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Abstract

An optimal control problem for the production of multiphase steel is investigated, where the
state equations are a semilinear heat equation and an ordinary differential equation, which de-
scribes the evolution of the ferrite phase fraction. The optimal control problem is analyzed and the
necessary and sufficient optimality conditions are derived. For the numerical solution of the con-
trol problem reduced sequential quadratic programming (rSQP) method with a primal-dual active
set strategy (PDAS) was applied. The numerical results are presented for the optimal control of a
cooling line for production of hot rolled Mo-Mn dual phase steel.

1 Introduction

We consider an optimal control problem that describes the hot rolling process of multiphase steel,
in particular the dual phase (DP) steel. Dual phase steels have shown high potential for automotive
applications due to their remarkable property combination with high strength and good formability. The
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Figure 1: A sketch of the processing scheme for hot rolled dual phase steel.

hot rolling process of dual phase steel consists of 4 steps:

Rolling in roughing and finishing stands, which results in the refinement of austenite grain size due
to the repeating static recrystallization (1), laminar cooling into two phase region (2), isothermal hold-
ing at ferrite transformation region temperatures, where the temperatures remain relatively constant
(3), and finally, fast continuous cooling to the required coiling temperature, during which martensite
transformation takes place and bainite transformation can be avoided (4).

The controlled cooling of stages (2)-(4) happens on the so-called run out table (ROT). The biggest
challenge in producing DP steel in this way is that the process window is very tight as only very
short time in order of less than 10 s is allowed on the run out table according to its limited length.
Hence, there is a strong demand for the online control of the process parameters such as the time and
temperature on ROT as well as the cooling rate during cooling down to coiling (step 4 in Figure 1).

The goal of this paper is the analysis of a mathematical optimal control problem to compute the desired
ferrite fraction and temperature at the end of step 3 of the process. Existing optimal control approaches
for run out tables up to now solely focus on the evolution of temperature, see, e.g., [20],[16]. The heat
transfer coefficient in the Newton type cooling boundary condition acts as the control parameter. In



a previous paper [3] we have shown how to relate this coefficient to the flow rate of coolant in a
real cooling process. The scope of this paper is to analyze the resulting boundary coefficient control
problem subject to a semilinear heat equation and rate law to describe the evolution of ferrite phase.

We investigate the existence of a solution and derive the first-oder necessary and second-order suf-
ficient optimality conditions. An extended analysis of the state system of coupled partial and ordinary
differential equations is presented in e.g Homberg and Sokolowski [11] and Hémberg,Volkwein [12]. In
[12] the existence and first-oder necessary optimality conditions have been discussed for the optimal
control problem of laser surface hardening. Second order optimality conditions for control problems
governed by instationary equations have been discussed e.g in [6] and [18]. In comparison to the very
general and abstract setting of the latter contribution the main novelty of this paper is that we can allow
for mixed boundary conditions and a control of coefficient function.

To solve the control problem numerically, we use a reduced sequential quadratic programming (SQP)
method, which has proved to be very effective in many areas of application, such as optimal control.
For an overview about reduced-Hessian SQP methods in finite dimensional spaces we refer to e.g.
[17]. A prospective look at SQP methods, in particular rSQP, for semilinear parabolic control problems
is given by Kupfer and Sachs [14]. A numerical application of the reduced SQP method to parabolic
control problems was considered by Kupfer and Sachs [15], Hintermller, Volkwein and Diwoky [10].

In each iteration of rSQP method the quadratic optimal control problem (QP’“) with control constraints
has to be solved. To treat the (QP’“) problems we apply a primal-dual active set strategy as for
instance proposed by Bergonioux, Ito and Kunisch [2] for control constrained optimal control problems.

The paper is organized as follows: In Section 2 we analyze the optimal control problem and derive
optimality conditions. In Section 3 we discuss the numerical optimization algorithms, i.e. the reduced
SQP method with the active set strategy. The last section is devoted to numerical results.

2 The optimal control problem

2.1 Problem formulation and assumptions

The system of state equations consists of a semilinear heat equation coupled with an initial-value
problem for the phase transition of ferrite.

ft:G<97f)7 inQ:QX (OaT) (13)

f(0) =0, in Q (1b)

pcpty — kAO = pL f, inQ (1c)
—k% =u(t)(0 — 0y), on¥; =T x(0,7) (1d)
—k%: : ony = (0Q\T) x (0,7) (1e)

6(0) = 6o, in 2 (19)

Here, f denotes the volume fraction of ferrite. The density p, the heat capacity c,, the heat conductivity
 and the latent heat L are assumed to be positive constants. The term pL f; describes the latent heat
due to the phase transformation of ferrite. u(t) represents a time-dependent heat transfer coefficient,
which contains information about flow rate of water in the cooling line and serves as a control variable.



The particular optimal control problem reads as follows:

min  J(0, f,u) = % /(f(x,T) — fa(x))?dx + % //(9 — 0q)*dx dt
Q

Q
T

(P)
+ %/zﬁdt

0
s.t. (0, f, u) satisfies (1) and u € Uy

where Uyg = {u € L>®(0,T) : uy < u < up,uq,up > 0} and oy, @ = 1,--- |3 are positive
constants. Moreover, we require the following on the quantities of the optimal control problem and the
state equations:

(A1) © C R3 denotes a bounded domain with Lipschitz boundary 052.

(A2) The function G = G(0, f) is twice continuously differentiable with respect to 6 and f. There is
a constant M > 0, such that

GO, )l <M, Y(©,f)eR

The second derivative of G w.r.t. (0, f) is uniformly Lipschitz on bounded sets, i.e. for all M > 0
there exists L;; > 0 such that GG satisfies

|G"(01, fr) — G"(02, f2)| < Lar(|00 — O] + | fr — fal)
forall 6;, f; € Rwith |6;],|fi| < M,i=1,2.

(A3) 0, € L>®(%;),6p € C(2) and Oy € L>(Q).
(Ad) fa€ L®(Q),0< fa<lae.inC.

Remark 1: Assumption (A2) can be relaxed and has been chosen only to avoid technicalities when
computing the derivatives. For more realistic phase transition models we refer to [5].

Remark 2: The choice of the cost functional in P is somewhat arbitrary. Mutatis mutandis, also a control
of the temperature at end-time and/or a control of the distributed ferrite fraction is possible.

2.2 Analysis of the state system
Let us start with the discussion of the initial value problem in the state system. In view of the assump-

tions, the following result can be proven by standard arguments. For a detailed proof, we refer to [11]
or [12].

Lemma 2.1. Suppose that (A2) holds true. Then we have the following.
(a) Letf € L'(Q) be given, then (1a), (1b) has a unique solution f € W1>(0, T; L*>°(2)) and

| fllwoe 075000 < Ma

with a constant independent of 6.



