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Abstract. We introduce a new Neumann problem for the fractional Laplacian aris-
ing from a simple probabilistic consideration, and we discuss the basic properties of this
model. We can consider both elliptic and parabolic equations in any domain. In addition,
we formulate problems with nonhomogeneous Neumann conditions, and also with mixed
Dirichlet and Neumann conditions, all of them having a clear probabilistic interpretation.

We prove that solutions to the fractional heat equation with homogeneous Neumann
conditions have the following natural properties: conservation of mass inside €2, decreasing
energy, and convergence to a constant as ¢ — oo. Moreover, for the elliptic case we give
the variational formulation of the problem, and establish existence of solutions.

We also study the limit properties and the boundary behavior induced by this nonlocal
Neumann condition.

For concreteness, one may think that our nonlocal analogue of the classical Neumann
condition d,u = 0 on Jf) consists in the nonlocal prescription

u(z) — u(y) 5
——~ 2 dy=0 forxzeR"\ Q.
/Q |(E _ y|n+2$ Y \

1. INTRODUCTION AND RESULTS

The aim of this paper is to introduce the following Neumann problem for the fractional
Laplacian
Ay = ]
(=A)fu = f i@ (1.1)
Nsu = 0 inR™\Q.

Here, N is a new “nonlocal normal derivative”, given by

Nsu(x —cns/ z _y|n+2s dy, r € R™\ Q. (1.2)

The normalization constant ¢, s is the one appearing in the definition the fractional Lapla-
cian
Sy () u(z) —u(y)
(_A) U(.T) = Cn,s PV o W dy (13)

See [12, 20] for the basic properties of this operator (and for further details on the nor-
malization constant ¢, s, whose explicit value only plays a minor role in this paper).

As we will see below, the corresponding heat equation with homogeneous Neumann
conditions

ug+ (—A)u = 0 n®Q  t>0
Nouw = 0 mRN\Q, t>0 (1.4)
u(z,0) = wup(z) inQ, =0

possesses natural properties like conservation of mass inside €2 or convergence to a constant
as t — 400 (see Section 4).

The probabilistic interpretation of the Neumann problem (1.4) may be summarized as
follows:

(1) wu(x,t) is the probability distribution of the position of a particle moving randomly
inside €.
(2) When the particle exits €2, it immediately comes back into €.



(3) The way in which it comes back inside €2 is the following: If the particle has gone
to x € R™\ Q, it may come back to any point y € 2, the probability of jumping
from x to y being proportional to |z — y|~" 725,
These three properties lead to the equation (1.4), being wug the initial probability distri-
bution of the position of the particle.
A variation of formula (1.2) consists in renormalizing Nsu according to the underlying
probability law induced by the Lévy process. This leads to the definition
Nsu(z)

dy :
Cn,s fQ |$_y|n+25

Nou(z) == (1.5)

Other Neumann problems for the fractional Laplacian (or other nonlocal operators)
were introduced in [4, 8], [1, 3], [9, 10, 11], and [15]. All these different Neumann problems
for nonlocal operators recover the classical Neumann problem as a limit case, and most of
them has clear probabilistic interpretations as well. We postpone to Section 7 a comparison
between these different models and ours.

An advantage of our approach is that the problem has a variational structure. In
particular, we show that the classical integration by parts formulae

/ Au = oyu
Q o0

and /Vu-Vv:/v(—A)u—l—/ vO,u
Q Q o0

are replaced in our setting by

/(—A)Su der = — Nsudz
Q

R™\Q

and

Cns (u(@) — u(y)) (v(z) — v(y)) - e
/RQ"\(CQ)Q dr dy = /QU( A) U+/ v Nyu.

2 |z — y|nt2s RP\Q

Also, the classical Neumann problem

—Au = f inQ
{ du = g ondf) (1.6)

comes from critical points of the energy functional

1
5 [ vl = [ ru= [ gu.
Q Q o

without trace conditions. In analogy with this, we show that our nonlocal Neumann

condition
(=A)Yu = f inQ
{ Neu = g inR"\Q (1.7)

follows from free critical points of the energy functional

_ 2
C"S/ u(z) U(i)! dxdy/fu/ g,
4 Jrem\(cqy2 |z —yln T Q R\Q
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see Proposition 3.7. Moreover, as well known, the theory of existence and uniqueness of
solutions for the classical Neumann problem (1.6) relies on the compatibility condition

oL

We provide the analogue of this compatibility condition in our framework, that is

/sz/Rn\Qg,

see Theorem 3.9. Also, we give a description of the spectral properties of our nonlocal
problem, which are in analogy with the classical case.

The paper is organized in this way. In Section 2 we give a probabilistic interpretation of
our Neumann condition, as a random reflection of a particle inside the domain, according
to a Lévy flight. This also allows us to consider mixed Dirichlet and Neumann conditions
and to get a suitable heat equation from the stochastic process.

In Section 3 we consider the variational structure of the associated nonlocal elliptic
problem, we show an existence and uniqueness result (namely Theorem 3.9), as follows:

Let Q C R™ be a bounded Lipschitz domain, f € L*(), and g € L*(R™\ Q). Suppose that
there exists a C? function 1 such that N = g in R™\ Q.
Then, problem (3.9) admits a weak solution if and only if

$A= e

Moreover, if such a compatibility condition holds, the solution is unique up to an additive
constant.

S

Also, we give a description of the eigenvalues of (—A)® with zero Neumann boundary

conditions (see Theorem 3.11):

Let Q C R™ be a bounded Lipschitz domain, and consider the eigenvalue problem
{ (-APu = Au inQ
Nsu = 0 nR™\ Q.
Then, there exists a sequence of nonnegative eigenvalues
0= <A< A<

and its corresponding eigenfunctions are a complete orthogonal system in L*(Q).

In Section 4 we discuss the associated heat equation. As it happens in the classical case,
we show that such equation preserves the mass, it has decreasing energy, and the solutions
approach a constant as t — +oo. In particular, by the results in Propositions 4.1, 4.2
and 4.3 we have:

Assume that u(z,t) is a classical solution to
ug+ (—A)°u = 0 in €, t>0
Now = 0 nR\Q, t>0
u(z,0) = wup(z) inQ, t=0.



4

Then the total mass is conserved, i.e. for allt >0
/ u(z,t)de = / uo(x)dz.
Q Q

o 2
R2e\(cQ)2 |z —y[nts

1s decreasing in time t > 0.
Finally, the solution approaches a constant for large times: more precisely

1 / . 2
u — — [ ug in L°(Q

Moreover, the energy

as t — +o0.

In Section 5 we compute some limits when s — 1, showing that we can recover the
classical case. In particular, we show in Proposition 5.1 that:

Let Q C R™ be any bounded Lipschitz domain. Let u and v be C3(R™) functions. Then,

. ou
lim Noyuv = — .
s—1 R7\Q 50 ov

Also, we prove that nice functions can be extended continuously outside £ in order to
satisfy a homogeneous nonlocal Neumann condition, and we characterize the boundary
behavior of the nonlocal Neumann function. More precisely, in Proposition 5.2 we show
that:

Let Q& C R"™ be a domain with C! boundary. Let u be continuous in Q, with Nyju = 0
in R"\ Q. Then u is continuous in the whole of R™.

