclusions (1.6). Our approach is guided by the strategy
used by three of the present authors in their recent paper [9] for a corresponding optimal control
problem for the simpler Allen—Cahn equation: in [9], necessary optimality conditions for the
double obstacle case could be established by performing a so-called “deep quench limit” in
a family of optimal control problems with differentiable nonlinearities of a form that had been
previously treated in [10] and for which the corresponding systems had been analyzed in [4].

The general idea is briefly explained as follows: we replace the inclusions (1.6) by

E=o(a)h'(y), & =v(a)h(y), (1.11)

where h is defined in (1.10), and where , 1) are continuous and positive functions on (0, 1]
that satisfy

lim ¢(a) =lim ¢(a) =0, ¢(a) < Cuyt(a) Ya >0, withsome Cpy > 0. (1.12)

We remark that we could simply choose ¢(a) = 1(a) = o for some p > 0; however, there
might be situations (e. g., in the numerical approximation) in which it is advantageous to let ¢
and v have a different behavior as a ™\, 0.

Now observe that A/(y) = In (}J_“—z) and h'(y) = 1_2y2 > 0 for y € (—1,1). Hence, in

particular, we have

lim p(a)h'(y) =0 for —1<y<1,

a\,0
. . / _ . . / —
il{rg)(so(a) y{r{llh(y)> = —o0, i@(@(a) yl}r_lglh(y)) +oo.  (1.13)

Since similar relations hold if ¢ is replaced by 1), we may regard the graphs of the functions
@(a) b’ and ¥(a) ' as approximations to the graph of the subdifferential 01}_1 1.
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Now, for any o > 0 the optimal control problem (later to be denoted by (7P, )), which results if in
(Po) the relation (1.6) is replaced by (1.11), is of the type for which in [8] the existence of optimal
controls uyt € U,q as well as first-order necessary optimality conditions have been derived.
Proving a priori estimates (uniform in o > 0), and employing compactness and monotonicity
arguments, we will be able to show the following existence and approximation result: whenever
{ug} C U,a is a sequence of optimal controls for (P,, ), where a,, \, 0 as n — o0,
then there exist a subsequence of {«, }, which is again indexed by n, and an optimal control
Ur € Uaq of (Py) such that

up™ — ur weakly-starin X as n — oo, (1.14)

where here and in the following
X := H'(0,T; Hp) N L®(%) (1.15)

will always denote the control space. In other words, optimal controls for (P, ) are for small
a > 0 likely to be ‘close’ to optimal controls for (Py). It is natural to ask if the reverse holds,
i.e., whether every optimal control for (P;) can be approximated by a sequence {up"} of
optimal controls for (P,,, ), for some sequence «, \, 0.

Unfortunately, we will not be able to prove such a ‘global’ result that applies to all optimal controls
for (Py). However, a ‘local’ result can be established. To this end, let ur € U,q be any optimal
control for (Py). We introduce the ‘adapted’ cost functional

1
j((y7yf)aur) = j((yayr)vur) + §||UF _aFH%Q(E) (116)

and consider for every a € (0, 1] the adapted control problem of minimizing j subject to
ur € Uaq and to the constraint that (i, yr) solves the approximating system (1.3)—(1.5), (1.7),
(1.11). It will then turn out that the following is true:

(i) There are some sequence «, \, 0 and minimizers u" € U,q of the adapted control
problem associated with «v,,, n € IN, such that

up™ — ur  strongly in L*(X) as n — oo. (1.17)
(ii) It is possible to pass to the limit as o ™\, 0 in the first-order necessary optimality conditions
corresponding to the adapted control problems associated with « € (0, 1] in order to derive
first-order necessary optimality conditions for problem (7Py).

The paper is organized as follows: in Section 2, we give a precise statement of the problem
under investigation, and we derive some results concerning the state system (1.3)—(1.7) and its
a-approximation which is obtained if in (Pg) the relations (1.6) are replaced by the relations
(1.11). In Section 3, we then prove the existence of optimal controls and the approximation
result formulated above in (i). The final Section 4 is devoted to the derivation of the first-order
necessary optimality conditions, where the strategy outlined in (ii) is employed.



During the course of this analysis, we will make repeated use of the elementary Young’s in-
equality

1
ab < vla* + E|b|2 Va,be R Vv >0,

and we will use the following notation: for functions v € V* and w € L'(0,T; V*) we define
their generalized mean values as

v = ﬁ (v, 1)v, and w(t) := (w(t))” fora.e. t € (0, 7). (1.18)

Clearly, (1.18) gives the usual mean values when elements of H or of Ll(O, T; H), respec-
tively, are involved. We also recall Poincaré’s inequality
lollv < Cp ([Volla + [v7]) Vvev, (1.19)

with a constant C'p > 0 that only depends on (2.

2 General assumptions and state equations

In this section, we formulate the general assumptions of the paper, and we state some prepara-
tory results for the state system (1.3)—(1.7) and its «-approximations.

We make the following general assumptions:
(A2)  fz,92 € C*([=1,1]).
(A3) o € H*(Q), yo, = Yo, € H*(T'), Guyo|. = 0, and we have
—1<y(r) <1l Vre. (2.1)
(A4) Thereexist {s € H and & € Hr such that

& € I1-111(y0) a.ein Q, &po € I1-1,1)(yo.) a.e.on T (2.2)

Now observe that the set U,q is a bounded subset of X'. Hence, there exists a bounded open
ball in X that contains Uf,q. For later use it is convenient to fix such a ball once and for all,
noting that any other such ball could be used instead. In this sense, the following assumption is
rather a denotation:

(A5) U is a nonempty open and bounded subset of X' containing U,q, and the constant
R > 0 satisfies
lurllgrormy + llurllpes) < R Yur €U. (2.3)

Next, we introduce our notion of solution to the problem (1.3)—(1.7) in the abstract setting intro-
duced above.



Definition 2.1: A quintuple (y, yr,w, &, &r) such that

y € H'(0,T; H)NL>(0,T; V)N L*(0,T; H*()), 2.
yr € H'(0,T; Hr) N L>=(0,T;Vr) N L0, T; H*(T)), 2.
yel[-1,1] aein@, yre[-1,1] aeonX, 2.
£ € L*0,T;H) and £ € 0I1_11)(y) a.e in Q, .
ér € L*(0,T; Hy) and &r € Ol_11(yr) a.e.onX, 2.
w e L*(0,T;V), 2.