(b) Letby, 0 € LP(Q),1 < p < oo and let f1, f, be the corresponding solutions of (1a), (1b),
then there exists a constant My > 0 such that,

1f1 = fallwirome) < Mal|01 — 02| 2r(q)-

Before considering the heat equation, we recall the following results from the theory of linear parabolic
equations. We consider the following linear parabolic problem

pcpty — kAO =, inQ (2a)
—k% =u(f —0,) on X (2b)
an w /)y
—/{:% =0, on X (2c)
on
0(0) = 6y, in . (2d)

It is well known that a suitable function space for the solution of linear parabolic partial differential
equations is
W(0,T) = {0 € L*(0,T; H(Q)) : 6, € L*(0, T; H'(Q)*}.

Under additional assumptions on the data r, u, #,,, 8 the following result can be found,e.g., in Troltzsch
[22], Theorem 5.5:

Lemma 2.2. Suppose that (A3) holds true, and r € L*(Q), u € L*(0,T),u > 0. Let s >

5/2, s > 4, then the initial value problem (2a)-(2d) admits a unique solution 6 € W (0,T) N C(Q)
satisfying the a priori estimate with a constant C' > 0

101lw . + 10llc@ < Cllrllza@) + llulle2om) + 1follc@): (3)

It is a useful result for the proof of solvability of the state system (1), which is discussed below.

Theorem 2.3. Let (A1)-(A4) be satisfied. Then, the state system (1) admits for every controlu € U,q
a unique solution

0, £) € W(0,T)NC(Q) x Wh>(0,T; L>(Q))
satisfying
HQHW(O,T) + HHHC(Q) + Hf”WLoo(o,T;Loo(Q)) < Ms.

Proof. If not otherwise stated, ¢ denotes a generic constant, not to be confused with the heat capacity
¢p- To prove the existence of a local unique solution to (1c)-(1f), we apply the Banach’s fixed point
theorem. For that purpose we define an operator F' : K C W (0,T) — W (0,T) that maps 6 €
W (0, T) to the solution & of

peyfe — kAO = pLf,, in Q (4a)
00
—k% =u(f —0,), on X (4b)
—k% =0, on X (4c)
on
0(0) = 6, in 2, (4d)

where f solves (1a)-(1b) with 6. From Lemma 2.1 we find that f € Whee(0, T; L>(€)) is uniquely
determined. It follows from the theory of the linear parabolic equations that the problem (4a)-(4d)



possesses a unique solution in W (0, T') (see e.g. [22], Chap. 3.4.4). Hence, we can conclude that F’
is well-defined. Furthermore, the following a priori estimate with a constant C; > 0 is valid

10llwo,r) < Cilllfllz2@) + lubwl L2y + 1100l 22(0)) < Co,

where C5 depends only on ¢, and the constant M; from Lemma 2.1. Hence, if M is chosen big
enough, F'is a self mapping on

K={neW(O,T): nllwor <M}

Now, we want to show that F' is a contraction. Let §; € K, i=1,2, 6= F(éz) and 0 = 0, — 0.
Then 6 = 6; — 0, solves

peybs — kA = pL(G(01, fr) — G(bs, f2)), in @
a0
—k% = u(t)f, on X
a0
—k% =0, on X,
6(0) =0 in €2

Here again, we use the a priori estimate
101w 0.y < €GBy, 1) — G(Ba, f2)llr2(q)- 6)
Due to the Lipschitz continuity of GG in both variables (Assumption (A2)) and Lemma 2.1 (b) we obtain
101w o) < C(HéHL?(Q) +[[f1 = follz2@) < C“é“L?(Q) (7)
Further, we use the fact that W (0, T) — C(0,T, L*(Q))
10llw o, < C||é||L2(Q) < CT1/2||é||Lw(0,T;L2(Q)) < CT1/2||é||W(o,T)- (8)

Hence, choosing 7't < T' small enough, we conclude that F' is a contraction on W (0, 7). Since F'
is also a self-mapping on /K, we can apply the Banach’s fixed point theorem to conclude that F' has
a unique fixed point 6, which is a local solution to (1c¢)-(1f). By a bootstrapping argument, the solution
can be extended to the time interval [0, 7).

Moreover, in view of Lemma 2.1 we can apply Lemma 2.2 and obtain the additional regularity for 6. [

In view of the analysis of the state system, we define
Y =W(0,T)NC(Q)
and introduce the control to state mapping
S = (Sp, Sp) : L®(0,T) = Y x W"P(0,T; LP(Q2)), 1<p< o0, 9)

which assigns to every control u(t) € L>(0,T') the solution of the state system (1). Moreover, the
mapping is Lipschitz continuous:

Corollary 2.4. Suppose that (A1)-(A4) hold and let (01, f1), (02, f2) be the solutions of (1) corre-
sponding to uy, uy € L*°(0,T"). Then, there exists a constant C' > 0, such that

101 = Oa2llcg) + [1f1 = fellwirorir) < Cllur — sl L o,r)-



Proof. Defining @ = 6, — 0y and f = f; — f5, one finds that (0, f) solves

fe=G(01, f1) — G(02, f2), in @ (10a)
f(0) =0, in (10b)
pcpty — kAO = pLf,, inQ (10c)
—k% = Ul( )9 —+ (U,l — u2)(92 — Qw), on 21 (10d)
—l{:% =0, on Xy (10e)

on
6(0) =0, in €. (10f)

Further, we prove the Lipschitz continuity regarding the L°°(())-norm. The multiplication of (10c) by
62*=1, for an arbitrary k¥ € N and Integration over {2 and over (0, t) yields

pcp/e% ) da+k(2k — 1) //9% 2\V0|2dxds+// ()6 dxds
— / / (g — ug)(By — 0,)0% 1 duds + / / f:0%F7 dads
0 X 0 Q

Due to Lemma 2.1(b) and applying Hélder’s inequality

(11)

t

t
/ / | f,0* | dxds < C4 / / 6% dxds (12)
0 Q 0 Q

P|qlP —qaple 1 1
-l O B
p q p p

with b = (0 — 0,,)(u1 — u2)B(z), a = 6?1 p=
and applying the trace theorem we obtain

3 t
p
// (w1 — u2) (85 — 0,)0%Y dwds < 6—//9% dxds
0 X b 0 >
t
e’ 2% 2%
+— (uy — ug)™ (02 — 0,,)°" dxds
1 0 X
t t
eP eP
< 02—//92’“ dxds+02k—//92“|ve\2dxds
p p
0 Q

Using Young'’s inequality

T 1,q—2k e>0

+ C3_HU1 - U2HLO<> o) ll02 — 04 175 (1)
Choosing & = (#-)'/” we have
t t t
2k—1 K 2k Kk 2k—2 2
//](ul —Uug) (02 — 0,)0°" | dxds 35//9 d:vds—i-?//@ |VO|* dzds
0 %y 0 Q 0 Q (14)
05

2k C%Hul UQH%]ZO(O,T)



Inserting (12) and (14) into (11) we conclude

/ 0% (t) do < C5CF¥|luy — sl P 0.1y + Co2k

Q

Gronwall's Lemma yields

IO < C5C3F lur — sl o ryexn(Co2kt),

Taking the (2k)-th root,

sup |10
0<t<T

(Ollz2r < Crllur — uzl| e o,1)-

t
/ / 0% dxds
0 O

vVt € (0,717,

(15)

Letting & — 00, we obtain the Lipschitz continuity of the solution operator in L°°-norm. The coin-

cidence of L>°(Q) and C(()) norms implies the Lipschitz stability of the solution operator in C'(Q)

space. The estimate for || f1 — fo||w1r(0,r;L7(q)) follows from Lemma 2.1.