The boundary behavior of the nonolcal Neumann condition is also addressed in Propo-
sition 5.4:

Let Q C R™ be a C! domain, and u € C(R™). Then, for all s € (0,1),
iy, Koal) =0

zERM\Q
where N is defined by (1.5).
Also, if s > % and u € C*(R™) for some o > 0, then
8,,/\~/'su(:v) = lim+ w =kO,u for any x € 909,
e—0 €

for some constant k > 0.

Later on, in Section 6 we deal with an overdetermined problem and we show that it is
not possible to prescribe both nonlocal Neumann and Dirichlet conditions for a continuous
function.
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Finally, in Section 7 we recall the various nonlocal Neumann conditions already appeared
in the literature, and we compare them with our model.

All the arguments presented are of elementary nature. Moreover, all our considerations
work for any general Lévy measure v satisfying

[ min(1,Jy)av(y) < +ox.
Rn

However, for sake of clarity of presentation, we have done everything for the most canonical
case of the fractional Laplacian.

2. HEURISTIC PROBABILISTIC INTERPRETATION

Let us consider the Lévy process in R™ whose infinitesimal generator is the fractional
Laplacian (—A)®. Heuristically, we may think that this process represents the (random)
movement of a particle along time ¢ > 0. As it is well known, the probability density
u(z,t) of the position of the particle solves the fractional heat equation u; + (—A)%u =0
in R"; see [21] for a simple illustration of this fact.

Recall that when the particle is situated at x € R™, it may jump to any other point
y € R™, the probability of jumping to y being proportional to |z — y| =25,

Similarly, one may consider the random movement of a particle inside a bounded domain
Q) C R”, but in this case one has to decide what happens when the particle leaves €.

In the classical case s = 1 (when the Lévy process is the Brownian motion), we have
the following:

(1) If the particle is killed when it reaches the boundary 0f2, then the probability
distribution solves the heat equation with homogeneous Dirichlet conditions.

(2) If, instead, when the particle reaches the boundary 9 it immediately comes back
into Q (i.e., it bounces on 0f2), then the probability distribution solves the heat
equation with homogeneous Neumann conditions.

In the nonlocal case s € (0,1), in which the process has jumps, case (1) corresponds to
the following: The particle is killed when it exits €. In this case, the probability distribu-
tion u of the process solves the heat equation with homogeneous Dirichlet conditions u = 0
in R™\ 2, and solutions to this problem are well understood; see for example [18, 14, 13, 2].

The analogue of case (2) is the following: When the particle exits 2, it immediately
comes back into 2. Of course, one has to decide how the particle comes back into the
domain.

In [1, 3] the idea was to find a deterministic “reflection” or “projection” which describes
the way in which the particle comes back into 2.

The alternative that we propose here is the following: If the particle has gone to z €
R™\ €, then it may come back to any point y € Q, the probability of jumping from z to
y being proportional to |z — y|~""25.

Notice that this is exactly the (random) way as the particle is moving all the time, here
we just add the restriction that it has to immediately come back into ) every time it goes
outside.

Let us finally illustrate how this random process leads to problems (1.1) or (1.4). In fact,
to make the exposition easier, we will explain the case of mixed Neumann and Dirichlet
conditions, which, we think, is very natural.
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2.1. Mixed Dirichlet and Neumann conditions. Assume that we have some domain
Q) C R", and that its complement R™ \ Q is splitted into two parts: N (with Neumann
conditions), and D (with Dirichlet conditions).

Consider a particle moving randomly, starting inside 2. When the particle reaches D,
it obtains a payoff ¢(z), which depends on the point € D where the particle arrived.
Instead, when the particle reaches N it immediately comes back to €2 as described before.

If we denote u(x) the expected payoff, then we clearly have

(—=A)Pu=0 inQ
and
u=¢ in D,

where ¢ : D — R is a given function.
Moreover, recall that when the particle is in x € N then it goes back to some point
y € Q, with probability proportional to |z — y|~"~2°. Hence, we have that

u(y)
u(z) =k | ————-dy for x € N,
(@) /Q |z — y[rt2s

for some constant k, possibly depending on the point x € N, that has been fixed. In order
to normalize the probability measure, the value of the constant s is so that

e
K —_— =
Q ‘m_y|n+25

Finally, the previous identity can be written as

Nou(z) = cp s ————~dy=0 forxeN,
( ) s |(E y|n+25

and therefore u solves
(=A)°’u = 0 inQ
Nou = 0 in N
u = ¢ in D,

which is a nonlocal problem with mixed Neumann and Dirichlet conditions.
Note that the previous problem is the nonlocal analogue of

—Au = 0 in €
6yu = 0 in FN
u = ¢ inp,

being I'p and I'y two disjoint subsets of 0f2, in which classical Dirichlet and Neumann
boundary conditions are prescribed.

More generally, the classical Robin condition ad,u + bu = ¢ on some I'p C 02 may be
replaced in our nonlocal framework by aANzu + bu = ¢ on some R C R"\ Q. Nonlinear
boundary conditions may be considered in a similar way.
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2.2. Fractional heat equation, nonhomogeneous Neumann conditions. Let us
consider now the random movement of the particle inside €2, with our new Neumann
conditions in R™\ Q.

Denoting u(z,t) the probability density of the position of the particle at time ¢ > 0,
with a similar discretization argument as in [21], one can see that u solves the fractional
heat equation

u+ (—A)’u=0 1inQ fort>0,
with
Neu=0 inR"\Q fort>0.
Thus, if ug is the initial probability density, then u solves problem (1.4).

Of course, one can now see that with this probabilistic interpretation there is no problem

in considering a right hand side f or nonhomogeneous Neumann conditions

ug + (—A)u = f(z,t,u) in Q
{ Neu = g(z,t) inR"\Q

In this case, g represents a “nonlocal flux” of new particles coming from outside €2, and f
would represent a reaction term.

3. THE ELLIPTIC PROBLEM

Given g € L'(R™ \ Q) and measurable functions u,v : R® — R, we set

u(z) — u(y)?
”uHH§SZ = \/||u|%2(g) + |||g|1/2u||%2(Rn\Q) + /R2”\(CQ)2 de dy (3‘1)

and

(u,v) g, ::/uvda:+/ lg| wvdx
Q R™\Q

L =), ,
B2\ (C0)2 '

|z —y["+2e
Then, we define the space
H§ := {u:R" - R measurable : [ullmg, < +o0} .

Notice that H§ and its norm depend on g, but we omit this dependence in the notation
for the sake of simplicity.

Proposition 3.1. H{, is a Hilbert space with the scalar product defined in (3.2).

Proof. We point out that (3.2) is a bilinear form and ||ul|gg, = /(u, u)mg. Also, if [[ul| gg, =

0, it follows that [[ul|z2(q) = 0, hence u = 0 a.e. in §, and that

. 2
/ |u(z) UiyZ)\ drdy = 0,
r2n\(c)2 |z —y[" T2

which in turn implies that |u(z) — u(y)| = 0 for any (x,3) € R?"\ (CQ)2. In particular,
a.e. z € CQ) and y € Q) we have that

u(z) = u(x) — u(y) = 0.
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This shows that u = 0 a.e. in R", so it remains to prove that H¢ is complete. For this,
we take a Cauchy sequence uj, with respect to the norm in (3.1).

