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ABSTRACT. The influence of small perturbations in the kernel and the right-hand side of
boundary integral equations, e.g. of Symm’s integral equation, discretized by collocation
or quadrature formula methods, is analyzed in Sobolev and Hdlder-Zygmund norms.

Introduction

In this paper we analyze the influence of small perturbations in the right-hand terms
and kernels of some boundary integral equations (BIE) and pseudodifferential equations
(PE), discretized by Galerkin, collocation, quadrature formulae or related methods. The
rounding errors cause perturbations of order, say 107'°%; the measurement and modelling
errors may cause much larger perturbations, say of order 0,1 — 1%. Both types of per-
turbations are hard to be controlled, therefore we assume to be given only their possible
magnitude. Of course, also controllable perturbations, caused e.g. by a data compression
in the stiffness matrix or by numerical integrations to complete a discretization, may be
taken into account.

An important feature of (elliptic) BIE and PE is that the underlying operators build
isomorphisms between appropriate pairs of spaces in Sobolev and Hélder scales. Effective
discretizations present similar isomorphisms uniformly with respect to the discretization
parameter — this is the essence of the stability property of a discretization method. An
establishment of the stability is not a purpose of this paper, we mainly consider methods
with already known stability properties. In different norms, the influence of perturbations
of data is of different magnitude. Considered as equations in L?, BIE of the first kind and
PE of a negative order are ill-posed. Our estimates give an insight how the discretization
parameter should be chosen to obtain a regularization effect; no special regularization of
the problem is needed. This phenomenon is sometimes called the self-regularization of
an ill-posed problem through its discretization.

In some abstract settings, the self-regularization of ill-posed problems through projec-
tion methods has been analyzed by Natterer [8], and Vainikko and Hamarik [13]. In [8]
only the right-hand term of the equation was perturbed; in [13] only a pair of spaces (and
not scales) was used. It is reasonable to present newly and independently an error anal-
ysis in an abstract setting with consequences to the self-regularization. This is done in
Section 1. The corresponding results and arguments are elementary. Our main results
concern applications to concrete discretization methods (Sections 2-4). A key to these
results is a sufficiently sharp analysis of operator perturbations in different norms cor-
responding to realistic models of data errors. Here we restrict ourselves to the case of
Symm’s integral equation postponing more general BIE and PE to other papers. We refer
to papers of G.C. Hsiao and other authors (see e.g. [2, 4, 5, 1, 3]) where the influence
of perturbations in the right-hand term is estimated. We analyze also the influence of
perturbations in the parametrization z = y(¢) of the boundary curve.



1. ERROR BOUNDS: AN ABSTRACT CONSIDERATION

Let E* and F*, X < A < 00, be Banach spaces with the properties
EYN Cc B*, |v|lgs < cllv]lgy for X <A< /\} <oo,veEEY,
F¥ CF* |igll;r < dlgllpn for X <A< N <00, ge FY.
We consider the problem
Au=f (1.1)

where A € L(E?, F?) is an isomorphism for all A > Ao, and f € F* with some p > Ao.
Let

E.c () E*,F.c ) F*, neN,
A>Ao A>A¢

be some finite dimensional subspaces where dim E, = dimF,. We approximaté the
problem (1.1) by the finite dimensional problems

Anty, = fr (1.2)

where f, € F, and A, € L(E,, F,) are approximations to f and A corresponding to a
discretization of problem (1.1). We assume that the stability condition

HUHHEAO < COHAW-'UnHFAO yUn € En: n 2 ng . . (13)

holds. Under suitable approximation conditions to f, and A, this allows to establish an
- error estimate '

[t = ullg20 < en®H{lul|ze 2 no (1.4)
or something else of this type, e.g.
([t — u|| 30 < en™#logn||u||gs, n > no

in some cases. For instance, usually there are operators P, : £ — E, and @, : F — F,
(not necessarily linear) such that

l]’l) _'Pn.'UHE’\ S c"'Z'A--“H'Ull.E/'"; A0 S A < M, nE ]N: v E E“) (15)

|AnPov — @nAv||lpa < e #lullgs, o <A< p, neN, v e E*,
an_an“FA < Cn)\_p”fllF“a Ao <A <p,neN,

and under those conditions (1.4) easily follows from (1.3):

l|un — Pats|lgre < collAn(tn — Bot)]mo = co||(fn — Qnf) + (@ndu — AnPou)]| pa
< e (|Ifllpe + llullzs) < 'm0 fu|zx,
lun = ullge < lun = Paullgso + ||u = Pallpro < cn*™|lul 5w
But we are indifferent to this argument assuming in the sequel both (1.3) and (1.4).