Now, let us discuss differentiability of the solution operator.

O

Theorem 2.5. Let Assumptions (A1)-(A4) be satisfied. Then, the solution operator S is twice Frechét-

differentiable from L>°(0,T) to Y x W?(0,T; LP(Q2)),

1 < p < o0. The directional derivative

(On, fn) = S"(w)h = (Sh(u)h, S}(u)h) at pointu € L>(0,T) in direction h € L>(0,T) is given

by the solution of

(fu)e = Go(0, f)0n + G (0, f) fn,
fu(0) =0,
pCp(On)e — kA0, = pL(fn):,

00,

Y Sl
on Y
00,

~an =0

0,(0) =0

(t)0hn + h(t)(0 — 0.),

bl

bl

inQ
in )
inQ

on 21

on 22

in €2,

with (0, f) = S(u). Furthermore, (O, hy, frin,) = S"(u)[h1, ho] is the solution of

(fhiny)e =

G9(97 f)0h1h2 + Gf(ea f)fhﬂlza

+ G”(G, f)[(ehla fh1)7 (9’127 fhz)]

fh1h2 (0)
pcp(ehﬂu)t - kA@hﬂlz =
00h, 1y

— on

00h, 1y
on
9h1h2 (0)

with (0;”, fhz) = S’(u)hz, 1= 1, 2.

—k

=0,

pL(fh1h2>t

u(t)ehﬂm + hl (t)efm + h2 (t)ghn

=0,
=0,

in (@
in )
in @
on 21

on EQ

in €,

(16a)
(16b)
(16¢)

(16d)

(16€)

(16f)



Proof. The existence of a unique solution (6}, f1,) of the linearized state system (16) in W (0,7") x
Weo(0,T; L'%3(€2)) can be proved along the lines of Theorem 2.3. Moreover, the terms on the
right-hand side of (16c¢),(16d) have enough regularity, namely

h(t)(0 — 0.,) € L¥(S1), G0, ) fr € L0, T; L'3(Q)), Go(6, £)0n € L'3(Q).

The latter is true due to the fact, that Go(0, f) € L™(Q), 0, € W(0,T) and therefore 6, €
L'3(Q) (see Lemma 6.7 in [11]). Then the continuity of 6}, follows from Lemma 2.2.

For given control v € L*(0,7") and direction h € L*(0,7") we define (0, f) = S(u) and
(0", f1) = S(u + h), respectively. Furthermore, let (6, f;) be the unique solution of (16). Con-
sidering the remainder terms

h
it remains to show the a priori estimate

Irolle@) + I rllwrrorr@) = oAl e.n)-

Due to Assumption (A2), this can be proven similarly to the estimates in Corollary 2.4 by the use of
a first-order Taylor expansion of the function G. Furthermore, one can analogously show Lipschitz
continuity of the first derivative of the solution operator, i.e. for all uy, uz, h € L>°(0,T) there exist a
constant C' > ( such that

1055 (ur) = S(u2))hll @y + 11057 (ua) = Sy (u2))hllwrr vy < Cllur — sl e o.1)-

holds true. By means of this and again Assumption (A2), one can show that the unique solution of the
linear system (17) represents the second derivative of the solution operator. To prove this one has to
derive the remainder term of second order and proceed as before, which we omit here for reasons of
space. O

2.3 Existence and optimality conditions of optimal solutions

Since the state system is nonlinear, we can not expect uniqueness of an optimal control and we have
to deal with local optimal controls. We have the following result.

Theorem 2.6. Let Assumption (A1)-(A4) be satisfied. Then there exists at least one solution of the
optimal control problem (P).

To prove Theorem 2.6 we need the following auxiliary result:
Lemma 2.7. Assume {0y} is bounded in L*(0,T; H*(Q)) N L>(Q) and

O — 0 strongly in L*(0,T; L*()) (18)
and weakly in L*(0, T; H'(Q)) . (19)

Then, it also holds

0, — 0 strongly in L*(0,T; L*(092)) .



Proof. We define the operator A : L*(0,T; H'(Q)) — L?*(0,T) by

A) = O(z,t)dx.
o9

A is linear and also continuous, since application of the trace theorem yields

2
T
0 0N
T
< 1ol [ [ )t < clblBroramian
0 o0

In view of (19), we can infer
Al — AO in LQ(O, T).

Utilizing the boundedness of {6} in L>°(Q) N L(0,T; H(S))) we see that

T T
0 Q 0 Q

Now we take smooth functions ¢ () and x(t), then

/OT ([29%¢dx>x(t)dt+/oT (LV(Q%)V@(M) x(t)dt
:/OT (/Qeisﬁdx) X(t)dzH—Q/OT </9ng9ng0(£$> x(t)dt.

Since ¢ and x are smooth, using (19) we see that

<9137 90X>L2(0,T;H1(Q)) — <927 <PX>L2(0,T;H1(Q)) .
Together with (20), we have shown
07 — 6> weaklyin L*(0,T; H'(Q)).

Since the limit does not depend on the extracted subsequence the whole sequence converges. From
this, we infer
A07 — AG?  which means

10kl 220,722 00)) = 1|0kl 220, 22(09)
and thus 6, — 0 strongly in L*(0,T'; L*(99)). O

With Lemma 2.7 at hand, we are now able to prove the existence of optimal solution of control problem
(P).

Proof of Theorem 2.6:

Due to Theorem 2.3, there exist a unique solution (6, f) € W(0,T) N C(Q) x W1P(0,T; LP(Q))

of the state system (1) for every control u € U,4. Since the set of admissible controls is bounded
in L>°(0,T), the set of respective solutions (6, f) of the state system is bounded in W (0,7") N



C(Q) x WLP(0,T; LP(Q)), see Lemma 2.1 and Theorem 2.3. By means of boundedness of the
cost functional, there exists a minimizing sequence {0y, fx, ux} such that

j = Jim J(O, fy ) =t J(6, f,u),
where (0, fi) = S(u,) is the solution of the state system w.r.t. to the control uy.
Since U,,q is bounded, closed and convex, there exists a subsequence {uy } such that
up — 4 weaklyin L*(0,T).
In view of Theorem 2.3, extracting possibly a further subsequence still indexed by &', we have

O — 60  weaklyin W(0,7T) (21)
strongly in L*(Q) . (22)

Applying Lemma 2.1 we obtain
fio — f stronglyin W4Y2(0,T; L*(Q)),

where f is the solution corresponding to 6. We use test functions ¢ € H'() and x € C'[0,T]
such that x(7") = 0 and consider the weak formulation of (1c)-(1f) for (g, for, Uns)

T T T
pcp/ /Qk/,tgpxdxdt—i—k/ /VHk/Vgoxdxdt—F/ (/ Hk/gpds>uk/(t)xdt
o Jo o Jo 0 r
T T
0 r o Jo

Except of the third term in (23) we can pass to the limit by standard arguments. To pass to the limit in

the remaining term we define
au(t) = ( / eksods> ()
Iy
and estimate

T T 2 T
/0 (o — )?dt = /0 (/r (O — (9)<pdx) (t)dt < C/o |0k — 9||%2(F1)dt.

