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ABSTRACT. We study a parabolic differential equation whose solution represents the atom dislocation in
a crystal for a general type of Peierls-Nabarro model with possibly long range interactions and an external
stress. Differently from the previous literature, we treat here the case in which such dislocation is not the
superpositions of transitions all occurring with the same orientations (i.e. opposite orientations are allowed as
well).

We show that, at a long time scale, and at a macroscopic space scale, the dislocations have the tendency
to concentrate as pure jumps at points which evolve in time, driven by the external stress and by a singular
potential. Due to differences in the dislocation orientations, these points may collide in finite time.

More precisely, we consider the evolutionary equation

(ve)y = é (Isve — %W’(ve) + a(t,x)> )

where v, = v.(t,x) is the atom dislocation fuction at time ¢ > 0 at the point z € R, Z; is an integro-
differential operator of order 2s € (0,2), W is a periodic potential, o is an external stress and € > 0 is a small
parameter that takes into account the small periodicity scale of the crystal.

We suppose that v (0, x) is the superposition of N — K transition layers in the positive direction and K in
the negative one (with K € {0,..., N}); more precisely, we fix points 2§ < --- < 2, and we take

ve(0,7) = W”( 0x+2 (x_x)

Here (; is either —1 or 1, depending on the orientation of the transition layer w, which in turn solves the
stationary equation Zsu = W' (u).

We show that our problem possesses a unique solution and that, as ¢ — 07, it approaches the sum of
Heaviside functions H with different orientations centered at points x;(t), namely

N
Z H(Gi(x — (1))

The point z; evolves in time from 2, being subject to the external stress and a singular potential, which may
be either attractive or repulsive, accordlng to the different orientation of the transitions: more precisely, the
speed &; is proportional to

Z GGy W Go(t, ;).

The evolution of such dynamical system may lead to collisions in finite time. We give a detailed description
of such collisions when N = 2,3 and we show that the solution itself keeps track of such collisions: indeed, at
the collision time T, the two opposite dislocations have the tendency to annihilate each other and make the
dislocation vanish, but only outside the collision point x., according to the formulas

lim lim v.(¢,2) =0 when z # z,
t—T. e—07F

and limsup v. (¢, z.) > 1.
TS
5%0;’

We also study some specific cases of IV dislocation layers, namely when two dislocations are initially very close
and when the dislocations are alternate.

To the best of our knowledge, the results obtained are new even in the model case s = 1/2.

1. INTRODUCTION

The goal of this paper is to study an evolutionary partial-integro-differential equation
and a system of ordinary differential equations that arise in the Peierls-Nabarro model
for atoms dislocation in crystals.

We refer to [8] for a survey of the Peierls-Nabarro model. See also Section 2 in [4] for
some basic physical derivation.



The main goal of the evolutionary equation associated to the Peierls-Nabarro model is
to study the asymptotic behavior of the solution v., which represents the atom dislocation
function, in terms of e, which in turn represents the size of the crystal scale. A suitable
parabolic scaling is involved in the equation, and so the asymptotics as e — 0" corresponds
simultaneously to the long time and macroscopic space scale behavior.

Roughly speaking, in this paper we will consider initial configurations in which the
dislocation transitions occurs at some given points. Differently from the existing literature,
the initial dislocations are not assumed to have all the same orientation.

We will show that, at a long time and macroscopic scale range, the solution will behave
as the superposition of sharp interfaces.

These interfaces move in time according to an external stress and an interaction poten-
tial. As a main novelty with respect to the existing literature, we will show that in this
case the potential has two opposite tendences, i.e. it is repulsive among dislocations with
the same orientations and attractive among dislocations with opposite orientations.

In configurations in which the attractive feature of the potential prevails, the dislocation
with opposite orientations may collide one with the other. Therefore we also give some
explicit results about collisions in concrete cases.

Let us now formally describe the mathematical framework that we deal with. We
consider the problem
1

(ve)e = - (sts - g—iSW’(ve) +olt, x)) in (0,400) x R

UE(O, ) = Ug on R,

(1.1)

where € > 0 is a small scale parameter, W is a periodic potential and Z; is the so-called
fractional Laplacian of any order 2s € (0,2). Precisely, given ¢ € C?(RY) N L>®(RY), let
us define

(12) Liglta) = pv [ A2 AT,

RN

where PV stands for the principal value of the integral. We refer to [10] and [5] for a
basic introduction to the fractional Laplace operator. On the potential W we assume

(W € C3*(R) for some 0 < v < 1
W(w+1)=W(v) foranyveR
(1.3) W =0 on Z
W >0 on R\ Z
(W"(0) > 0.

The function o satisfies:

o€ BUC(]0,+00) x R) and for some M >0 and « € (s,1)

(1.4) 17| 2o (0, +00)x2) + |92l oo (10, 00) x ) < M
loo(t,x + h) — o,(t,x)| < M|h|*, for every z,h € R and ¢ € [0, +00).
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We assume the initial condition in (1.1) to be a superposition of transition layers. Pre-
cisely, let us introduce the so-called basic layer solution u associated to Zg, that is the
solution of

Ts(u) = W'(u) in R

(1.5) u >0 in R
1
lim u(z) =0, lirf u(z) =1, u(0)= 3

The existence of a unique solution of (1.5) is proven in [1]. The name layer solution is
motivated by the fact that u approaches the limits 0 and 1 at +00. Asymptotic estimates
on the decay of u are proven in [9], finer estimates are given in [4] and [3] respectively
when s € [£,1) and s € (0,3). The case s = 1 was already treated in [7].

2
—z0\ . -

O < 2) < ... < 2%, we say that the function u <x xl) is a transition layer
3

Given z

0_
centered at x¥ and positively oriented. Similarly, we say that the function u (zis x) -1

is a transition layer centered at x? and negatively oriented.
Notice that the positively oriented transition layer connects the “rest states” 0 and 1,
while the negatively oriented one connects 0 with —1.