© oo N o o B

)
)
)
)
)
)
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as well as yr = Y., ¥(0) = vo, yr(0) = yo,, is called a solution to (1.3)—(1.7) if and only if it
satisfies for almost every t € (0,T") the variational equations

/@y(t) vdzr + /Vw(t) -Vudz =0 foreveryv €V, (2.10)
Q Q

/Qw(t)vdx = /Qaty(t)vdij/QVy(t) : Vvdx+/ﬂ(§(t) + fo(y(t))) vdz

i / Oy (t) vr T + / Veyr(t) - Vrop T+ / (&0(t) + gh(r (1)) — ur () vr dT

for every (v,vr) € V. (2.11)

It is worth noting that (recall the notation (1.18))

(Dy()* =0 fora.e.t € (0,T),and y(t)? = my forevery t € [0,T),

where mg = (y0)* is the mean value of yj, (2.12)

as usual for the Cahn—Hilliard equation. Notice that (A3) implies —1 < my < 1 sothat h/(my)
is finite.

The following existence and uniqueness result follows from [7, Theorems 2.2 and 2.4].

Proposition 2.2: Assume that (A2)—(A4) are fulfilled. Then there exists for any ur € X a
quintuple (y,yr,w,&,&r) solving problem (1.3)—(1.7) in the sense of Definition 2.1. For any
such solution, we have the additional regularity properties

y € Wh(0,T; H)n H*(0,T; V) N L>(0,T; H*()),

yr € WH(0,T; Hr) N H' (0, T; V) N L™®(0, T; H*(T)),

{r € L(0,T; Hy).

Moreover, any two solution quintuples have the same components y, yr, & (while the compo-
nents w, & may not be uniquely determined).



As in the Introduction, we denote the control-to-state operator, which assigns to every ur € X
the (uniquely determined) first two components (y, yr) of the associated solution quintuple, by
So-

We now turn our attention to the approximating state equations. As announced in the Introduc-
tion, we choose a special approximation of (1.3)—(1.7); namely, for o € (0, 1] we consider the
system

Oy — Aw* =0 a.e.in Q, (2.13)
w® =0y — Ay” + p(a) M'(y") + fo(y") aein@, (2.14)

Y = yrs  Ony” +0r — Aryp + () M (yp) + gh(ur) = ur,
Oqw® =0 a.e.on, (2.15)

y*(,0)=yo aeinQ, y2(-,0)=yo. aeonl, (2.16)
where h is defined in (1.10) and ¢, are positive and continuous functions on (0, 1] that
satisfy (1.12). Observe that as in (2.10), (2.11) the notion of a solution to (2.13)—(2.16) has to

be understood in the sense that for almost every ¢ € (0,7") the following variational equations
are satisfied:

/@ya(t) vdr + /Vwa(t) -Vvdz =0 forevery v eV, (2.17)
Q 0

/wo‘(t)v dz = /Q&gy“(t)v dx + /QVyo‘(t) -Vodx + /Q(go(a)h’(yo‘(t)) + fo(y*(t)))vdx

Q
+ / Oy (t)or dT + / Vey(t) - Veor dT + / () (G2(1)) + (42 () — ur(t)) vr dT
r r T
for every (v,vr) € V. (2.18)

Since the functions f*(y) := ¢(a) h(y) + fa(y) and f(y) = () h(y) + g2(y) fulfill on
(—1, 1) the conditions (2.3)—(2.7) in [8], we can infer from [8, Thm. 2.1] that the system (2.13)—
(2.16) admits for every ur € U a unique solution triple (y*, y&, w*) having the following
properties:

y* € Wh(0,T; H)nH'(0,T; V) N L>(0,T; H*(2)), (2.19)
yx € Wh(0,T; Hp) N HY(0,T; Vp) N L>(0,T; H*(T)), (2.20)
w® € L=(0,T; H*(Q)), (2.21)
re < y* < ri aein@, r® < yp < r} aeonl, (2.22)

with suitable constants 7 , 7§ € (—1, 1) that only depend on €2, T', o, Yo, f2, g2, @, and
the constant R > 0 introduced in (A5). In particular, the control-to-state mapping for the system



(2.13)—(2.16), S, : ur — Sy(ur) = (y*,yp), for ur € X, is well defined. Observe that
the separation property (2.22) cannot be expected to hold uniformly in « € (0, 1], in general;
indeed, it cannot be excluded that there exists some sequence {a,,} C (0, 1] with a;,, \, 0
such that " \, —1 and/or r{" /" +1 as n — oo.

We now aim to derive some a priori estimates for (y“, ) which are independent of «. Prior to
this, we recall a functional analytic framework which is customary in the context of Cahn—Hilliard
systems. We define

domN = {v, € V*: v =0} and N :domN — {v eV :v? =0} (2.23)

by setting for v, € dom N
Nv, €V, (Nv,)?=0, and /V/\/v* Vzde = (v, 2)y Vz eV, (2.24)
Q

that is, N v, is the (unique) solution to the generalized Neumann problem —Av = v, in Q,
Oav = 0 on I', that satisfies v = 0. Since () is a bounded connected domain with smooth
boundary, it turns out that (2.24) yields a well-defined isomorphism that also fulfills, for all s > 0,

NU* S HS+2(Q) and ||NU*||Hs+2(Q) < Os HU*HHS(Q)
for all v, € H*(2) Ndom N/, (2.25)

where the constant C; > 0 depends only on {2 and s. Moreover, if we define the mapping
| - |l«:V*—[0,400) through the formula

012

*

ol == VN (v — )5 +

v Vo, € V¥, (2.26)

then it is straightforward to prove that || - ||« defines a norm on V* which turns out to be
equivalent to the usual norm of VV*. We thus have, with a constant C', > 0 that depends only
on €,

(v, v)v| < Cillvils ol Vo, €V, Vo e V. (2.27)

Moreover, it follows from (2.24) and (2.26) that
(0, Nvy)y = |[]]? Yo, € dom N, (2.28)

and we have

(Us, NV )y = (v, Nuy )y = /(VNU*) (VNu,)dx Vu,, v, € domN,  (2.29)

Q

whence also

2 (0. (t), Nu.(t))y = %/ﬂyvNU*(t)de = %Hv*(t)”i forall t € (0,7), (2.30)

for any v, € H(0,T; V*) satisfying v*(t) = 0 fora.e. t € (0,T).



The next step is to prove a priori estimates uniformly in « € (0, 1] for the solution (y®,y2) of
(2.13)—(2.16). We have the following result.

Proposition 2.3:  Suppose that (A2)—(A5) are satisfied. Then there is some constant K} > 0,
which only depends on 2, T, o, Yor., f2, g2, and R, such that we have: whenever (y®, y2) =
S, (ur) for some ur € U and some « € (0, 1], then it holds

Y™ || e 0,700 Lo (0,520,202 + WYL | 1 (0,13 0y Lo (0,3ve) L2 0, 2(ry) < KT
(2.31)

PROOF: Suppose that ur € U and a € (0, 1] are arbitrarily chosen, and let (y*, y%) =
S, (ur). The result will be established in a series of a priori estimates. To this end, we will in
the following denote by C};, i € IN, positive constants which may depend on the quantities
mentioned in the statement, but not on o € (0, 1]. We remark that the subsequent estimates
follow the same pattern as the a priori estimates in the proof of [7, Thm. 2.3], but since not all of
these estimates are standard, we detail them here for the reader’s convenience.

