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Abstract

Consider a time-harmonic acoustic plane wave incident onto a doubly periodic (biperiodic) surface
from above. The medium above the surface is supposed to be filled with a homogeneous compress-
ible inviscid fluid of constant mass density, whereas the region below is occupied by an isotropic and
linearly elastic solid body characterized by its Lamé constants. This paper is concerned with a varia-
tional approach to the fluid-solid interaction problems with unbounded biperiodic Lipschitz interfaces
between the domains of the acoustic and elastic waves. The existence of quasi-periodic solutions in
Sobolev spaces is established at arbitrary frequency of incidence, while uniqueness is proved only for
small frequencies or for all frequencies excluding a discrete set. A finite element scheme coupled with
Dirichlet-to-Neumann mappings is proposed. The Dirichlet-to-Neumann mappings are approximated
by truncated Rayleigh series expansions, and, finally, numerical tests in 2D are performed.

1 Introduction

Consider a time-harmonic acoustic plane wave incident onto an unbounded doubly periodic (or biperi-
odic) surface from above; see Figure 1. The medium above the surface is supposed to be filled with
a homogeneous compressible inviscid fluid with a constant mass density, whereas the region below is
occupied by an isotropic and linearly elastic solid body characterized by its Lamé constants. Due to the
external incident acoustic field, an elastic wave propagating downward is incited inside the solid, while
the incident acoustic wave is scattered back into the fluid. This leads to the fluid-solid interaction (FSI)
problem with unbounded biperiodic interfaces separating the domains of acoustic and elastic waves. The
problem has many applications in underwater acoustics, sonic and photonic crystals as well as in the field
of ultrasonic non-destructive evaluation; see [7, 10, 20, 28] and the references therein. In particular, the
investigation of surface (or Rayleigh) waves can be important in developing new surface acoustic wave
devices and planar actuators ( [10]). The application of periodic interfaces in the real world, e.g., grain
structure, lamination and fiber reinforcement as well as in the manufacturing of material surfaces, moti-
vates us to rigorously investigate FSI problems in periodic structures. Note that, so far, a vast literature
has come from the engineering community only.

Since Lord Rayleigh’s original work [23], grating diffraction problems have received much attention in both
the physical and mathematical communities. Consequently, the scattering of pure acoustic, elastic or elec-
tromagnetic waves has been studied extensively including theoretical analysis and numerical approxima-
tion, using integral equation methods (e.g., [3,25-27,29]), variational methods (e.g., [1,5,6,11,12,14,17,
18,21]) or the coupling scheme [2]. In particular, the variational approach appears to be well adapted to
the analytical and numerical treatment of rather general two-dimensional and three-dimensional periodic
diffractive structures involving complex materials and non-smooth interfaces. To investigate the FSI prob-
lem, we establish an equivalent variational formulation in a bounded periodic cell involving two nonlocal
transparent boundary operators. Relying on properties of the Dirichlet-to-Neumann (DtN) maps for the
Helmholtz and Navier equations, we show the existence of solutions in quasi-periodic Sobolev spaces by
establishing the Fredholmness of the operator generated by the corresponding sesquilinear form. More-
over, uniqueness is proved at least for small frequencies or for all frequencies excluding a discrete set.
A non-uniqueness example in Lemma 4.3 shows that uniqueness does not hold in general, even if the



Figure 1: Scattering of plane waves from an egg-crate shaped biperiodic surface in R3.

interface is given by the graph of some smooth biperiodic function. This is in sharp contrast to the result
in [21] for the pure Helmholtz equation and that in [13] for the pure Lamé system, where the uniqueness
is proved via periodic Rellich’s identities for a scattering interface given by the graph of some function.
This suggests the possible existence of surface (Rayleigh or evanescent) waves in general settings, and
a corresponding search for eigensolutions may help to design new surface wave devices. Based on the
variational formulation, a finite element scheme with approximated Dirichlet-to-Neumann mappings in
form of truncated Rayleigh series expansions is proposed. The numerical analysis is performed, and 2D
examples are presented.

The paper is organized as follows. In Section 2 we rigorously formulate the interaction problems with
biperiodic Lipschitz interfaces separating the domains of acoustic and elastic waves. In Section 3 we
propose an equivalent variational formulation in a truncated periodic cell by introducing two non-local
transparent operators. Section 4 is devoted to the solvability of the FSI problem through the variational
approach. An energy balance formula will be stated in Section 5 and the numerical analysis of the finite
element method is given in Section 6. In the final Sections 7 and 8 we introduce the corresponding two-
dimensional setting and present numerical tests.

We end up this section by introducing some notation that will be used throughout the paper. Denote by
()T the transpose of a vector or a matrix, and by (-)* the adjoint of an operator. For a € C, let |a| denote
its modulus, and for a € C3, let |a| denote its Euclidean norm. The notation a - b stands for the inner
product Z?:l ajb; ofa = (ay,as,a3)’,b = (b1, by, b3)" € C3.Forz = (z1,79,73)" € R3, we write
T = (v1,72)" sothatz = (7, 23)".

2 Mathematical formulations

We assume that an acoustic wave is incident onto a biperiodic Lipschitz surface I' C R? from above.
Without loss of generality we suppose that I' is 27-periodic in 1 and -, i.e.,

r=E",3) el = (@ +2rn",23) € forall n=(ny,ny)" €7

Denote by (2™ the region above I", which is filled with a homogeneous compressible inviscid fluid with
the constant mass density py > 0. The incident wave is supposed to be a time-harmonic plane wave
of the form v™(z) exp(—iwt) with frequency w > 0 and speed of sound ¢y > 0, where the spatially



dependent function v takes the form
0" (x) = exp(ikd - ), 0 = (sinb; cos by, sinb; sin by, —cosby)' €S? := {z e R |z| =1}. (1)

In (1), the vector 0 denotes the incident direction with the incident angles ¢, € (—n/2,7/2),0, €
[0,27), and k = w/cy is the wave number in the fluid. We assume the region below I, denoted by (2™,
is occupied by an isotropic and linearly elastic solid body characterized by the real valued constant mass
density p > 0 and the Lamé constants A\, i € R satisfying 1 > 0, 3\ + 2 > 0.

Under the hypothesis of small amplitude oscillations both in the solid and the fluid, the direct or forward
scattering problem looks for the total acoustic field v = v™ + v*¢ and the transmitted elastic field u
generated from a known (prescribed) incident wave v such that (see e.g. [19, 24, 28])

(A+EHv =0 in QF,
(A*+w?p)u = 0 in Q, A*:=pA+ (A+ p)graddiv, 5
nu-v = O on T, n:= pjw* >0, @
Tu = —vv on I.

Here, the notation v = (11, v5,v3)" € S? denotes the unit normal vector on I" pointing into 2~ and
0,u = v - grad u. As a convention we shall use the symbol J; u to denote du/dz;. In (2), T'u stands
for the three-dimensional stress vector or traction having the form:

Tu=T\ pu =20, u+ Ndivu)v + pv x carl u on T. (3)

By Betti’s formula (see e.g., [22]), the role of the above stress operator in the Lamé equation is the same
as that of the normal derivative in the scalar Helmholtz equation.

Throughout the paper, we write o = (arp, o) T := k(sin 0 cos 6y, sin 6 sin ) " € R2. Obviously, the
incident field v™" is a-quasiperiodic in the sense that v™(z) exp(—ia - ) is 27-periodic with respect
to x1 and x». The periodicity of the structure together with the form of the incident wave implies that the
solution (v, u) must also be a-quasiperiodic, i.e., for w = v in QT and w = win Q it holds that

w(F + 27 n, 3) = exp(2mia - n) w(wy, xo, x3)  forall n = (ny,ny) € Z2 (4)

Since the domain Q7 is unbounded in the f=x5-direction, a radiation condition must be imposed at infinity
to ensure well-posedness of the boundary value problem (2). Let
' := max{z I'" ;= min{x3}.
zel {os} xer{ 3}

Following [21], we require that the scattered acoustic field v*¢ admits an upward Rayleigh expansion (see
also [4,6,15])

v*(Z,13) = Z Un exp(icy, - T + inprs), w3 >T7, (5)

nez?

with the Rayleigh coefficients v,, € C. The parameters «,, = (oé}), oz,(f))T € R?and 7, € Cin (5) are

given by

(K = [an[?)? it |an| < F,
2

f c 72 6
(a2 — kD) ifjan| > K, O ©)

a, = a+n e R nn:{



To see the corresponding expansion of the elastic field, we decompose it into the compressional and
shear parts,

1 . :
u=- (grad p + curly)) with ¢ = —k%divu, Y = kigcurlu, (7)

where the scalar function ¢ and the vector function v satisfy the homogeneous Helmholtz equations
(A+E)e=0 and (A+E)Y=0 in Q, (8)

with the compressional and shear wave numbers defined as

kp = w\/p/Cu+ N, ks :=w\/p/p.