We consider as initial condition in (1.1) the state obtained by superposing N copies
of the transition layer, centered at z9,...,2%, N — K of them positively oriented and the
remaining K negative oriented, that is

(1.6) W) = %SJ(O,J:) +D <g‘” - x?) K,

=1 €

N
where (i, ...,(n € {—1,1}, Z(Q)_ =K, 0< K <N and
i=1

(1.7) 8= W//(O) =0
Let us introduce the solution (z;(t));=1,. n to the system
' Ti — Ly .
i = 57 —Gio(t, x; 0,7,
where

(1.9) v = /(u’(x))Qd:U :
R
with u solution of (1.5) and (0, T.) is the maximal interval where the system (1.8) is well
defined, i.e. where x; # x; for any 7 # j. Therefore, 0 < 7. < +oo0 is the first time when
a collision between two particles occurs, more precisely 7 is such that: there exist i, jo
with ig # jo such that x;,(T.) = zj,(Te) and z;(t) # x;(t) for any ¢ € [0,7,) and any 4, j.
We remark that (1.8) is a gradient system, i.e. it can be written as

@i(t) = =0,V (t,1(t), ..., an(t)),



with

N
V(taxla s 71'N) = %(xla s 7wn) + Zsz(taxz),
1=1

v 1—2s :
GiGjlry — il if s #1/2,
Vi ) 25(2s — 1) 1<#Zj<N T
olx1, ..., T,) = SIS ‘
= Z Gi¢jlog |z; — 4 if s=1/2,
1<i#j<N

r

and X(t,r) = ’y/a(t,y) dy.
0
In particular, if the external stress is independent of the time, then the potential V =V}
is authonomous and the map ¢ — Vy(z1(t),...,2zn(t)) is nonincreasing in time.

We also remark that the behavior of Vf at infinity changes dramatically when the
fractional parameter s crosses the threshold 1/2 (this is in agreement with the strongly
nonlocal interactions expected when s < 1/2, see [3]). Nevertheless the convexity of the
functions (0,+00) > r +— r'72%/(2s — 1) (when s # 1/2) and —logr (when s = 1/2),
which appear in the definition of V{, holds for all s € (0, 1).

Finally, to state our result, we recall that the (upper and lower) semi-continuous en-
velopes of a function v are defined as

v*(t,z) ;= limsup v(t', )
" ,x")—(t,x)
and
vi(t,z) ;= liminf o(t',2").

' 2")—(tx)
Our main result is the following:

Theorem 1.1. Assume that (1.3), (1.4) and (1.6) hold, and let

(1.10) vo(t, ) = Z H(((x — 24(1)) — K,

where H is the Heaviside function and (x;(t));=1,.. .~ is the solution to (1.8).
Then, for every € > 0 there exists a unique solution v. to (1.1). Furthermore, as
e — 07, the solution v. exhibits the following asymptotic behavior:

(1.11) limsup v.(¢,2") < (v)*(¢t, )
and
(1.12) liminf v (¢, 2") > (vo)«(t, x),

(t/,2")—(t,x)

e—0

for any (t,x) € [0,T,.) x R.

We remark that equation (1.1) is not changed by adding an integer constant to the
solution, so subtracting K in formula (1.10) (as well as in (1.6) for consistency) is clearly
unessential. We chose this normalization in order to have that

lim wvy(t,z) =0 and lir}rq vo(t,z) = N — K.

r——00
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That is, the dislocation function vy is normalized to start with value 0 at —oco. In this
way, its value at +oo is equal to the number of the dislocations that are positive oriented.

When K = 0 (i.e. when all the dislocation are oriented in the same direction), the result
in Theorem 1.1 has been proven in [7, 4, 3], so the novelty of Theorem 1.1 consists in
treating the general case in which the dislocations occur in possibly different orientation.

The long time behavior of our problem in this case is very different from the case
of positive oriented transitions. Indeed, in such situation, system (1.8) is driven by a
repulsive potential, i.e. the dislocations have the tendency to repell each other, and the
solution of (1.8) is defined for all the times, see [6].

On the other hand, when the dislocations do not have all the same orientations, the
potential in (1.8) has two types of behaviors: it acts as a repulsive potential for parti-
cles with the same orientation, and as an attractive potential for particles with opposite
orientations.

This dichotomy between the repulsive and attractive properties of the potential may
lead to collisions, i.e. solutions of (1.8) may cease to exist in a finite time, due to the
vanishing of the denominator. As far as we know, the present literature does not offer
a complete study of system (1.8) and a full description of the collision analysis is not
available. Therefore we present some concrete cases in which we can detect these collisions
and estimate explicitly the collision time.

The first case that we treat in the details is the one of two initial transitions with
opposite orientation, i.e. N = 2 and K = 1 in (1.6). In this case, we can estimate the
collision time T, when the external stress has a sign and when the initial configuration is
small (in dependence of the stress), according to the following result.

Theorem 1.2. Let N =2 and K = 1. Let 9y := 29 — 0. Then:
o Ifo(t,x) <O for anyt >0 and any x € R, then
37985+1
e S o
(2s+ 1)y

o [f
1
(1.13) 9 << ! )
: 0 FONTORTE )
250 |00
then
sﬁé”s

T. <

v (2598 lollc — 1)
o Conversely, if (1.13) is violated, there are examples in which T, = +oco.

The next case of interest is when we have three initial dislocations that have alternate
orientations. In this case, we can show that the collision time is finite if no external stress
is present and we can give explicit bounds on it. Also, triple collisions occur in symmetric
situations.

Theorem 1.3. Let
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Let N =3, (1 = (3 =+1 and (; = —1, and assume that o0 = 0.
Let 99 := 29 — 20 and V9 := 25 — 2. Then

smin{99, ¥} +1

T. € |r., Cst.|, with 7,:=
: ] (254 1)y

Moreover, the functions ¥1(t) := xo(t) — x1(t) and VY5(t) := x3(t) — x2(t) are order pre-
serving in time, i.e.

if 99 < 099 then 91(t) < 9q(t) for every t € [0,T,).