In particular, uy is a Cauchy sequence in L?(Q) and therefore, up to a subsequence,
we suppose that uj converges to some u in L2(Q) and a.e. in ). More explicitly, there
exists Z1 C R™ such that

|Z1| = 0 and ug(z) — u(x) for every x € Q\ Z;. (3.3)
Also, given any U : R — R, for any (z,y) € R?" we define

Fya.g) = (U(@ - U(?J)) XRQ"\(CQ)Q(%Q)' 5.4)

n+2s

|z —y| 2

Notice that

(e (@) = un(@) = u(y) + un(v) ) Xz cope (@)

Euk (LE, y) - Euh (1‘, y) = nt2s .

|z —y|

Accordingly, since uy, is a Cauchy sequence in Hg), for any € > 0 there exists N, € N such
that if h, k > N, then

2

U — up)(T) — (U — up)(y

62 2/ ‘( )( ) 51+25 )( )‘ d.’ﬂdy - HEuk _Euh”%2(R2n)
R2n\(CQ2)2 |2~ ]

That is, E,, is a Cauchy sequence in LQ(]R%) and thus, up to a subsequence, we assume
that E,, converges to some E in L?(R?*") and a.e. in R?*". More explicitly, there exists Z» C
R?" such that
|Zo| = 0 and E,, (z,y) — E(z,y) for every (z,y) € R*"\ Z». (3.5)
Now, for any = € €2, we set
Sy = {y e R" : (:v,y) S R?" \ ZQ},
W= {(z,y) €eR*™ : z € Qand y e R"\ S,}
and Vi={reQ : |R"\S;| =0}
We remark that
W C Z,. (3.6)
Indeed, if (x,) € W we have that y € R\ S,, that is (z,y) € R?"\ Z3, and so (z,y) € Za,
which gives (3.6).
Using (3.5) and (3.6), we obtain that || = 0, hence by the Fubini’s Theorem we have
that
0= W= [ [\ S| da,
Q

which implies that [R™ \ S| =0 for a.e. x € Q.
As a consequence, we conclude that |2\ V| = 0. This and (3.3) imply that
QN (VN Z)[ = [Q\V)UZi < [Q\V]+[Z1] =0.
In particular, we have that V' \ Z; # @, so we can fix xg € V' \ Z;.
Since 9 € Q \ Z1, we know from (3.3) that

li = .
Jm_us(zo) = u(zo)
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Furthermore, since zp € V' we have that |R"™ \ S;,| = 0. That is, a.e. y € R™ (namely, for
every y € Sy,), we have that (zg,y) € R*"\ Z5 and so

Jim_Ey, (50.9) = B(wo.9)

thanks to (3.5). Notice also that Q x (CQ2) C R?"\ (CQ2)? and so, recalling (3.4), we have
that
uk(zo) — ur(y)

Euk(.l‘(),y) = n+2s )
lzo —y| 2
for a.e. y € CQ2. Thus, we obtain
n+25
I — 1 { - Eu, (z0, }
Jim w(y) Jmun(@o) = |zo =y = Bu, (20, y)

n+ S

= u(xo) — o —yl 2 E(zo,y),

a.e. y € CSL.

This and (3.3) say that uj converges a.e. in R™. Up to a change of notation, we will say
that uj converges a.e. in R™ to some u. So, using that wu; is a Cauchy sequence in Hg),
fixed any € > 0 there exists N, € N such that, for any h > N,

2 S 2
> —
@ > ymint s~y

> liminf/(uhuk) +hm1nf/ g (up, — ug)?
Q

k—-+o00 —+00
_ _ _ 2
I A C LR
k—+oo JR2n\ ()2 |:L’—y|n+ s
2
up —u)(xr) — (up —u

> /(uh_u)2+/ |g|(Uh—U)2+/ |( h )( ) EH_hQS )(y)| dz dy

Q e R2n\ (CQ)? |z —yl
S

where Fatou’s Lemma was used. This says that uj converges to u in Hg, showing that Hg
is complete. O

3.1. Some integration by parts formulas. The following is a nonlocal analogue of the
divergence theorem.

Lemma 3.2. Let u be any bounded C? function in R™. Then,

/(—A)Su =— Nu.
Q R\Q
Proof. Note that

dd dd =0,
//Q |x—y|n+2s = //ﬂ |m—y\"+28 Y

since the role of z and y in the mtegrals above is symmetric. Hence, we have that

A) uda:—cns// dydaz s// Mdydw
IS - |x—y|n+23 " Jo S T — g+

u(z) —
) dwdy = — Nou(y) dy,
/n\Q/Q lz —y |”+2S v R7\Q (v) dy
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as desired. O
More generally, we have the following integration by parts formula.

Lemma 3.3. Let u and v be bounded C? functions in R"™. Then,

ons (u) —u() (@) o)
/1@2"\(69)2 dmdy—/g”( A) U’+/Rn\Q,U~/\/Su7

2 |!E _ y|n+2$
where ¢y s is the constant in (1.3).
Proof. Notice that

Y S B [CC R P
R2m\(C2)?

2 |$— |n+2s
// +2 dyd:c+/ / £2)d dx.
n ’95 - Z/’" s R7\Q ’95 — y|nt3s
Thus, using (1.3) and (1.2), the identity follows. O

Remark 3.4. We recall that if one takes 0,u = 1, then one can obtain the perimeter of €
by integrating this Neumann condition over 0f). Indeed,

|09 —/ dx = Opudz. (3.7)
o0 o0

Analogously, we can define Nsu, by renormalizing Nsu by a factor

— dy
’ws,ﬂ(x) = Cn,s 0 W?

Nsu(x) = i\uisz%;))

Now, we observe that if Nyu(x) = 1 for any x € R™\ €, then we find the fractional perimeter
(see [6] where this object was introduced) by integrating such nonlocal Neumann condition

over R™\ Q, that is:
_dzdy
P =

= / ws.(x)de
R™\Q

_ / wy(z) Nu(x) da
RP\Q

that is
for z € R™\ Q. (3.8)

= Nsu(z) dz

R™\Q
that can be seen as the nonlocal counterpart of (3.7).

Remark 3.5. The renormalized Neumann condition in (3.8) can also be framed into the
probabilistic interpretation of Section 2.

Indeed suppose that CS2 is partitioned into a Dirichlet part D and a Neumann part N
and that:
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e our Lévy process receives a final payoff ¢(x) when it leaves the domain €2 by landing
at the point x in D,

e if the Lévy process leaves () by landing at the point x in N, then it receives
an additional payoff ¢(x) and is forced to come back to 2 and keep running by
following the same probability law (the case discussed in Section 2 is the model
situation in which ¢ = 0).

In this setting, the expected payoff u(z) obtained by starting the process at the point x €
satisfies (—A)%u = 0in Q and u = ¢ in D. Also, for any = € N, the expected payoff landing
at x must be equal to the additional payoff ¢)(x) plus the average payoff u(y) obtained by
jumping from x to y € €2, that is:
/ u(y) dy
Q |x _ y|n+2s

=l
Q |$‘ _ y|n+2s

3.2. Weak solutions with Neumann conditions. The integration by parts formula
from Lemma 3.3 leads to the following:

forany x € N, wu(x) =¢(z) +

which corresponds to Nyu(z) = ().

Definition 3.6. Let f € L?*(2) and g € LY(R™\ Q). Let u € H§. We say that u is a weak

solution of
{(A)Su = f inQ

Neu = g inR"\Q (3.9)

whenever

s (u() —u() (v(@) —v() [ )
2 /RZ"\(CQ)2 |z — y|nt2s d dy_/ﬂf +/Rn\99 (3.10)

for all test functions v € Hg,.

With this definition, we can prove the following.