First a priori estimate:  First, note that (cf. (2.12)) y*(¢)** = my for all t € [0, 7], so that
(y*(t) — mg) € dom N. We thus may choose in (2.17) v = N (y*(t) — myg), and in (2.18)
v = —(y*(t) — myp). Adding the resulting equalities, then inserting two additional terms on
both sides for convenience, and integrating over [0, ¢], where t € [0, 1] is arbitrary, we arrive
at the identity

1 o ! «
3 () =l + 157) = mall + o () = maly) + [ [ (957 dods

+ /t/F]Vy?P dl'ds + /t/ﬂcp(a)(h’(yo‘) — W (mo))(y™ — mo) dz ds

//¢ YR (yp) — B (mo)) (yp — myg) A" ds

=5 (Hyo —mol|Z + lyo — moll7; + llvor — mOHl%Ip)

— vl [ [ = ma)aras
—/Ot/Qfé(ya) — Mg d$d8+// — gh(y))(yE —me)dlds.  (2.32)

By the monotonicity of &/, all of the terms on the left-hand side of (2.32) are nonnegative, while
the first term on the right-hand side is obviously bounded. Since also, in view of (A2) and (2.6),

(@), o (&), a
it follows from Young'’s inequality and Gronwall’s lemma that

19| =0, m5mnr200mv) + (198 [Le0,15m0)n2200m) < C2 V€ (0,1]. (2.34)
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Second a priori estimate:  Recalling (2.12), we may insert v = N (9,y*(¢)) in (2.17) and
v = —0w*(t) in (2.18). Adding the resulting equations, integrating over [0, ¢], and using (2.24)
and (2.26), we obtain the identity

/ 10y (s)||? ds +//\8ty 1> dxds —I—//]@tyF\QdFds

(VY@ + IVeyr 0)7,) +/990(00h(y“(t))dﬂj +/¢(Oé) h(yr (1)) dT

N | —

I¥90l% + 1Veworl%) + / (o) h(yo) dz + /w h(yo,) d

t
- / / () O dar s + / / (ur — gy(4R)) By AT ds (2.35)
0JQ 0oJ7r

Obviously, the last two terms on the left-hand side are bounded from below and the four terms
containing the initial data on the right-hand side of (2.35) are bounded. Thus, invoking (2.33)
and Young’s inequality, we can easily conclude from (2.35) the estimate

l\DI»—

|y || 5 0,5y 0,3y + Y | 0,730 (0.mv) < O V€ (0,1]. (2.36)

Third a priori estimate:  Next, we insert v = w®(t) — (w®(¢))* in (2.17) and apply Young’s
inequality, (2.27), and Poincaré’s inequality (1.19) to find the estimate

/|Vw ‘ de = /‘V t))Q)}de < ’<8tya(t),wo‘(t) —(wa(t))9>v|

°(t) — (we(t ||V_2/\Vw O de+ Oy 0w @) @37)

Now recall that the embedding H C V™ is continuous. Hence, we can infer from estimate
(2.36) that

< Culldwy @)«

VWl 20y < Cs V€ (0,1 (2.38)

Next, we aim to establish a bound for the mean value of w® in L?(0,T'). To this end, we insert
v = 1in(2.18). It follows:

/ dx—/@ty dx—l—/@typ dF+/f2

+/F(gé(y?(t)) —uf(t))dl”r/QsO(Oé)h'(ya(t))der/Fw(a) W(yp(t)dl . (2.39)

By virtue of (2.33) and (2.36), the first four integrals on the right-hand side of (2.39) define
functions that are bounded in L?(0,T'), uniformly in o € (0, 1]. In order to handle the two
remaining terms on the right-hand side, we insert v = N (y*(t) — myg) in (2.17) and v =
—(y*(t) — myp) in (2.18) and add the resulting equations to obtain

/ Ty de + / V()] dT + / () (5 () (5 (£) — mo) da
+ / Bl H (2 (0) (W (1) — mo) AT = G2 (1), (2.40)
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where

—A@w@N@%w—m@m—lym%w+ﬂwwm@%w—mww

— [ @)+ 465 (®) — ure) (47 (2) o) T 2.4
Now, we may employ (2.26)—(2.27) and (2.33)—(2.34) to see that

1G] < Co (L+ 10y Ol [ly* () = moll« + 10" @)l + 10yr ()] )
(2.42)
fora.e. t € (0,7, and it follows from (2.36) that G* is bounded in L?(0,T'), uniformly in
€ (0,1].

At this point, we claim that there are 6> 0and C > 0 such that, for all € (—1,1),

W(r)(r —mg) = 8 |W(r)|—C. (2.43)

Indeed, since —1 < mg < 1, we may employ exactly the same argument as that used in [13,
p. 908] to prove a corresponding estimate. From (2.43) it immediately follows that there is some
C7 > 0 such that for all & € (0, 1] we have

p(a) I (r)(r — mg) > & |p(@) I (r)] — C7 and
() W (r)(r —mg) =6 [b(a) W (r)| — C; forall r € (—1,1). (2.44)

Consequently, we deduce that

ettty omu>nmm+ﬁﬂhwam%@—mmr

>5/y<p W (y |dx+6/|¢ W (y2 (1)) dT — Cs, (2.45)
and we can infer from (2.39) that
(@) || 2oy < Co Ve (0,1], (2.46)
whence, recalling (2.38) and Poincaré’s inequality,
w2070y < Cro Va € (0,1]. (2.47)

Fourth a priori estimate:  Next, observe that in view of (2.19), (2.20) and (2.22) we have
(v,op) € V for v = p(a)h/(y*). Hence, we may insert v = p(a)h/(y®) in (2.18) to obtain

// ) B (y*) |Vy©|? dxds—l—// )" (%) | Vgl dT ds
//]go )R (y |2dxds+// a) |W (y2)[*dl ds
// (w* — fo(y®) — Oyy™) dz ds

/ / )R (yp) (ur — g5(yr) — Owyr) dT'ds . (2.48)
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Now notice that A" > 0 in (—1, 1), which implies that the two integrals in which h” occurs in
the integrands, are both nonnegative. Moreover, (1.12) implies that

// a) |h (y2))?dl ds > C_¢// V2N (y)[Fdl ds .
(72}

Therefore the boundary integral

// ) B (y2) (ur — g3(y1) — Owyr) dI'ds

can be handled using Young’s inequality. Now applying (2.33), (2.36), (2.47) and Young’s in-
equality, we find that

le(@P (YN 2y < Cu V€ (0,1]. (2.49)