Furthermore, if 90 = 199, then a triple collision occurs, namely 91(t) = Y2(t) > 0 for
every t € [0,1%.), and

) Cs s (19?)25“
W (T.) =09(T.) =0 with T, = —(25 7y
C, s (19(1])28+1

Viceversa, if a triple collision occurs at time T,, then 99 =99 and T, =
(2s+ 1)y

Next, let us go back to the case of two initial dislocations with opposite orientation,
i,e. N =2and K = 1. Suppose that a collision occurs at a time 0 < T, < 400, so that if
(x1(t), x2(t)) is the solution of (1.8), then z1(T.) = x2(T.) = x.. Then (1.11) and (1.12)
imply that for any x # ., we have

lim lim v.(t,2) = 0.
t—T; e—07T

This can be rephrased saying that after the collision, the two dislocations cancel each
other. Nevertheless, the limit of v.(¢,z) keeps memory of them, in the sence that v. at
the point of collision x,. does not vanish at the limit. Indeed, we have

Theorem 1.4. Assume N =2 and K = 1. Let v. be the solution to (1.1), then

(1.14) limsup v (¢, z.) > 1.
t—T,
e—0t

In the next two results, that are Theorems 1.5 and 1.6, we deal with the case of N
transitions (with, in general, N > 3). It seems that the picture in this case can be
extremely rich, so we will focus on two concrete cases: when one of the initial distance
between dislocations is much smaller than the others, and when the orientations of the
dislocations are alternate.

For this, we assume o = 0 and, for : = 1,..., N — 1, we consider the distance between
two consecutive dislocations:

(1.15) ; ) R
and ¥ =2 —x; > 0.



Then, recalling (1.8), we have that the ¥;’s satisfy

(1.16)
9 _ 2GiGiv1
Vi = 23( 1925 +ZCZ+1C] _ ;2Cz+1@ ‘_%H)
_ZQCJ — + Z Cij — ) s> in (OaTc)
Jj=i+2 Li
\191(0) - 19?7

i =1,....,N — 1. Then we show that if two transitions with opposite orientations are
sufficiently close at the initial time, then a collision in finite time occurs:

Theorem 1.5. Assume N > 2, K > 1 and 0 = 0. Then there exists ag € (0,1) such
that, if for somei1=1,.... N — 1

(1.17) GiGiv1 = —
(1.18) and ¥) < ag m;nﬁg,
VES
then
(1.19) Vi(t) < ag I%gl Y(t)  for anyt > 0.

Moreover 9; goes to zero in a finite time T,, with

s(90)2s+1

(1.20) ©S @s+ DAl — (N —2)a2]

Some observations on Theorem 1.5 are in order. First of all, condition (1.17) states
that the orientations of the ith and (i 4+ 1)th dislocations have opposite signs, and (1.18)
means that the initial distance between these dislocation is small (when compared with
the other dislocation distances). Then, we obtain in (1.19) that this smallness and order
condition on the distances is preserved in time.

Also, we remark that the estimate of the collision time obtained in (1.20) is somehow
sharp, since it reduces to the one in Theorem 1.2 when N = 2.

Next result deals with the alternating case, i.e. the case in which after any dislocation
we have a dislocation with the opposite orientation. In this case, collisions occur, and we
can estimate the collision time according to the following result:

Theorem 1.6. Assume o =0 and

(1.21) Giipr = —

foranyi=1,...,N — 1. Then a collision occurs in a finite time T, with

(N = V(g —ap)*

T. <
(2s+ 1)y

if N is odd,

and
s(af) — p)

(2s+ 1)y

T. < if N is even.



Notice that condition (1.21) says that the dislocations have an alternate orientation
(i.e. if the ith dislocation is positive oriented, then the (i + 1)th is negative oriented, and
viceversa).

We observe that the collision times obtained in Theorem 1.6 is bounded by the initial
maximal dislocation distance to the power 2s + 1. This estimate is, in a sense, optimal,
when compared with the explicit estimates in Theorems 1.2 and 1.3.

The rest of the paper is organized as follows. First, in Section 2 we give some general
preliminary results and some heuristics which link the partial differential equation in (1.1)
with the system of ordinary differential equations in (1.8).

Then, we deal with the analysis of the collisions of the dynamical system in (1.8),
which has somehow an independent interest: we study the case of two, three and N
dislocations in Sections 3, 4 and 5, respectively. In this way, we also complete the proofs
of Theorems 1.2, 1.3, 1.5 and 1.6.

Then, in Section 6 we prove Theorems 1.1 and 1.4.

2. PRELIMINARY OBSERVATIONS

2.1. Toolbox. In this section we recall some general auxiliary results that will be used in
the rest of the paper. We recall that the existence of a unique solution of (1.5) is proven
in [1], while asymptotic estimates for u and u’ are given in [9]. Finer estimates on u are
shown in [4] and [3] respectively when s € [%, 1) and s € (0, %) We collect these results
in the following

Lemma 2.1. Assume that (1.3) holds, then there exists a unique solution u € C**(R).
Moreover, there exists a constant C' > 0 and k > 2s (only depending on s) such that

1 x C
21 - H < I 2 ]-7
and
, C
(2.2) |u'(x)] < FE=E for x| > 1.

Next, we introduce the function i) to be the solution of

(2.3) {181/} — W' (u)p = + (W (u) — W”(0)) inR

$(=00) = 0 = (+00)

where w is the solution of (1.5) and

(2.4) n = W}(O) /(u’(x))2da7 = ’yiﬁ

For a detailed heuristic motivation of such equation see Section 3.1 of [7]. The following
results are proven in [4] and [3].

Lemma 2.2. Assume that (1.3) holds, then there exists a unique solution v to (2.3).
Furthermore ¥ € C-*(R) N L®(R) for some a € (0,1) and ¢’ € L®(R).

loc
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2.2. Heuristics of the dynamics. We think that it could be useful to understand the
heuristic derivation of (1.8) in the simpler setting of two particles with different orienta-
tions (i.e. N =2 and K =1).

