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Abstract

Test particle dynamics in the vicinity of singularities of a scattering medium
are important for a number of physical applications, one of which is the coupling
of kinetic and continuum equations in numerical simulations. Out of several
relevant questions arising in this context, the paper concerns boundary conditions
for the related hyperbolic system of equations in a slab between two singularities.
For a linear model problem, we investigate first exit times from the slab and give
a complete characterization of the stochastic particle dynamics, which provides
a classification of the hyperbolic systems into Cauchy problems and into those
which have to be supplemented with boundary conditions. Properties of the
corresponding process like ergodicity, recurrence and asymptotic behaviour are
investigated.

Key words: Kinetic equations, Markov process, probabilistic representation for
PDE, ergodicity.

1. Introduction

Monte Carlo simulations by now have established as the main tool for the numerical
solution of linear and nonlinear kinetic equations, and their mathematical structure
is well understood (see[3]). An important question concerning numerics for kinetic
equations via Monte Carlo simulations is that of the coupling to continuum flows. The
importance arises from (at least) two reasons. First, the complexity of continuum
equations is lower than that for kinetic equations — due to the lack of integrations over
velocity space. Second, continuum regimes are often characterized by large collision
frequencies of gas particles. Simulating these with Monte Carlo techniques for kinetic
equations requires small time steps and with this large computational effort. A couple:
of recent publications by several scientists reflects the effort of coupling kinetic equa-
tions (in regimes where these are required) to continuum equations (used in regimes
where these equations provide a sufficient description). An example for the coupling of
nonlinear equations is given in [4]. In most cases, coupling techniques are developed by
numerical experiments; theoretical investigations are by now developed not very far.

Continuum equations are derived by introducing a singularity into the kinetic equa-
tion. Consider the (for simplicity one-dimensional) kinetic equation for the density
function f in phase space (with = as position and v as velocity vector)

(G + M(v —w)8:) f(t,2,v) = A J(f)

with appropriately chosen collision operator J (the precise form of which is here of no
importance) and some vector u. Keeping A; constant while rescaling A, like 1/¢ leads
to a hyperbolic equation in the limit ¢ — 0, while A\; ~ 1/e and A2 ~ 1/&? results in
a parabolic equation. (The latter case only holds if u is properly chosen as a certain



moment of the unique eigenfunction of the collision operator J, see[l]). Results like
these are described in a stochastic setting e.g. by Papanicolaou [17]. An example in
a functional analytic framework (which in some cases is easier to handle and provides
additional results) was treated in [2]. For a short review, including some physical and
numerical background, see [1]. For the coupling of these ”continuum equations” to
related kinetic equations, two cases are of particular interest.

Suppose that in the whole computational domain, the collision frequencies differ at
one order (or more) of magnitude (which may happen in a number of applications like
gas expansion into vacuum, gas centrifuges, gas condensation, etc.) and that in regions
of high collision frequencies a continuum description is appropriate. This forces on the
kinetic side to introduce a space dependent function A, with singularities reflecting the
high collision frequencies. i

Consider the stationary version of the above kinetic equation and suppose that the
situation requires a very fine grid refinement in a small region (like a boundary layer) for
an appropriate numerics. This is described best by introducing a space transformation
z — &(z) where £ has a large gradient close to the critical regime. This transformation
again leads to space dependent \; differing by orders of magnitude from one point to
another.

When considering Monte Carlo particle systems for the numerical simulation of
such situations, a deep understanding of particle dynamics close to the singularity
is required. In particular, the probability for a particle to cross the singularity and
the crossing times are important characteristics, as well as the existence of stationary
kinetic solutions in domains bounded by singularities. The answers to these questions
have immediate consequences e.g. for the formulation of coupling conditions between
different domains. To our knowledge,there do not exist any investigations into these
problems which are of great relevance for stochastic algorithms for transport problems.
The present paper is a first step into the investigation of stochastic particle dynamics
in the vicinity of singularities of the collision frequency. For simplicity, we restrict to
one space dimension and kinetic dynamics described by a two-velocity model.

The scope of the paper is as follows. In Section 2 we introduce a linear kinetic
2-velocity model equation for a test particle in a slab [l,,7,] with singularities at I, and
ro. The corresponding stochastic dynamics is that of a particle driven by a velocity
which is a Markov process. The primary question is whether (dependent on the type
of the singularities) the related system of hyperbolic equations is to be treated as a
Cauchy problem or as a boundary value problem. The answer is intimately connected
to the question of finiteness or infiniteness of first exit times from the slab. In Section 3,
sufficient and necessary conditions for these are derived. In Sections 4 and 5, properties
of the corresponding process like ergodicity, recurrence and asymptotic behavior are
investigated and a complete classification of the hyperbolic systems as Cauchy problems
or boundary value problems is given. Two examples in Section 6 conclude the paper.