Let us discuss the influence of noises in the data. The noises may be caused e.g.
by rounding errors preparing the problem to a discretization, measurement errors, and
modelling errors. As a result, instead of f, and A, we have at our disposal some fns5 € Fp,
and A,. € L(E,, F,) where the parameters § > 0 and ¢ > 0 characterize the level of



the noises in the data. A discretization procedure may magnificate these quantities. We
accept the following model:

| fas = fallrro < Onllfllpe, n €N
H(Ans An)vnHFAO < ’32llvnl|mo yUn € By neN,
I(Ane = An)unllpo < enllonllpe, v € Bn, n € IN.
Typically 6, < cn?s, €2 < en%e, e, < cne with d > 0, dy > d; > 0 but also more
complicated magnifications may occur, e.g., &, < cn?(log n)e or something else. Actually,
the establishment of inequalities of type (1.6) will be the main task analyzing the stability
of concrete discretization methods with respect to the noises.

Lemma 1.1. Let (1.3) and (1.6) hold. Then for n > ng satisfying
en<ac5’, g€ (0,1), (1.7)

the operator A, . is invertible, and for up.s = A;ﬁfn,,s and u, = A;'f, we have

(1.6)

Co
l—q

||un,=75 - unHE*o <

(enllunllEs + 6|l fllFs) -

Proof. It follows from (1.3) and (1.6) that, for n satisfying (1.7), the stability inequality
for A, holds true:

c
lonllzse < 72 lAnaoalless, on € B
Therefore
: c
e = nllgre < T llAneltings = )l
c .
= T s = ) + (An = AneJunlles
Co
< 72 (Glfllen + enlfnl ).

O

Theorem 1.1. Let A € E(EA,F’\) be an 1somorphism for \g < A < p and let f € F*
with some p > Ag. Let (1.3)~(1.6) hold. Finally, let the following inverse inequality hold:

[vallzr < e ||vallgr0 , Ao <AL p, va € Bnyn€ NN, (1.8)
Then for n > no satisfying (1.7) we have
it — iz < [ 4 72 + )] llullzn, Do <X < 1, (19)

where u = A f € E* is the solution of (1.1) and un.s = A, fsn 15 the solution of (1.2)
corresponding to the noisy data.

Proof. First we show that the estimate (1.4) can be extended to E* norms as follows:
|lun — ullgs < en* #|lullge, do <A< p. (1.10)
Indeed, due to (1.8), (1.5) and (1.4),

llun —ullpr < |lun — Paullps + [|u — Paullz»
< en?jun — Paul|gao + o | ful |z
< e (|lun — ullpro + [[u = Paullsr) + en’|Jul 2
< P H||ul|ge



Further, using Lemma 2.1 we find

s =l < Ihines = vl + i —
< et e g + €l
CoC _ -
< S (el + Bl fllee) + ¢l
Noticing that due to (1.10) |[un||ge < c||u||gx, we obtain (1.9). o

Remark 1.1. If in Theorem 1.1, instead of (1.4), we have
[un — ul|g20 < en*o*logn|lul|g., n > ng,
then, instead of (1.9), we obtain |

lmes = uller < ¢ [r*#logn + 72 (60 + 8,)] fullzm, do <A < .

Remark 1.2. If
€n < cn™7F 5, < ceptoTH (1.11)
then (1.9) yields

|['ZLn,=,6 - 'U:HEA S CTLA_“H’U,“E# . (112)

The error estimate (1.12) is of the same order as in the case of exact data (cf. (1.10)).
Note that conditions (1.11) are realistic only in the case of controllable perturbations of
the data, e.g., in the cases of data compression and/or numerical integration completing
a discretization.

Let us shortly discuss the case of (in general, non-controllable) perturbations of the
data with a simplest magnification model in (1.6):

6n < cn?, e, <cne, d>0. (1.13)
Then (1.9) takes the form
[tnes — ullza < ¢ (PP + 0?32 (e 1 6)) [lullgs, do <A< p.

The best results will be obtained for n such that n*~* and n®**~* (¢ + §) are of the same
order, i.e. n ~ (g + §)~/(F+4=20) resulting to

[tne,s — ul|zr < e + §)W N/ @2y |z Ao < A < . (1.14)
This estimate is of highest order for A = A:
[[tn,ed = wllgao < ofe + &)W EHE=20) |y g, (1.15)

Estimates (1.14) and (1.15) characterize the self-regularization of problem (1.1), if con-
sidered in an ill-posed setting, through its discretizations (1.2). Similar results can be
easily obtained for more complicated magnification models rather than (1.6), (1.13).



2. TRIGONOMETRIC COLLOCATION FOR SYMM’S INTEGRAL EQUATION.
ERROR BOUNDS IN SOBOLEV NORMS

Symm’s integral equation

frlog |z —ylv(y)dsy = g(z), z €T,

arises from solving the Dirichlet boundary value problem for the Laplace equation in a
region  C IR? with a Jordan curve I' = 8Q as the boundary. We assume that I is
C*°-smooth and we have a C*°-smooth 1-periodic parametrization ¢ — (t) : R — [ of
I' such that |y'(2)| # 0 for all ¢t € IR. The equation reduces to

[ 1o (e) — v(s)luts)ds = £(2), £ € 0,11, (2.1)

where u(t) = v(v(®)) ¥ ()], f(t) = g(7(¢)). It is known that (2.1) is uniquely solvable if
and only if the capacity of [' is different from 1. Introduce the standard representation

Au:=Agu+ Bu=f (2.2)
of (2.1) where |
(Aou)(t) = /01 log |sin7(t — s)|u(s)ds, (2.3)
| : o 1) = 7(s)] s
(Bu)(t) =/0 b(t, s)u(s)ds, b(t,s) = { 'g [sinm(t—s)|’ 7 s, (2.4)
logty'(®)/m),  t=s.