For this, let u be the solution of (1.5). Let us introduce the notation

ter(t,2) = u (“””_—Il(t)) C es(t, 1) = u (““)—_I) _1,

€ 9

and with a slight abuse of notation

il (t7) = <x_—w> L uly(t ) = (‘”2“)—_1’) |

9 19

Let us consider the following ansatz for v,

0ot ) = uer (t,7) + uea(t, @) = u (“T“(t)) +u (“@T_x) .Y

Then, we compute

() &
= _u;,1<t7 l’) c + U’le,Q(ta ZL') c ’

and using the equation (1.5) and the periodicity of W

Isrve(t’ x) — iz‘su x_—gjl<t> + Lz—su .IQ(‘[;)—_./L‘
525 828

9

(=) (22

= éTW/(UE 1(t ZL’)) + _W/(UE 2(t ZL’))
By inserting into (1.1), we obtain
i iy 1

o
(2.5) —uiy—+ uL ,— - = (W/(us 1)+ Wuez) = Wiuen + Us,2)) T

828-‘1—1

Now we make some observations on the asymptotics of the potential W. First of all, we
notice that the periodicity of W and the asymptotic behavior of u imply

(2.6) /W/ )di — dde( (2))dz = W (1) — W(0) = 0,

and similarly

(2.7) /W"(u(m))u'(m)dm =0.

R
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Next, we use estimate (2.1) and make a Taylor expansion of W' at 0 to compute for z # x5
2s
Ty — T Tog — T e*(x — x9)
w’ ~W'|(H
G( e)) << e)*%wmm—mmJ
W e2(x — x9)
2sW"(0)|x — xo|tH2s
e2(x — 1)
2sW"(0)|x — xo|tH2s

B e25(x — )
28|m — |1 H2s”

~ Wl/(o)

So, we use the substitution y = (x — x1)/e to see that

1 1 [ e®(a— -
g/W’(ug,g(t,x))u;l(t,:v)d:v ~ —/ Gk o (x x1> dx
R

e ) 2s|x — xo|t T2 £

_ / e¥(ey + x1 — x2)

2sley + 11 — xo| 1128

=) [

T 2s|wy — @12

u'(y)dy

_ e25(xy — To)
28|y — ag|1+25

if ©1 # 5. Hence

1
(2.8) m/W’(us,g(t,x))u'&l(t,x)dx:

R

Ty — T2
23|x1 _$2|1+25’

if x1 # x5. We use again the substitution y = (z — x1) /e, (2.6) and (2.7) to get

1
E/W/(ue,l(t,x) + uep(t, x))uL , (t, x)dx
R
1 , T —x e2(x — 1) , [T —xy
~ — H d
€/W (u< 5 )+ (@) + 2sW"(0)|x — xo|1+2s B £ ’
R

Z/W’ <U(’y)+ O Rk ) )U’(y)dy

2sW"(0)|ey + x1 — xo|1+28

e%(ey 4+ 11 — 12)

!
d
2sW"(0)|ey + o1 — x2|1+25u (y)dy

:/WM@W@@+/WM@>
e%(z1 — x9)

f%wwmmrﬂﬂH%!W”wwmﬂw@

= 0.
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We deduce

1
51"1‘28

(2.9) /W’(usyl(t, x) 4 uco(t, x))ug  (t, x)dx ~ 0.

Moreover, we have

1
> [ottant,tado = [ ott.cy+ vy
R

R

(2.10) ~ a(t,xl)/u’(y)dy
=o(t, ).

Finally

2.11) > f e = [@wydy=o

and using (2.2)

1 [, , 1 [ ,(z—m gltzs
B /u&l(t,x)uag(t,x)dx ~ g/u . P x2|1+25d$
R R

1+2s

€
ey + 11 — xo|1t2s
(2.12) J ey + z1 — @2

51+23
SEEL

- |ZL‘1 _ ZE2|1+28

~ 0,

if 71 # x5. Now we multiply (2.5) by v, (t,7), we integrate on R and we use (2.6), (2.8),
(2.9), (2.10), (2.11) and (2.12), to get

’y_l‘i‘ 1 — X2
L=
28|z — @o|1 128

+ U(t,l'l).

A similar equation is obtained if we multiply (2.5) by u. ,(t, ) and integrate on R. There-
fore we get the system

. 1 — Ty (t )
€T = — - g A
1 72!9'1‘1 —$2|1+25 Y 5 L1
(2.13) | 1wl
Tg = —7y + yo(t, z2),

25|wy — a1 |1H28

which is (1.8) with N = 2 and K = 1. This is a heuristic justification of the link between
the partial differential equation in (1.1) and the system of ordinary differential equations
in (1.8).
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3. TWO TRANSITION LAYERS: COLLISION IN FINITE TIME AND PROOF OF
THEOREM 1.2

Let (z1(t), z2(t)) be the solution of (2.13) with initial condition z;(0) = 29 < 25(0) =
x5, We want to show that under some assumptions on the external force o the time of
collision between x1(t) and z5(t)) is finite and we also explicitly estimate its value. Let
us denote

V(t) := xo(t) — 21(2),
Vo = x5 — ) >0,

then in an interval (0,7), ¥ is solution of

] g
) =——— t t
19(0) =199 > 0.

Let us first assume
o < 0.

In this particular case, since ¥ is subsolution of
) Y
¥ =—

(3.2) sY%s
19(0) = 190,

in the set where 9 is positive, we have

Y <0,

where

1
~ 2 1 25+1
d(t) = (— o 7t+19§5+1)

s
3 S92+l
is the solution of (3.2). The function ¥(t) vanishes for ¢t = ﬁ, therefore also
s+ 1)y
vanishes in a finite time 7, with
25+

(3.3) P

(2s+ 1)y

This gives the first claim in Theorem 1.2.

In the general case where no sign condition is assumed on o, 9 is subsolution of

: Y
4 _
(3-4) U=

+ 29| | oo-
1

1 2s
Equation (3.4) has the stationary solution ¥(t) := (W) . Therefore if (1.13) is
sllo oo

satisfied, since ¥ cannot touch ¥y, its derivative remains negative. Hence

<P and 9 < — + 29]|0 (|0 < 0.

0
s9%s
As a consequence, there exists a finite time 7, such that ¥(7,.) = 0. More precisely, in this
case

00) <+t (= + 2ol

2s
sU§
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and therefore
190 519(1)+23

T

< .
S 2ol — (v/s95°) v (2595l lloe — 1)

This proves the second claim of Theorem 1.2.

We also stress that if condition (1.13) is not satisfied (i.e. if Jy is not sufficiently small
with respect to the external stress), then ¥ may never vanish and 7T, could be infinite.

This is the case, for instance, when o is a positive constant and ¥y = 1/(2s0)2:. This
completes the proof of Theorem 1.2.

