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Abstract

We consider the inverse scattering problem of reconstructing multiple impenetrable bodies em-
bedded in an unbounded, homogeneous and isotropic elastic medium. The inverse problem is non-
linear and ill-posed. Our study is conducted in an extremely general and practical setting: the number
of scatterers is unknown in advance; and each scatterer could be either a rigid body or a cavity
which is not required to be known in advance; and moreover there might be components of multi-
scale sizes presented simultaneously. We develop several locating schemes by making use of only
a single far-field pattern, which is widely known to be challenging in the literature. The inverse scat-
tering schemes are of a totally “direct"nature without any inversion involved. For the recovery of
multiple small scatterers, the nonlinear inverse problem is linearized and to that end, we derive sharp
asymptotic expansion of the elastic far-field pattern in terms of the relative size of the cavities. The
asymptotic expansion is based on the boundary-layer-potential technique and the result obtained is
of significant mathematical interest for its own sake. The recovery of regular-size/extended scatterers
is based on projecting the measured far-field pattern into an admissible solution space. With a local
tuning technique, we can further recover multiple multiscale elastic scatterers.

1 Introduction

This work concerns the time-harmonic elastic scattering from cavities (e.g., empty or fluid-filled cracks
and inclusions) and rigid bodies, which has its origin in industrial and engineering applications; see, e.g.,
[19,20,28,30] and the references therein. In seismology and geophysics, it is important to understand how
anomalies diffract the detecting elastic waves and to characterize them from the surface measurement
data. This leads to the inverse problem of determining the position and shape of an elastic scatterer;
see, e.g., [1,11,12]. The inverse elastic scattering problem also plays a key role in many other science
and technology such as petroleum and mine exploration, nondestructive testing of concrete structures etc.
The inverse problem is nonlinear and ill-posed and far from well understood. In this work, we shall develop
several qualitative inverse elastic scattering schemes in an extremely general and practical scenario. In
what follows, we first present the mathematical formulations of the forward and inverse elastic scattering
problems for the present study, and then we briefly discuss the results obtained.

Consider a time-harmonic elastic plane wave u™(z), x € R? (with the time variation of the form ¢~
being factorized out, where w € R denotes the frequency) impinging on a scatterer D C R? embedded
in an infinite isotropic and homogeneous elastic medium in R3. The incident elastic plane wave is of the
following general form

u™(z) = u"(z;d, dF, o, B,w) = ade®™ 4 Bdte™md o, B € C, (1.1)

where d € S? := {x € R3: |x| = 1}, is the impinging direction, d* € S? satisfying d* - d = 0 denotes
the polarization direction; and &k, := w/ /I, k, := w/+/A + 24 denote the shear and compressional

wave numbers, respectively. If v = 1,3 = 0 for u’™ in (1.1), then v’ = " := de’*»** is the



(normalized) plane pressure wave; and if « = 0, 3 = 1 for u'™ in (1.1), then u™" = y" := dtesvd g
the (normalized) plane shear wave. Let u(z) € C?, z € R*\ D denote the total displacement field, and
define the linearized strain tensor by

(Vu+VuT) e C¥3, (1.2)

e(u) = %

where Vu and Vu ! stand for the Jacobian matrix of « and its adjoint, respectively. By Hooke’s law the
strain tensor is related to the stress tensor via the identity

o(u) = M(divu)l + 2ue(u) € C** (1.3)

with the the Lamé constants A, p satisfying ¢« > 0 and 3\ + 2 > 0. Here and in what follows, | denotes
the 3 x 3 identity matrix. The surface traction (or the stress operator) on D is defined as

Tu=Tu:=v-o(u) = 2uv -grad + Avdiv + prv x curl)u, (1.4)

where v denotes the unit normal vector to 9D pointing into R*\ D. We suppose that D C R® is a
bounded C*? domain such that R3\E is connected. For the subsequent use, we also introduce Ru := u.
In the present study, the elastic body D is supposed to be either a cavity or a rigid body for which u
satisfies the following boundary condition

Bu=0 on 0D, B=TorR. (1.5)

If D is a cavity, then B =T in (1.5), and if D is a rigid body, then B = R.
In the exterior of 1D, the propagation of elastic waves is governed by the following reduced Navier equation
(or Lamé system)

(A*+wHu=0 in R\D, A*:=pA+ (\+ p)graddiv (1.6)

where we note that the density of the background elastic medium has been normalized to be one.
Define u*¢ := u—u'" to be the scattered wave, which can be easily verified to satisfy the Navier equation
(1.6) as well. ©* can be decomposed into the sum

1 1

sc .__ . .sc sc sc . __ : sc sc . sc

u =y u, wy = —ngraddlvu , Uy = —k2cur1curlu ,
P S

where the vector functions u;c and u:° are referred to as the pressure (longitudinal) and shear (transver-
sal) parts of u®¢, respectively, satisfying

(A+E)us =0, curlu =0, inR*\D,
(A+E)uc =0, divu=0, inR*\D.