Applying the downward Rayleigh expansion for the scalar Helmholtz equation to ¢ and the components
of Y, i.e.,

90(‘%7 123) = Z Pp,n eXp(iozn ‘X — iﬁnxii)v 77Z)(‘%a :L‘3) = Z \I}s,n exp(ian ‘X — Z.fYn:LB)
neZz? nez?

with \ps,n-(ag, —fyn)T =0, we finally obtain the corresponding expansion of u into downward propagating
plane elastic waves

u(x) = Z {Ap,n ( _Oégn ) exp(iay, - T — if,x3) + Aspexp(iay, - T — i%xg)} , o3 <I'7. (9)

nez?

In (9), the Rayleigh coefficients are given as

o'
Apn = ppn €C, A, = ( " ) x Wy, € C3.
—Tn
In particular, we have the orthogonality
(079 2
A - ( ) =0 forall n € Z~. (10)
—Tn

The parameters (3, and ,, occurring (9) are defined analogously to 7,, in (6) with k replaced by k, and
ks, respectively. By 1, and us we denote the compressional and shear parts of u, respectively, i.e., for
r3 <17,

up(z) = Z A, ( _agn ) exp(iay, - T — if,x3), us(x) = Z A, exp(ioy, - T — iv,x3).
nez?

Then, it is obvious that u = u, + u, and
(A+E)u, =0, curlu, =0, (A+k}u,=0, divu,=0 in Q.

Since 7,,, 3, and ,, are real for at most finitely many indices n € Z?, we observe that only the finite
number of plane waves in (5) corresponding to |77,| < k and those in (9) corresponding to |3,| <
k, and |7m| < ks propagate into the far field. These plane waves are referred to as the upward and



downward outgoing plane waves, respectively. The remaining part consists of evanescent (or surface)
waves decaying exponentially as |z3] — +oo. Thus, the Rayleigh expansion (5) converges uniformly
with all derivatives in the upper half-space {z : x3 > b} forany b > ', while (9) converges in the lower
half-space {x : 23 < a} foranya < I'".

Now, we can formulate our FSI problem as the following boundary value problem, in which the interface
I is not necessarily the graph of a biperiodic function.

(BVP): Given a biperiodic Lipschitz surface I' C R? (which is 27-periodic in z; and x» and which
splits R3 into an upper and lower half space) and an incident field v of the form (1), find a
scalar function v = v™ + v* € H} (%) and a vector function u € H}. _(Q7)? that satisfy

the equations and transmission conditions in (2), the quasi-periodic boundary condition (4) and the
radiation conditions, i.e., that u and v admit the Rayleigh expansions in (5) and (9), respectively.

3 \Variational formulation in a truncated domain

In this section we propose a variational formulation equivalent to (BVP), based on the approach of [15,21]
and [12,13] for the scattering of acoustic and elastic waves by diffraction gratings. Thanks to the periodicity
of the unbounded domains 2*, we can restrict our discussions to one single periodic cell {r:0< xr; <
27, j = 1,2} such that after a truncation in the x3-direction the compact imbedding of Sobolev spaces
can be applied. This, together with Friedrich’s inequality for the Helmholtz equation and Korn’s inequality
for the Navier equation, enables us to justify the strong ellipticity of the sesquilinear form generated by
the variational formulation.

We begin with introducing artificial boundaries
UF = {(21, 29, £b) : 0 < ay,29 <27}, +b2TF
and the bounded domains
Fi={re 0T 0<ay, 70 <2, 23S b}

For simplicity we still use I" to denote one period of the grating surface; see Figure 2. Since I is a Lipschitz
surface, we may restrict our considerations to the case that Qgt are bounded Lipschitz domains in R?. Let
H;(ta) denote the Sobolev space of scalar functions on Q?f which are a--quasiperiodic with respect to
x1 and Ts.

Introduce the family of product spaces (including the energy space V)

Vi=Vi(e) = V," x V7, VT = Ho (), = H,()°,
equipped with the norm in the usual product space of H'(}) x Ht(Qb_)?’ Using the transmission
conditions in (2), it follows from Green’s and Betti’s formulas that, for (¢, ¥)) € V7,
—/ (A+ kK vpdr = / [gradv-gradp — k*vp | do —n | u-vpds — dvpds,
QF QFf r rf

(11)
(A P de = E(u, D) —pu-]de — [ vv-bds— | Tubd
/( + w?p)u-1p dz /b[(u,¢) w?pu- | do /Fvyz/)s /F u-pds,

b b
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Figure 2: The geometry settings in one periodic cell. Here Fff ={(x1, 2, ib)T : 0<x1,29<2m}and
Qif denotes the domain between I’y and T,

where the bar indicates the complex conjugate, I’ is the stress vector defined by (3) and

3
E(u, ¥ ) = 2p (Z O;u; &%) + A (div w)(dive)) — peurlu - curl 9. (12)

i,j=1
Now we introduce the DtN maps 7= on the artificial boundaries Fbi.

Definition 3.1. Foranyw € H:(L'}), s> 0, the DtN operator T applied to w is defined as 8l,vsc|rb+,
where v*¢ is the unique «-quasiperiodic solution of the homogeneous Helmholtz equation in x3 > b
which satisfies the upward radiation condition (5) and has the Dirichlet boundary value v*¢ = w on F;“.

Analogously, for any w € HZ2(T; ), s > 0, the DtN operator T~ applied to w is defined as Tu|Fg,
where u is the unique «-quasiperiodic solution of the homogeneous Navier equation in x5 < —b which
satisfies the downward radiation condition (9) and takes the Dirichlet boundary value w = wonI', .

In this paper we employ the following equivalent norm on Hj(RZ):
2s |, |2 1/2
lollg ey = (D2 (1+ Il [@a?) s €R, (13)
n€z2
where w,, € C are the Fourier coefficients of exp(—i« - Z) w(Z), that is,
w(T) = Z Wy, expl(iay, - T). (14)
nez?

Letting w € Hg(FgL), s >0 be given as above, one can readily derive an explicit expression of the DtN
map 7 T from its definition as follows:

(THw)(z) = Z N Wy, expliay, - T), (15)
nez?

where 7, is defined as in (6). Analogously, for w € HZ(T';)?, s>0 of the form (14) with w,, € C?, we
can represent the DIN map 7~ as

(T w)(&) = iW, by explia, - ©), (16)

nez?



where W, is the 3 X 3 matrix given by

1 an, b, —c,
W, = W,(w, p, =—— |\ b, d, —e,], 17
(w, p, @) ot B ” fi (17)

with

an = (o = Ba) (7)) + k%} b 1= —paf o (v = B,),
= (2/wz — W+ 2y Ba) o), ey = (2uan — w?p + 207 B0) P,
dn = (= Bu) (@) + K] fu = .
The expression of 7" is well-known (see [15,21]), whereas that of 7~ can be derived following the way

in [13] for upward propagating elastic waves. Throughout the paper we assume w is not an exceptional
frequency, i.e.,

w € Dy :={w:3In € Z?st. |0, ()| + Bp(w)yn(w) = 0}, (18)

so that the denominator of (17) never vanishes. The condition (18) can be guaranteed if w is sufficiently
small or if the relation A + 2 < pc3 ( equivalently k < k) holds; see Theorem 4.4 (ii).