2. Probabilistic representation of solutions for systems of hy-
perbolic equations

Consider a system of ordinary differential equations interacting with a Markov chain

dX
= =aX,2) (2.1)



where X = (X1, ..., Xn)", a(z, 2) = (ai1(z, 2), ..., an(z,2)) T are n—dimensional vectors,
Z is the Markov chain with m states 2i,..., 2,,. Let the functions a;;(z) = ai(=, 2;),
i=1,..,n,7 = 1,..m, ¢ € R", satisfy Lipshitz condition and grow at infinity not
faster than a linear function of z. We assume the infinitesimal matrix Q of the chain
Z to depend on the state z of X : '

—qi(z) q2(z) .. qm(z)
g=| @@ @k . gm)
gm1(2)  gma(z) . —gm(2)
where ¢;(z), ¢;;(¢) are continuous nonnegative bounded in RB" functions and the relation
> 4:i(2) = ¢i(2) (2.2)
J#
is fulfilled. Then the system (2.1) generates a Markov process (X, Z) with infinitesimal
generator

n

Af(z,5) = Y. axla,5) g5, 5) (D, 2+ a5()(2,5), § = 1,y 2 € B

k=1 JFE

- (2.3)
The use of (2.3) makes possible to obtain a proba,blhst;lc representation for the solution
of a Cauchy problem for systems of hyperbolic equat1ons

R ST R L
k=1
+ > gij(z)uj + c(z,2), 1 =1,..,m, s € R, t >0 (2.4)
J#i \ .
ui(0,2) = f(z,2:), 1 =1,....,m _ (2.5)

The representation has a form
t
ui(t,x) = Ef( Xz, (), Zoz (1)) eXP(/O b(Xz,5(8)s Zo,2:(8))ds)

+E | “exp([b [ 89, 29V X (5), Zo(5))ds, i = Ly, & € B, 820

(2.6)
where X .(s), Zs . (s) is a realization of the Markov process (X, Z) starting from
X(0) =z, Z(0) = 2.

The formula (2.6) is valid if, for instance, the functions fi(z) = f(z,z:), bi(z) =
b(z, z;), ci(z) = c(z,2), and the partial derivatives 5;—(:1:), i=1,.,m,j=1,.,n,
are continuous bounded functions in R". ’

Let an initial distribution of (X, Z) be given by density Ai(z), ¢ = 1,...,m, i.e.

P{X(0) € H, Z(0) =z} = /H (@) dz



O(Niax)
8mk

Let X\;(z)ax(z, z;) have continuous partial derivatives and integrals

_ I hi(z)ak(z, 2)) .
I = /n Z o dz, 1=1,....,m (2.7)

absolutely converge. Then the density ¥;(s, z) of (X, Z) at time s satisfies the following
system of differential equations

O & O(piak(z,z) . ) '
Bs =T on @t > sl (2.8)

with initial conditions

¥i(0,z) = Xi(z), e =1,...,m (2.9)
As a consequence we obtain that \;(z) describes a stationary distribution, provided
the integrals (2.7) absolutely converge, if and only if it satisfies the following system

— Zn: _ai)‘_lf‘aka(::_—’zl)_) _ qi(gy))\i + Zqﬁ(x))\j =0,2=1,....m (2.10)

k=1 j#i

It should be noted that all what has been said above is correct if we take some open
set D C R" provided X, ,,(t) € D, forany z € D,i=1,...,m, t > 0.

Let us make some observations of bibliographical nature. The first probabilistic
representation of the solution for hyperbolic equation (for telegraph equation) belongs
to M.Kac. The sufficiently general systems of ordinary differential equations acting
by a Markov chain were considered in [12]. The detailed description of the process
(X,Z) was done in [14]. In a lot of papers such a process was treated in connection
- with random evolutions (see, for instance, [7], [9], [8] and references there). In all
of these papers the process Z does not depend on a state of the process X. The
interaction of general processes X and Z is considered in [15]. Instead of the system
of ordinary differential equations (2.1) it is possible to examine a system of stochastic
differential equations interacting with a Markov chain as well. Both Cauchy problems
and boundary value problems for systems of partial differential equations arising in
connection with interacting Markov processes are considered in [16].

Let us now pass to a boundary value problem. Here we restrict to a system of
two hyperbolic equations concerning functions u(t,z) and us(¢,z) where z is a one-
dimensional variable. Thus the system (2.1) is an one-dimensional equation and the
chain Z has two states. Let us denote a(z, z1) =-a1(z), a(z, z3) = az(z). Due to (2.2)
we have

q12(z) = q1(2), gau(z) = ()

Consider the system

% + GI(SC)% + (b1(z) — q1(z))u1 + q1i(z)uz + c1(z) =0

1, 0
—g% + ag(CE)Fq;z + ga(z)ur + (bo(z) — qaz))us + 2(2) =0, to <t <ty, <z <,
(2.11)
Introduce initial .
ui(ty,z) = fi(t,z), i=1,2, b, <z < (2.12)
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and boundary conditions

U1(t,')"o) = fl(taTO)v u2(t) ZO) = fZ(ta lo)a tO S < tl (213)

It is assumed that the functions f;(¢,) are continuous in their domain of definition
and
qi(z) > 0, g2(z) >0, a1(z) >0, az(z) <0, [, <z <7,y (2.14)

Denote b(z, z) = bi(z), c(z,2) = ci(z), f(t,2,2) = fi(t,z). Define the first exit time
Tezz 7] =1nf {s : X; ., (s) € [, 7]}

where [ < z < r and Xi.,(5), Zts,2(5), s = t, is a realization of the Markov process
(X, Z) starting from X (t) = z, Z(t) = 2.

Then the solution of the problem (2.11)-(2.14) has the following probabilistic rep-
resentation

TAL
u,-(t, T) = Ef(T Aty, Xt,z,za(T A tl)a A (T A 7:1)) eXP(/t 1 b(Xt,r,Zi(S)a Zt,x,Zi(S))dS)

+E / (Ko (3), Zun(s)) exp( [ b Xt”,(ﬁ),Zt,x,z,.(ﬂ))dd)ds (2.15)

where 7 = Ty 5 [lo, 7o) .

Of course, due to homogeneity of (X, Z) and due to independence of b and ¢ on
time we can start at the zero instant, put t = 0 in (2.15) and take X, .,(s), Zz(s),
T = Tgzllo,To], 7 A (81 — t) instead of Xi4..(8), Ziw,(S), T = Tewsllo, o], T Aty in
(2.15).