Proposition 3.7. Let f € L*(Q2) and g € L'(R"\ Q). Let I : HE — R be the functional

defined as
Cn,s |u(x) _u(y)|2 / /
Iu::’/ —————dxdy— | fu-— qgu
) 4 Jpem\(coy2 T —y|ntE Q R7\Q

for every u € HE.
Then any critical point of I is a weak solution of (3.9).

Proof. First of all, we observe that the functional I is well defined on H¢. Indeed, if u € HY
then
ez
Q

< /Rn\Q 1912 g2 Jul| < ||g||2/12(Rn\Q) 91" ull p2@myay < C llull g,

< 2@ llullz2@) < Cllullmg,

and

fona?®
R7\Q
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Therefore, if u € H§, we have that

Hu]| < Cllullmg < +oo.

Now, we compute the first variation of I. For this, we take |¢|] < 1 and v € H. Then

the function u + ev € H{, and so we can compute

_ 2
fural = @ et e)(@) =~ )
4 R27\ (CQ)2 |3: - y|n+ s
—/f(u+ev)—/ g(u+ ev)
Q R\Q
S e N . B CC ET PR
2 Jren\(c)? |z -yl Q Rr\Q
Cn,s 2/ |’U(1’) —U(y)|2
4 RQ"\(CQ)Q ’$ — y‘n+25
Hence,
e G i U
e—0 €
— C”S/ (ulz) - u(y))(via;) — o) dz dy / fo / gv,
2 Jren\(ca)? |z — y|nt2s Q R™\Q
which means that
M=t [ G ) gy [y [
)= R2n\ (CQ)? |z — y|nt2s Y Qf R”\Qg

Therefore, if u is a critical point of I, then u is a weak solution to (3.9), according to

Definition 3.6.

O

Next result is a sort of maximum principle and it is auxiliary towards the existence and

uniqueness the

ory provided in the subsequent Theorem 3.9.

Lemma 3.8. Let f € L*(Q) and g € LY(R™\ Q). Let u be any H§, function satisfying in

the weak sense

(—Ayu = f nQ

{

Nsu g mR"\Q,
with f >0 and g > 0.

Then, u is constant.

Proof. First, we observe that the function v = 1 belongs to H¢, and therefore we can use

it as a test function in (3.10), obtaining that

Oé/fz—/ g <0.
Q R7\Q

f=0 ae inQ

This implies that
and ¢g=0 ae. inR"\Q.
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Therefore, taking v = u as a test function in (3.10), we deduce that

_ 2
/ |u(z) U(+y2)\ dedy =0,
ren\(cQ)2 |z —y["t?e

and hence uv must be constant. O

We can now give the following existence and uniqueness result (we observe that its
statement is in complete analogy® with the classical case, see e.g. page 294 in [16]).

Theorem 3.9. Let Q C R" be a bounded Lipschitz domain, f € LQ(Q),izndg € LY R™\Q).
Suppose that there exists a C? function 1) such that Ny = g in R™\ Q.
Then, problem (3.9) admits a solution in HY if and only if

/Qf:—/n\gg. (3.11)

Moreover, in case that (3.11) holds, the solution is unique up to an additive constant.

Proof. Case 1. We do first the case g = 0, i.e., with homogeneous nonlocal Neumann
conditions. We also assume that f % 0, otherwise there is nothing to prove.
Given h € L%*(Q), we look for a solution v € H§ of the problem
v

(v(z) — v(y))(2(2) = 9(y)) _
0’ ’ /IRQ"\(CQ)2 |z — y[nt2s d dy = /Q he, (3.12)

for any ¢ € H¢, with homogeneous Neumann conditions Nyv = 0 in R™ \ Q.
We consider the functional F : H5 — R defined as

F(p) ::/tha for any ¢ € HJ.

It is easy to see that F is linear. Moreover, it is continuous on Hg:

[Flp)l < /Q [l el < 1hllL2 () lll2@) < [[hllL2() @]l

Therefore, from the Riesz representation theorem it follows that problem (3.12) admits a
unique solution v € H§ for any given h € L?(9).
Furthermore, taking ¢ := v in (3.12), one obtain that

[0l () < CllAllL2@)- (3.13)

Now, we define he operator T : L?(Q2) — L?(Q) as Th = v. We have that T is compact.
Indeed, we take a sequence {hy }ren bounded in L2(€2). Hence, from (3.13) we deduce that
the sequence of vy, := Thy, is bounded in H*(Q), which is compactly embedded in L?(Q)
(see e.g. [12]). Therefore, there exists a subsequence that converges in L2((2).

Now, we show that T is self-adjoint. For this, we take hi, hy € C3°(2) and we use the
weak formulation in (3.12) to say that, for every ¢, ¢ € H§), we have

(Tha(x) = Thi(y))(e(x) — @(y)) _
/QTh1 ©+ /R%\(CQP o=yt drdy = /Q hi @, (3.14)

1The only difference with the classical case is that in Theorem 3.9 it is not necessary to suppose that
the domain is connected in order to obtain the uniqueness result.
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and

[Tmos [ Dol TN 260 4y, [ 15, a1
Q R27\ (CQ)2 Q

|z — y[rt2s

Now we take ¢ := Thg and ¢ := Thy in (3.14) and (3.15) respectively and we obtain that

/ hi Thy = / Thy hy (3.16)
Q Q

for any hi,hy € C5°(Q). If hy, hy € L%(Q), there exist sequences of functions in C§°(Q),
say hy g and hgy, such that hy, — hy and hgy — he in L?(2) as k — +oc. From (3.16)
we have that

/hl,kThQ,k:/Thl,k ha k- (3.17)
0 0

Moreover, from (3.13) we deduce that Thy — Thy and Thyj — Thy in H*(Q) as k —
400, and so

/hl,kTth€ — / h1Thy as k — 400
Q Q
and

/ Tth h27k — / Thihy as k — +oo.
Q Q

The last two formulas and (3.17) imply that

/ hi Thy = / Thy hy for any hi, hy € L*(Q),
Q Q

which says that T is self-adjoint. -
Let us now come back to the equation (—A)*u = f in Q, Myu = 0 in R™\ Q. This
equation can be written in terms of the operator 1" as follows
(Id - T)ilf = w,
with w = f + u. Therefore, by the Fredholm Alternative, the equation admits a solution
if and only if f € Ker(I —T)*. But
Ker(I -T)={u€ Hy : (-A)°u=0inQ, M;u=0inR"\Q},
which by Lemma 3.8 consists only of constant functions.
Thus, it follows that the equation admits a solution if and only if [, f = 0.
Case 2. Let us now consider the nonhomogeneous case (3.9). By the hypotheses, there
exists a C? function 1 satisfying Ny = g in R” \ Q.
Let @ = u — 4. Then, u solves
(-A¥u = f inQ
Neu = 0 inR"\Q,
with
f=F-(=A)ry.

Then, as we already proved, this problem admits a solution if and only if fQ f=0,ie., if

o= [ 7= [ 1= [y (3.18)



15

But, by Lemma 3.2, we have that

| are=- == / ot

From this and (3.18) we conclude that a solution exists if and only if (3.11) holds.
Finally, the solution is unique up to an additive constant thanks to Lemma 3.8. O

3.3. Eigenvalues and eigenfunctions. Here we discuss the spectral properties of prob-
lem (1.1). For it, we will need the following classical tool.