Remark 3.2. The condition w & D, is a technical assumption only. If w € Dy is an exceptional fre-
quency, then the DtN mapping is to be modified. For simplicity, we assume that the condition | v, (w)|* +
By (w)yn(w) = 0 is satisfied if and only if n = n. for a fixed ny € Z?*. Then we introduce the modified
DtN map

(Tyw) (@) = > iW, i, explia, - 7).

neZ?: n#ny

The subseque_nt sesquilinear form A in (23) is to be modified as follows. We replace the last term
— Jo- T u - v ds in the square bracket by
b

Ty

— T#_U-Eds—\ll#(u) . . dpt) ds

where W, : V; — C? is a continuous linear vector-valued functional and where the function ¢
R3 — C is defined by qb#(i: T3) 1= 5 —exp(ian,, - ~) For . and the trace of the traction operator T,

we have to require W 4 (w fr qﬁ# Tw and W 4 (w fr buwh g forj=1,2,3, where
wi‘: (I) = (a;Lr#7 :l:/Bn#) eXp ( (Oén# SE :l: 6n# [x3 + b]))
T
wy (z) = (a%, —04;1;, 0) exp (i(aun, - T & Yo, [z3 + b)),
wét (x) = (&1#7 iﬁn#) eXp ( (Ckn# x :I: P)/’n# [x3 + b]))

The functions wj, J =4,5,6 are chosen as constant vectors multiplied by ¢ such that the mapping
C*> (N, — Z?Zl MN[T(w)) — wi ] |r,j has a trivial kernel.



Settinga := 1(—b+1T") andT, := {z €R3: 0<zy,z,<2m, z3=a}, we can choose, e.g.,

Wy (u) =
1 1

o T 2\ T
8726, [any, |2 exp(—iBn, (a+D)) — exp(—ivn, (a+b)) { /ra Ot By oy [ony )
—exp(cimy o+ 0) [ Gpu-Ghal, a7} [ GeTur

Ty

1 1
+ - -
477, ? eXp(— 19y (@ + 5)) — exp(i7ny (@ + b))

—explinny (a+0) | Fpu- (@2, —al,0)7 } 57 Ty
T, Ty

{[ e —aor

1 1 o T 0T
+ A B : n ny’  |Yn
872 B, o, |* exp(—iYn, (a+D)) — exp(—if,, (a+b)) {/— Ot (B Qs 0ty )

—eXP( Zﬂn# a+b / ¢#u (ﬁn# Ny |Oén#| }/ ¢#Tw3

1 1 -
+ ; ; (B, T |, 2T
87]'2517,# ’an# ‘2 eXp(Zﬁn# <a+b)) — eXp(Z")/n# (a+b)) { I Qb# u (6 #an# |O{ #| )

—eXp(Z”Yn#(a+b / ¢#u (ﬁn# n#,‘&n#l }/ ¢#'LU4

1 1 _
+ . ‘ u-(a?, —a® g
472, |? exp(ivn, (a + b)) — exp(—ivn, (a + b)) { - Py u-(an, N )’

—exp(imy(a+0) [ Feu-ta-al 07} [ Gug
r, Iy

1 1
+ - ;
872 B, o, |* exp(ivn, (a+Db)) — exp(if,, (a+Db))

- exp(iﬁn# a+ b / ¢# u- (ﬂn# Ny |an#| } / ¢# wﬁ

{ 7@”' (6n#a:;#v|an#|2)—r

Remark 3.3. Suppose that w satisfies the upward o.-quasiperiodic Rayleigh expansion
. (7% . ~ . . ~ . 4
w(x) = Z {Ap,n < 3 ) exp(ioy, - T+ ifpx3) + Aspnexplioy, - T + wnxg)} , x> 1T
nez? "

as a solution to the Navier equation in €, with the Rayleigh coefficients A,, €C A, € C3 such that
A, - (o) )" = 0. Then one can prove that (see [13, Lemma 1))

(Tw)lps = > i W, tby explion, - F),
neZ?

where 1,, denotes the Fourier coefficient of exp(—ica - &) w(Z, b) of order n. Hence, the matrix in (17)
differs from that in [13] only in the signs before c,, and e,,.



Making use of the norm (13) and the asymptotic behavior

, 1 k2—k2 k2 + k2
Umﬁm% ~ z|n|, |6n - '7n| ~ W P ’an|2 + 671771 ~ L

5 as |n| — oo,
one can straightforwardly verify that

TH:H3(RY) — HE N (R?), T : HYR?? — HIY(R?, 5> 0

are both bounded operators. Moreover, the operator —Re T is positive semidefinite over H;(Flf), i.e.,

—Re T wwds = 4r? Z 1| [0,]* >0 forall we HETY). (19)

+
Ly |an| >k

Unfortunately, the positive semidefiniteness of —Re 7~ over Hé(F;)S does not hold in general (see
[12,13]). With the definitions of 7+, we can reformulate the terms 9, v and T'u on the right hand sides of
(11) as

(00)lry = fo+ TH(ley),  (Tu)ley =T (uly, ), (20)
with
for= @0™)|rr = THW™" ), fol@) = =2imo explia - & —inob) € HY*(TY), (21

which follows from the expression of v" in (1). Combining (20) and (11), we obtain the following variational
formulation of (BVP): Find (v, u) € V; such that

A((wu), (o)) = [ fopds torall (p.6) € Vi 22
Fb
where the sesquilinear form A : V; x V; — C is defined as
A((v,u), (p,0)) = / [gradv - grad g — k*vp | do — n/u cvpds — Ttvpds (23)
QF r ryf

+1

J

for all (, 1) € Vi. The above sesquilinear form obviously generates a continuous linear operator A :
Vi1 — V/ such that

A((v,u), (@) = (A(v,u), (¢ 9)) forall (¢, ¢) € VA (24)

Here V/ denotes the dual space of V; with respect to the duality (-, -) extending the product in L*(Q;) x
L2y ).

E(u, ) —w’pu - | do — ds — [ T u-vd
[(u,¢) wpuzﬂx /Fvuws /Fb_ uws]

b



4 Solvability results

Having established the equivalent variational formulation in a truncated domain in Section 3, the purpose
of this section is to derive uniqueness and existence of weak solutions to the variational equation (24).
We first prove the strong ellipticity of the sesquilinear form A.

Lemma 4.1. The sesquilinear form A defined in (23) is strongly elliptic over V1, and the operator A

defined by (24) is always a Fredholm operator with index zero.

Proof. Since the matrix —Re (iWV,] ) is positive for large |n| (see [13, Lemma 2]), the operator —Re (7 ™)
can be decomposed into the sum of a positive definite operator 7; and a finite rank operator 75 from
HY?(T; ) to Hy '/(T';). We split the sesquilinear form A into the sum A = A; + Ay, where

A, (o) = [ leedv gadgopldo - [ Tropds

+
Fb

+n

/Q [E(u, ) +u-1p] do + Tluﬂds] ,

b Ty

Ay ((v,u), (@, ) = —/Q+ [(1+k2)1@}dx—77/ru-yads

J

Recalling (19) and Korn’s inequality (see, e.g., [19, Chap. 5.4] or [12]), we have

+n

[—(1+w2f))u-@]dw—/w-¥d8+ Tw@dSI

b r Iy

Re Al ((U> U)7 (U, u)) Z &1 <| |U‘ |?/1Jr + ||U‘ |?/1*) for all (U7 u) € Via
with some constant ¢; > (0. Moreover, applying the Cauchy-Schwarz inequality yields

Re Aa((v,u), (0,0)) > —ez (|[vl 22 + 101 oy + [ullZaggoys + 1l Barys)
+n Re (Tou, U)L2(rb—)37
for some constant c; > 0. From the compact imbeddings H'(2F) — L*(Q5F), HY?(T') — L*(T)
and the compactness of 75, we conclude that the sesquilinear form A is strongly elliptic over V; x V;.
Consequently, the operator A defined by (24) is always a Fredholm operator with index zero. O

From Lemma 4.1 and the Fredholm alternative, it follows that the variational formulation (22) is uniquely
solvable provided the homogeneous operator equation A (v, u) = 0 has only the trivial solutions v =
0,u = 0. However, uniqueness cannot be proved in the general case. It will be shown below that only
the upward outgoing modes of v°¢ and the downward outgoing modes of u can be uniquely determined,
whereas the other evanescent modes maybe non-unique.