The mentioned probablhstlc representation can be strongly obtained with help of
Dynkin’s formula [5]

Ef(Y,(r)) - f(y E/ Af(Yy(s))ds, g = Af (2.16)

which is valid under broad assumptions concerning some homogeneous Feller Markov
process Y with infinitesimal generator A, 7 = 7, is a Markov moment for Y, E7, < .

We pay attention that owing to the employment of the probabilistic representation
the initial conditions (2.12) in the boundary value problem (2.11)-(2.14) are given on
the right end point of the considered time interval in contrast to tradition to give
initial condition on the left end point. But any traditional problem can be reduced by
conversion of time to the problem in which initial conditions pass to the right end.

The representation (2.15) substantially makes use of conditions (2.14). If the func-
tions qi1(z), ¢2(z), a1(z), —az(z) remain continuous and strongly positive only on the
interval [, < z < r, and if at [, or r, some of them receive the values 0 or co then
the singular cases can arise (for example, the situation is possible that the process X
cannot attain the ends of interval ({,,r,) for finite time and the boundary conditions
(2.13) become senseless). In such cases the statement of the problem depends on the
behavior of the process X on the interval (I,,r,). The definition of the process on the
interval (/,,7,) with time life

Tozi(loyTo) = sup {ro i [l,r] 0 L <l<r<r,}

can be done in the usual way. Our approach to the behavior.in many respects repeats
the well known investigation of the one-dimensional diffusion on the bounded interval
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due to Feller (see, for instance, [5], [11]). We are interested in questions when it
is possible to examine a boundary value problem for the system (2.11) and when a
Cauchy problem. Concerning methodology we follow the exposition of one-dimensional
diffusion in [6] and [10]. In the case when the ends [/, and r, are unattainable in finite
time for the process X we are interested in the existence of a stationary distribution
and in ergodic characteristics of the process with their consequences for the system of
hyperbolic equations. Here we follow [13], where such questions have been considered
for diffusion equations.

3. The attainment probability and mean value of the first exit
time

So we treat the scalar equation

dX

E = CL(X, Z)
where X € (l,,7,), the Markov chain Z takes two values z; and z;, and ai(z) =
a(z,z1) > 0, ax(z) = a(z, z2) < 0, ¢1(z) > 0, g2(z) > 0 on the whole interval (,,7,).
We assume the functions a1(z), az(x) to satisfy Lipshitz conditions and the functions
q1(z), g2(z) to be continuous on (I,,7,). Let [I,r] € (l,,7) and | < z < r. On the
closed interval [/, ] all the functions a;, a2, g1, g2 are bounded and bounded away from
zero. In that case it is possible to prove that 7. [l,7] < oo with probability 1 and
Er. . [l,r] < 0.

We shall find the probabilities

5i(®) = (23 17) = PKam(ramllr]) = D), 5= 1,2

pi(z) = pi(z; l,r) = P(Xp o (Toill,r]) =7) =1 = pi(z; I,r), 1 =1,2

The first of them is the probability that X, ,,(¢) attains [ earlier than r and the second
one that X, ..(t) attains r earlier than {. Note if X, (7 z[l,7]) = I (correspondingly
Xozi(Toz[l,7]) = 1) then Z, .. (7s[l,7]) = 22 (correspondingly Z, (7 ..[l,7]) = 21)
and 71,5, [l,7] = 0, 775, [[,7] = 0. Therefore p;(r) =0, p2(I) = 1 and p1(r) = 1, p2({) = 0.
Let us use Dynkin’s formula (2.16) taking in it as Y the process (X, Z). If we put
g=0,ie. Af =0, and f(r,z;) =0, f(I,22) =1 then

E f( Xz, (To,5l7])s Zo,ai(To,: 11, 7)) = P(Xo 2y (To,z: [l 7]) = 1) = pi(z)

and the formula (2.15) gives us

f(r,2:) = P(Xo (e[l 7)) = 1) = pi(2)

Hence the desired probability p;(z) is the solution of the boundary value problem (we
take fl(m) = f(w’zl), f2(x) = f(a:,Zz))

(@)D~ () + (@) =0

(@) 2 — ga(a) o+ () = 0 (3.1)



with boundary condition ' ,
flr) =0, fo() =1 (3.2)

Analogously the probability p;(z) satisfies the same system (3.1) but with boundary
conditions

A(r)=1, L(1)=0 (3.3)
Of course p;(z) can be found from equality p;(z) = 1 — p;(z). Denote

b(e) = 28 (o) = 28 40 = y(a) + k()

ai(z)’ ax(z)’

Note that k;(z) > 0 and ky(z) < 0 on the whole interval (I, 7,). Solving the problems
(3.1)-(3.2) and (3.1)-(3.3) we obtain the following theorem.
Theorem 3.1. Let |, < l<r<r,andl <z <r. Then the following formulae are

valid
oy k(Qexp(=ff k(c)dg)d{
pi(e) = p(elr) = 5 T el ¢ e
(€)

L= [ Ra(8) exp(= o
pZ( )"‘p2( ala )_']_-—-flrkg( )exp( ff () <

\de
i

1+ J7 ki (&) exp(J5-k(s)ds)d¢
Ry sy v vy

— JF ka(€) exp(J" (s)ds)dt
L+ f7 ku(€) exp(J)* k(s)ds)dé

Let us pass now to the calculation of the mathematical expectations E; . [l,7]. In
the next theorem we give two kinds of formulae for the expectations. The formulae