Fifth a priori estimate: Now observe that the variational equality (2.18) implies that y“
solves (2.14) at least in the sense of distributions. Since all other terms have been proved to be
bounded in L?(0,T; H), we must have

1Ay |20y < Cr2 Y€ (0,1]. (2.50)

Next, we use [3, Thm. 3.2, p. 1.79] to conclude that

T T
| W Oy e < Cua [ U8 O+ IO @,
whence it follows that
1Y | 20.7503720)) < Cra V€ (0,1]. (2.51)
Hence, by the trace theorem [3, Thm. 2.27, p. 1.64], we have

100y L2008y < Ci5 Ve (0,1]. (2.52)

From the above estimates it follows that all the terms occurring in the integration by parts formula
for the Laplace operator are functions, and we deduce that the variational equation (2.18) also
implies that the second identity in (2.15) holds at least in a generalized sense, in principle.
Therefore, the preceding estimates yield that, by letting G¢ := ur — Iny® — Oy — gh(yg),
we can write

—Aryp + ()b (yp) = GF on 3, where ||GT|r2x) < Cis Va € (0,1]. (2.53)

Testing the above equation by 1(«)h'(yf), we obtain

! "/ o a2 ! 1/ a2
/0 / Bl (y) [V dT ds + / / () (y2)|? dT ds
_ / t /F PR (y2) G2 dT ds, (2.54)
0
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and a simple application of Young'’s inequality shows that

||¢<Oé)h,<y%)||L2(0,T;HF) < Cir Yae(0,1], (2.55)

whence also
|Aryr | 20y < Cis Va € (0,1]. (2.56)

The boundary version of the elliptic regularity theory then yields

e Iz, 2y < Cro Va € (0,1], (2.57)
and consequently it follows from standard elliptic estimates that

Iy l20m:m200) < Coo Va € (0,1]. (2.58)

With this, the assertion is completely proved. -

3 Existence and approximation of optimal controls

Our first aim in this section is to prove the following existence result:

Theorem 3.1:  Suppose that the assumptions (A1)—(A5) are satisfied. Then the optimal control
problem (Py) admits a solution.

Before proving Theorem 3.1, we introduce the solution space
Y:={(y,yr) €V:ye H(0,T; H) N L>(0,T;V) N L*(0,T; H*(Q)),

yr =y, yr € H'(0,T; Hy) N L>(0,T;Vy) N L*(0,T; H*(T))} , (3.1)
and a family of auxiliary optimal control problems (7P,,), which is parametrized by « € (0, 1] .
In what follows, we will always assume that A is given by (1.10) and that ¢ and v are functions
that are positive and continuous on (0, 1] and satisfy the conditions (1.12). For a € (0, 1], let
us denote by S, the operator mapping ur € U,q into the unique solution (y*,y%) € ) to the
variational problem (2.16)—(2.18). We define:

(Pa) Minimize 7 ((y,yr),ur) over J X Uaq subject to the condition that
(2.16)—(2.18) are satisfied.

The following result is a consequence of [8, Thm. 2.2].
Lemma 3.2: Suppose that the assumptions (A1)—(A5) and (1.10), (1.12) are fulfilled, and let

a € (0, 1] be given. Then the optimal control problem (P,,) admits a solution.

PROOF OF THEOREM 3.1:  Let {a,,} C (0,1] be any sequence such that «,, \, 0 as
n — 00. By virtue of Lemma 3.2, for any n € IN we may pick an optimal pair for the optimal
control problem (P,,, ),

((yanu y%n)7u?n) €V X Uaa
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Qn

where (y®", yp™, w*") is the unique solution to (2.16)—(2.18), written for &« = «,,, which satis-
fies (2.19)—(2.22). In particular, (y*",yp") = Sa, (ug™) forall n € IN. Moreover, Proposition
2.3 implies that (2.31) holds for any «,,, n € IN. From this and from (2.47) we may without loss
of generality assume that there are ur € Uaq, w, and (y,yr) such that

Qn

Ur
w* — w weaklyin L*(0,T;V),

Y™ — y weakly-starin H'(0,T; H) N L>*(0,T;V) N L*0,T; H*()),
Yo — yr  weakly-starin H'(0,T; Hr) N L°°(0,T; V) N L*(0,T; H*(T)).

— upr weakly-starin X',

By the continuity of the embedding H'(0,T; H) N L?(0,T; H*(R2)) c C°([0,T]; V), we
have in fact y € C°([0,T]; V), and, by the same token, yr € C°([0, T]; Vr). Owing to the
Aubin-Lions lemma (see [20, Sect. 8, Cor. 4]), we also have

y* —y stronglyin C°([0,T]; H) N L*(0,T;V), (3.6)
Y2 — yr strongly in C°([0, T); Hy) N L*(0,T; Vr). (3.7)

In particular, it holds y(-,0) = o, as well as yr(-,0) = yo.. In addition, the Lipschitz
continuity of f5 and g5 on [—1, 1] yields that

F3(y*) = f3(y) stronglyin C°([0, TT; H), (3.8)

5(yr") — gy(yr) strongly in C°([0, T; Hr). (3.9)
Moreover, (2.49) and (2.55) show that without loss of generality we may also assume that

(o) W (y™) — & weaklyin L*(0,T; H), (3.10)

V(o) W (yer) — & weakly in L?(0, T'; Hr), (3.11)
for some weak limits £ and &r.

Combining the above convergences, we may pass to the limit as n — oo in (2.17) and (2.18)
(written for «,) to find that the quintuple (v, yr,w, &, &r) is a solution to (2.10)—(2.11), and
obviously the properties (2.4)—(2.6) and (2.9) are satisfied. In order to show that the quintuple
(y,yr,w, &, &r) is a solution to problem (1.3)—(1.7) in the sense of Definition 2.1, it remains
to show that £ € 0I;_11)(y) a.e.in @ and & € 91 3j(yr) a.e.in 3. Once this will be
shown, we can conclude that (y,yr) = So(ur), i.e., that the pair ((y, yr, w,&,&r), ur) is
admissible for (7).

Now, recalling (1.10) and owing to the convexity of h, we have, for every n € IN,
T T
| [etanpraeds + [ [ et -y doa
0 JQ 0 Jo
T
< / /gp(an) h(z)dzdt forall z€ K ={ve L*Q):|v|]<laein@}. (3.12)
0 Jo
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Thanks to (1.12), the integral on the right-hand side and the first integral on the left-hand side
of (3.12) tend to zero as n — oo, since h is a bounded function. Hence, invoking (3.6) and
(3.10), the passage to the limit as n — oo yields

T
//f(y—z)dxdt >0 Vzelk. (3.13)
0 Jo

Inequality (3.13) entails that & is an element of the subdifferential of the extension Z of I|_; ;) to
L?*(Q), which means that £ € 9Z(y) or, equivalently (cf. [2, Ex. 2.3.3., p. 25]), £ € 01(_1.1)(y)
a.e.in ). Similarly we prove that {p € 011 1)(yr) a.e.in X.