Lemma 3.10 (Poincaré inequality). Let Q C R™ be any bounded Lipschitz domain, and
let s € (0,1). Then, for all functwns ue H¥( ), we have

fb= Aol

where the constant Cq > 0 depends only on Q and s.

u(y)l?
dz < Cq dx dy,

|LC _ |n+23

Proof. We give the details for the facility of the reader. We argue by contradiction and
we assume that the inequality does not hold. Then, there exists a sequence of functions
up € H*(Q) satisfying

]{2 we =0, |lullpe =1, (3.19)
and () — ()2
up(r) — ug(y 1
drdy < —. 3.20
/Q o |z -yt k (3.20)

In particular, the functions {uy};>1 are bounded in H*(2).
Using now that the embedding H*(2) C L?(f) is compact (see e.g. [12]), it follows that
a subsequence {uk]. }j>1 converges to a function u € L2(Q), ie.,

ug; — w4 in L*(Q).

Moreover, we deduce from (3.19) that

][a =0, and [l =1L (3.21)
Q
On the other hand, (3.20) implies that

[ [ E g
QJQ

|z =yt
Thus, @ is constant in €, and this contradicts (3.21). ([l

We finally give the description of the eigenvalues of (—A)® with zero Neumann boundary
conditions.

Theorem 3.11. Let Q C R™ be a bounded Lipschitz domain, and consider the eigenvalue
problem
(=AYu = du in
{ Neu = 0  inR*\ Q.
Then, there exists a sequence of nonnegative eigenvalues

0=M <A< A3
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and its corresponding eigenfunctions are a complete orthogonal system in L*(£2).

Proof. We define
Li(Q) = {u c L*(Q) : / u = 0} .
Q
Let T': L(Q) — L2(2) be defined by T'f = u, where u is the unique solution of
(=A)'u = f inQ
Nou = 0 inR"\Q
according to Definition 3.6.
We remark that the existence and uniqueness of such solution is a consequence of the
fact that f € L3(2) and Theorem 3.9.
Also, we claim that the operator T is compact and self-adjoint.

We first show that T" is compact. Indeed, taking v = u in the weak formulation of the
problem (3.10), we obtain

Cn,s |u(x) - u(y)|2
—= —— = drdy < . 3.22
5 /R%\(CQ)2 =g WS £l 22 lull 220 (3.22)
Now, using the Poincaré inequality in Lemma 3.10 (recall that fQ u = 0), we deduce that

/2
|u(2) — u(y)l? '

ul| 2 <C</ —— " dxdy . 3.23
|l £2 (o) P P TR (3.23)

This and (3.22) give that

[u(z) — u(y)? )1/ ?
e g ) <O : 3.24
</ng |z — y|nt2s Y = ||fHL2(Q) ( )

Now, we take a sequence {fx}ren bounded in L?(£2). From (3.23) and (3.24) we obtain
that up = Tfy is bounded in H*(2). Hence, since the embedding H*(2) C L?(Q) is
compact, there exists a subsequence that converges in L2(Q). Therefore, T' is compact.

Now we show that 7' is self-adjoint in LZ(Q2). For this, we take fi and fo in C§°(9),
with {, fi = fof2 = 0. Then from the weak formulation in (3.10) we have that, for
every v, w € H§,

Cn.s / (T'f1(z) = Tfi(y))(v(z) — v(y)
R\ (C2)?

)dxdy: /Qflv (3.25)

2 ’x _ y‘n+25
and T T
oo [ OO TR 00 gy [ g (a2
2 Jren\(ca)? |z — y|nts Q
We observe that we can take v := T fy in (3.25) and w := T'f; in (3.26), obtaining that

/f1 Tfy= / foTf1, forany fi, fa € Cg°(£2). (3.27)
0 Q

Now, if f1, f2 € L3(£2) we can find sequences of functions fik, for € C3°(Q2) such that f , —
fiand for, — fo in L?(2) as k — +oo. Therefore, from (3.27), we have

/fl,kaQ,kZ/fz,kaLk. (3.28)
0 Q
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We notice that, thanks to (3.23) and (3.24), Tf1, — Tf1 and Tfoy, — Tfo in L*(Q)
as k — 400, and therefore, from (3.28), we obtain that

/flez /fQTfla

thus proving that 7T is self-adjoint in L3(Q).
Thus, by the spectral theorem there exists a sequence of eigenvalues —oco < Ay < A3 <
, and its corresponding eigenfunctions are a complete orthogonal system in L2(€2).
We notice that Ao > 0. Indeed, its corresponding eigenfunction us solves

(—A)SUQ = AQUQ in €
NSUQ 0 in R™ \ﬁ,

Then, if we take us as a test function in the weak formulation of (3.29), we obtain that

Cn,s |UQ(1’) _u2(y)|2 /
— drdy = Aoy | uj,
2 /RQ"\(CQ)2 |z — y|nt2s Q °

which implies that Ao > 0. Now, suppose by contradiction that Ao = 0. Then, from
Lemma 3.8 we have that us is constant. On the other hand, we know that uy € L(€2),
and this implies that ue = 0, which is a contradiction since ug is an eigenfunction.

Now, we notice that A\; = 0 is an eigenvalue (its eigenfunction is a constant), thanks to

(3.29)

Lemma 3.8. Therefore, we have a sequence of eigenvalues 0 = A\ < Ao < A3 < ---, and its
corresponding eigenfunctions are a complete orthogonal system in L?(£2). This concludes
the proof. O

In the following proposition we deal with the behavior of the solution of (1.1) at infinity.

Proposition 3.12. Let Q C R" be a bounded domain and let u € HS be a weak solution
(according to Definition 3.6) of

(=AYu = f inQ
Neu = 0 inR"\Q.

Then

|z|—o0

1
lim wu(z) = / u  uniformly in x.
12 Ja
Proof. First we observe that, since {2 is bounded, there exists R > 0 such that 2 C Bpg.
Hence, if y € 2, we have that
7| = R <[z —y| <[z + R,

and so

Therefore, given € > 0, there exists R > R such that, for any |z| > R, we have

|x|n+23
[z — g2 =1+7(z,y),

where |y(z,y)| < e.
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Recalling the definition of Msu given in (1.2) and using the fact that Ayu = 0 in R™\ Q,
we have that for any 2 € R"\

u(y) "5 u(y)
olo—y =Y Jole— gz
/ dy |.’,13|n+28 J

oz —ylnt2s /Q |x — y|7t2s y

LAU+7@w»dey
/ﬂ+v@w»@
Q

Amw@+4wmwmw@

|W+L%%@@

We set
n(z) = ]{2 v(z,y) uly)dy and ya(z) == ]{2 (2, y) dy,

and we notice that |yi(z)| < Ce and |y2(x)| < €, for some C' > 0.
Hence, we have that for any z € R™ \ Q

f y) dy +71(x)

u(x) — u(y)d — ][ u(y)d
@ - fuma] = [ty
1)~ 2(o) | utr) o
- 1+ 72(x)
Ce
< .
I
Therefore, sending € — 0 (that is, || — +00), we obtain the desired result. O

Remark 3.13 (Interior regularity of solutions). We notice that, in particular, Proposi-
tion 3.12 implies that v is bounded at infinity. Thus, if solutions are locally bounded,
then one could apply interior regularity results for solutions to (—A)*u = f in Q (see e.g.
[17, 20, 7, 19]).

4. THE HEAT EQUATION

Here we show that solutions of the nonlocal heat equation with zero Neumann datum
preserve their mass and have energy that decreases in time.