Now we apply Lemma 2.7 and obtain
ap — a stronglyin L*(T'y),

which enables us to pass to the limit in the remaining term in (23). Since the solution to the state
equation is unique, we can infer

0=0(u)=:0 and f=f(0)=:f.

The optimality of (0, f,u) follows by standard arguments using the lower semicontinuity of the cost
functional w.r.t. u.

O

In the following theorem first order necessary optimality conditions are characterized by respective
adjoint equations.

10



S(u) the associated

Theorem 2.8. Letu € U,y be an optimal control of problem (P) and é, ) =
€Y xWhe(0,T; L®(Q))

solution of the state system (1). Then there exists a unique solutlon (P, q)

such that

—G = Gy(0, [)(a+ pLp), inQ (242)
4(T) = aa(F(T) = fa). in €2 (24b)
—peypr — kAP = Go(0, f)(pLp + §) + a2(8 — ba), inQ (240)

95
. a_i = a(t)p, on¥, (24d)
—k@ =0, on s (24e)

on
p(T) =0, in Q. (24f)

Moreover, the following variational inequality is valid

// |Oli| )(u—u)dodt >0 Yu € Uyy. (25)

Proof. First observe that the system (24) is a linear backward-in-time system of the parabolic equation
and ODE. After the time transformation ¢ — ' — ¢ one can proceed as in the proof of Theorem 2.5 in
order to prove the existence of the unique solution (p, ) € W (0, T)NC(Q) x W>(0, T; L>=(£2))
of the system (24).

By means of the control to state mapping (9), the reduced cost functional of problem (P) is given by

/ (S;(u)(T) — £ de

min j(u) = J(S(u), u) ==

u€Ugyq 2

T
+ % //(S@(U) — 04)*dx dt + %/qut
Q 0

Due Theorem 2.5, j is differentiable and the set of admissible controls U,; bounded, closed and
convex. Hence, the first order necessary optimality conditions for a (local) optimal solution u € U, is
given by j'(@)(u — @) > 0Vu € Uyq. For given direction h € L>°(0,T") we have

J@h =y [(8,(@(T) - f)Sy@hd

Q
T
+ Qo //(S@(U) - Qd)Sé(ﬂ)hdZU dt + Oég/uhdt.
Q 0

We will rewrite the directional derivative with the help of (p, ) which solves the adjoint system (24).
The existence of a unique solution of (24) can be proven similar to Theorem 2.3. For brevity we
introduce f, = S}(u)h and 6, = Sp(u)h as the solution of the linearized system (16). We start by
multiplying (16a) W|th ¢ and integrate over Q):

0= / ()i = Gol@, )6n — G5 (8, ) fu)ada dt

:// —qufrn — a(Go(0, f)9h+Gf(9>f)fh)dl‘dt+/fh(T)Q(T)d$-
Q

Q

11



Due to end-time condition for g, one can obtain for the first term in (26)

o / (JalT) = fa) ful(T) d = / / Qo + Ao, )0 + Gy (0, F) fu)de di

Q

// —pLG(0, [)pfu + GGo(0, f)On

Next, we test (24c) with 6y, integrate over () such that

T
Q9 //(9 — 04)0pdx dt = —/ pcppiOpdt — /i// ApOydx dt — // Go(0, f)(pLp + q)0pdzx dt
0
Q Q

T
:/ pcpp(0h): dt—ﬁ// Aehpdxdt—/ Go(0, f)(pLp + §)0ndax dt
0

// h(0 — 0,)pdodt

__ // W — 0, )pdodt — //G (6, F)(pLp + 9)0nda dt
po%) Q

n / / DL(Gy(B, [)on + G0, ) f)pdrdt
Q

Summarizing, one replace (26) by

T
—/ h(0 — Hw)ﬁda'dt—i-()ég/’ahdt.
1 0

Thus, the first order optimality conditions for a (local) optimal solution u are represented by the varia-
tional inequality (25). O

Next, we will formulate second order sufficient optimality conditions regarding the optimal control
problem (P). Therefore, we provide the second derivative of the reduced cost functional j(u) =

J(S(u), ). Straightforward computation and the use of the adjoint variables introduced in Theorem
2.8 yields

7" (w)hi, ho) =y | fu, (T) fr,(T)dx + g O, On,dxdt
frmuiee

T

/hlh dt — // 9h1h2 +¢9h2h1)pdadt (27)
0 pIP]

+ / [(th fh1) (9h27 th)](pr + q)dﬂ?dt,

with (0., fn,) = S"(u)h;, © = 1,2 and (p, q) is the solution of the adjoint system (24).

12



In all what follows we denote by « an admissible control of problem (P) with associated solution
(0, f) = S(u) of the state system (1). We suppose that the first order optimality conditions given in
Theorem 2.8 are satisfied with respective adjoint states (p, ). Let us define the strongly active set
associated to u. For fixed 7 > 0 we set

A(@) =4 te(0,T): / — (@, )0z, t) — Ou(z,1))do + asa(t)]| >

Next, we shall assume a coercivity condition on the second derivative of the cost functional for direc-
tions associated to the previous strongly active set, henceforth called second order sufficient optimality
conditions:
There exist 7 > 0 and > 0 such that
A (=\1,2 2
7" (@h* > 8[| hllz20.m) (SSC)

holds for all h = @ — u, u € Uyg with h = 0 on A, (1)

Theorem 2.9. Let & be an admissible control of problem (P) with associated state (0, f) = S(u)
satisfying the first order necessary optimality conditions given in Theorem 2.8 with associated adjoint
states (p, q). Further, it is assumed that (SSC) holds at u. Then there exista d > 0 and p > 0 such
that o R

J(0, fu) = IO, f,u) + 0llu — all 2201 (28)

holds for all w € Upq with ||u — || 0,7y < p with associated states (6, f) = S(u).

Proof. The proof closely resembles that of Theorem 5.17 in [22], therefore we will not give here all
details and refer to [22]. We only indicate some important arguments that need a bit more explanation.
The crutial point in the proof is the fact that the quadratic form j”(u)[h1, h2] has to depend continiously
on h;, i = 1,2 in the L2-norm, i.e we have to ensure the following continuity estimate

| 7" (w)[hy, ho] |< cllhall 2o, P2l L2 0)- (29)

The first two terms in 5" (u)[h1, ho| (see (27)) can be estimated with respect to the L?-norm of h;, i =
1, 2 by applying standard a priori estimates and Lemma 2.1 b), e.g.