It remains to show that ((y, yr,w, &, &r), ur) is in fact optimal for (Py). To this end, let vr €
U,q be arbitrary. In view of the convergence properties (3.2) and (3.4)—(3.7), and using the weak
sequential lower semicontinuity properties of the cost functional, we have

JI((yyr),ur) = J(So(ur),ur) < liminf 7(Sa, (up"), up”)

n—oo

< liminf J(Sa, (vor), vr) = lim J(S,, (vr),vr) = T (Solvr),vr),  (3.14)
where for the last equality the continuity of the cost functional with respect to the first variable
was used. With this, the assertion is completely proved. m

Corollary 3.3: Let the general assumptions (A1)—(A5) and (1.10), (1.12) be satisfied, and let
sequences {a,} C (0,1] and {up"} C U be given such that, as n — oo, a, \, 0 and
up™ — up weakly-starin X' . Then we have

Sa, (up™) — So(ur) weakly-starin Y, (3.15)
Jim I (San(vr),vr) = JT(So(vr),vr) Vur €U. (3.16)

PROOF: By the same arguments as in the first part of the proof of Theorem 3.1, we can
conclude that (3.15) holds at least for some subsequence. But the limit is given by the first two
components of a solution quintuple in the sense of Definition 2.1 to the state system (1.3)—(1.7),
which, according to Proposition 2.2, are uniquely determined. Hence, the limit is the same for
all convergent subsequences and (3.15) is true for the entire sequence. Now, let vr € U be
arbitrary. Then (see (3.6)—(3.7)) S, (vr) converges strongly to Sy(vr) in (C°([0,T]; H) N
L*(0,T;V)) x (C°([0,T]; Hr) N L*(0,T; Vr)), so that (3.16) follows from the continuity
properties of the cost functional with respect to its first argument. -

Theorem 3.1 does not yield any information on whether every solution to the optimal control
problem (P,) can be approximated by a sequence of solutions to the problems (P,). As al-
ready announced in the Introduction, we are not able to prove such a general ‘global’ result.
Instead, we can only give a ‘local’ answer for every individual optimizer of (Py). For this pur-
pose, we employ a trick due to Barbu [1]. To this end, let ir € U,q be an arbitrary optimal
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control for (P,), and let (7, yr, W, £, £r) be an associated solution quintuple to the state sys-
tem (1.3)—(1.7) in the sense of Definition 2.1. In particular, (7, yr) = So(ur). We associate
with this optimal control the adapted cost functional

1 _
j((y7 yF>’uF) = j((y7 ?JF),UF) + 5 ||UF - UFH%?(E) (317)
and a corresponding adapted optimal control problem

(75a) Minimize j((y,yp),ur) over )V X U,q subject to the condition
that (2.13)—(2.16) be satisfied.

With a standard direct argument that needs no repetition here, we can show the following result.

Lemma 3.4:  Suppose that the assumptions (A1)—(A5) and (1.10), (1.12) are satisfied, and let
a € (0, 1]. Then the optimal control problem ('P,,) admits a solution.

We are now in the position to give a partial answer to the question raised above. We have the
following result.

Theorem 3.5: Let the general assumptions (A1)—(A5) and (1.10), (1.12) be fulfilled, and sup-
pose that ur & U.q is an arbitrary optimal control of (Py) with associated state quintuple
(g, yr,w, &, &r). Then for every sequence {ay,} C (0,1] such that o, \, 0 as n — o0

07

and for any n € IN there exists some optimal control up" € U,q of the adapted problem

7On

(P.,,) with associated state triple (y*~, yp™, w*") such that, as n — oo,

up™ — up strongly in Hr, (3.18)
y°* — 7 weakly-starin H'(0,T; H) N L>®(0,T;V) N L*(0,T; H*(Q)), (3.19)
Yo — yr  weakly-starin H*(0,T; Hp) N L>®(0,T; Vy) N L*(0,T; H*(T)),  (3.20)
T ), ai) — T (5, 4r), ar) (3.21)

PROOF: Let a;, N\, 0 as n — oo. Forany n € IN, we pick an optimal control up" € Uaqg

—Qlp,

for the adapted problem (P,) and denote by (7, yi", w*") the associated solution triple of
problem (2.13)—(2.16); in particular, we have (y*",yp") = Sa, (up"), and (2.19)—(2.22) are
satisfied. By the boundedness of 4,4, we have for some subsequence of {ozn}, which is again
indexed by n, that it holds

up"” — up weakly-starin X as n — oo, (3.22)

with some ur € U,q. Owing to Corollary 3.3, we have

(g, gpm) = Sa, (up") — So(ur) =: (y,yr) weakly-starin ). (3.23)
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In particular, y, yr are the first two components of a quintuple (y, yr, w, &, &r) solving the state
system associated with ur, which implies that ((y, yr, w, &, &r), ur) is admissible for (Py).

We now aim to prove that ur = ur. Once this will be shown, the uniqueness result of Proposi-
tion 2.2 yields that also (v, yr) = (¢, yr), which shows that (3.19) and (3.20) hold at least for
the subsequence; but since the limit is the same for any subsequence, we have (3.19), (3.20)
for the entire sequence {«,, }. By the same token, also (3.22) will hold for the entire sequence.

Indeed, we have, owing to the weak sequential lower semicontinuity of .7 and in view of the
optimality property of ((%, gr), @r) for problem (Pq),

n—oo

S T((70n =Qn\ =« 1 ~
liminf J((g*", g0"), ut") = T ((y, yr), ur) + 5 [lur = ar[72s,

o 1 _
> j((%ﬁyl“),ul“) + 2 ”UF - UFH%Q(Z) . (3.24)
On the other hand, the optimality property of ((g*",yp™), up") for problem (73%) yields that
for any n € IN we have

j((gan7 gg”)? a%7L> = j(SOén <E%7L)7 ﬂ%") < j(San (ﬂp), ﬂp) ) (3.25)
whence, taking the limes superior as n — oo on both sides and invoking (3.16) in Corollary 3.3,

limsup J((7°", &), af) < T (Solar), ar) = J((7,7r), ar)

n—oo

= J((y,9r), ur). (3.26)

Combining (3.24) with (3.26), we have thus shown that 1 |lur — ﬂp||2Lz(Z) =0, so that up =
ur and thus also (y,yr) = (¥, yr). Moreover, (3.24) and (3.26) also imply that