To avoid technicalities, we assume that u is a classical solution of problem (1.4), so that
we can differentiate under the integral sign.
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Proposition 4.1. Assume that u(x,t) is a classical solution to (1.4), in the sense that u
is bounded and |ui| + [(—A)*u| < K for allt > 0. Then, for allt >0,

/Q w(z, t) do = /Q wo () da.

In other words, the total mass is conserved.

Proof. By the dominated convergence theorem, and using Lemma 3.2, we have

4 u:/ut:—/(—A)Su: Nsu = 0.
dt Jo Q Q R\Q

Thus, the quantity fQ u does not depend on ¢, and the result follows. O

Proposition 4.2. Assume that u(z,t) is a classical solution to (1.4), in the sense that u
is bounded and |u¢| + [(—A)%u| < K for all t > 0. Then, the energy

u(z,t) —uly,t 2
B0 [ Mt
rR2m\(c)2 [T — Y

is decreasing in time t > 0.

dx dy

Proof. Let us compute E'(t), and we will see that it is negative. Indeed, using Lemma
3.3,

. 2
R271\(CQ)2

dt ‘:C _ y‘n+25
_ / 2 (u(x, ) — u(y, 1) (@) —w(w.0) , o
R2n\ (CQ)? |z — y|nt2s
4
= / ug (—A)*udz,
Cn,s JQ
where we have used that AVyu =0 in R\ Q.
Thus, using now the equation u; + (—A)*u = 0 in 2, we find
4
E'(t)=— / |(—A)sul?dz <0,
Cn,s JQ
with strict inequality unless u is constant. O

Next we prove that solutions of the nonlocal heat equation with Neumann condition
approach a constant as t — +oc:

Proposition 4.3. Assume that u(z,t) is a classical solution to (1.4), in the sense that u
is bounded and |u| + [(—A)*u| < K for allt > 0. Then,

u — — [ uy in L°(Q)
2l Jo
ast — +o0.

Proof. Let

i)
m .= —— U
1 Jo "
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be the total mass of u. Define also

A(t) ::/Q|u—m|2dx.

Notice that, by Proposition 4.1, we have

A(t) = / (u® — 2mu + m?)dx = / u? dx — |Qm?.
Q Q

Then, by Lemma 3.3,

|u(z, ) — u(y, )|

At :2/uudx:—2/u—A Sudx:—cns/
) Q" 0 (=4) U Rz T -yl

Hence, A is decreasing.

dx dy.

Moreover, using the Poincaré inequality in Lemma 3.10 and again Proposition 4.1, we

deduce that
A(t) < —c/ = mf2dz = —c A(t),
for some ¢ > 0. Thus, it follows that !
A(t) < e A(0),
and thus
lim / lu(x,t) — m|?dz = 0,

i.e., u converges to m in L?(12).

Notice that, in fact, we have proved that the convergence is exponentially fast.

5. LiMITS

0

In this section we study the limits as s — 1 and the continuity properties induced by

the fractional Neumann condition.

5.1. Limit as s — 1.

Proposition 5.1. Let Q0 C R™ be any bounded Lipschitz domain. Let u and v be C3(R")

functions. Then,

lim Noyuv = u
s—1 R7\Q 90 ov
Proof. By Lemma 3.3, we have that
Nouwv = Cn,s / (u(x) — u(y))(vgi) - U(y)) dr dy — / U(—A)SU,
R7\Q 2 Jren\(c)? |z — y|nts Q

Now, we claim that

Cn,s (u(z) —uly))(v(z) —v(y)) B o
/RQn\(CQ)Q |z — y|nt2s drdy = /Qv V.

lim —=
s—1 2

We observe that to show (5.2), it is enough to prove that, for any u € C3(R"™),

2
lim cns/ |u( n+25‘ dr d —/|VU‘2
s=1 2 Jpem\coy2 |z — Y

(5.1)

(5.2)

(5.3)
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Indeed,

/ (u(@) —u(y))(v(z) —v(y)) dx dy
R2m\ (CQ2)?

|z — y|rt2e

L i)l ,,
R27\(CQ)?

2 |z —y["+2e
1 _ 2
_/ |u() U(+y2)| iz dy
2 Jram\(cy2  |@ — y[ntRs

1 / [v(z) —v(y)]?
2 @) = VW 1o ay.
2 Jrem\(ca)2 |z —y|"t2s

Now, we recall that

. Cns 4an
lim = ,
s—11—s Wn—1

(see Corollary 4.2 in [12]), and so we have to show that

; ]u(x) — u(y)|2 Wn—1 / 2
lim(1—s — " drdy=—— Vul®. 5.4
s—1 ( ) R27\ (C£2)2 ’$ — y‘n+28 2n Q | | ( )
For this, we first show that
_ 2
lim (1 — s)/ M dx dy = 0. (5.5)
s—1 ax(cq) T —ylntE

Without loss of generality, we can suppose that B, C ) C Bpg, for some 0 < r < R.
Since u € CZ(R™), then

|u(z) — u(y)[? 2 1
—————=dedy < 4|ul|feorpn dz dy
/Q><(CQ) |z — y[nt2s L) ax(co) |T —y[m 2
1
< A|ul|? o mn - drdy
[[wll Zoo (mny Bax (B, [T — Y[
+o00
< 4||u||2Loo(Rn)wn—1/ dl’/ P dp
BR T
“+oo
= 4||u\|2Loo(Rn)wn1/ dx/ p % dp
BR T
—2s
= 4||“||L°O(IR")2S/BR dx
2 n ,.—2s
B 9 wy,_ R*r
= 4||“||L°°(R")Ta
which implies (5.5). Hence,
_ 2
g [ W,
s—1 r2e\(c)?2 [T — Yl (5.6)
_ 2 ’
= lim (1 —s) dedy—cn/|Vu|2,
s—1 ax [Tyl Q

where C,, > 0 depends only on the dimension, see [5].
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In order to determine the constant C,,, we take a C?-function u supported in Q. In this
case, we have

2 _ 2 _ 2|5 2
Livupdn= [ (vupds= [ e faeP i (5.7

where 4 is the Fourier transform of u. Moreover,
_ 2 _ 2
[ MR, [ O,
r2m\(c)2 |z —y[" T2 e ] e

= 25} [l la©) P
thanks to Proposition 3.4 in [12]. Therefore, using Corollary 4.2 in [12] and (5.7), we have

_ 2
lim(l—s)/ %dxdy
s—1 R27\ (C2)2 |33 — y|

2(1—s)

n,s

= lim

s—1

/ €22 Ja(e)? da
R?’L
Wn—1 R

=9t [ lePlite)da

— Yn-l /|Vu2da:.
2n Q

Hence, the constant in (5.6) is C, = “4=*. This concludes the proof of (5.4), and in turn

of (5.2).
On the other hand,

—(=A)’u — Au uniformly in R",
(see Proposition 4.4 in [12]). This, (5.1) and (5.2) give
0
lim ./\/Suv—/Vu-Vv—i—/vAu— —uv,
s—=1 Jre\Q Q Q o0 Ov
as desired. O

5.2. Continuity properties. Following is a continuity result for functions satisfying the
nonlocal Neumann condition:

Proposition 5.2. Let Q2 CR" be a domain with C' boundary. Let u be continuous in ,
with Nsu = 0 in R™ \ Q. Then u is continuous in the whole of R™.