Hehz
[ frillz=@) < cllbllcig) 1Pill 20,7y

1@ < cllblle@yllhill 2.1,

The other terms are more delicate. Here we take advantage of the regularity of the adjoint state. Using
trace theorem we estimate

| / / 0 hypdodt] < clplle|lon
31

L2(0,T;HL()) ||hj || L2(0,T)>

< cllpllclOn:lwor 17l z20.1) < cllplic@Pill 2.l sl 2 07)

fori,j = 1,2, i # j. For the last term in (27) we need to estimate the second derivative of G(0, f)

|G/,<97 f)[(9h17 fh1>’ (0h27 fh2)” = ’G@g[@hl, 9h2] + G9f[0h1v fh2] + Gf9[fh17 9h2] + fo[fhu fhz”
< c(||0n @) 10hs llc@) + 10 [lc@yll fralle(qy
+ | fallc@ 10l + 1 o lle@y 1 as lle@y)-
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The last step of the estimation is valid due to the uniformly boundedness of the partial derivatives of
G(6, f) up to the order two on the bounded sets (it follows from assumption (A2)).

The next important issue is to estimate the second order remainder term of the reduced cost functional
j. We denote h = u — . It follows from Taylor’s theorem with integral remainder (see, e.g. Theorem
8.14.3 ,p.186 in [4]) that

) = @) + @+ 3" @ + i )

with the remainder .
v, h) = / (1= 8)(j"(@ + sh) — §"(@))h2ds.
0
Let (8, f) = S(a), (6, f) = S(a+ sh) and (B, f) = S'(@)h, (Bn, fr) = S'(@ + sh)h. Further.

we consider

(5" (@ + sh) = " (@)h* = oy /f;?(T) — fi(T)dz + o / 0,(T) — 05(T)da

—2 (th - G_hﬁ)hdadt 30
I/ "
+ / / (6, £)(0ns )2 (pLp + 0) — (0. )b, Fu)*(pLp + g)dddt,
Q

In order to estimate the terms in (30), we need the following estimates

1fn = Fullwiromr ) + 1166 = Onlle@) < esllhlleom ]2 01), @31)
g — qllwrro.rizr) + Ip = Pllc@) < esllhllL=©1),

which can be obtained by the standard a priori estimates and Lipschitz continuity of the solution op-
erator. Using (31) and Lipschitz continuity of G” (0, f), we can estimate the remainder term 73 as
follows

1
[ra(u, h)| < C/O (1= s)sllhllz=mllhllZz 0. ds < elhlleom 1Bl L2 0.0

From this point, we can argue along exactly the same lines as on pages 292-294 in the proof of
Theorem 5.17 in [22] to conclude the validity of the assertion. O

Such kind of sufficient optimality conditions is an indispensable tool basis for carrying out numerical
analysis of optimal control problems, e.g. convergence analysis of the sequential quadratic program-
ming method in order to solve optimal control problems numerically.

3 Numerical implementation

In this section we introduce numerical algorithms for the solution of optimal control problem (P) an-
alyzed in the previous section. This problem belongs to the class of the nonlinear boundary control
problems with control constraints. The SQP (Sequential Quadratic Programming) method has turned
out to be one of the most successful methods in nonlinear optimization (see e.g. [17], [1]). The principal
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idea is to linearize the nonlinear equality constraints and to replace the cost functional by a quadratic
approximation of the Lagrangian. It is well known that the SQP algorithm exhibits local quadratic con-
vergence in finite-dimensional spaces. The convergence analysis for nonlinear parabolic boundary
control problems was presented in the works of Tréltzsch [7], [21].

In this work we focus on the reduced SQP method (rSQP), where the reduction onto the control
space takes place when solving the (QP’“)-subprobIems. We also introduce the primal-dual active
set (PDAS) strategy, used for the treatment of the quadratic (QP’“) problems in each iteration of
rSQP method. The conjugate gradient (CG) method has been applied to solve the linear system of
equations arising in the (PDAS) algorithm.

3.1 Reduced SQP-method

We introduce the Lagrange functional

LO, fou,poq) Y x W0, T L%) x L*(0,T) x Y x WHe(0,T; L) — R

with Y := W (0,7) N C(Q) and
T
L0, f.up,q) = JO, f.u) — / pep (B, i - s st + a(w)[6, ] — (w()Bu, p)s,
0
_(pLG<07 f)ap)Q + (ft - G(97 f)> Q>Q> s

a(u)[f,v] := // EVO - Vudzdt + // ubvdodt.
Q 2

and (-, ")g, (-, )x, denote the scalar products in L?(Q) and L*(%;), respectively.

with a bilinear form

At each iteration of the SQP-method a quadratic approximation of the Lagrangian is minimized under
linearized constraints, where it is assumed that the current iterate z* = (6", f*, u*) is sufficiently
close to a local optimal solution (6, f, u):
1
min 55”(35’“,19’“, )0z, 6x) + J'(2F)éx

_ftk+G(0k7fk)v II"IQ
6f(0) = —fk(o)a in 2
pcpdty — kAOH = pLod f; — (pcpef — kAG* — potk)u in ¢ QP
kO (150 = o, Bu(t) (0 — 0.
n
+ka—k+ uP(t)(0F — 6, on X
8” le w/s
56(0) = 6y — 6%(0), in (2

Uy < Su+u" <wuy in(0,7)
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Note that
J (%) = oy (fF(T) — fa,0f)q + o (0F — 64, 30)g + o (uf, du)(o,1)

and

ﬁ//(xkupkﬁ qk>[5$7 51'] = 041((5f,5f)g + a2(597 59)@ + &3(5% 5“)(0,T)

32
—2(6ud0,p")s, + (G"(6, f¥)[50, 612, pLp* + ¢")o 2

In order to prescribe the resulting optimality system in a preferably compact way, we will introduce an
abstract description of the state equation and its linearization. The state system can be written as a

mapping
e(0, f.u) = (21(2’ jz Z)> LY x L(0,T) — L2(0,T; H'(Q)*) x L'(Q)

and
e(d, f,u) =
Moreover, the mapping is defined by using test functions p € L*(0,T; H'(2)), ¢ € L*(Q):

€1 (97 e u) (p) = /pcp<6t7p>H1(Q)*7H1(Q)dt + a(u) [e,p] - (pLG(@, f)vp)Q - (u<t)9w7p)21

es(6, f, ) / fua — G(6, f)qdudt. 34)

By means of this, the linearized state system in problem (QP*) is given by

~ (e10(2F)00 + €1 (2F)o f + eru(aF)ou
eo(2%) (06,0, u) = ( ’ 6279(:Ck)5g+62’f(xk)5f ) = —e(a").