J(@,9r),ur) = J(F,9r),ur) = liminf F((F°, g5"), ai)

n—oo

= limsup J (g™, 57"), af") = lim F((F", 98" "), (3.27)

n—0oo

which proves (3.21) and, at the same time, also (3.18). The assertion is thus completely checked.
[ |

4 The optimality system

In this section our aim is to establish first-order necessary optimality conditions for the optimal
control problem (P,). This will be achieved by passage to the limit as a ™\, 0 in the (recently in
[8]) derived first-order necessary optimality conditions for the adapted optimal control problems
(Ps). It will turn out that in the limit certain generalized first-order necessary conditions of
optimality result. To fix things once and for all, we will throughout the entire section assume that

h is given by (1.10) and that (1.12) and the general assumptions (A1)—(A5) are satisfied; we
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also assume Ehat a fixed optimal control ur € U,q for (730), along with a solution quintuple
(g, yr,w, &, &r) of the associated state system (1.3)—(1.7), is given. In additon, we make the
following compatibility assumption:

(A6) Itholds B3 = 34 = 0.

We remark that in [8, Remark 5.6] it has been pointed out that this assumption it dispensable at
the expense of less regularity of the adjoint state variables; in order to keep the technicalities at
a reasonable level, we here confine ourselves to the case (33 = 34 = 0.

~

4.1 The optimality conditions for (7,)

We begin our analysis by formulating the adjoint state system for the adapted control problem
(P,). To this end, let us assume that uX € U,q is an arbitrary optimal control for (P,,) and that
(g%, g2, w*) is the solution triple to the associated state system (2.13)—(2.16). In particular,
(g%, ) = Sa(uf), and the solution has the regularity properties (2.19)—(2.22). It then follows

(see [8, Egs. (5.7)—(5.9)]) that the corresponding adjoint state variables ¢“, g%, p* solve the
following backward-in-time variational problem:

/qa(t)vdx = /Vpa(t) -Vudzx forallveVandte (0,7T), (4.1)
Q Q

- /Qat (q“(t) + p*(t)) vdx + /QVq"‘(t) -Vodz + /FVFQ?(t) - Vropdl
_ / Drg vr T + / (Pl @) + F2 G (0))a* (1) v da
T / ($(0) R (FE(1)) + (B (1)) gR(t) v dT

- Aﬁ1(§a(t) — zg(t))vdx + /FﬂQ(gg(t) — ze(t)) vp dT

forevery (v,or) €V anda.a. t € (0,7), (4.2)
/(qo‘(T) +p(T))vdx + /qa(T) vpdl' =0 forevery (v,vr) € V. (4.3)
Q r

In [8, Thm. 2.4] it has been shown that the system (4.1)—(4.2) has for every a € (0, 1] a unique
solution triple (¢%, ¢, p®) such that

(¢, ¢¥) €Y, p~€ H'0,T;H*(Q)NL*0,T; H(Q)), (4.4)
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and we may regard (¢, g, p*) as a solution to the linear PDE system

—Ap* =q% inQ, Oup®*=0 on X, (4.5)
— 9(q* + %) — A + (@()h" (7°) + f3 (1)) a® = L(I* — zq) in Q, (4.6)

— Ot + Ong” — Arqft + (V()h" () + g5 (5F)) af = (i — 25)
and ¢ =gqp on X, (4.7)

(T)+p*(T)=0 inQ, q(T)=0 onT. (4.8)

Moreover, as we are now dealing with (P,,) instead of (P,), the variational inequality given by
[8, Thm. 2.5] has to be modified as follows:

T
/ /(q? + ﬁg, TL% + (ﬁ% — ﬂr))("Up — TIJ%) dl'de¢ Z 0 VUF € Z/{ad . (4.9)
0 JT

In order to pave the road for the limit process as a ™\, 0 in the optimality conditions for (P,,),
we employ an idea that was developed in [8]. Namely, it is possible to show that the system
(4.1)—(4.3) is equivalent to a decoupled problem that can be solved by first finding ¢® and
then reconstructing p®. We briefly motivate this approach. First, standard embedding results
yield that ¢* € C°([0,T]; V), and it immediately follows from inserting v = 1 in (4.1) that
(q®(t))* = 0 forall t € [0,T]. Hence ¢°(t) € dom N\, and, with the mean value function
(p*)®t € C°([0,T1)), the function (p® — (p®))(t) satisfies for every t € [0, T the identity
(2.24) with v, = ¢“(t). In other words, we have

(™ — (M))(t) = N(¢*(t)) Vte[0,T]. (4.10)

On the other hand, (p®(t))* is for any fixed ¢ € [0, T'| a constant function and thus orthogonal
in H to the subspace of functions having zero mean value. Consequently, p® is completely
eliminated from (4.2) if we confine ourselves to the use of test functions having zero mean
value. Similar remarks apply for the final condition on ¢g“ + p“ appearing in (4.3). In this way,
we may try to first construct (¢%, ¢2) and then recover p® from (4.10), where the calculation of
(p*(t))* is an easy task, since simple integration of (4.6) over Q) x [t, T, using (4.8) and the
fact that ¢*(¢) has zero mean value, immediately yields that

(p* ()" = ﬁ /t /ﬂ (—A¢™ + (p()"(F*) + (7)) 4" = B — 2q)) dzds.

We now make this approach precise. Since our test functions will have zero mean value, we
introduce the linear spaces

Hq = {(U,UF)EH:vﬂzo}, Vao:=HqNV, (4.11)

and we define on Hq and Vg, the inner products

((u, ur), (0,00 g = ((u,ur), (v,00)) = /

uvdaz—{—/urvpdf‘, (4.12)
Q r

((’LL, UF), (’U,’UF))VQ = /VU -Vodr + /VFUF . VF’UF dF, (4.13)
Q r
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where (u, ur), (v, vr) are generic elements of Hy, (resp., Vq). Note that it follows from Poincaré’s
inequality (1.19) that (4.13) actually defines an inner product in V, whose associated norm is
equivalent to the standard one.