4. THREE TRANSITION LAYERS: PROOF OF THEOREM 1.3

Suppose that we have three dislocations, two of them moving in the same direction
while the central one moving in the opposite direction. Then, system (1.8) becomes

(

. L1 — T2 Ty — T3
=7 T 2s[ar — 2o 2s|1y — g% —o(t,z1)
. Lo — T L2 — T3
(4.1) 2= C2s|lwg — |2 2s|my — @[+ Folt)
. L3 — 1 L3 — T2
T3 =" 2s|ws — x |12 o 253 — @o| 125 —a(t,x3)>
([ 21(0) = 29 < 29(0) = 2§ < z3(0) = 8.

Let (z1(t), z2(t), z3(t)) be the solution of (4.1) and let us denote

ﬂl(t) = [L’Q(t) — $1(t), ﬁz(t) = $3(t> — l'z(t),
9 =2 — 28 99 =2 — 2.

Then in the interval (0,7), the function (¢;,12) is solution of

(5= (L a(ta) + ot )
= — | T 9. o T o i
s\ 0P 2 ) 203 T 2
T TAS! 1 1
Uy = — — — —o(t,x3) — ot
(42) I G T A ’5”2))
191(0)219?>0
\192(0) - 19(2) > O

Remark that in the particular case ¢ = 0 and

the solution of system (4.2) is given by
V1(t) = Va(t) = V(1)
where 9(t) is the solution of
- 2% |
-

(4.3) T o2stlg 92
19(0) =1y > 0.
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Integrating (4.3), we get the following expression of ¥:

25+ 192 —1 50
22s+1

o) = |03+ =

We see that 9 vanishes at time
25+1
22$+1 81908

4.4 Tc - )
(4.4) 2% 1 (25 1 1)y

and we have a triple collision.

Let us next show that if o = 0, for any choice of the initial condition (9, z9, 23) we
have a collision in a finite time, and also that ©J; and ¥, are order preserving, i.e. if, for
instance,

(4.5) 9 < 99,
then

for any positive ¢ smaller than the collision time. Indeed, if there exists ¢y such that
Y1(tg) = 2(ty), and we look at the solution (¥(t),J5(t)) of system (4.2) with initial
condition 99 = 99 = 9, (¢o), then by the uniqueness of the solution of the system, we have

(1(t + to), Va(t + o)) = (V1 (t), Da(t))

and we know that ¥1(t) = ¥s(t) for any t smaller than the collision time. This is in
contradiction with (4.5) and it proves (4.6).

In turn, inequality (4.6) implies that ;(¢) is subsolution of the equation (4.3) with
initial condition 9;(0) = 99. Therefore we have

25 +12% — 1 rﬂ

(1) S Dh(t) = {(29?)28“ Ve

In particular, the collision time 7, of the system (4.2) is finite and
225+1 S( 19(1))25—1-1
225 — 1 (2s+ 1)y’

Next, since ¥(t) is supersolution of the equation (3.2), we have

T, <

25+ 1 |7
0(0) > B1(6) = | (08 = 2]
s
and therefore
s (99)25+1
(2s+ 1)y
Finally, suppose that a triple collision occurs at some time T,.. We want to show that ¢, (t) =
Uo(t) for all t € [0,T,.) and determine T,. For this, suppose, by contradiction, that

(47) 191(250) < ﬁQ(tQ).

Then, by considering ¢, the initial time of the flow, we deduce from (4.6) that ¥ () < J5(t)
for every t € [to, T.). Using this and (4.2), we see that

. . % 3 3
Oy =y =~ (== ———] >0
2 s<219§8 219§S>>

T. >
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for every t € [tg, T.). As a consequence, for any fixed a € (0,T.),

(Vg — 1) (T — a) = (¥ — 91)(to) + / (0 — D) (t) dt > (95 — D1)(to).

This and (4.7) are in contradiction with the fact that
lim+(192 - 191)(TC - a) = O,

a—0
and so we have proved that ¥(t) = ¥q(t) for all ¢t € [0,7.). In particular, we have
that 99 = 99 and so the collision time is determined by (4.4). This completes the proof
of Theorem 1.3.

Remark 4.1. If the three dislocations are not alternated, i.e., 1 and x5 move in the
same direction, while x3 in the opposite one, then x5 and x3 collide in a finite time T,
satisfying (3.3). Indeed, in this case the repulsion between z; and xs and the attraction
between x5 and x3 contribute positively to the collision.

5. N TRANSITION LAYERS: SOME SPECIAL CASES AND PROOF OF THEOREMS 1.5
AND 1.6

Now we deal with the case of N transition layers. Since the general picture can be
very rich to describe, we focus on the cases of small initial configuration and alternate
orientations, and we prove Theorems 1.5 and 1.6.

5.1. Proof of Theorem 1.5. We fix ag > 0 small enough such that
(5.1) —14+ (N —=2)ag® + (N — 1)ag"" < 0.

Let us denote
Um(t) := mind;(t).
J#i
Of course, no confusion arises between the subscript m, that denotes this minimization
and the indices i and j. Also, by (1.18) and (5.1), we have that

19228(0) 2s
(5.2) —1+ (N - 2)028(0) < -1+ (N =2)a <0.
We want to show that for any ¢ > 0
Vi(t)
(53) ﬁm(t) X Q.
From system (1.16), we infer that o; satisfies
- ¥ 1 N —2 v (Vs

while for any j # ¢

: N -1

gt > 11

sy2s
From (5.2) and (5.4) we deduce that there exists 7' > 0, that we choose maximal, such
that

(5.5) 0;(t) < 0 for any t € (0,T).
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Moreover, in (0,7") we have that

d (ﬁi> 9y — 9,0,

dat\ v, 2
_ Vi — 030
7
Vo O (N=2)0n (N —1)
\50§< =T T
,ng 19123 79125-1—1
:W<_l+w_2)ﬁ§f+w_l)ﬁ?§“ :

Integrating in (0,¢) and passing to the minimum on j, we infer that for any ¢t € (0,7)

(5.6) Ol ag + m,in/ % (—1 + (N - 2)@33(7) + (N - 1)19?S+1(T)) dr.