Note that e3 ,,(-) is zero. The partial derivatives are defined as follows:

(61,9<9k, fk,uk)(SH)(v) = [ pcp(60y,v) i1y 11 () dt + a(uk)[éé,v] — (pLGg(Hk, fk)(SG,U)Q

St~

(0%, 5, uF)o ) (v) = —=(pLG (0%, fF)of,v)q
(e (0%, fF,uF)ou) (v) = (u(t) (0" — 0.,),v)s,
(e20(0", f*,u*)60)(q) = (—=Ga(0", f*)00,9)q
(e2,0 (0%, f*,u*)of)(q) = (0f, — Gy (6", f¥)f. q)q

—
[

=

<~

(35)
Hence, problem (QP’“) can be written as

min %E"(xk,pk, )0z, 6x) + J'(25)éx
ex()(96,8,5u) = —e(a) (GF%)
ou € Uyg — {uk}
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Introducing adjoint variables with respect to the linearized state system and neglecting the inequality
constraints for a moment, the optimality system is given in the following compact form

oo Lo Loy, €y €54 o6 —Jy
o L Lpoeiy | | 0f —Jy
€10 €1,f €lu 0 0 p e
€20 €27f 0 0 0 q

For simlicity, function arguments are now omitted. Unless otherwise stated, all functions are to be
evaluated at k—th iterate. Introducing the notation E’(’& n- the second derivative of the Lagrangian £
with respect to the state pair variable (6, f), we can rewrite the KKT matrix as 3 X 3 block matrix.
Since the linearized state system is uniquely solvable for every right hand side ( it can be shown along
the lines of Theorem 2.3), we can derive the following decomposition of the full KKT matrix in (36) by
Gaussian block elimination

" " * " —1
L) Lo o Laopcop U T\ feon e 0
wop  Lwo e | =\ Luonton T afep || O 20
€0,1) €u 0 I 0 0 0 w €@,f)
The so called reduced Hessian H is defined by
N * _—x% " -1 " " -1
H =L, +eieqn(Lionconcs = Lo.pu) = Luw.f)€0,pCu (37)
Moreover, we have
_ " -1 "
W = _;C(G’f)e(af)eu + ‘C(H,f)u
By means of this decomposition, (36) can be treated by:
(i) Solve the reduced Hessian system:
* _—k -1 -1
H6U = —Ju + eue(&f)(z](g,f) — L2/97f)6(0,f)6) + Lg(a‘f)e(e,f)e (38)

[

Vv
=r

(i) Solve the linearized state system, i.e.

€(.1) (gi) = —e,0u—e

(iii) Solve the adjoint state system, i.e.

* p " o0 "
e = —Jo.p — - ou
0.f) (q> 0.1) (CH)) <5f) (0,f)u

Based on this arguments and taking the control constraints into account, the reduced optimality con-
ditions of the linear quadratic problem (QP¥) are given by

(H(xkapk7 qk>6u - r(xk7pk7 qk)a ov — 5“)(07T) > 0 Vv € Uad - {uk}7 (39)
where H is defined as in (37) and the residuum 7 has to be evaluated by

o— k —3k —1 —1
ri=—J,+ €u€(07f)(¢](9’f) — L’(’gyf)ew’f)e) + ng)e(e,f)e
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Concluding, we state the rSQP algorithm for tackling the problem (P) in Algorithm 1.

Algorithm 1 SQP method (outer loop)
1: Choose initial variables 2° = (0°, f°, u°) sufficiently close to (0, f, %) and set k := 0
2: Evaluate (p*, ¢*) as the solution of the adjoint system of (P)
3: repeat
4:  Primal-dual active set strategy (inner loop)
Solve (QP'“), i.e. determine dwu such that

(H(mk,pk, qk)éu — T(:ck,pk, qk), v —ou)ory >0 Vv € Uyg — {uk}

is satisfied
5.  Solve linearized state system

e, f) (%) (g?) = —eu(2M)0u — e(z")

6:  Solve the adjoint state system of (QP"), i.e.

. p 00
@) (1) = =T = Loy R ) (1) = Llopula s, o0
7:  Update iterates
uk+1 — uk + 5,“’ 9k+1 —_ ek + (56, karl — flc + (Sf, pk+1 = p, qk+1 = q

8 Setk:=k+1
9: until

1 <|| W —uF 2oy O =08 2y N ST = L2

T ==
5 | w* | 20,1 | 6% || 22 | f5 12
k+1 ok k+1 _ k
N | p : p ||L2<Q)Jr [ : q HLQ(Q)) < tol
| 2% {220 | ¢ llz2)

3.2 Primal-Dual Active Set (PDAS) Strategy

In a next step we have to specify how to solve the reduced linear quadratic optimal control problems
arising in the iterations of the above SQP-method. To this end, we will use an Primal-dual active set
strategy. Let us assume that the active sets of the optimal solution of problem (QP¥) are known, i.e.
we can define

A" ={t e (0,T)|6u = u, —u*}
AT ={t € (0,T)|6u = u, — u*}
I=(0,T)\ (A" UA").
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Furthermore, we decompose the control du = du; + du 4 in an active part du 4 and inactive part du
according to the previous sets:

ug —uf, te A” 0, te A”
duy = ub—uk, te AT ouy = 0, te AT
0, else unknown, t &l

The problem (QP’“) can be interpreted as an free optimal control problem, where du; serves as control
variable. For a given active part du 4, then the variational inequality (39) simplifies to:

H(xk7pk7 qk)(gul - T(Ikapk7 qk) - H(xkapka qk>6uA

Now, the idea of the active set strategy is to iterate with respect to the active sets based on initial sets
Ay, A and I. Suppose that for given active sets A, and A; the solution of the respective free
optimal control problem is denoted by du} and we set du! = Jul + duly. Based on the variational
inequality, an update of the active sets for a fixed constant ¢ > 0 can be defined as follows

Apy = {t € (0,T)|e(buf — ug + ") — H(z*, p*, ¢")ou, + r(z*,p*, ¢*) < 0}
Al = {t € (0,T)|e(6uf — up + u¥) — H(2", p*, ¢")éul + r(a”, p*, ¢*) > 0}
Iy = (0,7)\ (Ajyy U AL,

A usual stopping criterion is the coincidence of subsequent active sets A, ; = A; and A | = A}
One can easily check, that if the previous condition is satisfied the optimal active sets are determined
such that the variational inequality (39) is fulfilled and problem (QP"”) is solved. Summarized, the active
set strategy for solving the linear quadratic subproblems (QP¥) of the SQP-method is in Algorithm 2.