Lemma 4.2. Assume (v°°,u) € V] is a solution pair to the variational problem (22) with v = 0 (or
equivalently, fo = 0). Then there holds

v, =0 for |a,| <k, Apn=0 for |o,| <k, |Asnl =0 for |a,| <ks,

where v,,, A, ,, and A ,, denote the Rayleigh coefficients of v*¢ and u (see (5) and (9)).

10



Proof. Taking the imaginary part of (22) with ¢ = v*¢, 1) = u, v™™ = 0 and using the fact that > 0, we
get

—Im (T+ v, V%€ —nlm (T_ u, u) = 0. (25)

)L?(F;j) L2(T)3

From the explicit expressions for 7 and 7 —, we can derive that

P I

n:lan|<k

Im (T_ u, U) L2(F;) = 477'2( Z 571 |Ap,n|2 w2p + Z In |AS,TL|2M>7

n:lan|<kp n:lon|<ks

(26)

where the second equality follows from the arguments in proving [13, Lemma 3]. Since 7, > 0 for
lay,| < k, B, > 0for |a,| < k, and v, > 0 for |a,| < ks, we complete the proof of Lemma 4.2 by
combining (25) and (26). O

Using the arguments of the above proof, we cannot prove uniqueness of solutions to (22) for general
biperiodic Lipschitz interfaces separating domains of the fluid and solid. Moreover, uniqueness does not
hold in general, even if I is the graph of a smooth biperiodic function. To see this, we construct a non-
unigueness example where 1" is a flat surface parallel to the x1x5-plane.

Lemma 4.3. Assume thatT' = T'y := {z: x3 = 0} is a flat interface, the incident angle 6, = 0 and
that k = k, = ksin 6, + mq for some my € Z. Then there exists at least one non-trivial solution pair
(v°¢,u) € Vi to the homogeneous variational problem A((v*,u), (¢, 1)) = 0 forall (p, ) € V.

Proof. Observing that the interface I’y is invariant in x5 and the incident direction 0 = (siné,0, — cosb,)
is orthogonal to the x5-axis, the original three-dimensional scattering problem reduces to a two-dimensional
problem in the z;x3-plane. Consequently, we look for upward and downward Rayleigh expansion solu-
tions v*¢ and u of the special form

v¥(x) = va H@mTtnmes) g0 (),
MEZ
Om \ T\
u(z) = Z Apm 0 el(a'mml_ﬁmZB)_’_A&m 0 | eil@mzi—ymzs) . 13 <0,
meZ —Bm (a7
with vy, Ay, As € C, &y, = o +m = 0453) for n = (m,0). Here, oy = ksin6; due to

the assumption that #; = 0. The parameters 7,,, B, Vm for m € 7Z are defined in the same way as
Ny B, T (se€ (6)) with n = (m,0) and o = (ay,0)". Note that the solution pair (v*¢, ) does not
depend on z.

Elementary calculations show that, using v = (0,0, —1) on T,

. 2 ONémﬁm w2 -2 ONézn A m 1Qm T
(Tu)(2)|r, = ZZ (2/“52 -y qu@mf/;m ) (Azm) e

meZ

v- U(l’)’ro = Z (Ap,mﬁm - As,m&m) ei&mﬂH’

meZ

(8VUSC)(CB)|FO _ Z_ivmnmeidmm'

MEZ

11



Hence, the coupling conditions between v = v*¢ and w on I'y are equivalent to the algebraic equations

Um, 0 Qﬂ&mﬁm w2:0 - 2M&7271
Dm iApam = 0, Dm = -1 2,&&72” - sz 2,Udm7m (27)
iAsm —1m/ (py?) B —

The determinant of D,, is given by

_ TIm 2,udmﬂm w2p - 2:ud72n 2
Det(Dm) = prw? 2002 — w?p 2 Ym 7 O

Under the assumption that & = k, and & = ksinf; + my = d,, for some my € Z, we have
Nme = Bme = 0. Thus, the linear system (27) has the non-trivial solution (v, Apmgs Asmy ), if this
vector satisfies the relation

Vg + N> Ap g = 0, Ay = 0.
This implies that, one of the non-trivial solutions (v*¢, ) is of the form
v¢(x) = ce™ in w3 >0, wu(w)=—ic/(Ak?) (k,0,0)" * in 23 <0,

for a constant ¢ € C. O

Below we show the existence of Jones frequencies for the FSI problem in periodic structures. The fre-
quency w € R, is called a Jones frequency with the quasi-periodic parameter o« = («, oz2)T € R? if
there exists at least one non-trivial a-quasiperiodic solution to the boundary value problem

(A" +w?p)u=0 in Q°, Tu=0,v-u=0 on I, wu admitsan expansion (9). (28)

Obviously, the solution (0, u) solves the homogeneous transmission problem (2) with v™ = (), provided
u is a solution of (28). This implies that the FSI problem is not uniquely solvable at Jones frequencies. To
construct a non-trivial solution to (28), we suppose that 7y,, = 1/k2 — |a,|2=0 for some n € Z? and that
I':={x: £3=0} is a flat surface. Then the following «-quasiperiodic function is a solution of (28):

(2)

A\ e T\ o, o
U(l’) — ( On) elon'® ozg) 62( L1y, 1‘2)'
0

Although there is no uniqueness in general, we can verify the existence of solutions to (BVP) at any
frequency w € R and the unique solvability for all frequencies excluding possibly a discrete set. This
exceptional set does not necessarily include the values w € D, for which there is an n € Z? with
|atn|? + Bnym # O (cf. Remark 3.2). The main results of this section are stated in the following theorem,
where the number cy denotes the speed of sound in the fluid.

Theorem 4.4. (i) For the incident plane wave v of the form (1), there always exists a solution (v,u) €
V to the variational problem (22) and hence to (BVP).

(i) Assume \ + 2u < pcg. There exists a small frequency wo > 0 such that for all w € (0, wy] the
solution to (22) is unique. Moreover, the variational problem (22) admits a unique solution for all
frequencies excluding a discrete set D with the only possible accumulation point at infinity.

12



Proof. (i) The variational problem (22) can be formulated as the equivalent operator equation A(v, u) =
Fo, where Fy € V/ is defined as the right hand side of (22). By the Fredholm alternative and Lemma
4.2, this operator equation (22) is solvable provided Jy is orthogonal to all solutions (¥, @) of the homo-
geneous adjoint equation A*(0, @) = 0, i.e., (Fo, (0, %)) = 0. Note that the © of such a pair can always
be extended to a solution of the Helmholtz equation in the unbounded domain Q2 by setting

o(x) = Z Upexp(iay - & —im,[rs — b]), 3> b,
nez?

where the Rayleigh coefficients ©,, are determined as the n-th Fourier coefficient of (e*ia'%ﬂr;. The
above v has a finite number of incoming plane waves that propagate downward, while the others terms
in the sum are exponentially growing modes as 3 — 00. On the other hand, by arguing as in the proof
of Lemma 4.2, it can be derived by taking the imaginary part of the equation

0= <A*<@7 fb), ((P?w» = ((f),ﬂ), A(@aw» = A(((pa w>7 (ﬁvﬁ))

with (¢, 1) = (0, a) that © has vanishing Rayleigh coefficients of the incoming modes, i.e., 0, = 0 for
|| < k. In particular, we have 0y = 0 and hence

o) = [ foTds = [ faToexp(—ian- 2)ds(@) =0

with fo given in (21). Applying the Fredholm alternative yields the existence of a solution to (BVP).