Im(t) 3 s05(r)d(r) U (1) VRH(T)

Let us call 92 (r) 41

g(1t):== =14 (N — 2)% + (N — 1)19%“(7_).
We observe that ¢g(0) < 0, thanks to (5.1). Thus, we want to show that
(5.7) g(1) <0 for any 7 € (0,7).
Assume by contradiction that this is not true. Then there exists ¢, € (0,7) such that
(5.8) g(1) <0 for 7 € (0,t0)
and ¢(to) = 0. Then gri(éoo)) = k with
(5.9) —1+4 (N —2)k* + (N — 1)k** =0,
On the other hand, by (5.4) and (5.8), we see that

¥; < #?Sg <0

in (0,%), and therefore, recalling (5.5), we conclude that ty < 7. In particular, we can
use (5.6) with ¢ := t,.
Thus, from (5.6) and (5.8) we infer that

t
k = Vilto) éao—}—min/M (1) dr < ay.

O(to) N OrAO 9

This and (5.9) give that
0=—1+(N—-2k*+(N—-DE*" < -1+ (N —-2)a®*+ (N —1)aZ!
and this is in contradiction with (5.1). Therefore we have completed the proof of (5.7).

In turn, we see that (5.6) and (5.7) imply (5.3), and thus (1.19).
Finally (5.3) and (5.4) yield that

YL = (N = 2)ag’]
s9%8 ’

ﬁi(t) < -
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and therefore 1; goes to zero in a time T, satisfying (1.20). Thus the proof of Theorem 1.5
is complete.

5.2. Proof of Theorem 1.6. Without loss of generality, we can assume (; = 1. Let us
first assume N odd. Then (y = 1, and from (1.8) and (1.15) we get

-1 N

N
FOVUD S B S P SN A N S < A
2s ‘= (xn — ;)% 2s s (x; —x1)2
9 1 1 o 1 1
2s (191 + -+ 191\7,1)25 (192 + 4 191\7,1)25 (19]\/72 -+ 19]\7,1)25 19?\?71
1 1 1 1
9 T ens T =T 2
V7 (O +09)% (1 +-+0n2)%  (h+-+Iy_1)%
So, for every ¢ € {1,..., N — 2}, we introduce the notation
1 1
Qe = 25 2s
(o1 + -+ +In-1) (e + -+ +In-1)
1 1
and By =

(1 + -+ 0% (O + -+ Dpy1)
In this way, we have that oy, G, > 0 and

(5.10) By — @ =—o- Z e+ Bp).

Moreover, for any a, b > 0 and any & € [0, 1] we have that

2s5—1 b 2s—1 b 2s
(TRL) PPN R i RN

Thus, using a Taylor expansion we see that there exists & € [0, 1] such that
(et +0n-1)* = (P14 +9n-1)*
(19g+1 + -+ 19]\7,1)25(19@ + -+ 19]\7,1)25

o 25(EWe Ve -+ On-1) P,

(Degr + -+ In )2 (e + - +Iy1)

28195

> :

(o4 FOy_g)tH2
where we have used (5.11) here with £ := &, a ==, and b:= 9y 1 + - -+ + Uy

Similarly, using (5.11) with a := 9,4, and b:= ¥, + - - + ¥y, we see that
250041
5.13 > i
(5.13) Be O T T O )

From (5.12) and (5.13) we obtain that

(5.11) (a+1b)-

Qy —

(5.12)

2s (195—{—’!93_;,_1)
(U1 + -+ Oyt
Now, for any fix t > 0 let j(¢t) € {1,..., N — 1} be such that

i (t) = _max  3;(t).

=1,...

(5.14) ay+ [ >
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Then, at time ¢ we have that
Uy 4+ I (N = 1)
and so (5.14) implies that
2s (19g + 194_;,_1)
(N = 1)V (P1+ -+ + In-1)>
for every ¢ € {1,..., N — 2}. In particular, we can choose either ((t) := j(t) (if j(t) #
N —1)or {(t) == j(t) — 1 (if j(t) = N — 1) and obtain that
25Vj()
(N —-1) V() (D + -+ Onq)%
2s
(N—=1) (14 +0n_1)*
This and (5.10) yield that, for any time ¢ before collisions, we have
g

oy + B 2

gy + By =

S
S (N —1)(zn — x1)?

Since the solution of

N S

(N — 1)9?s
19(0) = 19() >0
2s+1
vanishes at the time t = %, we can conclude that a collision ocurs at some time
T. with
o (N =D — b

(2s 4+ 1)y

The case N even is simpler, thanks to direct cancellations. Indeed in this case, from (1.8)
and (1.15), we have

, N ¢ v
]=1 ]:2
g 1 ! .
_ 7| — et 55— %5
9 (014 +Dn_1) (Un—2 +n_1) N
L, 1 1 }
935 (Vg + 09)% (V14 4+ In)>
g
s + - FIyq)%
Y

s(xy — @)%
Therefore, a collision occurs in a time 7T, with
s(af) = at
(254 1)y

which completes the proof of Theorem 1.6.

T, <

’
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6. PROOF OF THEOREMS 1.1 AND 1.4

6.1. Proof of Theorem 1.1. As in [7, 4, 3], the proof of Theorem 1.1 relies on the
construction of suitable barriers that allow the use of Perron’s method. Since in our case
the different transitions not need to be all oriented in the same direction, some care is
needed in order to take into account the cancellations arising from the different signs of
the (;’s.

More concretely, to prove the asymptotic behavior of v., namely inequalities (1.11) and
(1.12), we construct suitable sub and supersolutions of (1.1). We consider an auxiliary
small parameter 0 > 0 and define (Z;(¢),...,Zy(t)) to be the solution of the system

(6.1) (Z GG 2s |— EJ|1+25 — Go(t,T;) — Cﬁ) in (0,7, — ts)
. L

J#i
i =1,...,N. Here T, is the collision time of the system (1.8). If we call T the collision
time of the perturbed system (6.1), then

(6.2) liminf 70 > T,.