(3.8)-(3.10) are adjusted to an analysis of the behavior of the process X on the right
end r, and (3.11)-(3.13) are adjusted for [,. Denote

(3.4)

(3.5)

pi(z) =pu(z;l,r)=1—p

Pa(z) = pa(z;l,r) =1 —pa(z) = (3.7)

A 1
ai(z)  aqz)

We have m(z) > 0 on the whole interval (,,7,).
Theorem 3.2. Letl, <<z <r<r, Then

Erya[l,r] = Cll, 7] /x " ka(€) exp(— /6 " k(s)ds)de

m(a) =

+ [y = 1@ [ mmexa(= [ s am)de (58)
Breallir] = Clrl( = [ ka(@) exp(= [ k(s)ds)de)
+ / oy B0 [ e [ k)ds)anyae (3.9)

where

7 (=55 — ka(€) J7 m(n) exp(— [ (s)ds)dn)de
T—J7 kal€) exp(— Jf F(s)de)dE

7

Cllyr] = Emyp[lir] = (3.10)




and

Brenllrl = ClL I+ [ (@ exp( [ k(s)ds)de)
z 1 € ¢
-/ (@ + 1 [ mnexs([(s)ds)an)de (3.11)
Breallr] = ~Clir] [ k() exp( [ B(c)do)e
_/zx(a; ~ ka(£) / n) exp( / §)ds)dn)d¢ (3.12)

where

I (5 + k() [ m(n) exp(JE k(s)ds)di)de
1+ J7 ka(€) exp(fF k(s)ds)dé

Proof. Let us use again the Dynkin’s formula (2.16) taking in it as Y the process
(X,Z). lf weput g =—1,1e. Af =—1,and f(r,z1) =0, f(I,22) =0 then

E f( X2 (Te,5(0,7])s Zoyi(To,:[l,7]) = 0

Cll,r] = En,[l,r] = (3.13)

and the formula (2.15) gives
fi(z) = f(2,2:) = BTz [l 7]

- Thus the required mathematical expectation is the solution of the following boundary
value problem

(@)L — (@) + (o) = -

(@) 22— ga(a) o + o) fo = -1

fl(’)") = 0,, f2(l) = 0

Formulae (3.8)-(3.13) are obtained by direct solution of this problem. Theorem 3.2 is
proved. \

4. A Cauchy problem or a boundary value problem depending
on attainability of interval ends

Introduce integrals

I(,,r] = — /I ka(€) exp(— /ﬁ "k()de)de, I, <7 < o (4.1)

Ill,ro) = /I " k(6) exp( [ Ch()de)de, 1, <1< o (4.2)

Note that both the boundedness of the integral (4.1) (or (4.2)) and the unboundedness
of it does not depend on the choice of r (or {). The probability p;(z;{,r), : = 1,2,
monotonically decreases under [ | [, and therefore it has a limit which is denoted
as pi(z; lo, ). Analogously, p;(z; l,,7), pi(z;1,70), P:(z;1,75), denote the corresponding



limits. It is clear that, for example, p;(z;l,,7) = 0 if I(l,, 7] = oo (see formulae (3.4)-
(3.7)).
Theorem 4.1. Let
I(l,,r]) = 00 (4.3)
Then for l, < z < r,i = 1,2, the time 7,,,(l,,r] is finite with probability 1 and the
relation
Koz (To i (loy7]) =7
is also fulfilled with probability 1.
If
I(l,,r] < 0 , (4.4)
then the event

B = {w : lim X;.(t)= r}

t17z,2; (lo)7]

has the probability
0 < P(B) = pi(z;1,,r) < 1

and the event

tTT&‘yZi (1017']

A= {w : lim X, ..(t) = lo}

has the probability
P(A) = pi(z; lo,7) =1 = pi(z; Loy )

Besides for w € B the time 7,4, (1, 7] 1s finite.
The analogous statement is just for [l,r,).
Proof. Let us consider the event -

B[ = {w : Xz,z;(Tx,ze [l7 T']) = ’f‘}

‘under fixed z, z;, r and [, < I < r. Clearly, the sequence of the events grows with [ | [,
B = Uj,<i<.B; and P(B) = ll1lrln P(B;). Due to Theorem 3.1 p;(z;l,,v) = 0 in the case

(4.3) and 0 < pi(z;l,,r) < 1 in the case (4.4). Consequently P(B) = pi(z;l,,r) =1
in the case (4.3) and it is equal to 0 < pi(z;l,,7) < 1 in the case (4.4). Further for
w € B, the time 7, ., (l,, 7] coincides with 7, . [l,7] and therefore for every w € B it is
finite. Thus it remains to prove only that P(4) = 1 — p;(z;l,, 7). Note that under
t 1 72,2 (lo, 7] the X, ,,(t) either has a limit, and then this limit is equal either [, or r,
or has not any limit. Let us prove that the event

C ={w: X;/(t) has no limit under ¢t T 7 5, (L, 7]}

has the probability 0. For every w € C there exist two rational numbers r; < r, which
belong to the interval (l,,) and such that

lim inf X, (t)<r, lim sup X, .(t)>re (4.5)

tTTx,z; (1077 tTTz,zi (IO,T]

Prove that the probability of the event (4.5) is equal to 0. Indeed there exists the infinite
sequence of Markov moments 7, in which X attains r, after r,. And the probability to
attain r earlier than r; from rs is positive. Therefore the probability not to attain r
for an infinite number of such steps is equal to 0, i.e., it is proved that the probability

9



of the event (4.5) is equal to 0. But the event C belongs to the countable union of such
events. So the equality P(C) = 0 is proved. Hence P(A U B) = 1. Theorem 4.1 is
proved. :
Theorem 4.2. If .
I(l,,1] = oo, I[l,r,) = 0 (4.6)

then for every l, <z <y, z;,1=1,2,

P {Iim inf X..(t)= lo} =P {lim sup X ()= ro} =1 (4.7)

t172,2; (losTo t17z,2; (lo7o)
the time 74 ,,(l,,7,) is equal to co with probability 1, and the process (X, Z) is recurrent,
i.e., (in our case) for any two points (z, z:), (Y,2;), ,y € (lo,70), 3,J = 1,2, the proba-
bility P {Tg,’ff < oo} where T35 is the first time in which the process (Xz,z;(t), Zz2(t))
attains (y, z;) is equal to 1.