Moreover, the scattered field ©*¢ is required to satisfy Kupradze’s radiation conditions (see, e.g. [7])

lim < P —ikpuzc) =0, lim ( 2 —z'k:suzc) =0, r=|x, (1.7)

T—00



uniformly in all directions & = x/|z| € S2. The radiation conditions in (1.7) lead to the P-part (longitudinal
part) ugo and the S-part (transversal part) w3~ of the far-field pattern of ©*¢, which can be read off from
the large |x| asymptotics (after some normalization)

sc exp(zkp]x|) 00 (A exp(zks]a:|) 00 (4 1
uw(r) = ————=u’ () + —————u(2) + O | — |, |z| — +o0. 1.8
up°(2) and ug®(2) are also known as the far-field patterns of u>° and u3¢, respectively. In this work, we

define the full far-field pattern u> of the scattered field u* as the sum of u;® and uS*; that is,
u™(2) = uy (%) + ul (1) (1.9)

Since u;° () is normal to S* and ug° (&) is tangential to S?, there holds

uy(2) = (u™(2) - 2) 2, ul(2) =2 xu™(T) x .

The direct elastic scatt_ering problem (1.1)—(1.8) is well understood and particularly there admits a unique
solution u € C%(R3*\D)?> N C(R3\ D)3 (cf. [19)).

Throughout the rest of the paper, u>°(Z) with 7 = () signifies the full far-field pattern defined in (1.9).
We shall also write u>°(%; D, d, d*, a, B,w) (T = p, s or D) to signify the dependence of the far-field
pattern on the scatterer D and the detecting incident plane wave u'™. The inverse elastic scattering
problem concerns the recovery of D from knowledge (i.e., the measurement) of the far-field pattern
u®(2;d,dt, o, B,w) (r = p,s or (). If one introduces an abstract operator F (defined by the elastic
scattering system described earlier) which sends the scatterer D to the corresponding far-field pattern
u2°, then the inverse problem can be formulated as the following operator equation

F(D) = uX(#;d,d", a, B,w). (1.10)

It is easily verified that (1.10) is nonlinear, and moreover it is widely known to be ill-posed in the Hadamard
sense. For the measurement data u>°(%; d, d*, o, 3, w) in (1.10), we always assume that they are col-
lected for all & € S%. On the other hand, it is remarked that u.; is a real-analytic function on SQ, and hence
if it is known on any open portion of S, then it is known on the whole sphere by analytic continuation.
Moreover, if the data set is given for a single quintuplet of (d, d*, a, f, w), then it is called a single far-
field pattern, otherwise it is called multiple far-field patterns. Physically, a single far-field pattern can be
obtained by sending a single incident plane wave and then measuring the scattered wave field far away
in every possible observation direction.

Due to its practical importance, the inverse elastic scattering problem has been extensively studied in
the literature. We refer to the theoretical uniqueness results proved in [15,23-27], and numerical recon-
struction schemes developed in [2-6, 13, 16]. However, one usually needs multiple or even infinitely many
far-field patterns. Based on the reflection principle for the Navier system under the third or fourth kind
boundary conditions, a global uniqueness with a single far-field pattern was shown in [10] for bounded
impenetrable elastic bodies of polyhedral type. However, the uniqueness proof there does not apply to
the more practical case of rigid or traction-free bodies.

In this work, we shall consider the inverse problem (1.10) with a single measurement of the P-part far-
field pattern u,°, or the S-part far-field pattern u:®, or the full far-field pattern ©. The inverse problem
is formally posed with a single far-field pattern. Moreover, we shall consider our study in an extremely
general and practical setting. The number of scatterers is unknown in advance, and each scatterer could



be rigid or traction-free which is not required to be known in advance either. Furthermore, there might be
multiscale components presented simultaneously. Here, the size of an elastic scatterer is interpreted in
terms of the detecting wavelength. We develop several qualitative locating schemes by making use of only
a single far-field pattern. The inverse scattering schemes are of a totally “direct"nature without any inver-
sion involved. The present work significantly extends our recent study in [17], where the locating of only
rigid bodies was considered. For the recovery of multiple small scatterers, the nonlinear inverse problem
(1.10) would be linearized and to that end, we derive sharp asymptotic expansion of the corresponding
scattered wave filed from multiple small traction-free cavities. The asymptotic expansion is based on the
boundary-layer-potential technique and the result obtained is of significant mathematical interest for its
own sake. Indeed, the asymptotic scattering estimates from small acoustic and electromagnetic bodies
are of critical importance in the corresponding study of regularized approximate invisibility cloaking of
acoustic and electromagnetic waves; see [8,21, 22]. Our result on the scattering estimate from traction-
free bodies shall find important application in regularized approximate cloaking of elastic waves. The
recovery of regular-size/extended scatterers is based on projecting the measured far-field pattern into
an admissible solution space. With a local tuning technique, we can further recover multiple multiscale
elastic bodies.

The rest of the paper is organized as follows. In Section 2, we derive the asymptotic expansion of the
scattered wave field from multiple small elastic scatterers. In Section 3, we develop the inverse scattering
schemes of locating multiple small, extended and multiscale elastic scatterers with the corresponding
theoretical justifications. The paper is concluded in Section 4 with some remarks.