(ii) We first prove uniqueness for small frequencies. The assumption A + 2 < pc3 implies that & < k.
If A(v*¢,u) = 0 for some (v*°,u) € V, we conclude from k& < k, and Lemma 4.2 that the zero-order
Rayleigh coefficients of v* and u vanish, i.e., v = 0, 4,9 = 0 and A;( = 0. This together with the
asymptotic behavior

] > Co (1 +[n*)'2, [n| #0, as k=w/c— 0,
for some constant Cy > 0, leads to the estimate (see (19))

R - —SCT+ scd — 4 2 N N innb|2
e{ /F+v v s} WZMHU@ |

n|#0
= 4n° Z 1] [vn €]

nez?
2 Cullo™ Izt (29)

for some C; > 0 and w € (0, w;] with w; > 0 being sufficiently small. In a completely similar manner,
from the asymptotic properties of the matrix W, as w — 07 (see [12, Lemma 2]) we obtain

Re {—/F_H-Tuds} > Cy HuHZé/Q(Fb_)S. (30)

b
Inserting (29) into (22) and setting (¢, ) = (v¥¢,0), v = 0, we arrive at
0 = ReA((USC,u), (v, 0))

> |lgrad USCH;(QD +C1 ||USC||§1§/2(FJ) - WZ/Cg HUSCHiz(QD —w? P /F u - vuscds.
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Applying Friedrich’s and the Cauchy-Schwarz inequalities, it follows that

0= CSHUSCHJZLQY(Q;) -G WQHUH?Y(F)S’ w € (0,w1], (31)
for some constants C5,Cy > 0 uniformly in all w € (0,w;]. Similarly, inserting (30) into (22) with
(p,9) = (0,u) and fo = 0 and applying Korn's inequality (see e.g., [19, Chap. 5.4] or [12]), we obtain

0 = Re A((vsc,u), (O,U)) > C5||u||f,1,é(9b_)3 — Cs ||vsc||%2(p), w € (0,w], (32)

where Cs, Cg > 0 are independent of w € (0, w;]. Now, combining (31), (32) and using the trace lemma
we arrive at v°¢ = 0,u = 0 for all w € (0, wy| with some small frequency wy > 0. The existence follows
directly from uniqueness by the Fredholm alternative.

In view of the analytic Fredholm theory (see e.g. [8, Theorem 8.26] or [16, Theorem I. 5. 1]) and the
unique solvability of (BVP) at small frequencies, we obtain uniqueness and existence for all frequencies
w € RT\D, where D is a discrete set including the set Dy of exceptional frequencies (see (18)).
Note that the DtIN maps 7 * are not analytic at w € D,. Moreover, we conclude from the arguments
in [12, Theorem 6] or [15, Theorem 3.3] that D cannot have a finite accumulation point. The proof is
completed. O

Remark 4.5. Theorem 4.4 (i) remains valid for a broad class of incident waves of the form

Um(x> = Z qn exp(z’ozn T — innxii)u qn € C.

nEZ?: o |<k

5 Energy balance

The energy balance in the FSI problem asserts that the sum of the reflected energy in the fluid and the
transmitted energy in the solid should be equal to the energy of the incident wave. Let the incident plane
wave v = exp(ia -z’ —n9x3) be given by (1), with 7y = k cos ;. Define the efficiency of the reflected
acoustic wave of order n as
Ui
Ef =",
This is the ratio of the energy flux of the reflected mode of order n over the energy flux of the incoming
mode. The energy flux is measured over a unit of time period on a unit square parallel to the 1 x2-plane.
In the FSI problem, the efficiencies of the transmitted compressional and shear elastic waves in the fluid
are defined as
_ B 2 2 - g 2
Ep,n = | Ap | w™pn, Eg,n = |Asnl” 1,
Mo Mo

respectively. The energy balance formula which can be used as an indicator of the validity of the numerical
solution is formulated as follows.

Theorem 5.1. It holds that

1= > Ef+ ) E,.+ > E,

n€Z2:mp >0 n€Z2:5,>0 n€Z2:y, >0
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Proof. It follows from (11) that

0 = / [gradv-grad@—k%@] dw—n/u-u@ds— o,vpds
Q;f r

r:
/

for all (¢, 1) € H' () x H'(Q, )3, where v = v™™ 4 v*° denotes the total acoustic field in the fluid.
Choosing (¢, %) = (v, u) and taking the imaginary part of the above expression yields (cf. (25))

+n

[E(u,ﬂ)—uﬂpu-@]dx—/vl/-ﬂds— T_U-Eds],

b r Iy

Im (8,,1}, v) + nlm (T_ u, u) =0, (33)

L2(Iy) L2(T,)?

It can be readily checked that
Im ((91,1), v) LT = Im ((‘3l,vm, Um) ) + Im (’T+ v, USC)
b

L2y L)

Indeed, by the definition of 7" (see (15)) we observe
tm [(a”vm’ v*) L)t (77, Um)L2(Fb+)]
= 47%Im [—inoﬂo e~ 2imb 4 inovoe%mb} =0
where v, denotes the zero-th order Rayleigh coefficient of v°¢ (see (5)). On the other hand,
in i _ 2
Im (&, " v ”)LZ(F;) = —47"np. (35)
Inserting (35), (26) and (34) into (33) yields the desired result of the lemma. O
Remark 5.2. If the Rayleigh expansion of u takes the following form equivalent to (9):
Oy ) L. Oy ~ . L.
u(r)= Z {Ap,n ( 3 ) exp(ic, « T — ifx3) + ( N ) X As p exp(io, - T — wn:vg)}, (36)
nez? " Tn
for s < T~ with A, € C® such that A, - (v, —,)" =0, then it holds that (cf. (26))
Im -7 uds = 4m*w?p Z B |Apnl? + Z Yo |Asnl? ] . (37)

T, n:lom |<kp n:lom |<ks

In this case, the definition of the efficiency E; ,, in Theorem 5.1 should be replaced by
s,n

B =11 |ﬁs,n|2w2pn.
"o

The quantity in (37) denotes the energy flux through I',” for the transmitted elastic wave of the form (36).
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6 Discretization via truncated DtN mappings and finite element method
(FEM)

6.1 Truncation of DtN mappings
Clearly, for the numerical treatment of the infinite number of terms in the definition of the DIN maps (15)

and (16), we have to truncate the sums. We choose an integer N > 0 and introduce the truncated DtN
maps

(Tyw)(z) = Z N Wy, explia, - T), (38)
n€Z?: |n|<N

(Tyw)(&) = Y iW, iy, explion, - ©). (39)
nezZ?: |n|<N

We suppose that NV is sufficiently large that all the propagating plane wave modes have indices with
|n| < N. Replacing the DtN maps in (23), we arrive at the approximate sesquilinear form

Ax((v, ), (p.9)) = /

+
Qb

[gradv-grad@—kgvﬁ] d:z:—n/u~l/¢ds— Thvpds (40)

+
r r;
/Q

Using this, the equation (22) turns to

+1

[E(U,E)—w2,0u~a]dx—/vv~@ds— Tgu-ads].

b r Ty

AN((UN,UN)a (%1/1)) = fo((¢,¢)) ;:/

 Jowds torall (p,9) € V1, (41)
r

b

which is equivalent to the operator equation Ay (vy,uy) = Fo. Here Ay: Vi — V/ is the approxi-
mate operator of A appearing in the operator equation A(v,u) = F; corresponding to (22). Now the
exponential decay of the Rayleigh coefficients imply the following truncation error estimate.

Lemma 6.1. i) Suppose (v, u) € V] is the solution of A(v, u) = Fy with Fy as in (41), then the Rayleigh
coefficients of (v, u) satisfy

v(z) = Z vl exp(iay, - T+in,[r3—b]) +v™"(x), 23 > T, |vf| < chHHé(Q;)qm', (42)
nez?
[« . N o _
u(z) = Z {unn( ﬁ" ) exp(icy, -T—1if,[v3+b]) + u_, exp(zan-x—wn[x;ﬁ—b])}, x3 <7,
nez? "
|Upn| < CH“HH&(Q;P(]'”" ug | < CH“HH&(Q;)?@'”'» (43)

for any n.. Here c and q are constants independent of N and (u, v) such thatc>0 and 0 <q < 1. Recall
that u_,,- (a,; , —n)" =0.
ii) Suppose (vy,uy) € Vi is the solution of Ax(v,u) = Fo with Fy as in (41), then the Rayleigh
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coefficients of (vy, uy) satisfy’

on(e) = 37 (o explion & + in,a — b)) + v explio-& — inafas — )} +0"(@). (40
nez?