6—0t

To check this, fix a € (0,7,), to be taken arbitrarily small in the sequel. Then the solution
of system (1.8) satisfies

Mg 1= te[r(ilTicria] |zi(t) — x;(t)] > 0.
1SN

Accordingly the right hand side of the equation in (1.8) (together with its derivatives) is
bounded when ¢ € [0,7, — a] by a quantity that depends on a. Therefore, we are in the
position to apply the continuity result of the solution with respect to the parameter d: we
obtain that there exists d, > 0 such that, when § € (0,6,) the trajectories of (6.1) lie in
a (mg/2)-neighborhood of the trajectories of (1.8). In particular, for any 6 € (0,4d,), we
have that

n | [7(t) —7,(0)] >

Ay [7i(t) = 7;()] =

and so the corresponding collision time cannot occur before T, — a. That is Tf >T.—a
for all § € (0,4,), and so

lim inf T — a.
d—0+

By taking a as close as we wish to 0, we obtain (6.2).
In light of (6.2), for ¢ small enough, we have that (6.1) is well defined in (0,7, — t5)
where ts — 07 as § — 0". Next, we set

(6.3) G(t) =m), i=1,.,N
and
(6.4) 7= ;‘Vj(g).

Let uw and 9 be respectively the solution of (1.5) and (2.3). We define

(65) T.(t,2) = K+Z ( ) Zgg%a (I_Tw))
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In order to simplify the notation, we set, for i =1,..., N

(6.6) (t, ) = u (gx_—w> _H (gx%w)) ,

€
and
r—x;(t
wit.a) = (62=20)
Finally, let
1
(6.7) I :=e(vo) + E(W’(UE) — 5T, — e¥0).

The next two propositions show that T is a supersolution of (1.1).

Proposition 6.1. For any T < T, — ts, there exists g > 0 such that for 0 < e < gg, we

have

1 1
(Ee)t > g (Isis - EW/(@(;) + U(t, I)) m (0, T) x R.

Proposition 6.2. There exists 6y > 0 such that, for every 0 < § < dy, we have
0:(0,z) = v2(x) for any x € R.

€

We have the following asymptotic behavior for v.:
Lemma 6.3. For any (t,z) € [0,1,) x R, we have that

lim limsup v.(¢',2") < (vo)*(¢, x).
d—=0F (¢ 2y (t,2)
e—0t
The proof of Proposition 6.1 is postponed to the next Section 6.3, to avoid interruptions
in the flow of the main arguments, while for the proofs of Lemma 6.3 and Proposition 6.2
we refer respectively to the proofs of Lemma 8.1 and Proposition 8.2 in [4].
Let us now conclude the proof of Theorem 1.1. First remark that, for ¢ sufficiently
small, the initial condition v? given in (1.6) satisfies

—~(N+1) <! <N +1.
Moreover the functions
u(t,z) :=—(N+1)— K.t and u.(t,x):=N-+1+ K.t

where
1

K. = JSEEF

1
Wl + <l o,

are respectively sub and supersolution of (1.1). Hence, the existence of a unique, con-
tinuous solution v, of (1.1) is guaranteed by the Perron’s method and the comparison
principle.

Next, from Propositions 6.1 and 6.2, and the comparison principle, for any T < T,
there exist 0y and g such that for 0 < § < dy and 0 < € < g9, we have

(6.8) ve(t,x) < T(t,x) for any (¢t,x) € (0,T) x R.

Passing to the limit as ¢ — 07, recalling Lemma 6.3 and taking 4 as small as we wish in
the end, we get (1.11) for any (¢,z) € [0,T.) x R.
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Similarly, to prove (1.12), for 6 > 0 small, we define (z,(¢), ...,z (t)) to be the solution
of the system

; Z; _Qj .
(6.9) Li=7 (Z iy 25| [ — Go(t,z;) + Cz‘5> in (0,7, — ts)

J#i -

i1=1,...,N, and

o (t.2) = Ezs% K4 éu (CI_TM) _ é@g%ii(t)w (CI_TM) |

Then, one can prove that v, is a subsolution of (1.1) and therefore
(6.10) ve(t,x) = v (t,x) for any (¢t,x) € (0,T) x R,

and any T' < T,, and any ¢ and e small enough. Passing to the limit as ¢ — 0" and then
letting 6 — 01, we get (1.12), thus ending the proof of Theorem 1.1.

6.2. Proof of Theorem 1.4. Let us take a sequence (T%); such that T, — 7. as k —
+00. Then, from (6.10) with N =2 and K = 1, there exist d7 and &) such that for any
§ € (0,07 and ¢ € (0,£)] we have

0e(Ty ) > O(E) +u (M> fu (M) 4

- < (T (ﬁ) . szswk; (2=,

We remark that z1(t) < xo(t) for any ¢t € (0,7,), and that both z;(t) and x4(t) approach .
as t — 1. Consequently, by (1.8), we see that

1
! 2 - /7 No. xr e o0
n=a (25(91:2 — )| loall=o+ NR)) Tee

as t — 1. Similarly, we have that 29 — —o0 as — T .

We deduce that x; is definitely incrasing in time, and o definitely decreasing. In
particular, we have that z1(t) < x. < z2(t) when t is close enough to 7. (and so for t = T,
and k large enough).

Therefore, we can take § = J, > 0 sufficiently small that

(6.11)

2y (Tk) < we < 2y(Th).
As a consequence, we can choose ¢ = g5, > 0 so small that

Te — 21 (Th) 29(Th) — . — +00 as k — 400
€k ’ k |

Then, by (6.9), we have that

i
28 (QQ(TR)_xC + xc_l1(Tk)>

€k €k

i, (Ty) = = +0() =0 ask — +oo.

Similarly
e85ty (Ty) — 0 as k — +oo.
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Thus, recalling (6.11), we infer that

lim sup v, (Tj, z.) > 1.
k—4o00

This implies that

lim sup v (¢, z.) > 1,
t—T,
e—0t

which concludes the proof of Theorem 1.4.

6.3. Proof of Proposition 6.1. Let us start with the following

Lemma 6.4. For any T < T, —ts in (0,T) x R we have, fori=1,.... N

L= O0() (e i+ 7+ (¢am) +0
J#i
+) " (0(wy) + O(ity) + O(e™>3)) + O(*),
J#i

(6.12)

where O(e*) depends on T and 0.