2 Elastic scattering from multiscale scatterers

In this section, we consider the elastic scattering from multiple multiscale scatterers. To that end, we first
recall the fundamental solution (Green’s tensor) to the Navier equation (1.6) given by

k,z eil<:s|3[:—y| 1 eiks\x—y\ eikp|$—y|

M(z,y) = T (z,y) = + o grad, grad

2.1)

I - )
drw? |z — y| lz—yl |z -y

forz,y € R3, x # y. Let D;, j € N be a bounded simply connected domain in R? with C*? boundary
0D . Define the single and double layer potential operators, respectively, by

(Sje)(x) = (Sp,e)(x) := Q/aD (z,y)p(y)ds(y), ¢ € C(OD;), = € OD;, (2.2)
OlIl(x,
(0)0) = (Kp o)) =2 [ TEDyasty), pecon)). aeon, @9
aD; v(y)
where 0,(,)I1(x, y) is a matrix function whose I-th column vector is given by
Oll(z,y)] "
[ﬁ} e =T,y [(z,y)e] = v(y) - [o(Il(z,y)e))] on 9D;,

forz # y,l = 1,2,3. Here, ;, 1 < [ < 3 are the standard Euclidean base vectors in R3, and T,y is
the stress operator defined in (1.4). The adjoint operator K]'- of K; is given by

Oll(x,y)

(K0)e) = (Kp,e)@) =2 [ SEoasy), ¢ eCOD). aoD; @4



As seen by interchanging the order of integration, KJ’» and K; are adjoint with respect to the dual system
(C(0D;),C (D)) defined by

(f,9) = fgds,  f,geC(OD;).

oD,

Using Taylor series expansion for exponential functions, one can rewrite the matrix H(“)(x, y) as the
series (see, e.g., [6])

L=+ )N+2u)+p  (iw)" _
H(w) - o 1|
(z,) 4r HZ:O (A + 2p) (n+ 2)n! [z =yl
Il o~ Atp (iw)(n—1)

T o n=3 _ _
Am = (A +2p)  (n+2)n! lz—y" (@ -y (@ —-y), @5

from which it follows that

A+ 3u 1 4 2 +5u
1« — A
(z,9) 8ru( A+ 2u) |x — y| i 127 p( N\ + 2u)
A+ 1
. (r=y) @ (= y) + o(1)” @6)

8 (A +2p) [z — y?
as r — y. Taking w — 40 in (2.6), we obtain the fundamental tensor of the Lamé system with w = 0

A+ 3u 1 A+ 3p 1
+ 3
8 (A +2p) [w —yl Brp(A+2u) |z —y|

(z,y) = 0O (z,y) == (x—y)® (z—y). (2.7)

Similar to the definitions of S}, K, KJ’-, we define the operators gj, I?j, [?]’ in the same way as (2.2),
(2.3) and (2.4), but with the tensor T1“)(z, y) replaced by 1) (x, ). By comparing (2.5), (2.6) and
(2.7), we obtain

. 2\ +5u (z—y)®(r—y)
R — 171© — j—— T 2 —yl1—
(x,y) (x,y) = iw 200N+ 2) +w?O | |z —y — )

which together with (1.3) yields
o ([T (2, y) — T (2, y)]e;)| < C(A p)w?, O >0, (2.8)

uniformly in j = 1,2,3 as * — y. The operators K, KJ’-, [?j and [?j’ all have weakly singular kernels
and therefore are compact on C'(0D;); see, e.g., [18,19].

Throughout the rest of the paper, in order to simplify the exposition, we shall assume that w ~ 1. Hence,
the size of a scatterer can be interpreted in terms of its Euclidean diameter. Next, we first consider the
scattering from multiple sparsely distributed scatterers. Let [ € N and D;, 1 < j < [ be bounded
simply-connected domains in R? with C'?-smooth boundaries. Set

l
D=|JD; and L= min dist(D;,Dy). (2.9)

. 37§ 1<5,5' <l
J=1



Lemma 2.1. Consider an elastic scatterer with multiple components given in (2.9), where each compo-
nentD;, 1 <7 < [ is either traction-free or rigid. For L sufficiently large, we have

u®(#;D) =Y u (i D))+ OL™). (2.10)
j=1

Proof. The case that all the components of D are rigid was considered in [17]. In what follows, for
simplicity we first assume that [ = 2, and moreover we assume that both 1D; and D, are traction-free
and w? is not an eigenvalue for —A* in D; associated with the homogeneous traction-free boundary
condition on 0D, j = 1, 2.

The scattered field u*“(x; Dj) corresponding to [J; can be represented as the single layer potential
@) = [ Tnpedsty). ©eRAD,
aD;

where the density function ¢; € C’(@Dj) is uniquely determined from the traction-free boundary condi-
tion on JD;, and is implied in the boundary integral equation

p; =2(I - K)""(Tu"|op,), j=12

The uniqueness and existence of ¢ ; follow from the Fredholm alternative applied to the operator / — KJ’~.
To prove the lemma for the scatterer D = Dy U D5, we make the ansatz

u(z; D) =) {/wlﬂ(x,y)cbj(y)dS(y)}, z € R°\D,

j=1,2

with ¢; € C(9D;). By using the boundary condition 7'(u*¢ 4+ u™) = 0 on each 9D;, we obtain the
system of integral equations

I—K ] o Tu™|op )
=2 ; ! 2.11
( J1 [—Ké) (¢2 Tu™lop, ) .
where the operators J; : C(0D1) — C(0Ds), Jo : C(0Ds) — C(0D,) are defined respectively by

(hon)(@) = —2 /aD Ty Tz, )1 (4)ds(y). = € DDy,

(Tan) (1) = —2 /aD Ty Tz, 9))és(y)ds(y), @ € DD,

Since L > 1, using the fundamental solution (2.1) one readily estimates

| J1d1]lc@ps) < C1L~ | b1llcwnyy,  |J292llcopy < CoL™|gallc@py), Ch, Ca > 0.