Proof. First, let us fix 7o € R™ \ €. Since the latter is an open set, there exists p > 0
such that |zo —y| > p for any y € Q. Thus, if € B,5(x0), we have that |z —y| >
lzo —y| — |lzo — x| > p/2.

Moreover, if x € B, /5(w0), we have that

ly| ly| lyl  p
—yl >yl = ey — x| > & LA AR I
e =yl 2 [yl —lzo| = |wo —a| 2 7+ { 77 —lwol | + {77 =5 ) 2 5

provided that |y| > R := 4|zo| +2p. As a consequence, for any = € B, /5(w), we have that

|u(y)| +1 n+2s XB (y) XR"\B (y)
|z — y[nt2s <ot (lullpoe @) +1) pn}j-Qs |y|nf2s = 9(y)

|y
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and the function 9 belongs to L'(R™). Thus, by the Neumann condition and the Domi-
nated Convergence Theorem, we obtain that

u(y) / u(y)
= dy = dy
/Q |z — y|nt2s o |zo — y|nt2s

xli)rrmlo u(z) = xli)rgo / 0y = / dy = u(xg).
Q |z —y|"t? a lzo — y["t?s

This proves that u is continuous at any points of R™ \ Q.

Now we show the continuity at a point p € 9Q2. We take a sequence p — p as k — +o0.
We let g;, be the projection of py, to €. Since p € Q, we have from the minimizing property
of the projection that

Ipk — qi| = inf |pp — & < |pr — ),
e

and so
lax — »l < lgx — p&| + ok — p| < 2|px —p| — 0

as k — +o00. Therefore, since we already know from the assumptions the continuity of u
at (2, we obtain that

Iim w = . .
A 1 (qx) = u(p) (5.8)
Now we claim that
li — =0. .
i im wu(pg) —u(ge) =0 (5.9)

To prove it, it is enough to consider the points of the sequence py that belong to R™ \
(since, of course, the points py belonging to Q satisfy p, = g, and for them (5.9) is obvious).
We define vy := (px — qr)/|pr — qx|- Notice that vy is the exterior normal of Q at g € 99Q.
We consider a rigid motion Ry such that Ripgr = 0 and Rivg = e, = (0,...,0,1). Let
also hy := |pr — qx|. Notice that

hi "Ripr = hy "Ri(pk — ai) = Rk, = en. (5.10)
Then, the domain
Q== hy, "Ry

has vertical exterior normal at 0 and approaches the halfspace I := {z,, < 0} as k — +o0.
Now, we use the Neumann condition at pg and we obtain that

/ u(y) dy
_ oy|n+2s
u(p) — ular) = 2P ()

Q \pk - y!” 2s
u — U
/ (y) (Qk) ly

_ 4 n+2s
— Q |pk y| — Il +_[2,

fow=s
o [pe —y["+>
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with
[ u(y) — (g

2
B /i(ar) lpr — y|" 28

L =
1 / dy
a |pk — y|m+2s
u(y) — ula) |
NB_/i(ar) [pr — y|"t2s
and I = k

e

Q |pk: _ y|n+2$

We observe that the uniform continuity of u in Q gives that
li — =0.

Jim o osup - u(y) — ulge)l

yEQﬁBm(Qk)

As a consequence
Ll < sup Ju(y) —u(gr)] — 0 (5.11)
yeQNB_/-(ax)
as k — +o00. Moreover, exploiting the change of variable n := h;ley and recalling (5.10),
we obtain that

[ u(y) — el
Q

n+2s
\B_i—(a) 1Pk —y[""
R
o |pk —y|mt2s
dy
n+2s
0B i—(ar) [Pe — Y™

IN

2[|ull foo ) dy
/Q | — |2
J &
U\By, i |en — n|nt2s

= 2lull L~ @) / i
Qk |€TL - 77|7l+28

Notice that, if n € Q \ By /p;; then
S
e =12 = Jen = " [en =1l = len = ™" (In| — 1)

s
2 |en - 77|n+8 (hlzl/Q - 1) 2 |en - 77|n+sh]:S/4

d
o e
Qk ‘en _7]|TL+S

o =
Qk |6n - 77|7L+2S

for large k. Therefore

s/4
L] < 213 ull e 3
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Since

dn dn

dy /d

lim B _ Julen
dn

T L e
o len — "t 1 len — 0"+

we conlude that |I3] — 0 as k — +oo. This and (5.11) imply (5.9).
From (5.8) and (5.9), we conclude that

li -
S u(pr) = u(p),

hence u is continuous at p. O

As a direct consequence of Proposition 5.2 we obtain:
Corollary 5.3. Let Q C R" be a domain with C' boundary. Let vy € C(R"). Let

vo(x) if v € Q,

L vo(y)
v(z) = /Q 7@ YT dy

I
Q |z —y|rt2s

Then v € C(R™) and it satisfies v = v in Q and Nyv =0 in R™\ €.

if v € R\ Q.

Proof. By construction, v = vg in Q and NMyv = 0 in R® \ Q. Then we can use Proposi-
tion 5.2 and obtain that v € C(R"™). O

Now we study the boundary behavior of the nonlocal Neumann function Nu.

Proposition 5.4. Let Q C R™ be a C! domain, and u € C(R™). Then, for all s € (0,1),

lim  Nyu(z) = 0. (5.12)
a:zeg'”\ﬁ

Also, if s > 3 and u € CH*(R™) for some o € (0, 25 — 1), then

Dy Nsu(z) := lim Nou(z + ev)

e—0t €

=K OLu for any x € 0, (5.13)

for some constant k > 0.

Proof. Let x, be a sequence in R™ \ ) such that z; — 2 € 0Q as k — +o0.
By Corollary 5.3 (applied here with v := u), there exists v € C(R") such that v = u
in Q and Nyv =0 in R™\ Q. By the continuity of u and v we have that

kETwu(wk) —v(xg) = u(rso) — v(xs0) = 0. (5.14)
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Moreover
Nau(zy) = Nsu(rg) — Nyv(xg)
u(zy) — u(y) / v(xk) — v(y)
o T gy~ | 22y
Jy o 0~ T
/ >
o |zk —ynts
u(zy) — v(wk)
—d
/Q o, — gy Y

Loy
qQ |Te —y[nt2s

= u(wg) — v(zk).

This and (5.14) imply that

lim N =
kiToo NSU(.’Ek) O’

that is (5.12).

Now, we prove (5.13). For this, we suppose that s > %, that 0 € 09 and that the
exterior normal v coincides with e, = (0,...,0,1); then we use (5.12) and the change of
variable 1 := e 'y in the following computation:

e*l(mu(een)—ﬂfsu(())) = e Wu(een)
6_1/ u(een) — u(y)
Q

leen — 3/|n+28

A=
Q ‘een - y’n+28

1 / uleen) —ulen)
10 |en - 77|n+23
= < =1+ I,

_dn
10 len — 77‘”+28

€

dy

where

Vu(een) - (en — 1)
10 ‘en - 77‘”_‘—25 4
I .= —

Jwii
1q len — 77‘”+2S

6_1/ u(een) — u(en) — eVu(eey,) - (en, — 1) dn
EXe) |€n - 77|n+23

_dn
10 |en - 77|n+28

€

and IQ = <
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So, if IT := {x,, < 0}, we have that
Vu(0) (en—1)

_ m|n+2s n
lim I — II |en 77|
e—0+t ! / dn
1 |en —nfnt2s
_ 1 len — "t !
- / _dn
1 |en — n[nt2s
where we have used that, for any ¢ € {1,...,n — 1} the map n — % is odd and so

its integral averages to zero. So, we can write

W=l
_ n+2s
lim I} = k0pu(0) with k:= en 77’ .

e—0t /
mmlen — |n+2$

We remark that « is finite, since s > % Moreover

(5.15)

e [uleen) — ulen) - eVuleen) - (en — )

/01 (Vu(teen + (1 —t)en) — Vu(een)> (en — 1) dt‘

1
< Nullgree len — 1l / fbeen + (1 — £)e — ce|® dt
0

< ullgramm e len —nlt+e.