Next, we infer from [8, Lemma 5.1 and Cor. 5.3] that
Vi = {ur: (v,ur) € Vo}, and )V, isdensein H. (4.14)

Therefore, we can construct the Hilbert triple Vo C Hqo C V5 with dense and compact em-
beddings, that is, we identify Hq with a subspace of 1 in such a way that

((u,ur), (v,vr))vg = ((u,ur), (v,or))n, Y (u,ur) € Ho, V(v,ur) € Vo. (4.15)

Observe that, because of the zero mean value condition, the first components v of the elements
(v,vr) € Vg cannot span the whole space C§°(£2); consequently, variational equalities with
test functions in Vg, cannotimmediately be interpreted as equations in the sense of distributions.
We obviously have the following result:

Lemma 4.1: Let the general assumptions (A1)—(A6) and (1.10), (1.12) be satisfied. Then the
pair (¢, qr) = (q¢%, q) is a solution to the variational system

— /Qﬁt (NM(q(t) + q(t))vdz + /QVq(t) -Vodx + /FVFQF(t) - Vyor dl
—A@%wdngémeRfu»+ﬁ@%mﬁmn@x
T / ($(0) R (F2() + g2(FR () qr(t) op-dT

_ / BUT" (1) — zo(t) v + / By (1) — 25(t)) vp dT
Q N

for every (v,vr) € Vo andfora.a. t € (0,7), (4.16)

/(N(Q) +¢)(T) vdz + /QF(T) vrdl' =0 forevery (v,ur) € Vo.  (4.17)
Q T

Notice that we may insert (v, vr) = (¢*(T), ¢ (T")) € Vq in the end point condition (4.17),
which, in view of (2.28), yields that

gD + g™ (D7 + g (D)7, = 0;
we thus may replace (4.17) by the simpler condition
¢(T)=0 aeinQ, N(@T)=0 aeinQ, ¢(T)=0 aeonl, (4.18)

where the second equation simply follows from the fact that ¢* (") belongs to the domain of the
operator N\ .
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Remark 4.2: In [8, Theorems 2.5 and 5.4] it has been shown that there is only one solution
to problem (4.16)—(4.17) (namely, (¢%, ¢¥)) that has zero mean value and belongs to ).

We now prove an a priori estimate which will be fundamental for the derivation of the optimality
conditions for (Py). To this end, we introduce some further function spaces. At first, we put

W = HY0,T; V) N L*(0,T; Vy). (4.19)

Then we define
Wo = {(n,nr) € W: (n(0),nr(0)) = (0,0)}. (4.20)

Observe that both these spaces are Banach spaces when equipped with the natural norm
of W. Moreover, W is continuously embedded in C°([0, T]; Hg,), so that the initial condi-
tion encoded in (4.20) is meaningful. We also point out that W, is dense in L?(0,T; Vq)
for it contains the dense subspace H;(0,7T; Vq). Therefore, the dual space L?(0,T;V§) =
(L?(0,T;Vq))* can be identified with a subspace of the dual space W in the usual way, i.e.,
in order that

{(z, 2r), (n,nr))) = /0 ((2(), 20 (t)), (), 10 (£)))y,, di
forall (z,2r) € L*(0,T;Vg) and (n,nr) € W, (4.21)

where ((-, - )) denotes the duality pairing between W; and W, . Next, we put
Z = L*(0,T;H)NL*(0,T;V), (4.22)

which is a Banach space when equipped with its natural norm.

Proposition 4.3:  Let the general assumptions (A1)—(A6) and (1.10), (1.12) be satisfied and
let

(A% AR) == (p(a) h"(5*) ¢, ¥(a) K" (gr) af) Vo € (0,1]. (4.23)

Then there exists a constant K5 > 0, which only depends on the data of the system and on
R, such that for all o € (0, 1] it holds

(g% ar)llz + \|()\a7)\%)”wg + HN(qa)”Loc(o,T;H2(Q))mp(o,T;HS(Q))
+ | wia),

+ (10 (M (™) + ¢*) . 0N (g*)) e + a) ], < K5 (4.24)

Lo (0,75 H3/2(D) L2 (0,75 H5/2(I))

PROOF: Inthe following, C;, i € IN, denote positive constants which are independent of o €
(0, 1]. To show the boundedness of the adjoint variables, we insert (v, vr) = (¢*(t), ¢%(t)) €
Vg in (4.16), written for (¢, qr) = (g%, ¢), and integrate over [s,T] where s € [0,T]. First,
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note that

_ /ST/Qat (N(g®) +¢*) ¢*dadt = /Q (N(qa(s))qa(s) +% |qa<5)|2> dz

T
1
[ [N o dsde = S (G + o)1) (429

since ON(q*) € L*(0,T; H*(Q)) by (4.4) and (4.10), and the integration by parts with
respect to time can be done in view of (2.28), (2.30), and (4.18). We thus obtain the equation

L@ + 1O + 165, //IVqldxdt

+/ /|vrqg|2drdt+//Aaqadde//qugdrdt
Q
// Y |g*? dwdt+//92 g2 |gft” dr dt
//ﬁl Y —z0) ¢ dxdt+//ﬁ2 2 —zx) gi dldt. (4.26)

By (4.23) and the positivity of h”, the last two integrals in the second line of the left-hand side
of (4.26) are nonnegative, while, owing to (2.33) and (A1), the right-hand side of (4.26) can
obviously be bounded by an expression of the form

T T
Ch (1 +//Q|q“|2 dzdt + / /quﬁ‘]Q drdt).

Hence, invoking Gronwall’s inequality, we find the estimate

DO | =

(¢, at) || Lo, r0nr2 0,y < Co Ya € (0,1]. (4.27)
Moreover, first using (2.25) and then the trace theorem, we find that
IN (@) o= 0,75020)) 022 (0,753 < Cs Ve (0,1], (4.28)

||(N(qa))|r"LOO(O,T;H3/2(F))OLQ(O,T;H5/2(F)) S C14 \V/Oé G (O, 1] . (429)

Next, we derive the bound for the time derivatives. To this end, let (1, nr) € W, be arbitrary.
Using (4.18), the initial condition for (7, 7r), and the estimates (4.27)—(4.29), we obtain from
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integration by parts and (4.21) that

<<_(at(./\/’<qa) + qa)’ 8t (N<qa)|r + qg)) ) (777 771")>>

//& )+ q* ndxdt—//@t N+ q) nrdlde

—/O (Om(t), N(q*(1) + ¢*(8))y dt + / (O (1), N (g*(2) + ¢ (1)), dt

< [ oy

-/ ()

N(g*(t)) + ¢°(t)|v dt

v+

(N (O + g ()], dt

vz
< Cs||(m,mr)llwg . forall o € (0,1]. (4.30)
We thus have shown that
@GN (a*) + %), 0 (N (@) + a6, < G Vae (0.1]. (4.31)

Finally, by recalling (4.23) and the estimates (4.27)—(4.29), (4.31), a comparison in (4.16) yields
that
A% AR wg < Cs Ya € (0,1] (4.32)

as well, and the assertion is proved. =

4.2 The optimality conditions for (7))

We now establish first-order necessary optimality conditions for (Py) by performing a limit as
a "\, 0 in the approximating problems. To this end, recall that a fixed optimal control ur € U.q
for (Py), along with a solution quintuple (¥, yr, @, E, f_p) of the associated state system (1.3)—
(1.7) is given.