Hence, it follows from (2.11) and the invertibility of I — K7 : C(9D;) — C(9D;) that

01 B (I — Ki)_l 0 2Tui”| . 1
(@)‘ ( 0 (LJ@*)Q%M$)+0@>

— (‘pl) +O(LY.

©2



This implies that
u*(x; D) = u*“(x; Dy) 4+ u(x; Dy) + O(L™1),
which further leads to

u™®(%; D) = u™®(%; Dy) + u™(3; Dy) + O(L71).

The case that D has more than two components or D has mixed type components can be proved in a
similar manner by making use of the integral equation method. In the argument above, there is a technical
assumption that w? is not an eigenvalue for —A* in D; with the traction-free boundary condition. If the
eigenvalue problem happens, one can make use of the combined layer potentials (cf. [18,19]) and then
by a completely similar argument as above, one can show (2.10).

The proof is completed. O

Next, we consider the scattering from multiple small scatterers. Let [, € N and let M;, 1 < j < I,
be bounded simply-connected domains in R? with C2-smooth boundaries. It is supposed that M;, 1<
7 < I, contains the origin and its diameter is comparable with the S-wavelength or P-wavelength, i.e.,
diam(M;) ~ O(1). For p € R, we introduce a scaling/dilation operator A, by

A M; = {px:x € M,;} (2.12)
and set
D=z + A, M;, z; €eR* 1<j<I,. (2.13)
Let
Ls
Dr = UID;?. (2.14)
P

Theorem 2.1. Consider an elastic scatterer D” given in (2.14). Assume that p < 1, w ~ 1 and

L, = jﬁ}g}j - dist(zj, zj) > 1. (2.15)
Moreover, we assume that Df ,j=1,2,...,1, are all traction-free cavities. Then we have
_ L
uX(;D%) = —p* |(2@F)) e B U(#a,8,d,d") + O(p+ L], (2.16)
L J=1
_ L
uP(# D7) = —p’ |(1—2®E8)Y e ™ U(#;a,8,d,d") + O(p+ L")
L j=1

where

1 n
U(sa, B, d,db) =Y Y (Ber=9Crs + aes 1 CP) V().

n=0 m=—n

Here, «, 3 are the coefficients attached to the incident plane wave (1.1), Y,""(&) are the spherical har-
monics and C, ", C}"* € C* are complex-valued vectors independent of p, I, L and z;.

n7] ?



Proof. By Lemma 2.1, it suffices to analyze the asymptotics of the far-field patterns for only one single
scatterer component. For notational convenience, we employ €2 = z+ A, M to denote Df = z + A, M;
with any fixed j € {1,2,--- ,ls}. For f € C(092) and g € C'(OM ), we introduce the transforms

f&) =1 =fp+2), ¢€oM, g(z)=g"=g((x—2)/p), =€
Using change of variables it is not difficult to verify that (see, e.g., [9, 14])
Kop = (Kug)Y, (I—Ko)p= (I - Ku)$)', (I—Ko) = (I -Ku) )",
and similarly
Ko = (Ky@)", (I— Ko = (1= Ki)@)', (1= Ko™ = (I = Ky) ™)

These identities also hold for K and K’ defined via the tensor I1(x, y) = I1)(z, y). Hence, using (2.8),
there hold

(I - Ky — ((I-EKjpg) = (I-Kp)p—(I-Kgy
= (Ko — Kq)y
= 2 [ v(2) [o(M(z,y) — T (z,y))]e(y) ds(y)

< CA\ P llellcoa),

fe}

as p — +0. Since p < 1, by the Neumann series we have
(I - Ky o= (I-Ky) @) +0(p*) as p—0. (2.17)

It is worth pointing out that the operator I — I?]’W is bijective over the space (see, e.g., [18])

{wEC(é?M): (r)-(@a+bxz)ds(x) =0 forall a,bG(CS}.

oM

To proceed with the proof, we represent the scattered field u*°(x, €2) as the single layer potential

w(@.0) = [ Tappl)dsty). « e RAD
with the density function ¢ € C(0f2) given by
p=2(I — Kq)~ (Tu"on).

Then, the P-part and S-part far-field patterns of u°° are given respectively by (after the normalization
used in (1.8))

N
8
=
o)
~
I
[\]
—~
=
®
=>

) / e~ (T — K1) Vo) (y) ds(y), 2.18)
o0

WS (3,Q) = 20— 2 © 1) /a (T K l(0) ds(),



where ¢ := Tu™|y9q = v - 0(u"™)|sq. In the rest of the proof, we only justify the asymptotic behavior of
ugo(f, Q) as p — +0. Our argument can be readily adapted to the case of the S-part far-field pattern.