AS a consequence
u a(R™ n
Ol %Q |€n — 77|n+23717a n ||u||C1 a(R )/ ‘6 ’n+2s l1—a d’l7

dn
/19 len, — n|nt2s /nlen — |t

as € — 0, which is finite, thanks to our assumptions on . This shows that I, — 0 as e — 0.
Hence, recalling (5.15), we get that

lim e ! (/Vsu(een) - J\N/'su(O)) = K Opu(0),

e—0t

which establishes (5.13). O

L] <

6. AN OVERDETERMINED PROBLEM

In this section we consider an overdetemined problem. For this, we will use the renor-
malized nonlocal Neumann condition that has been introduced in Remark 3.4. Indeed, as
we pointed out in Remark 3.5, this is natural if one considers nonhomogeneous Neumann
conditions.
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Theorem 6.1. Let 2 C R™ be a bounded and Lipschitz domain. Then there exists no
function v € C(R™) satisfying
{ wlx) = 0 foranyx e R™\Q

Nou(z) = 1 for any x € R™\ Q. (6.1)

Remark 6.2. We notice that u = xq satisfies (6.1), but it is a discontinuous function.

Proof. Without loss of generality, we can suppose that 0 € 92. We argue by contradiction
and we assume that there exists a continuous function w that satisfies (6.1). Therefore,
there exists > 0 such that
|lu| <1/2 in By. (6.2)

Since Q is Lipschitz, up to choosing § small enough, we have that Q N By = QN Bs,

where
Q:={z=(2",z,) eR" I xRs.t. z, <y(z)}

for a suitable Lipschitz function v : R"~! — R such that v(0) = 0 and 9,,v(0) = 0.

Now we let x := ee, € R"\ €, for suitable € > 0 sufficiently small. We observe that

u(eey,) = 0. (6.3)

Moreover we consider the set
1~ _ 1
EQ = {y = (ylvyn) & R™ 1 X R s.t. Yn < 6’)/(63/,)} .

We also define
K = {y =, yn) € R xR s.t. y, < —L \y'|},
where L is the Lipschitz constant of ~.
We claim that
KCelQ. (6.4)

Indeed, since ~y is Lipschitz and 0 € 95, we have that
—(ey') = =v(ey) +~(0) < Lely/,
and so, if y € K,
i < ~LI| < (e,
which implies that y € e 'Q. This shows (6.4).

Now we define p
BsNQ |€€TL - y|n s

and we observe that

_ " 1
/ o) Zuleen) g Ly (6.5)

BynQ |€en — y[nF2s 2

thanks to (6.3) and (6.2). Furthermore, if y € R" \ Bs and € < §/2, we have

Y
y—cenl > lyl e > 2
which implies that
— d d
Q\B;s leen — y| O\ B;s leen — y| R"\ B |y
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up to renaming the constants.
On the othe hand, we have that

dy dy
- 7 > - 7 =3 6.7
/Q een — g% = /BQ [cen — yi¥es e (6.7)

Finally, we observe that

dy
625 e 2625 / n+2s
BsNQ |6€n - y|

_/ dz
Bs /(1) len — z|nH2s (6.8)

/ dz
Z [T
Bs )Nk |€n — 2["T2

=K,

where we have used the change of variable y = ez and (6.4).
Hence, using the second condition in (6.1) and putting together (6.5), (6.6), (6.7)
and (6.8), we obtain

. dy [ uleen) —ule)
~ Jaleen =yl Jo Jeen — g
n Q n—Y
B dy u(een)—u(a:)d u(een)—u(x)d
= leen — y[nt2s leen — y|n+2s = leen — y|n+2s Yy
Q |€én — Y QNBs 1€én — Y O\Bs 1€6n — Y

1
> Y, — 526 —C§ %

1
= % -C§*
2
625
— 6—25 (Ze . 0625 5—25)
2
2 6—25 (g o 0625 6—25) >0
if € is sufficiently small. This gives a contradiction and concludes the proof. (I

7. COMPARISON WITH PREVIOUS WORKS

In this last section we compare our new Neumann nonlocal conditions with the previous
works in the literature that also deal with Neumann-type conditions for the fractional
Laplacian (—A)%.

The idea of [4, 8] (and also [9, 10, 11]) is to consider the regional fractional Laplacian,
associated to the Dirichlet form

. // (u(z) — u(y)) (v(z) — v(y)) de dy. (7.1)
" Ja Ja

|z — y["+2e

This operator corresponds to a censored process, i.e., a process whose jumps are restricted
to be in €. The operator can be defined in general domains §2, and seems to give a natural
analogue of homogeneous Neumann condition. However, no nonhomogeneous Neumann
conditions can be considered with this model, and the operator depends on the domain €.
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On the other hand, in [1, 3] the usual diffusion associated to the fractional Laplacian
(1.3) was considered inside 2, and thus the “particle” can jump outside 2. When it jumps
outside €, then it is “reflected” or “projected” inside () in a deterministic way. Of course,
different types of reflections or projections lead to different Neumann conditions. To
appropriately define these reflections, some assumptions on the domain 2 (like smoothness
or convexity) need to be done. In contrast with the regional fractional Laplacian, this
problem does not have a variational formulation and everything is done in the context of
viscosity solutions.

Finally, in [15] a different Neumann problem for the fractional Laplacian was considered.
Solutions to this type of Neumann problems are “large solutions”, in the sense that they
are not bounded in a neighborhood of 9. More precisely, it is proved in [15] that the
following problem is well-posed

(—=A)°u f inQ
u = 0 inR"\Q
Oy(u/d*~t) = g ondQ,
where d(x) is the distance to 0f.
With respect to the existing literature, the new Neumann problems (1.1) and (1.4) that
we present here have the following advantages:

e The equation satisfied inside Q2 does not depend on anything (domain, right hand
side, etc). Notice that the operator in (1.3) does not depend on the domain 2,
while for instance the regional fractional Laplacian defined in (7.1) depends on .

e The problem can be formulated in general domains, including nonsmooth or even
unbounded ones.

e The problem has a variational structure. For instance, solutions to the elliptic
problem (1.1) can be found as critical points of the functional

_ Cngs |u(x) - u(y |2 /
tw = /R2n\(cn)2 o — oyt drdy = I

We notice that the variational formulation of the problem is the analogue of the
case s = 1. Also, this allows us to easily prove existence of solutions (whenever
the compatibility condition [, f = 0 is satisfied).

e Solutions to the fractional heat equation (1.4) possess natural properties like con-
servation of mass inside €2 or convergence to a constant as ¢ — +oo.

e Our probabilistic interpretation allows us to formulate problems with nonhomo-
geneous Neumann conditions Nyu = g in R" \ Q, or with mixed Dirichlet and
Neumann conditions.

e The formulation of nonlinear equations like (—A)*u = f(u) in  with Neumann
conditions is also clear.
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