Proof. Fix i =1,..., N. We have

N —
— _ 2s+1= =] 'ill' — Ly
e(@e)r=¢ oy ZCJCJU (CJ - ]>
28+1— 25=2 J
(6.13) +Z( Gt (6220 ) 4 geran (6222
=~ Z Geu (ij _—
j=1

j>+0ww
Next, using the periodicity of W and a Taylor expansion of W’ at u;, we compute:

6723W/(6€) _ 872SW/ (8286 + Z ﬁj + az . Z <j€285jwj . Ci€286iwi>
ji i
(6.14) = e BWI(@) + e W @) (T + Y4 — ) GerTw; — GePe)
J#i JFi
+ Z O(e%u3) + O(™).

JFi



23

Finally, we evaluate

Is_e _ 232'8— —2s Is ‘ZL‘ B fj 7251-8 ix — T
Ve =710 +¢€ Z u(cj—6 +e u | C 5

J#i
- Z CJC] sw <<j ) Czcz s'w <<zx EZ)
J#i
(6.15) = O(™) + 7Y W'(iiy) + e W' (i)
JF#i
=Yg [+ (GE2 ) ) - w0)
JF#i

= e [+ o (6557 ) 4 na) - o))
Summing (6.13), (6.14) and (6.15), and noticing that the terms involving ', and the term
e W (@) — GeW ()i
appearing in both (6.14) and (6.15), cancel, we get
I, =e(@.) +e W' (v.) - IT,0. — o
==Y W (@) + W (i) <5 +e Y aj> ) GE (W (i) — W (i) )b
i i i
+ > Gen(W (@) = W"(0)) + Gem(W" (@) = W"(0)) =0 + Y O(e™@) + O(™).
i J#
Now, since W'(0) = 0, we use a Taylor expansion of W’ around 0, to see that

W) =Y W) + Y06 )

ji ji J#i
so that
I = ’QSZW” ya; + W"(a;) <a+5 252u3> +ZCJCJ (W"(a;) — W (W),
J#i J#i J#i
+ 3 Gem(W (i) — W(0)) + Gem(W (i) — W(0) — o + > O(e73) + O(e™).
j#i J#

Next, we add and subtract the term W”(0)& to get
Lo=c% (W'(@) — W"0))a; + (W"(@) = W"0))a + Y & (W"(a5) — W"(@))d;

i i
+ Y Gem(W" (@) = W(0)) + Gem(W" (@) — W"(0)) + W' (0)7 — o
J#i
+ Z O(e>u3) + O(™).
J#i

Now, clearly
Gen(W(a;) = W (0)) = O(a;),  W(w:) — W"(0) = O()
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and
Gei (W (ag) — W ()5 = O(1;).

Therefore, we conclude that

I = O(i;) (e iy +7 + Gem) + W'(0)5 — o

i
+3 " (O(wy) + Olity) + O(e~13)) + O(>).
J#
By (6.4), we finally obtain (6.12). O

Let us now conclude the proof of Proposition 6.1. Recalling (6.7), it suffices to show
that for any z € R and t < T

(6.16) I.>0

for 6 and e small enough.
Case 1. Suppose that there exists an index ¢ = 1,..., N such that z is close to Z;(t) more
than £7:

9
(6.17) l — T (1) < & mm0<7<“ﬁs,

where k is given in Lemma 2.1.
Since the T;’s are separated for ¢ < T', we have for j # i

2 —F5(8)] > () — T (0] — o~ T(0)] > [7(H) —T5(8)] = 2 T > 0,

for ¢ sufficiently small, where 9 is independent of . Hence, from (2.1) and (6.6), we get
for j #£1

1 r—7T;(t x—T;(t g r—T;(t
“a (020 - (P e e
er 1
= 0F
gcgn 2s

x —T(t)
|z —z;(0)| 2
2s
S e =)
where ¢ is a suitable point lying on the segment joining x to T;(t).
The last two inequalities imply for j # i
Yo Ti(t) — T;(t)
22 250 Foult) — O]

Next, a Taylor expansion of the function around T;(t), gives

e—mt) _ m(t) — ()
[z =z (O |T) -z ()

":C - f’L(t)’ < Cg'y,

< O(e7 + &%),
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Therefore, from (6.12), we get that
i G Tm® -7
f = O(@) (Z W0 ) — g Cﬁ"’l’”) e

+3 " (0(wy) + O(ity) + O(e71i2)) + O(*) + O(e7) + O(">).
J#i

Now, we compute the term between parenthesis. From the definitions of ¢;, n and T given
respectively in (6.3), (2.4) and (6.4), and the system of ODE’s (6.1), we obtain

o(t,z) —o(t, ()

(6.18)

—G Ti(t) — 7;(t) =y
D ) 1O B A i (0
(6.19) 7 N
= O(lz = 7:(t)])
=0(7).
Finally, from the estimates (2.1) and the fact that ‘ |hn£ Y(z) = 0, we have for j # i
(6.20) iy, e} = 0(*), and ;= O(1),
as € — 0. From (6.18), (6.19) and (6.20), we get that for € small enough
I. > éa
2
which implies (6.16).
Case 2. Suppose that for i = 1, ..., N we have
|z —Z;(t)] = &7.
In this case, the estimate in (2.1) on w implies for j =1,..., N
a] CJ T — EJ' (t> < e” 1 K—28—7K
<C———F—<C ",
2 W0 e~z | S U g0 S

Moreover 1

T S
TP
As a consequence, recalling (2.4), (6.4) and (6.1)
SR Y0
. o )
£ ;UJ—FU—FCZCZn ;QSWN(O) |x_§j(t)|1+2s+o( )

= O(e™2%).

Therefore, from (6.12), we have

I =6+ O(i;)0(e™") + Y (O(thy) + O(i1y) + O(e>@3)) + O(™).
J#i
Now, we observe that again from (2.1), for i =1,..., N

~ 0 528 o 828 O (823(1—7))
U; = T — | T s | = .
|I _ mi|2s 5275
As a consequence

O(e®a3) =0 (1)), and O(&;)0(c ") = O (1727,

J
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Again the asymptotic behavior of ¢ implies

We conclude that
Hence for € small enough, we have
L2
2
which again implies (6.16).
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