Changing the variable y = z 4 p £ with £ € M in (2.18) and making use of the estimate (2.17), we find

up(2,Q) = 2(2 ® &)p? /8 N e~ (T — K1) (€) + O(p?) | ds(€). (2.19)

Expanding the exponential function £ — exp(—ik,Z - (z + p&)) around z yields
exp(—ikyZ - (z + p€)) = exp(—ikyd - 2) — ik,p(Z - ) exp(—ikyd - z) + O(k2p?)  (2.20)
as p — +0. Inserting (2.20) into (2.19) gives

@) = et ([ 1o R o)

it o ) ([ (@00 (1= Rie©is(o))
oM

+O(pY). (2.21)
To estimate the integrals on the right hand side of (2.21), we will investigate the incident plane pressure
and shear waves, respectively. The asymptotics for general plane waves of the form (1.1) can be derived
by linear superposition.
Case (i): = 1,a = 0,i.e., u™ = u™ = dte*s*d s an incident plane shear wave.
Since divu® = 0, by (1.3) we have o(u™) = u(Vu™ + Vu" ). Expanding the function £ —
(Vui" M) (&) = Vul(p€ + z) around z,

(Vu" ™) (&) = iky(d*- @ d) [e*7 +ikspe™=I(d - &) + O(k2p*)] as p— +0.
Hence,
(0 (u))(€) = ipkse™ > H(d) [1 + iksp (d - &) + O(KZp?)] , (2.22)

where H(d) := (d*+ ® d) + (d*+ ® d)". Recalling that (which can actually be proved by using the jump
relations for the double layer potential with constant density, see, e.g., [29, Example 6.14])

7 o H(l‘,y) S _
Rat=z | Spreiist) = -1

we see (I — Ky)~'1 = 1/2, and thus

| =R = [ e - R ase)

1

= 3 O ey ase) 2.29)

Inserting (2.22) into (2.23) and applying Gauss’s theorem yield
| 1=y ele)aso
oM

= ipkse™*4/2 {/ div ¢ [H(d)(1 + ikspd - €)] ds(g)} + O(p?)
M
= —pd-e™ = M[/2+ O(p?). (2.24)



Note that | M | denotes the volume of M and that the last equality follows from the relation
div ¢ [H(d)(1 + ikepd - €)] = ikepd - H(d) = ikspd*.

Again using (2.22) we can evaluate the second integral over O M on the right hand of (2.21) as follows:
| @0 - R e
oM

ket { [ @ou-Ri e H(d))ds(f)} L o)
= —ipkge®=(3 - M) - H(d) + O(p), (2.25)

where the polarization tensor M depending only on M is defined as

M=— [ £®—Ky) v ds(§). (2.26)
oM

Now, combining (2.25), (2.24) and (2.21) gives the asymptotics
we(2,Q) = —(2 @ &)p’e™ FdhD [a1 | M| + 2(2 - M) - H(d)] + O(p*), (2.27)

as p — +0. Recalling that the spherical harmonics Y’ = /1/4m and that each Cartesian component
of the vector & € IR? can be expressed interms of Y, Y°, Y/', we may reformulate the previous identity
as

uX(#,Q) = — (2 ® &)ple’ ked~kr) [Z > oryr@)| +0(ph), (2.28)

n=0 m=—n

with CQ = d* |[M|2+/7 and C}" € C3 form = —1,0, 1. This proves (2.16) when o = 0,3 = 1 and
ls=1.Inthecase a« = 0,3 € Cand [, > 1, there holds

1 n
D D B HICIY @)

n=0 m=—n

ls
u(,Q) = — (3 ® &)p° Z etz d +O(p*+ LY,

with ng = dL |Mj| 2y/m and C%* € C? form = —1,0,1,and j = 1,2,--- . Note that the
constant C * are independent of 2j, p,ls and L.

Case (i): 3 = 0, = 1, i.e., u”™ = u' = de™* % is an incident plane pressure wave.

We sketch the proof, since it can be carried out analogously to Case (i). The corresponding expansion of
(o(ul"))" to (2.22) reads as follows:

(o)) () = i(A + 2y LA, 1, d) [L+ ikyp (d - €) + O(K20%)] 2.29)

p
when p — +0, where L(\, i, d) := (A +2u(d ® d)) /(A + 2p). As a consequence of (2.23), we have
for o = v - o(u)")]aq

| = Rietase)
= i 2zttt p2{ [ dive L+ ikt ] ds©) b+ 00

= —pde®= | M|/2 + O(p?). (2.30)
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Similar to (2.25), one has
/ (& - &) (I = K3) 7' @(€)ds(€) = —i(A + 2k, ™= (& - M) - L(\, p, d) + O(p),  (2.31)
oM

where the polarization tensor M is given as the same in (2.26). Therefore, the insertion of (2.30) and
(2.31) into (2.21) yields

WP (#,Q) = —(& ©2)p ™I [d[ M| +2( - M) - LA d)] + O(p"),  (232)

as p — —+0, and it further leads to the asymptotic behavior in (2.16) when v = 1,3 = 0 and [, = 1.
The proof is completed. O

The asymptotic expansions of the far-field patterns corresponding to small rigid bodies was considered
in [9, 17], and for completeness and also the subsequent use, we include it in the following theorem.