If I(1,,7] < 00, I[l,,) = 0o (I(ly,r] = 00, I[l,,) < o) (4.8)
then
g {m,}jf&%,,ro) Xenlt) = ’o} =1(P {T“(n) X (£) = } —1)  (49)
If )
I(lo,7] < 00, I[l,m6) < 00 (4.10)
then |
p {tTTz,lj"I(I}o,"'O) Xz, (1) = lo} = pi(z; lo,f'o) = 1iTI;.rjp,-(a:; loyT) (4.11)

P {tTTzle(l}o ro) Xo(t) = "'0} = pi(2;lo,m0) = 11111113151('1; lLire) =1 —pi(z;lo,m0)  (4.12)

Proof. Let I, | l,, 7 T 7, and Iy < & < ry. Consider (l,,1]. Due to Theorem
4.1 X, (t) attains r; with probability 1 in a finite time ;. Note that X, ..(71) =
- and Z; (1) = z1. Now consider [l,9). Again due to Theorem 4.1 X, ., (t) attains
I; with probability 1 in.a finite time 7. At the moment 7 + 7 the process (X, Z)
is at the state [, z;. In a finite time 73 our process will be at the state ry, z; and so
on. The relation (4.7) is proved. The infinity of 7,4, (ls, 7o) follows from the uniform
boundedness below of all 7,, thanks to bounded velocity on the [l;,71]. The recurrence
property easily follows from foregoing reasoning. Let I(l,,7] < oo and I[l,r,) = oo.
Introduce the set

A = {w o lim X, () = lo}
tTﬁrx,zi(Io,r]

The probability of this set is equal to P(A,) = pi(z;l,,7) = 1 — pi(z;1,,7), and A,
increases under r T r,. But pi(z;,,r) < pi(z;!,7) for any |, < | < z and pi(z;1,7) | 0
under r T r, by virtue of (3.6)-(3.7) and the condition I[l,r,) = co. Thus the sec-
ond assertion of the theorem is proved. The formula (4.11) follows from equality
{w v limygr, L (o) Xom (t) = lo} = UA,. The analogous equality gives the first part of
the formula (4.12). By the same way as in Theorem 4.1 it is possible to prove that
limytr, .. (1,r0) Xz,z (t) exists with probability 1 and it is equal to either [, or r,. Hence
pi(z;lo,75) + Di(z;lo,75) = 1. Theorem 4.2 is proved.

10



Corollary. The process (X, Z) is recurrent if and only if the condition (4.6) is
fulfilled.

" Both in Theorem 4.1 and in Theorem 4.2 there was no indication whether the
time 7 is finite or infinite in the cases (4.4), (4.8) and (4.10). But this question is
very important. For example, if for all (z, z;) the time 7, ,,(l,,7,) is equal to co with
probability 1 then one can examine only a Cauchy problem for the system of hyperbolic
equations (2.11). In reality the time 7 can be either finite or infinite. Moreover it is
either finite or infinite at once for all w from the corresponding event.

First of all let us note that if E7;,,(l,,7] < oo then 7, . (l,,7] < 1 with probability
1. Therefore the next theorem is devoted to the case Et; . (l,,r] = oco. As follows
easily from Theorem 3.2 finiteness or infinity of the E; ,,({,, r] does not depend on z,
zi, Tyl < 1T <71o, Iy <z <70 =1,2 (of course, B, (lo,7] = limyy, E7; ., [l,7] since
Tozi[lsT] T oz (loyr]) with 1] 1,).
Introduce the integrals

Iloy7] = /1:(“%(@ k@) [ mexp(= ["k()ds)nyde  (4.13)

Jll,ro) =/I (——= + Ky ( E)/ m(n) exp(/ §)ds dn d¢ (4.14)

It is clear (see the formulae (3.8)—(3.10)) that under the condition I (l,,7] < oo the

integral J(I,, 7] and the mathematical expectation E7; ,(I,, 7] are simultaneously either

finite or infinite. The same is just with respect to J[I,r,) and E7, ,,[l,r,) provided that
I[l,r,) < 0. .

‘Theorem 4.3. Let

' I(l,,r] < 00, J(lo,r] = 0 (4.15)

Then forl, <z <r,z;,1=1,2

Plrantburt =o0,  Jim Xen) = f = P{, i Xea)= 1 =pioitor
' (4.16)

i.e., provided ({.15) the left end I, can be attained only in infinite time.
Proof. Suppose the contrary, i.e., for some Z,z;, [, < T < r, 7 = 1,2 there exist
T > 0 and 6 > 0 such that

P {T,;.,z,.(lo,r] <T, lim Xz.()= lo} > 6 (4.17)

tTT:Z,Z" (101r]

The theorem will be proved if we show that from (4.17) it follows E7z,,(l,,7] < oco.
At the beginning let us prove the following assertion.
If for some 77 > 0 and é; > 0 the inequality