+
xg >1'T,

Uy = 0if|n[ S N, oy, =0k ifln] > N, x| < cllowllgepd™,  @5)

un(x) = Z {u?{,pm ( %: ) exp (it T + ifBu[x3 + b]) + Ul , , exp(ian-T + iy, [z + b))

nez?

+Uy pn (—aﬁnn) exp(icy, T — if,[rs + b)) + Uy o exp(ioay, T — iy, [xs + b])},

xr3 < Fi,
u}%n =0, u},pm = 0if|n] < N, U’},p,n = Uy s u—}\_f,p,n = uy,, ifln| > N,
|u1:‘\:7,p,n| < CHUNHH}!(Q;qun‘v |u]:‘\:f,s,n| < C||uN||Hé(Q;)5q|n|v (46)

for any n. Here ¢ and q are constants independent of N and (u, v) such that ¢>0 and 0 < ¢ < 1. Note
that qu\[f,s,n ’ (Oé;lz—7 :l:fyn)—r =0.
iii) Suppose the operator A : Vi — V] is invertible. Then, of course, the problem (BVP) is uniquely
solvable. Moreover, there is an integer Ny >0 s.t. Ax: Vi — V] is invertible for N > Ny and
sup [JAN'|| < oo. (47)
N>No
For (v,u) € Vi the solution of A(v,w) = Fy with Fy as in (41) and for (v, un) € Vi the solution of
An (v, u) = Fy with the same F, we obtain the estimate

(v, 1) = (ox, uw)llvs < el (v, w)llvig™, (48)

for any N . Here ¢ and q are constants independent of N and (v, u) such thatc¢>0 and 0 < g <1.

Proof. i) The solution v is analytic in the layer {x: I'" <x3<b} and admits the Rayleigh expansion
(42). In particular, v restricted to {z: ' <x3 <I't42¢} with a small £ >0 is a smooth function. Setting
I'f:={x: a3 =I"+e}, each Sobolev norm ||v|p+ || 7.1+, is bounded by a constant multiple of the
H'/? norms of the restrictions to the curves {z: z3=0I"}and {z: x3=T7"+42¢}, i.e., bounded by
constant times ”UHH&(Q?)' Thus the Fourier coefficients v, exp(in,[['" +& — b]) of v restricted to T'
satisfy

’v:{ exp(inn[r++6 - bm < C||U||H1(Qb+)a
n|

il < cllollgsnd™, g = exp(I*+e = b),

where we have used 7),, ~ i|n| for |[n| — oc. The assertions for u follow analogously.
i) According to the integral fr+ T]\J{v  in the variational form (40), the solution vy satisfies the boundary
b

'For the simplicity of the formulas, we assume 7),, # 0. The at most finite number of terms with 1,, = 0 do not affect the
asymptotics. Note that, for 7,, =0, the modes x — exp(iay, T + v,x3) are to be replaced by x — exp(ia,-Z)(1 & z3).
Moreover, for the simplicity of the formulas, we assume ~y,, # 0 and [3,, # 0. Again, the at most finite number of exceptional
terms do not affect the asymptotics.
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condition dsvy |+ = T (Un |t ), i€, by (44) we conclude
T} N Iy

+ — .
+ - _ T/n(UN,n + UN,n) if ‘TL| S N
nnUN,n 7771'UN,n - { 0 if ‘TL| > N. (49)

Hence, vy, =0for [n| <N and vy, = vy, if [n| > N. The proof of the remaining assertions for vy is
analogous to that of part i). Note e.g. that the boundedness of the Rayleigh coefficients over {z: x3 =
['*+¢} follows from the boundedness of the Fourier coefficients over the planes {z: x3 = ['" +pe}
forp = 0.5,0.75, 1.25, 1.5. The assertions for u  follow analogously.

iii) In accordance with Lemma 4.1 the operator A : V; — V] is strongly elliptic. Due to the proof of
this lemma, Ay : V) — V/ is strongly elliptic too. Indeed, the only /N dependent parts of A are the
integrals over F;t. The truncated operator —Re 7y is positive semidefinite (cf. (19)) and its quadratic
form can be estimated from below by zero too. Similarly, we can treat the truncation 7; n of 7;. The
truncation 75 of the compact operator 75, however, tends to zero in operator norm as N — 00. Thus
Ax : Vi — V] is strongly elliptic at least for sufficiently large V.

Moreover, the above mentioned proof of Lemma 4.1 implies the uniform strong ellipticity estimate
Re (Ay(v,u), (v,u)) > cf|(v, u)|[}, — Re U(v, u), (v,u))

with constant ¢ and compact operator I/ independent of N. We define By := Ay + Reld and B :=
A+ Reld. Then the uniform strong ellipticity of the A and A implies that Re By and Re B are coercive,
i.e., the B;,l are uniformly bounded and Bz_vl converges to B! strongly. From

Ay = By(I - ByReld) = By(I — B'Reld) — By(By' — B-V)Reld
= ByB (B —Reld) — By(By' — B 1)Reld
~1
- (A—lszs;vl) ~By(Byt — B YReld, ||(By! — B-HReld|| — 0,

we conclude that A]_VI is uniformly bounded. Using this fact and the exponential decay of the Rayleigh
coefficients in the parts i) and ii) of the lemma, the estimate (47) is a simple consequence of

(U, 'LL) — (’UN,UN) = Ailfo - .A;Vlfo = A;\[l(AN - A)Ailfo,
(v, u) = (ov, un)llve < ell(Av = A) (v, u)]lv;-

6.2 FEM

Now we consider the classical FEM. We introduce FE meshes over the domains Qgt and denote the
meshsize, i.e., the maximal diameter of the simplex subdomains by /. Using this h, we denote the space
of piecewise linear functions in 1/, which are linear over each subdomain of the mesh, by 1/,. Note that,
for the sake of simplicity, we restrict ourselves to the linear case. Higher order elements can be treated
analogously and are useful especially for large wavenumbers. For a given truncation number /N and a
given mesh of meshsize h, we compute the approximate solution (v 4, uN7h) € V}, as the solution of
the finite-element system

An ((unp un ), (n,0n)) = Folen), (50)
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for all (@h,l/Jh) € V.

To get convergence estimates for this FEM, we need the following two assumptions on the regularity of the
solution. Suppose the Sobolev space index s1, s, are fixed in the intervals (1, 2] and [0, 1), respectively.

(RA1) For given vg and ug, consider the boundary value problem of quasi-periodic
functions (v, u) € HL(QF) x HL(Q,)? defined by

(( (A+KH)v =0 in Qf ={zeQ : z3<3(b+I")},
(A*+w?p)u = 0 in Q ={zecQ : J(-b+I") <3},
nu-v = J,v on [
Tu = —vv on I, (51)
v = vy on I'f:={z: 0 <,z <2ma3=3(b+T")},
[ u = uy on Iy :={z: 0 <,z <2ma3=3(-b+T")}

Suppose that any solution (v, u) of the variational formulation correspond-
ing to (51) with vy € H*'~Y/2(I'}) and up € H**~/2(T';)? has the regu-
larity v € H*'(Q) and u € H* ()3,

(RA2) Consider the sesquilinear form corresponding to (51)

C((v,u), (1)) = /m [gradv - grad @ — k%@] dx — 77/FU -vpds (52)
+n {/Q; [S(U,@) —w%u-ﬂ} d:L’—/Fv%EdS} .

Clearly, for any functional F € V7, the solution (¢, 1)) of the adjoint varia-
tional equation C'((v, u), (¢, v)) = F(v,u),V(v,u) € V; isin V;. We sup-
pose that, for (v, u) := (v, f,) + n{u, f,) with functions f, € H52(Q})
and f, € H*2(Q, )3, the solution (p, 1) isin H?~52(QF) x H*=*2(Q, )3
and satisfies the estimate

H‘PHH?—sz(Qﬁ{) + ‘WHH?—sz(Q;)iﬂ < C{”vaH—sz(Qj{) + HquH—SQ(Q;)3}> (53)

where c is independent of f, and f,,.