In a last step, we have to provide a method for solving the linear system of equations in step 4 of the
primal dual active set strategy. Due to the definition of the reduced Hessian in (37), the system matrix
H is not explicitly given after choosing a discretization strategy for the underlying partial differential
equations. Hence, an iterative solver has to be established for tackling the reduced Hessian system,
e.g. Conjugate gradient method (CG-method) or Generalized minimal residual method (GMRES). In
view of second order sufficient optimality conditions for the original problem, we have applied the CG
method for solving

]:Iéul = (EIZHEIZ + EA;)(Sul,I = E]l(’l" — H(SULA) =. b

4 Numerical results

In this section we discuss the numerical solution of the control problem (P). Firstly, we construct a
test control problem in order to check the convergence of the reduced SQP method with a primal-dual
active set strategy described above. Then we solve the optimal control problem for the hot rolling of
DP steel. Here, for a globalization of the rSQP method, we use a projected gradient algorithm (see e.g.
[13]) with a line search according to the Armijo rule to find suitable initial values for the rSQP method.
The numerical algorithms have been implemented in WIAS-pdelib software. For the solving the state
and adjoint system the finite element toolbox pdelib was used.
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Algorithm 2 Active set strategy for solving (QP’“) (inner loop)

1:

Choose initial active sets according to current iterate of SQP-method, i.e.

Ay = {t]u*(t) = ua}, A7 = {t[u"(t) = w}, Lo = (0,T) \ (A5 U A).

2: Set =0 and
u, —ut, te Ay
duga = 4§ uy —u®, teAf
0, else
3: Define operators Ey, : L>°(0,T) — L>(0,T),u — xjuand E4, :== I — Ey,, where x, is the
characteristic function w.r.t. I
4: Determine duy, 1 by solving
(EIZH($k>pk’ qk)EIz + EAl)éul,I = Efz (r(xkapka qk) - H(wkvpka qk)éulﬂ)
and set 5ul = 5uu + 5u17,4
5: Determine state variables (46, 0 f;)
Kok k(00 ko k _k ko ok k
e(@,f)(x D s 4 ) 5fl = _eu(x D4 )6ul —6(3? Dy q )
6: Evaluate adjoint variables (p;, ¢;) by
* kkkpl__J k ok ok _ kkkfml_u k ok gk
3(97f)(1’ 0" q") a) " 0.n("p".q") (9,f)(95 0" q") S, (G,f)u(x P, q")ou
7: Determine
A = du — 4 k E”(S + * +£// 50[ —|—J
=O0Up — Ug T U wOUL T €1 Dl u(0,f) 5fl u
)\+,_5 o 4 k ,C”(S + * —|—[,” 50[ —|—J
=0y Up u wOUl 617upl u(0,f) (5]0[ u
and update active sets
Apyy = {HIA () < 0}, Afy = {£]XF(8) > 0}, Ty = (0.7) \ (A5 UAT).
8 if AL, = A and A, = A/ then
STOP
10: else
11: . B
u, —u’, te A,
Oupnya = § up—u®, te A,
0, else
set! =1+ 1and GOTO 3
12: end if

20



4.1 A test problem

Let @ = (0,1) x (0,1) and 7" > 0. We apply the rSQP method discussed above to the semilinear
parabolic boundary control problem

HHHJ@U / /(9 HdQ dl‘dt—i— / /(9 edl“ d.’Edt+ / (u—ud)zdt

subject to
0; — AO = —0° + f(x,1), in Q x (0,7)
& 0= (alt) — u(t)(x). on 92 x (0,)
0(z,0) = 0o (x), nQ,

andu, < u(t) <u, ae.at [0,7],
where

f(z,t) = e cos” mxy - cos” Ty + e F(27* — 1) cos mxy - cos T

u(t) =u+ e

g(x) = cosmxy - cOSTXo

Ou0 = —be M (t — T) cos® 7y - cos® mwy — (20%(t —T) — ™" — 1) cos ;- cos Ty
Oar = (" —t+T) cosmay - coS Ty

ug=—e ' =2t —-T)
0y = cos x| - COS Xy
T=1, u, = —0.85,u, = —0.4.

The optimal solution to this problem with corresponding adjoint variable is given as

/Iz H['U«ayub] ( t)
0 = e tcosmry - cOSTES
= (t —T)cosmxy - cOSTTs

The triple of functions (u, 9, p) is chosen a priori, such that the first-order necessary optimality condi-
tions are fulfilled.

To prove local optimality, we show that the second-order sufficient optimality condition is satisfied. We
write down the formal Lagrange function

L(0,u,p) =J(0,u) // (0; — AO + 0° — f(x,t))pdrdt

T
—//(%4—«9—(71— u)g(z pdsdt—/ (2,0) — Oy)pdx
0T Q

with

T

T T
://Mmﬁ+//9@ﬁ+/2&—%//@%@Mt (41)
o r 0 Q

0 Q

el
I~}

E//(
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The last term in (41) is nonnegative due to #°p = (t — T')cos*mxicos*tas < 0forall t € [0,T).
Hence,

L"(0,a,9)(0,u) > [|ull7207).

The sufficient optimality condition holds in the entire control-state space, i.e. it is satisfied in a strong
form.

We choose the initial point for the rSQP method
u(t) = —0.8, ,0%x,t) =1 p°(z,t) = 1.

The parabolic problem was solved numerically by applying the semi-discretization approach, where
the elliptic system in each time increment was solved by the finite element method. The controls
were chosen as piecewise constant functions on the time grid. The spatial domain is discretized with
triangular finite elements with a maximal edge length of A = 0.0125. The time interval is discretized
uniformly with stepsize At = 0.001.

The sequence of controls u* produced by the rSQP algorithm is depicted in the Figure 2. The corre-
sponding state and adjoint variables are displayed in Figure 3.

-0.40 |
-0.50 +
-0.60

-0.70 |

-0.80

Figure 2: Controls u*(t).

lter Ji ek Tk #PDAS-Loops
1 |21.8504 | 0.94 0.22 3
2 1203691 | 045 0.33 4
3 120.3517 | 0.0085 | 0.0938 3
4 120.3515 | 140.7 [ 5-107* 1

Table 1: Iterations history of the rSQP method with primal-dual active set strategy.

Table 4.1 illustrates the convergence behavior of the rSQP method. It contains the value of objective
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f11.0e-01 f

+3.68 +1
+2.94 +0.8

E 221 Y

— 4147 — 04
+0.735 +0.2
-0.000336 +0.000105
-0.736 -0.2
-1.47 -0.4
-2.21 -0.6
-2.94 -0.8

-3.68 -1

Figure 3: State variable 0 (left) and adjoint variable p (right) at the end time 17" = 1.

function .J,, the rate of convergence ¢;, and the error 7, in k-iteration of rSQP method:

" = allz o) + 116" — Bllz2@ + 10" ~ Bllzz@)

k- ﬁ||%2(o,T) + [0 = ‘§||%2(Q) +|[pFt = ]7”%2(@
k

Y

T = ||'LL — Uk—1||L2(07T).

The last column in the table gives the number of PDAS-Loops in k-iteration of rSQP method. The rSQP
method shows a good convergence to the exact optimal solution @. Only 4 iterations were needed to
get this result.