P{rs(loyr] L Th} > 6 (4.18)

holds for all z,z;, [, <z <r,t=1,2, then Er,,(l,,r] < o0.
Indeed from (4.18) it follows

P {Ty,zi(lo,r] > Tl} S 1-—- 51

11



for all y, z;, [, <y <r,2=1,2. Hence

P {r .. (lo,r] > 211}
2 . ,
= Z/I P {Ty,zj(lmr] > Tl} - P {Tfr:zi(lmr] > Tl, Xx,Zi(Tl) € dy7 Zx,zs(Tl) = Zj}
j:l o .
2 T
<(1-6)- ij PA{tonilloyr] > Th, Xom(Th) € dy, Zon(Ty) = 2;}
j=1v"% )

2 T
=(1=6)- % [ P{roaloyr] > T} < (1= )
=17
Analogously it can be ascertained that
P{rzz(lo,7] > mT1} < (1= 6)™

From here -
Etes(loyr) < Y (m+ 1Ty - (1—=6)™ < o0
m=0
The above-mentioned assertion is proved.

Thus it remains to prove that the inequality (4.17) which holds for some fixed Z, z;
implies the inequality (4.18) and it must be fulfilled for all z,z;, I, <z < r, i = 1,2.
Before let us note that if the inequality (4.17) holds for z; = z; then it holds for z; = 29
a fortiori. Let it be fulfilled for Z,z,. Take the point Z, z;. It is not difficult to show .
that there exist # > 0 and § > 0 such that -

T,z1

P{riz <1, Xap(t) € [5,r) forall 0t <7} > 6

Therefore :
P {Tf’zl(lfh T] S T + {’ lim Xa‘:,zl (t) = lo} 2 6 : g

tTTd‘,zl (lo,T
Thus we can regard without loss of generality that (4.17) is fulfilled for z; and 2, at
once. But then it is fulfilled a fortiori for all z,z;, where [, < 2 < Z,1 = 1,2. Let

us consider now Z < z < r. For such = the mathematical expectation E7.[Z,r] is
uniformly bounded by some number T;. From here we have

P {1y (2, r] <210} >

[N

and

Pty (lo,r] T + 210} 2> P {rp(Z,7] <270} P {r2,5,(lo,7] < T} > =6

1
T2
So the inequality is realized for all z, z;, [, < z < r, 7 = 1,2. Theorem 4.3 is proved.

Now on the basis of Theorems 4.2 and 4.3 we are able to establish when the Cauchy
problem is possible for the following system of hyperbolic equations

%”21 ___,01(1«')% F (brle) = (@) + ql(m)uz + ei(2)

12



0 0
% = az(m)é';—z + @2(z)us + (ba(2) — q2(z))us + c2(z), lo <z <710, £ >0  (4.19)

with initial conditions

ui(0,z) = fi(z), i=1,2 (4.20)

That is possible only in four cases. List them:

I(l,,r] = o0, I[l,75) = o0 (4.21)

I(l,,r] = oo, I[l,75) < 00, J[l,r,) = 0o (4.22)
I(l,,7] < 00, J(loyr] = 00, I[l,r,) = o (4.23)
I(lo,r] < 00, J(loyr] = 00, I[l,7,) < 00, J[l,1,) = co (4.24)

In the other cases it is necessary to pose some boundary conditions at least on one
of the ends [, and r,.

Of course, the solution of the Cauchy problem (4.19)-(4.20) in each of the cases
(4.21)-(4.24) is given by formula (2.6), where m = 2, [, < z < r,, b(z, ) = bi(z),
C(.’IJ, Z,') = Ci(w)y f(m,Zi) = fi(w)a 1= 172

Let us examine the asymptotic behavior of the solution under ¢ — oo when b;(z) =
0, ci(z) = 0, ¢ = 1,2. In this case the solution of the problem (4.19)-(4.20) has the
simple form (see (2.6))

ui(t,z) = Ef(Xoz(t)) (4.25)

If, for definiteness, the functions f;(z), ¢ = 1,2, are continuous on [l,,7,] and they are
equal to zero at the points /, and r,, then in the cases (4.22)-(4.24)

tl_i% u;(t,z) =0 (4.26)
due to Theorems 4.2 and 4.3.

In the most interesting case (4.21) the asymptotic behavior of the solution depends
on whether the process (X, 7) is ergodic.

5. Ergodicity and asymptotic behavior of the solution of the
Cauchy problem

The case (4.21) is the only case when the process (X, Z) is recurrent (see Corollary
to Theorem 4.2). Following Kolmogorov’s classification of recurrent Markov chains
R.Z.Khasminskii [13] has subdivided recurrent diffusion processes into positive ones
and null ones. In our case the recurrent process (X, Z) (i.e., I(l,,7] = 0o, I[l,7,) ='00)
is positive if for all (z, z), (y, z;)

Et}5 < oo (5.1)

Otherwise the recurrent process (X, Z) is null process. Remind that due to Theorem
4.2 the time 725/ < co with probability 1.
It is not difficult to prove that the condition (5.1) is fulfilled if and only if simulta-

neously
C(lo,r] = llillgnC[l,r] < o0

13



and ) .
Cll,r,) = liTmC[l,r] < o0

Theorem 5.1. If I(l,,r] = oo then C(l,,r] < oo if and only if
K(lor] = [ m(€)exp( || K(s)ds)dt < oo (5.2)

If I[l,r,) = co then C[l,r,) < oo if and only if

Rlr) = [ m(&)ep(- [ * b(c)ds)dé < oo (5.3)

The recurrent process is positive if and only if

/To m(¢) exp(— /g k(s)ds)d¢ < oo (5.4)
lo c

where [, < ¢ < r, (clearly, the convergence of the integrals (5.2)-(5.4) does not depend
on a choice of r, [, c).