Theorem 2.2. Consider an elastic scatterer D’ given in (2.14). Assume that p < 1 and
Ls = minjzj <<, dist(zj, 25) > 1. Moreover, we assume that D, j = 1,2,...,l;, are all
traction-free cavities. Then we have

ls
v P % 7 —ikp®-z; ikpz-d ikezi-d
(- DP)Y = —— T2 (O P o 2]
Up (I7 ) 47T(A+2[L)(x®x) jzle ( pJOZe + 7‘756 )]
+0 (p*l,(1+ L)),
ls
ug(z; D) = 4L(| —IT®IT) [Z e stz (Cypj o etkrzicd C,,0 eikszjd)]
Th 4
7=1

+O (p*1,(1+ L)),

where C,, ;, C i € C? are constant vectors independent of p, l;, Ly and z;.
pigs Vs, P j

Finally, for our subsequent study on the inverse scattering problem, we shall also need some results on
the scattering from extended elastic bodies. Let > be a bounded simply-connected set that contains the
origin. Denote by Z := Z(0, ,v) € SO(3) the 3D rotation matrix around the origin whose Euler
angles are 0 € [0, 2], ¢ € [0,27] and ¢ € [0, 7|; and define Z%. := {Zx : x € X}. We introduce
o = {3, I'eN (2.33)

=D

where each X; C R3 is a bounded simply-connected C? domain containing the origin. .7 is called a
base scatterer class, and each base scatterer Ej, 1 < j <l’, could be either rigid or traction-free. Next,
we introduce the multiple extended scatterers for our study via the base class .« in (2.33). Let [, € N
andforj =1,2,--- [, setr; € R, such that

;€ [Ro,Rl], 0<R0<R1<+OO, RONO(l),

and moreover, let (6;, ¢;,1;) € [0,27]*> x [0,7], j = 1,2...,1., be . Euler angles. For z; € R?, we
let

le
D= U Dj, Dj = Zj +%j Arj Ej, Ej S ﬂ, ‘%j = %(0j7¢j7¢j)- (2.34)

j=1

11



The physical property of D is inherited from that of the base scatterer I/;; namely, if £} is traction-free
(resp. rigid), then D; is also traction-free (resp. rigid). For technical purpose, we impose the following
sparsity assumption on the extended scatterer I introduced in (2.34),

L= min dist(D;j, D) > 1. (2.35)

J#3"1<5,5'<le

Theorem 2.3. Consider an elastic scatterer D given in (2.34). Assume that the sparsity condition (2.35)
is satisfied. If « = 1 and 3 = 0, then

&~

u(2; D, d,d,w) = Z k(2T R0 (%LA %Ld %’]L, w)+O(L;Y, T=p,s (2.36)

where

iky(d—2)-

r(z) =e Wfr=p; RO =, (2.37)

Ifao = 0 and 3 = 1, then one has a similar expansion as that in (2.36) but with
K(zj) = @t RoD2i jf 7 — po e ldTD5 i — (2.38)

Proof. We only consider the first case with « = 1 and = 0, and the second case with « = 0 and
3 = 1 can be proved in a similar manner. If ; is a rigid elastic body, the following identities were proved
in[17]:

uX (25 2; + E;) = k(zj)uX(2; E;) where k(z;) is given in (2.37), (2.39)

and
R (35 By, d, dF) = u (R, RE;, Bd, Bd*), (2.40)

and
uX (25 A, By, w) = rjul (2 By, rjw). (2.41)

By following a completely similar argument, one can show that the above identities also hold when E; is a
traction-free cavity. Finally, by using Lemma 2.1, and (2.39)—(2.41), one can show (2.37), which completes
the proof. O

3 Locating multiple multiscale elastic scatterers

In this section, we consider the inverse scattering problem of recovering multiple elastic scatterers. We
first consider the locating of multiple small scatterers introduced in (2.14), and then we consider the
locating of multiscale scatterers with both small components of those in (2.14) and extended components
of those described in (2.34). The key ingredients of the developed inverse scattering schemes are some
indicator functions, whose local maximum behaviors can be used to identify the multiple elastic bodies in
an effective and efficient manner.

12



3.1 Locating small scatterers

Let D? be a small elastic scatterer consisting of multiple components as introduced in (2.14). In order to
present the scheme of locating the multiple components of D”, we introduce the following three indicator
functions

he) = [ DT 33 S D). o n vr@ee ), @)

n=0 m=—n [=1

L) = [ D 3 Y00, 08 ) Ve )

n=0 m=—n [=1

]3(2) = H'LLOO I’ Dp H2 Z Z Z|fnml ) (3.3)

n=0 m=—n [=1

where
fama(2) = (u®(&; D), [(2@3)e ™ +(1—2®1) e ™Y, (2)e).

Here and in what follows, the notation <~, ) denotes the inner product in L? := L?(S*)? with respect
to the variable & € S?, defined as (u,v) := [, u( %) ds(z). Clearly, I,,, (m = 1,2,3) are all
nonnegative functions and they can be obtained, respectlvely, by using a single P-part far-field pattern
(m = 1), S-part far-field pattern (m = 2), or the full far-field pattern (m = 3). The functions introduced
above possess certain indicating behaviors, which lies in the essence of our inverse scattering schemes.
Before stating the theorem of the indicating behaviors for those functions, we introduce the following real
numbers

K [uge(; DY) |72 j |uge(@; D217 K [u(; D)3
P lue(@ D)2 T Jue(@s D)2 TP ue(d; D)2,
forl1 <j <lI,.

Theorem 3.1. Consider the elastic scatterer D* described in (2.14), and assume that D? is traction-free.
For Kgﬁb, m=1,2,3, defined in (2.3), we have

Ki =K +O(L +p), 1<j<l,m=123, (3.4)

where K7's are positive numbers independent of L, p and m. Moreover, there exists an open neighbor-
hood of z;, neigh(z;), such that

In(2) < K7+ O(L7  + p) forall z € neigh(z;), (3.5)
and I,,,(z) achieves its maximum value at z; in neigh(z;), i.e.,
In(z) = K9+ O(L;' + p). (3.6)

Proof. For notational convenience we write

1 n
ST S (Bl By — BRSO pachi e

n=0 m=—n
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where the constants C""” C * are those given in (2.16). Then, it is seen from Theorem 2.1 and the

ng’

orthogonality of Y™ that
lu? (@ Df)|[7: = p°A;+0O(p") as p— +0.