As has been reported in [7],[8], the quadratic convergence of SQP method is assured, if the quadratic
subproblems (QP’“) are solved with a quite high precision. The mesh size / has to be proportional to
the current accuracy of the SQP step. In our test example, we observe that the speed of convergence
of rSQP method is limited after the 37 iteration by the discretization error of FEM.

4.2 Optimal control problem for dual phase steel

In this subsection we present a numerical solution of the optimal control problem (P) formulated for
the production of Mo-Mn dual phase (DP) steel.

Let us choose a two-dimensional domain 2 = (0,7.5) x (0,0.69) cm?. This corresponds to the
vertical cross section of the steel slab moving through the cooling segment with a fixed strip speed.
The aim is to compute the optimal cooling strategy for a DP-steel with desired ferrite fraction f;(z) =
85% and a temperature 4(x) = 660°C at the final time 7" = 7s. Thus, the optimal control problem
reads as follows:

min J(0, f,u) = %/(f(x,T) — fa(z))? dx + %/(Q(x,T) — O4(z))* dx
Q Q

— dt
+ 5 U
0

s.t. (0, f, u) satisfies (1) and 0 < u(t) < 0.3 a.e.in [0,7].
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The function G (0, f), which describes the ferrite growth is given by

GO, f) = (feq(e) - f)H(feq(e) — £)91(0)g2, (42)

where H is a monotone approximation of the Heaviside function

1, for x >0,
H(z) = ¢10(5)° — 24(5)° + 15(5)*, ford >z >0,
0, for x < 0.

with 6 = 0.01. Since H is a regularized Heaviside function, the term xH(x) is a regularization of the
positive part function [z] . The equilibrium volume fraction f.,(#) and temperature dependent factor
g1(0) are cubic spline functions interpolating the pointwise data as shown in Figure 4. The factor
g2 = 9.67 . The model (42) for the austenite-ferrite phase transformation in the hot rolling process
has been discussed in [19]. For further details about the modeling we refer to this article. We note, that
assumption (A2) is too strong for the function GG(0, f). Nevertheless, the existence and uniqueness of
the solution to state system can be also shown for this function and all other theoretical and numerical
considerations remain unchanged.
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Figure 4: The functions f.,(6) (left) and g1 (0) (right).

The physical parameters for the heat equation are given by

J J J
= 05096 —— k=05—" L, = 0%,

=7.85
P cm3’ g- K s-cm- K

The initial condition for the §-variable is 8, = 860 and 6,, = 20. Notice that (A3) is satisfied.

It should be mentioned that a choice of weighting factors ., ao, a3 in the cost functional of optimal
control problem (P) is of crucial importance for the numerical computations. The volume phase fraction
f € [0, 1], while the temperature 6 is in the range of 20 — 1200°C". Therefore, in order to obtain
useful results the equilibrating of this two terms in cost functional is necessary. In the subsequent
computations we set a; = 1,0 = 5 - 1075. The factor a3 is a Tikhonov regularization parameter
and was chosen as 0.1.

The nonlinear state system (1) as well the corresponding adjoint system in each iteration of projected
gradient method can be solved numerically using semi-implicit Euler scheme. The rSQP method re-
quires a solving of the linearized problems (QP’“). Here, the linear parabolic equation was discretized
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in a standard way using method of lines and ODE for the phase transition was treated numerically by
explicit Euler scheme.

The FE triangulation of the computational domain €2 is done by a uniform mesh with N = 561
degrees of freedom. For the time grids we take At = 0.0125. We approximate the control function
u(t) with piecewise constant functions such that the unknown control function is represented as u =
(Upy eyt ) T, ug = u(ty),i=1,...,n— 1.

As explained above, we use the projected gradient method for the globalization of the rSQP algorithm.
As an initial guess for the projected gradient method we take ug = 0. After 7 iterations the termination
criteria for the projected gradient method has been realized.

The obtained control function % with corresponding state variables 6 and f and adjoint variables p, ¢
serve as the initial iteration of the rSQP method. Table 4.2 shows the convergence history of the rSQP
steps. As would be expected, the rSQP method converges in few steps to the optimal solution with
tol = 1073 in termination condition.

lter Ji Tk # PDAS-Loops
1 | 0.01437 | 0.2488 9
2 10.012752 | 0.01462 3
3 10.012750 | 1.8 -10~* 2

Table 2: Value of objective function J, relative error 75, and number of PDAS-Loops in k-iteration of
rSQP method.

In Figure 5 some iterations of projected gradient algorithm and SQP method are represented.
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Figure 5: Some iterations of optimization procedure. The final iteration of the projected gradient method
1 is plotted in the blue color.

The optimal control u(t) is depicted in Figure 6. Closer to the end of the time interval the optimal
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Figure 6: Optimal control w(t).

control decreases to zero, which is the lower bound of the control. This fact also reflects the presence
of the box constraints and the functioning of the active set method.

Figure 7 shows the simulated final temperature (left) and phase distribution (right) in the cross section
of the steel slab according to the selected iterations of optimization procedure.

f/1.0e+02 f/1.0e-01
+6.67 +9.25

+6.44 +8.97
——— o L s
— +5.98 —+8.42
_ — 4575 —+8.15
+5.52 —— 7 87
+5.05 +7.32
1459 S ———— 6.77
+4.36 +6.49

Figure 7: The simulated final temperature (left) and phase distribution (right) in the cross section of
the steel slab. Both pictures show the 1°¢ and 7" (final) iteration of projected gradient method, and 15!
and 3" (final) iterations of rSQP method in order from top to bottom.

With each iteration of rSQP method the temperature distribution in the steel slab becomes more ho-
mogeneous and closer to the desired value 6; = 660°C'. On the other hand, the maximal difference
between the ferrite values at the final time is about of 8%. However, in each iteration of rSQP method
the ferrite phase fraction in the largest part of the cross section is closed to 85%. We additionally plot
the temperature and ferrite growth during the cooling in the middle of the cross section of the steel
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Figure 8: The simulated temperature (left) and phase growth (right) in the middle of the cross section
of the steel slab.

slab. The simulation results are shown in Figure 8. The desired temperature of 660°C' and ferrite
fraction of 85% are reached very accurately in the middle of the cross section.

Conclusions

We have studied the optimal control problem that describes the hot rolling process of multiphase steel.
The nonlinear boundary control problem was analyzed and the first-order necessary and second order
sufficient optimality conditions were derived. The control problem was solved numerically by a reduced
SQP method with active set strategy.

The approach has already been tested in an industrial setting. The results of the optimal control of the
cooling line have been verified in hot rolling experiments at the pilot hot rolling mill at the Institute for
Metal Forming (IMF), TU Bergakademie Freiberg. For more details we refer to a recent paper [3].

The challenging topic for the future research will be the real time control of the hot rolling process,
which is an important task for the industrial employment of this approach. Here, recent developments
in model reduction techniques seem to be a promising tool and will be subject of futher work of the
authors.
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