Proof. The first two assertions are proved 1dent1cally and we shall prove the second
one. From the formula (3.13) we have

. e (G RO S mi(n) exp(Jf k(s)ds)dn)dé
O[Z) 7'0) = }'1T1;r°10[la7‘] = }‘IT% 14 flr kl(ﬁ) exp(ﬁi k(g)dg)df

Because C[l,7] = E7,[l,7] then C[l, ] grows with r T r, and therefore the limit in (5.5)
(finite or infinite) always exists. Since C[l,r] grows with r T r, and the denominator
- in (5.5) goes to co with r T r, due to condition I[l,7,) = oo, the numerator in (5.5)
also must go to co and consequently we have the uncertainty £ in (5 5). Thanks to
L’Hopital’s rule

I (€) S m(n) exp(fg K(s)ds)dndg _ . [} m(n) exp(Jy k(s)ds)dy
e L[ k(@ep(ffR(<)d)de  rie exp(f] k(s)ds)

(5.5)

=tim [ m(n)exp(~ [ K(<)ds)dn = K,7.)

riro JI

If K[l,r,) = oo then the limit (5.5) all the more is equal to co and hence it remains
only to prove that from K[l,r,) < oo follows C[l,,) < oo or, that is the same, that
from C[l,r,) = oo provided I[l,r,) = co follows K[l,r,) = co. We shall prove the last
assertion by contradiction.

So let I[l,75) = o0, C[l, 7o) = oo but K[l,r,) < co. We need the following inequality

L+ qi(r) i m(§) exp(f¢ k(s)ds)dé
q1(r) exp(f}” k(s)ds)

which is the simple consequence of the inequality

dCli,r]
dr

> C[i, 7] (5.6)

>0
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From (5.6)

- exP(lflT Hod) Cll,r] - /lrm(f) exp(— /Ig k(s)ds)de > Cll,r] — K[, o) (5.7)

From here in view of C[l,7,) = co we have
Cll,r]— K[l,r,) > 1

for all r which are sufficiently close to ro. From (5.7) for such r we have

ai(r)exp( [ K(s)ds) < 1

and therefore there exists a constant ¢ such that for all ¢ > [ the following inequality

01(§) < qexp(— /15 k(s)ds)

is.fulfilled. From here

T T 1 &
[ m©desa o= [ K < aKLr)
i.e., the integral f° ky(€)d€ is convergent. But from convergence of this integral follows
easily the convergence of the integral I[l,r,). The obtained contradiction proves the
second assertion of the theorem. The last assertion follows from the fact that the
relation (5.4) is fulfilled if and only if K(I,,7] < co and K[l,7,) < co. Theorem 5.1 is
proved.

Theorem 5.2. The positive process (X,Z) has a stationary measure with the
density

1
ai(z) - fi> m(€) exp(f¢ k(s)ds)d¢
1
az(z) - fi> m(€) exp(f k(s)ds)d¢

M(e) = = exp(= [ k()ds) =

L
a1(z)

L exp(— /Cz k(s)ds) = —

ax(z)
where the constant L is equal to

Ao (z) _ (5.8)

1
Jie m(€) exp(— JE k(s)ds)dé

Proof. The equations (2.10) for the density in our case have a form

_d(/\lggt(x)) _ Q1($)/\1 + gao(z)Ae =0

d(A
- -—(—%@—)—) —@@+ a2 =0, h<z<r, (5.9)
and it can be immediately checked that density A;(z), A2(z) from (5.8) satisfies (5.9).
Theorem 5.2 is proved.
Let us prove now that there is not any bounded harmonic function with the excep-

tion of constant functions if, for example, I[l,7,) = co (remember that a function is
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harmonic if Ef(Xz,z(t), Zs,z(t)) = f(z,2) foralll, < z <7, and z;, ¢ = 1,2). Indeed,
the harmonic function f(z, z;) must satisfy the equality

Af =0

which is equivalent to the system (3.1). From (3.1) we have

fi(z) — fa(z) = Coexpl /l”k(g)dg), fi(z) = Cy+ Co / k (€) exp( / ¢)dc)de (5.10)

Since fi(z) = f(z,21) must be bounded we obtain Co = 0. Hence from (5.10) fa(z) =
Hlz)=C

The obtained property of the process (X, Z) together with existence of the station-
ary measure proves that the recurrent positive process (X, Z) is ergodic. In the next
theorem we give some ergodic characteristics of the process (X Z). They can be proved
by the same way as in [13]. |

Theorem 5.3. If

I(l,,r] = o0, I[l,r,) = 00, K(l,,7] < 00, K[l,T5) < o0 (5.11)

then the process (X, Z) is ergodic and consequently for any bounded on (I,,r,) function
(and, for definiteness, continuous) f(z,z;) = fi(z) with probability I :

fin s [ fXen() Zua(o)ds = [ (h@hi(a) + o))l (512)
Moreover : | 1 g '
tllglot Ef(X ,Z'(s) rzi(8))ds = tliglot A u;i(s,z)ds
=/, "(fule)h(=) + folz)ha(e)da (5.13)
and

Bim Ef(Xos (), Zos (1)) = Jim uilt, 5= J (@) + faela(@)e  (5.14)