Under the sparsity assumption (2.15), by using the Riemann-Lebesgue lemma about oscillating integrals,
we can obtain

ls
luge (& D?)|I72 = > A; + O(p") + O(L; ).

j=1

Hence,
u®(z; DP)? ~ ~ . A

|| I;O(A j)||§2 :KJ+O(p+L;1>’ K] = l J ) (38)
||up (:E,DP)HLQ 2;2114'
This proves (3.4) for m = 1. The case of using the S-part far-field pattern (i.e., m = 2) can be treated
analogously.To treat the case m = 3, we shall use the orthogonality of ugo and u2°. Since (I — T ®
z,2 ® ) = 0, again applying Theorem 2.1 to D” and DJP yields

Ki =

ls
lu>(@ D)7 = 20°) A;+ 0O (p7) + O(LY),
j=1
lu (@ D)2 = 20°4;+ O (o).
Hence, (3.4) is proved with K defined as in (3.8).

To verify (3.5) and (3.6), without loss of generality we only consider the indicating behavior of I1(z) in
a small neighborhood of z; for some fixed 1 <5<l ie, z € neigh(zj). We assume further that
|z — zj| < p. Clearly, under the assumption (2.15),

wlzj —z| ~wLs>1, foral z € neigh(z;), j #3J.

By using the Riemann-Lebesgue lemma and Theorem 2.1, one can obtain

’ 1A 2
5~ e 27 0 )

I'=1
3 1 n
— 6 —ikpi-z; B Ym<A> Y'm’<A) —ikpi-z
= p e nmj ¥y (L), Y (T)€re
n=0 m=—-n

'=1

2

+ 0" + LY

3
< S Buwy e+ O(07 + L) 3.9)
r=1
= P6|Bn’,m’,j|2 + O(p7 + Ls_l)a
where the inequality (3.9) follows from the Cauchy-Schwarz inequality and B,/ ./ ; € C3 are given in

(3.7). Moreover, the strict inequality in (3.9) holds if z # z; and the equal sign holds only when z = z;.
Therefore, by the definitions of I;, A; and K7,

P Zn OZ '=—n/ |B” m,]|2+0(p +L )

=K'+ O(p+ L"),
P Ay O+ L)

]1(2)
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where the equality holds only when z = z;. This proves (3.5) and (3.6). The indicating behavior of /5 and
I3 can be verified in the same way.

O

Remark 3.1. The local maximum behavior of /,,(z) can be used to locate the scatterer components of
D?, namely 25,1 <7 < l5. Such indicating behavior is much evident if one considers the case that D”
has only one component, i.e., [, = 1. In the one-component case, one has that

Ki=1, L,z <1+0(p) forall m=1,2,3, z# 2z,
and
L.(z1)=1+0(p), m=1,2,3.

That is, 21 is a global maximizer for I,,,(z).

Remark 3.2. In Theorem 3.1, we only consider that D7 is a traction-free scatterer. If D” is a rigid scat-
terer, by using Theorem 2.2 and following a similar argument, one can show that Theorem 3.1 remains
valid. Moreover, by Theorem 2.2, it is easily seen that in the rigid case the terms with the index n = 1 in
I,,,(2) are high-order terms and hence can be eliminated. Eliminating the terms with the index n = 1 in
(3.1), (8.2) and (3.3) actually gives the indicator functions proposed in [17]. However, it is clear that the
indicator functions proposed in [17] work only for locating rigid bodies. The indicator functions proposed
in (3.1)—(3.3) works for locating both rigid and traction-free cavities. Furthermore, we can consider a even
more general case by assuming D, = D** U D?? with D7, 7 = 1, 2, both of the form (2.14). D' and
Dr2 | respectively, contain the rigid bodies and traction-free cavities. It is assumed that p; ~ pg < L
This means that both D' and D*? are small scatterers, and by Theorems 2.1 and 2.2, the scattering
strengths from the components of D' and D?? are comparable. Then it is straightforward to show that
Theorem 3.1 remains valid for the scatterer D, described above.

Based on Theorem 3.1, it is ready to formulate a reconstruction scheme of locating the multiple scatterers
of D” in (2.14) as follows.

Scheme | Locating small scatterers of D” in (2.14).

Step 1 For an unknown scatterer D? with multiple components in (2.14), collect the P-part (m =
1), S-part (m = 2) or the full far-field data (m = 3) by sending a single detecting plane
wave (1.1).

Step 2 Select a sampling region with a mesh 7}, containing D”.

Step 3 For each sampling point z € 7y, calculate I,,(z) (m = 1,2, 3) according to the mea-

surement data.