Remark 6.2. The assumptions (RA1) and (RA2) are fulfilled for smooth boundaries I'. If I' is piece-
wise linear, then the assumptions hold if the singularities at the vertices and edges are sufficiently mild
(cf. e.g. [9]).

Theorem 6.3. Suppose the operator A : V, — V] is invertible, i.e., the variational equation (22) is
uniquely solvable for any right hand from V7.

i) There exist Ny > 0 and hg > 0 such that, for any N > Ny and h < hg, the FEM system (50) has a
unique solution (vy p, un ) € Vi. For N — 0o and h — 0, the FEM solutions (v p,, un,,) converge
in the norm of V; to the solution (u,v) € V; of (22).

i) Suppose the right hand F is defined as in (41), i.e., in accordance to the plane wave incidence in the
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scattering problem (BVP). Furthermore, suppose regularity assumption (RA1) is satisfied with 1 < s1 < 2.
Then there exist constants ¢ and q with ¢ >0 and 0 < q <1 such that, for any N > Ny and h < hy,

H(UNJH uN,h) - (U7u)||V1 < CH(U’u)||H51(Qb+)><H$1(QI;)3{hSI_1 + qN}' (54)

iii) Suppose the right hand F is defined as in (41). Furthermore, suppose the regularity assumptions
(RAT1) with 1 < s1 <2 and (RA2) with 0 < s < 1 are satisfied. Then there exist constants ¢ and q with
c>0and 0 < g<1 such that, forany N > Ny and h < hy,

[(wnns unn) = (0, )l oo oy ys < Cll(0 W)l oy ywmon (@ s {7 + ¢“}. (55

Proof. i) Clearly, (vnpn, unp) — (v,u) = [(vyn,unp) — (Vn, un)] + [(vn, un) — (v, u)]. In view
of Lemma 6.1, it remains to analyze the convergence [(vUnn, unn) — (Un,un)] — 0. However, all
estimates for this FEM must be shown uniformly w.r.t. V. We denote the L? orthogonal projection of V/;
onto the spline space V}, by P,. From the proof of Lemma 6.1, we recall Ay = By —Rel with a compact
operator U, the uniform coercivity Re (By (v, u), (v,u)) > c||(v,u)||* and the strong convergence
Ayt — AL In accordance with the proof of [18, Lemma 5.5], the uniform stability follows if we can
show that the operator norm of (P, — I)Ay'Reld: V; — V; is smaller than any prescribed threshold
for 1 sufficiently small (compare the operator (P, — I)B~'T in [18, Lemma 5.5]). However, this is true
since

(P, — AN Reld = (P, — D[A 'Reld] + (P, — )[Ay' — A7'|Rell,

since [A"'Rel{] and U are compact, and since P, — I as well as Ay' — A~L. Now the uniform
stability implies

(v, un) = (onp, unp)llve < ¢ inf (o, un) = (n, ¥n)llvi - (56)
(Pn,¥n)EVR

The uniform convergence of the FEM in the norm of V; follows since the discrete set { (vy, un): N =
0,1, ...} is precompact due to (vn, uy) — (v, u).
ii) This part follows from (56) and the approximation property of finite-element functions if we can prove
| (v, uN)HHSl(Q;)XHSl(Q;)g < ¢. However, [|(vy, un)|[v; < ¢ and the proof to Lemma 6.1 i) and ii)
implies that the H*! norms over Q;t \ Q2 are uniformly bounded. Consequently, we conclude vlp+ €
H*=V2(TF) and ulp- € H*=*2(T;)? such that assumption (RA1) yields

II(UN,UN)||HS1(Qj)xHSI(Q;)3 < ¢

iii) The estimate in Sobolev norms of order less than 1 follows from Nitsche’s trick, from part ii) of
the Lemma and from the approximation property. It remains only to show that the operators A} :
H*>2(QF) x H>72(Q, )2 — H 2(Q) x H*2(£, ) are invertible with uniformly bounded in-
verse operators. More precisely, for given g, € H*2(€)}) and g, € H*2(;")3, we have to show that
the solution (i, 1) = [Ax] " (gu, g») € V4 satisfies

Ilm-sgry < clgullnsap + 19ollr-ssqarys

[y < {lgullamap + Igollassaps )

20



We choose a partition of unity 1 = Z?Zl X;(z3) with smooth functions x; such that

1 3] 1
{ZFJF + Z_Lb’b C{zz: xa(z3) =1)} C suppxi C §(F+ +b)7b] ;

3 1 (1.
[Z_LF__Zb’ZF++Zb C{rs: x2(73) =1)} C suppxs C §(F —b), (F++b)}>

| o

1 T 1
{—b,—l“— bl C{x3: xs(w3) =1} C suppxs C —b,ﬁ(F—b)]-

So it is sufficient to prove the regularity estimates for the functions [x1¢], [x2¢], [x2¢] and [x3%] instead
of ¢ and 7).

The functions [x2¢] and [x2¢], however, are solutions of the boundary value problem appearing in the as-
sumption (RA2) with H —*2 bounded right-hand side. Thus [x2%/] and [x3t] have bounded H?>~*? norms
according to assumption (RA2). The function [y1¢] is a solution of the Helmholtz equation with inhomo-
geneous H ~*2 bounded right-hand side and the boundary condition J5[x1¢] ‘r; = Ty(lx1¢] ‘r;)- Now
we take a quasi-periodic H ~%? extension of the right-hand side of the Helmholtz equation which has a
bounded support in z3-direction. Using a volume potential based on a quasi-periodic Green’s function sat-
isfying the radiation condition for the lower half plane, we can construct a quasi-periodic solution ¢ of the
inhomogeneous Helmholtz equation with the just extended right-hand side. Since this is H?~*2 bounded,
it remains to estimate the 2752 norm of ©oo 1= [Xlgp] — ,- This function, however, is a solution of the
homogeneous Helmholtz equation in {x : 0 < 1,29 < 27,23 < b} satisfying the radiation condition
and the inhomogeneous boundary condition 83g000|1~;+ - 71\7(%000’1“;) = 83@0'%* — Tﬁ(gpdw). The
uniform H2~%2 bound of the solution of the latter problem can be derived easily by Rayleigh expansions.
Finally, the estimate for [x31] is analogous to that for [y1¢]. O

7 Variational formulation in two dimensions

In this section, we interchange the second and third components of the points in R? and assume that the
biperiodic surface I is invariant in the z3-direction. The cross-section of I in the (1, x2)-plane will be
represented by a curve A which is 2m-periodic in x1. All elastic waves are assumed to be propagating
perpendicular to the x3-axis, so that the problem can be treated as a problem of plane elasticity. This
implies that the incident plane wave is of the form

v (21, 29) = exp(iax; — igyxs), o :=ksinb, ny = kcos¥b, (57)

where 0 € (—m/2,m/2) denotes the incident angle.

The boundary value problem for finding a-quasiperiodic solutions v = v(x1, z2) and u = u(xy, z3) =
(u1 (1, 9), ug(y,22)) " can be formulated analogously to (2) with the two-dimensional traction opera-
tor having the form

Tu=2u0wu~+ Adivun+ p ( Zi gg;Zi:ng;g ) on A, (58)
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where n = (n1,n,) " denotes the exterior unit normal on A. As done in 3D, we will confine ourselves to
a single periodic cell by setting

Azt = {(xl, j:b)T: 0<xy §27T} , Qgt = {(xl,xg)T: Jz € OF st. 0<x, <27, 2o s j:b} )
The upward and downward Rayleigh expansions for v*¢ and u can be expressed as

v*e(1)= Z vp exp(ia, Ty + in,xa), T3 > AT,
neZ

u(xr) = Z {Ap,n (_Ogn) exp(iay,r1 —i0,12) — As,n( g" ) exp(iay, —i")/nl'g)} , Lo <A,

neEL "

(59)

with av,, M, 3, and 7y, defined analogously to the 3D case. The DtN maps T can be represented as

(THw)(x) := Zinn Wy, exp(iay,ry) forw = an exp(ia,@1) € HS(A)),s > 1/2, (60)

nez nez
(7T w)(x) = Zng Wy, exp(iay,xy) forw = Zu?n exp(ic,z1) € H2(A;)?, s > 1/2,(61)
nez neZ

where W, is the 2 X 2 matrix

W - ( w?B,/d, —2pa, + w?ay, /d,

2
2p0nm, — way/dy, wy,/d, ) o = B (62)

The expression (62) follows from the arguments of [12] and differs from the matrix corresponding to
upward propagating elastic waves only in the signs of the off-diagonal terms. We state the variational
formulation for the FSI problem in the two-dimensional setting as follows: Find (v, u) € V; := HL(Q;) x
HZ(£2;)? such that

Al (o) = [ fopds torall (,0) € Vi 63

where the sesquilinear form A : V; x V; — C is defined analogously to (23) with A, A,jt, n in place of
I, T and v, and

E(w,?) = 2u+A)(01u1 019, + Ooug 020,) + p (Gaus 02, + Orug 019,)
+ A (O1u1 02y + Optiz 0191) + 1 (Oauy O1Py + Oruz 02 ) -

The function f, € H;W(AJ) on the right hand of (63) is given by
fo(xy) := —2ing exp(iax; — ingb).