Remark about null process. Let us take as initial function fi(z) for definite-
ness the nonnegative continuous function (f;{(z) > 0) which is not trivial (fi(z) # 0)
and has a compact support in (l,,7,). We already know for such a function that
lim; o ui(t,z) = 0, ¢ = 1,2, for a nonrecurrent process and lim; o ui(t,z) > 0 for
a recurrent positive process. Further, the integral f5° ui(t,z)dt is convergent for a non-
recurrent process and is divergent for a recurrent positive process. For a recurrent null
process lim; o ui(t,z) = 0, ¢ = 1,2, but the integral [5° u;(¢,z)dt is divergent. These
properties express those facts that a null process for the most part of time is in the
neighborhoods of the ends [, and r,. But on the other hand because it is recurrent it
spends the infinite time in the neighborhood of any point of the interval ({,, ,). Besides
for null process there exists the stationary unbounded measure with the help of which
it is possible to investigate its asymptotic behavior. However we do not consider here
these properties and the other ones (see [13]) of null processes.
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6. Some applications and examples

Example 1. Consider the equation

dX 5
E:Z'(l—-x)“,—oo<a<oo (61)
where the Markov chain Z takes two values z; = 1 and 2z, = —1, q1(z) = ¢2(z) =

(1 —22)7, —co <y < o0, and X € (—1,1). We have

a(e) = (1-2°)% ax(z) = —(1 - 2%, ki(z) = (1 - 2?77,

ka(z) = (1 — 222, k(z) = 0, m(z) = 2(1 — a¥)~°

Direct and not complicated calculations give that under
y—a< -1 (6.2)
the process (X, Z) is recurrent (the case (4.21): I(—1,0] = oo, I[0,1) = c0), under
y—a>-1, a>1 (6.3)

the process (X, Z) is nonrecurrent but the ends of interval (—1, 1) are not attainable for
finite time (the case (4.24): I(~1,0] < oo, J(=1,0] = oo, I[0,1) < oo, J[0,1) = o0), .
and under

' y—a>-1, a<l (6.4)

. the ends of interval (—1,1) are attainable for finite time (the case: I(—1,0] < oo,
J(—1,0] < oo, I[0,1) < o0, J[0,1) < o). In the cases (6.2) and (6.3) it is possible to
consider the Cauchy problem for the corresponding system of hyperbolic equations and
in the case (6.4) we need some boundary conditions. The case (6.2) gives a recurrent
positive (ergodic) process (the case: I(—1,0] = oo, K(-1,0] < oo, I[0,1) = oo,
K[0,1) < oo) under

y—a<l -1, a<l

and a recurrent null process (the case: I(—1,0] = co, K(—1,0] = oo, I[0,1) = oo,
K[0,1) = co0) under
y—a<l-1,a2>21

Example 2 (see [14]). Let us consider the equation

X X +2Z(c>0) (6.5)
dt
where the Markov chain Z takes two values z; = b, 2o = —b (b > 0), q1(z) = qa2(2) =
b b
g =const> 0 and X € (I,,r,) = (—-E,E)
We have
b b
ar(z) =b—cz >0, ax(z) = —b—cz <0, - <e<y
q 2¢cqz 2b
f1(2) : b—cz’ ka(2) = —b—cz’ ke) = b2 — 2z?’ m(z) = b2 — c2z?
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It is not difficult to verify that the relations (5.11) are fulfilled here. Therefore the
process (X, Z) defined by (6.5) is recurrent positive process and it has stationary mea-
sure (which was found in ([14])). Due to Theorem 5.2 this measure has the following
density

(bZ - c2w2)q/c
b—

_ VIR (il LA WD SEPYICHISY: I N
)‘1(:13) =M ’ /\2(33) =M b+ cx "M e (2b) B(c7 C) (66)
where B is the beta-function:

B(p,y):/

0

1
(1—y)ty My, p>0, v>0

Consider the stochastic differential equation with additive noise
dX = —cXdt 4+ odW(t) (6.7)

where W (t) is a standard Wiener process.
This equation has the solution with stationary measure

1 z?
pe) = —— - exp(——) (69
T g

which is known as Ornstein-Uhlenbeck process.
The equation (6.5) is obtained like the equation (6.7) by acting of additive noise on
" equation ' < :

ax _
d
for which the trivial solution is asymptotically stable. Of course, the noise in (6.5) has

another nature and in particular therefore the stationary measure in the case (6.5) has
the bounded support. Let us take in (6.5)

b=1vq, v>0

—cX

and let ¢ — oco. With growing ¢ the interval ({,,7,) = (——l\/@, 1\/6) is growing as
¢ c

well. Substituting in (6.6) b = v,/q we obtain the density depending on ¢. Denote this
density by A;(z; ¢). It turns out that

2
! ’ exp(_m_z)v 1=1,2 (69)

v
221 - — 7
BV 25

The relation (6.9) can be easily proved if we use the formula -
_ I(WI)
L(p+v)’

which connects beta-functions with gamma-functions and Stirling’s formula

lim L(s)
§—00 me—sss—l/Z

lim Ai(z;9) =

B(p,v) p>0,v>0

=1
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Therefore the limit density for X coincides with the density of the Ornstein-Uhlenbeck
process under vy = o.
Let us return to (6.5) where Z again takes two fixed values z; = b, z, = —b and

b b
X e (—E’ Z') but ¢; and g¢; depend on z. Let the dependence have a form

a(2) = g(2) = ¢(¥* — ¢*2?)*
where o can take any values. If & < 0 then the switching frequency of the process Z

b b
near the ends —— and — grows to infinity and if & > 0 it decays.

c. ¢

Direct calculations give us that under & > 0 we have the case (4.24) and under o < 0

we obtain the recurrent positive process, i.e., under all —co < @ < oo it is possible to
consider the Cauchy problem for corresponding system of hyperbolic equations.
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