Step 4 Locate all the local maximizers of [m(z) on 7},, which represent locations of the scatterer
components of D?.
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3.2 Locating multiscale scatterers

Consider an elastic scatterer with multiscale components of the following form
D,,:=D"UD, (3.10)

where D?” givenin (2.14) and D given in (2.33)—(2.35) represent, respectively, the collections of small-size
and extended-size scatterers. For D,, introduced above, we assume that dist(D?, D) > 1. Next, we
consider the recovery of the multiple multiscale scatterer components of D,,,, under the a priori knowledge
that the base scatterer class .o in (2.33) is known in advance. In the present section, .o/ is also referred to
as an admissible class. If D,,, consists of only rigid bodies, the recovery was considered in [17]. By using
Scheme | developed for locating small scatterers, together with the help of Lemma 2.1 and Theorem 2.3,
and some slight necessary modifications, the inverse scattering scheme developed in [17] for locating
multiscale rigid bodies can be readily extended to the locating of the more general multiscale scatterers
contained in D,,,. In what follows, for completeness and self-containedness, we sketch the reconstruction
procedure.

First, for the admissible class .27 and a suff|C|entIy small e € R, we introduce an e-net o7, := {Z }l”

of &7, such that for any ¥ € &7, there exists D= o, satisfying dg (%, Z) < ¢, where dj; denotes the
Hausdorff distance. It is assumed that

(a) uio(:i:;ij) # u(1; ij/) forr =s,porf,andj # 5,1 < 4,7 <1,

b) ||u(z; ij)HLz > ||use(z; ij/)”lg fort=s,porf,andj < 5,1 <j,57 <"

Assumption (a) is the generic uniqueness for the inverse elastic scattering problem, whereas assumption
(b) can be achieved by reordering if necessary. Next, for simplicity, we only consider the case by making
use of the P-part far-field pattern. However, all the results presented below still hold when the S-part or full
far-field patterns are employed, if one replaces the locating functional by the corresponding functionals
developed in [17]. Let either o or 3 be taken to be zero in the detecting plane wave (1.1) and define

;
luge (5 55) 112

Ji(2) = (u3(@: D) —lkﬂ~zu;°(;e;z:j)>]2, CeRE @)

Since ij € .o/ is known in advance, Jj(z) is actually obtained by projecting the scattering measurement
data into a space generated by the scattering data from the admissible base scatterers. Then, one starts
with the indicator function .J; (z) to locate all the local maximum points on a sampling mesh 7~ containing

the target scatterer. We denote the obtained local maximum pomts by zl,z%, .. zlll, which represent

the approximate Iocatlons of scatterer components of the form zl +21, J=1,2,...,1;. With the located
scatterer components zl + Zl, one updates the P-part of the far-field pattern according to the following
formula,

I
u(2) = u (&5 D) — Z m(z{)uzo(ic; Y1),
=1

where £(z;) is given in (2.37)—(2.38). Using the updated far-field pattern as the measurement data,
one continues the locating procedure with the indicator function J>(z) and finds the corresponding lo-

cal maximum points on 7, say, z%, z%, .. 22 , which represent the approximate locations of scatterer
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components of the form z% + flg, j = 1,2,..., 1. By continuing the above procedure, one can find

zjl-, 2]2, o ,z;.j, j = 3,...,1", which represent the approximate locations of the scatterer components
of the form 27" + Y, m = 1,2,...,1;. It is emphasized that it may happen that [; = 0 for some

1 < j < 1”, which means that the scatterer components obtained from the base scatterer ij does not
appear in the target elastic scatterer D,,,.

In the above step, one finds Ué»”zl Uiﬁlzl {z;”} and from which one recovers the extended scatterer
components of D in (3.10) in an approximate manner. Next, one proceeds to the recovery of the small
scatterer components of D”. To that end, we let U (z}") denote an open neighborhood of 27" and V™ be
an h-net of U(z]") with b < 1. Each set

1 lj

UUEm revm, (3.12)

j=1m=1

is a called a local tuneup of Ué-"zl Uiﬁlzl {z}"} relative to Ué/;l Ufjl:l V™. For a local tuneup in (3.12), let

uS(#; DP) = u® (5 Dyy) — Z > (2 (%), (3.13)

where k(z;) is given in (2.37)—(2.38). Applying u,(Z; D”) as the measurement data to Scheme | de-
veloped at the end of Section 3.1, and then locate all the local maximum points of the corresponding
indicator function. By running through all the possible local tuneups and repeating the above procedure,
one can locate the clustered local maximum points, which represent the locations of the small scatterer
components of D? in (3.10).

4 Concluding remarks

In this paper, we consider the inverse scattering problem of reconstructing cavities and rigid bodies em-
bedded in an unbounded, homogeneous and isotropic elastic medium. The present study is conducted
in an extremely general and practical setting. There might be multiple components with the number un-
known in advance. Each scatterer components could be either rigid or traction-free, which is not required
to be known in advance. Moreover, there might be multiscale components (in terms of the detecting wave-
length) presented simultaneously. We develop several schemes that can recover the multiple multiscale
scatterers in an effective and efficient manner. The key ingredients of our methods are some indicator
functions, which are directly obtained by using a single P-part, or S-part, or full elastic far-field pattern.
The local maximum behaviors of the proposed indicator functions can be used to locate the multiple
multiscale scatterers. Rigorous mathematical justifications are presented. To that end, we derived sharp
asymptotic expansion of the far-field pattern corresponding to multiple small elastic scatterers. The proof
is based on the boundary-layer-potential technique. The results obtained are of significant mathematical
interests for their own sake, particularly for the regularized approximate cloaking of elastic waves, and we
shall explore this aspect in our future study. Clearly, the reconstruction methods developed in this paper
can be readily adapted into certain numerical recovery schemes, and we shall present such a numerical
study, together with some other interesting issues, in a forthcoming paper.
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