We draw some consequences from the previously established results. First recall that by Theo-
rem 3.5 for any sequence {«,,} C (0, 1] with o, \, 0 as n — 00, and for any n € IN we can
find an optimal control %" € Uyq for (P,,) and an associated state triple (7", &, @)
such that the convergences (3.18)—(3.21) hold. As in the proof of Theorem 3.1, we may without
loss of generality assume that

f(y™) — f3(y) stronglyin C°([0,T7; H), (4.33)
g5 (Jp") — g5 (yr)  strongly in C°([0, T]; Hr) . (4.34)
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Also, by virtue of Lemma 4.1 and Proposition 4.3, we may without loss of generality assume
that there exist the corresponding adjoint state variables (¢, ¢¢™) € ) that satisfy

(¢“",qt™) — (q,qr) weakly-starin Z, (4.35)
N(g*) — N(q) weakly-starin L>(0,T; H*(Q)) N L*(0, T; H*(2)), (4.36)
(N(@™™)r — (N(q))), weakly-starin L(0,T; H*(T')) N L*(0, T; H>*(T)),
(4.37)
(A AR™) — (A Ar)  weakly in Wy (0, 7)), (4.38)

for suitable limits (q,qr) and (A, Ar). Therefore, passing to the limit as n — oo in the
variational inequality (4.9), written for «,,, n € IN, and recalling (3.18), we obtain that (g, gr)
satisfies

T
/ /(QF + ﬂg, ﬂp) (UF — l_LF) dI' d¢ >0 VUF < Z/{ad- (4.39)
0 JI

Next, we will show that in the limit as n — oo a limiting adjoint system for (P) is satisfied.
To this end, we insert an arbitrary (1, 7r) € Wy(0,T) in (4.16), written for «v,,, n € IN, and
integrate the resulting equation over [0, T']. Integrating by parts with respect to ¢, and invoking
(4.18) and the zero initial conditions for (7, 7r), we arrive at the identity

/ /)\a”ndxdt +/ /A%n nrdl dt +/ (Om(t), N (q*"(t)) + ¢*(t))y dt

/ (Omr(t), gt (1)) v dt—i—/ /qu‘"~V77d:Udt + / /quF - Vpnr dI'dt

// ym) C“”77d:17d75+//92 gpm) g mp dl dt
—51// " —zg ndxdt—l—ﬁg// " — zy)nrdldt. (4.40)

Now, by virtue of the convergences (3.19), (3.20), and (4.33)—(4.38), we may pass to the limit
as n — oo in (4.40) to obtain, for all (1, nr) € Wy(0,T),

(0 An), (. 0))) + / On(t) . Na(t)) + g(®))v dt + / (@ume (), qo(D)ve dt

T T
+//Vq-V77d:vdt+//qup-Vpndedt
0 Q
T
+//fé’( qndxdt+//92 yr) qrnrdI’ dt
0 Q
T
=ﬂ1//(y—zQ>ndxdt+62/ /(yr—zzmdrdt. (4.41)
0 Q 0 I
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Next, we show that the limit pair ((A, Ar), (¢, qr)) satisfies some sort of a complementarity
slackness condition. To this end, observe that for all n € IN we obviously have

T T
//W ¢ drdt = / /@(an) R'(5°) g™ dz dt > 0.
0 (9] 0 Q

An analogous inequality holds for the corresponding boundary terms. We thus have

T T
lim inf/ //\O‘" ¢*"dxdt >0, lim inf/ /)\%" grmdl’dt > 0. (4.42)
0 Jo oJr

n—oo n—oo

Finally, we derive a relation which gives some indication that the limit (A, Ar) should some-
how be concentrated on the set where |y| = 1 and |gr| = 1 (which, however, we cannot
prove rigorously). To this end, we test the pair (A®, Af") by the function ((1 — (7°")?) ¢,
(1— (ypm)? )ngp) that belongs to Vg, since (¢, ¢r) is any smooth test function satisfying

(6(0), 6r(0)) = (0.0), / - @) o)z =0 Ve[0T,  (443)

As h"(r)=2/(1—r?) forevery r € (—1,1), we obtain

lim (/OT/QA“”(l— 7)) ¢ dz dt ///\O‘" (1—( ”)2)¢dedt)
= 7}1_{20 (Q/OT/ng(an) ¢ pdadt, 2/OT/F;/)(an) qr" ¢r dth) = (0,0). (4.44)

We now collect the results established above, especially in Theorem 3.5. We have the following
statement.

Theorem 4.4: Let the assumptions (A1)—(A6) be satisfied, let h be given by (1.10), and let
@, be positive and continuous functions on (0, 1] fulfilling (1.12). Moreover, let tr € Uy
be an optimal control for (P,) with associated solution quintuple (¥, ijr, W, £, 1) to the corre-
sponding state system (1.3)—(1.7) in the sense of Definition 2.1. Then the following assertions
hold true:

(i) For every sequence {a,,} C (0,1], with o, \, 0 as n — oo, and for any n € IN,
there exists a solution up™ € U,q to the adapted control problem (75%) such that, with the
associated solution triple (Y, yp", w™") of the corresponding state system (2.13)—(2.16), the
convergences (3.18)—(3.21) hold as n — oo.

(iiy Whenever sequences {a,} C (0,1] and {(y*",yp",uag™)} having the properties de-

scribed in (i) are given, then the following holds true: to any subsequence {ny }rew of IN there
are a subsequence {ny, }sev and some ((\, Ar), (q,qr)) € Wo(0,T)* x Z such that
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B the relations (4.35)—(4.38), (4.42), and (4.44) hold (where the sequences are indexed by
nk, and the limits are taken as { — oo), and

B the variational inequality (4.39) and the adjoint equation (4.41) are satisfied.

Remark 4.5: Unfortunately, we are not able to show that the limit pair (¢, gr) solving the ad-
joint problem associated with the optimal triple (7, gr, ur) is uniquely determined. Therefore, it
may well happen that the limiting pairs differ for different subsequences. However, it follows from
the variational inequality (4.39) that for any such limit pair (g, gr) it holds, with the orthogonal
projection ]Puad onto U,q with respect to the standard inner product in Hr, that for 35 > 0 we
have

ur =Py, (=55 'qr) - (4.45)
Standard arguments then yield that if the function ir € L?(X) defined by

Usy. (2, 1) it — G5 qr(z,t) > o (2, 1)

ar(z,t) =< up(z,t) if — ﬁglqr(x,t) < uy.(x,t) fora.a. (z,t) € X, (4.46)
—B:qr(x,t) otherwise

belongs to U.q (i.e., its time derivative actually exists and satisfies the bound prescribed in
(1.8)), then ur = ur and ur turns out to be a pointwise projection.
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