All the uniqueness, existence and non-uniqueness results in Section 4 carry over to the 2D case. More-
over, there holds the energy balance formula

Tin 5n Tn
1= D, %lvn\“w%n( > Al 3 %\As,ﬁ). (64)

NEZimn >0 n€Z:Bn>0 10 NEZiyn >0
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The variational formulations (63) and (22) are convenient for theoretical justifications. However, in numer-
ical implementations we prefer the following formulation equivalent to (63):

A((v*, ), (p,1)) = / (0av™ % —mmu™ - ) ds forall (,1)) € V4. (65)
r
In other words, we compute the scattered field v°¢ = v — v*" instead of the total field v over the domain
OF

The truncation of the DtN mappings and the FEM can be defined analogously to the 3D case. With a
straightforward generalization of the conditions (RA1) and (RA2), Theorem 6.3 remains true.

8 Numerical examples

In this section, we present several numerical tests to confirm our theoretical results in 2D. We take the
parameters

w=1,p=1, A=1 ps=2, p=1

The computational domains Qbi are discretized by quasi-uniform triangular elements. A direct solver is
employed for computing solutions of the resulting linear system. In our numerical tests, the energy function
is defined by

N N N
Tn Bn Tn
Enn = E o op M+ w?pn ( E o |Aghh|2 + § o \AiﬂhF) )
n=—N:ny,>0 n=—N:8,>0 n=—N:y,>0
1
vl = —/ unn(x1,b) exp ( —i(apxy + nnb))dxl,
21 Jp+
b
1 1
Nh ._ T :
Apn' = o5 o2t B /F,T un i (1, 0) - (n, =7n) " exp (= i(aner + B,0))day,
1 1
Nh . T ,
Asvn T % m /Fb+ uN,h<'T17 b) : (_ﬁna _an> €xp ( - Z(Oénxl + an))da:d?

where N = 20 is the truncation number of the Rayleigh series. Note that the exact value of the energy
function is Fo o =1 (cf. (64)).

We firstintroduce a model problem with analytical solutions so that the accuracy of the numerical solutions
can be evaluated. Assume that the scattering interface I is the straight line I'g := { (21, 22) : @9 = 0}.
Recall the incident plane wave (57). Then the unique solution of (2) takes the form

v(x) = ajexpliar; +inyrs), x € QT (66)
u(x) = ap ( Oé ) exp(iax) — ifoxe) + a3 <Z§ ) exp(iax; — iyx2), v € O, (67)
— Do

where the coefficients a;, j=1, 2, 3 can be obtained by solving the linear system

Mo prw?Bo —prwia a "o
0 2ipafy 2ipryg — ipk? as | = 0 . (68)
1 2ipf5 +idk)  —2ipay as -1
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Figure 3: Exact and numerical solutions with £ = 1 and meshsize h = 0.0245 for straight line interface.

This system is easily derived from the transmission conditions.

For this first example, we consider the model problem and set the height of the computational domain
above the interface to b = . Figure 3 shows the exact and numerical solutions of the elastic displacement
in the solid and the scattered acoustic field in the fluid, where we have taken k = 1 and meshsize
h = 0.0245. In Figure 4 we present the numerical error || (v*°, u) — (v, un )| in the spaces

Vo= LE(Q) x LA(95)%, Vi = HL(Q)) x HA(®;)?

with respect to 1/h for k = 1,3 and 5. We can obviously observe that

(0%, ) = (Wi p una)llve = O(B%),  ||(v*,w) = (U3, unp) [l = O(R). (69)
Next, we compute the Rayleigh coefficients vfl\”h from the values of the numerical solution vf\ﬁh taken on
[';. In Figure 5, we show the values of v2"" exp(in,7) and v, exp(in, ) for n = —20, ... , 20. Note

that, for the exact solution, only the Rayleigh coefficients of order zero do not vanish. The exact and the
computed Rayleigh coefficients together with the numerical energy function are listed in Table 1.

In the second example, we consider the two smooth grating profiles I' ="y :={(z1, f(z1)) : 0<x1 <
27} with f defined as (see Figure 6):

(1) f(z1) = 0.4sin(x),
(2) f(z1) =0.3sin(x1) + 0.2sin(2x;)

and plot the corresponding numerical energy functions with respect to 1 /A in Figure 7. In these cases the
wavenumber in the fluid is taken as £ = 9 and we have set b = 3. The numerical solutions are consistent
with the proposed energy balance formula and thus support our theoretical results.

24



@) [[(v%w) = (VR o unn)lve (o) [[(v°%u) = (VR s un)llva

Figure 4: Log-log plot of errors vs. 1/h. Errors in V-norm (left) and V;-norm (right).
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Figure 5: Exact and numerical values v,, exp(in,b) and vY" exp(in,b) for n = —20,--- ,20 with

k =1,b = 7 and meshsize h = 0.0245.
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[vo o™ 1 Aol 1Ap'l Aol JAG Ewa

0.1429 01428 0.8571 08571 04949 44949  0.9999
10000 09997 35175 35074 41741 41643  0.9995
10000 09996 3.2065 3.4781  3.3911  3.3636  0.9993

1.0000 0.9988 3.1041 3.0389 3.1919 3.1278 0.9757

N O W =

Table 1: Exact and numerical Rayleigh coefficients of order zero and numerical energy function with
meshsize h = 0.0491.

b=0.7 b=1 b= b= No
(h=0.3181)  (h=0.3385)  (h=0.3083)  (h=0.3621)
k=1 4 3 2 2 2
k=3 5 4 4 4 5
k=5 7 7 7 9 8

Table 2: The values of Ny compared with the N, depending on & and b.

In the third example, we consider system (2) with inhomogeneous right-hand side over the interface
g€ H Y% T)and h € H-V/2(T')?, that s,

(A+EHv =0 in QT
(A*+w?p)u =0 in Q,
nu-v—0o,v = g on T, (70)
Tu+vv = h on I.

The investigations presented in Sections 2-7 are still true for (70). Now we choose g and h such that the
exact solutions of (70) take the forms (66) and (67) with a; = 1, as = 2 and a3 = —1. In Figure 8 we
present the numerical errors for grating 1 in the spaces V{ and V; with respectto 1/h for k = 1,3 and 5.
Again, we observe that (69) holds. Next we consider the problem (70) for grating 2 with homogeneous data
f=g=0 and the corresponding approximate solution for a fixed mesh. We define ko :=max{k, k,, ks }
and set Ny:=max{|n|: |a,|<koor|a_,| <k} and

(VR s unv i) — (V36 > u20,n) |

[[(v36 1, w201 | [V

N, = min{N: S0.00l}.

Table 2 exhibits the numbers N and N, depending on the wave number k and the z»-coordinates b of
the truncation boundaries th. The truncation number /N can be chosen relatively small. In our example,
we even do not need to choose V.- larger than V.
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Figure 6: One-dimensional periodic interfaces.
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Figure 7: Numerical energy function Ey 5, vs. 1/h for the one-dimensional periodic interfaces.
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Figure 8: Log-log plot of errors vs. 1/h. Errors in Vj-norm (left) and V;-norm (right).
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