The operator Ay has the property

ez'mZvrt7 O#m€Z,

Age™™ = { ~ 2|m)| (2.5)

—log2, m=0.

The kernel b(¢, s) of the operator B is C*°~smooth and 1-biperiodic.

Let H* ) € R, denote the Sobolev space of 1-periodic functions (distributions) on the
real line with the norm
1/2
it

where 4(m) = [y u(s)e”™¥™ds, m € Z, are the Fourier coefficients of u(t) =
S mez 4(m)e™? ™. Due to (2.5), Ao € L(H*, H*?) is an isomorphism for all A € IR.
Since B € L(H*, H*?) is compact, the operator A = Ao+ B € L(H*, H*?) is also an
isomorphism for all A € R (we assume that cap ' # 1).

[lullx = (lﬂ(0)|2+ > Iml*

O#meZ

Introduce the n-dimensional space of trigonometric functions

To={on= % end™encCl, Za={mem:-Z<m< ]
meEZn 2 2



Let P, and @, denote the corresponding orthogonal and interpolation projections, re-
spectively:

Pn’U, — Z ,&(m)eim%rt c 7;’

meEZn
Qnu € T, (Quu)(in™!) = u(jn™"), 7=0,..,n—1
It is known that (see e.g. [9], [12])
n\A—#
la=Pualls < () Ilulla, A< g, we B, (2.6)
1
o= Qnulls < crxun® Mlfully, 0SASp, u€ HY, p> 5. (2.7)

2
Introduce the operator (cf. (2.4))

n—1
(Buw)(t) = n 3 b(t, j~ Ju(in™).
7=0
Approximate the equation (2.2) by the equation
Antn i= Aotin + QuBrtin = Qnf , un € Tn (2.8)
(fully discretized trigonometric collocation method). A possible matrix form of (2.8) is
(An + Bn)ﬂn = I—n

where u, = (un(3n71))755, £, = (f(4n™!))}5 are n—vectors, and A, = (ak;), Ba = (brs),
0<k,7 <n-—1,aren X n-matrices with entries

1 12mkn =1
Ak = Cg—j , Cr = n~! —log2 — 5 Z m_le’lz"'k" ) , lkl =roh (2°9)

. 0#I€EZn
bij = n~tb(kn™t, jn7t) .

We recall the convergence result (see [10]).

Theorem 2.1. Assume cap I’ # 1 and f € H*!, p> —3. Then there 1s some ng such
that the stability inequality

HU”-HA S C;\H(AO + Qan)'UnHA+1: Un € 7:;, n Z o
holds for all A € IR, and
|lun —ullx < Ck,unA_u||u||#7 -1<A<p
for the solutions u = A~ f € H* and u, = A;'Qnf € Tn of (2.2) and (2.8), respectively.
Thus conditions (1.3)-(1.5) with E* = H*, F* = H*?! X > Xy = —1, are fulfilled.

Clearly, also (1.8) holds true, and to apply Theorem 1.1, we only have to establish the
inequalities of type (1.6) corresponding to disturbations of f(t) and (t). Assume that

n—1 1/2
(n-l > Ifstin™) - f(jn‘l)lz) < 81 f s (2.10)

]7=(jn_1) - 'Y(jn_l)' <e, I7¢ls(jn_1) - 7’(jn_1)| <ne,7=0,..,n—1. (2'11)



Only the grid values of f or fs are used in the method (2.8), therefore we may assume

that fs = fns € Ta
Lemma 2.1. Under the conditions (2.10) we have

HfS_anHOS‘SHfHuHa . (2-12)
and under the condition (2.11) we obtain
||(Ane — An)vn|lo < c(logn)e|lvn|lo, vn € Tn, n € IV, (2.13)

where Ap . corresponds to the perturbed data (cf. (2.4), (2.8), (2.9)):

n-1
Ane=Ao+ QnBr., (Baev)(t) =n" > bo(t, 50 )u(in™?),
=0

be(t,s) = { log L)y

|sinm(¢ — s)
log((B)l/m),  t=s.
Proof. 1t is well known that

1 1/2 n—1 1/2
fonllo = (f o) =(n"2|vn<jn—1>|2) mE€Te (214

=0

Since f5 — Qnf € Ta, (2.12) is equivalent to (2.10). Let us prove (2.13). Due to (2.14) we
have

, . ne1 : 1/2 ) )
lwallo = ualls == (n"an(jn‘l)Iz) » [[Anvnllo = [|Anualls
7=0

HAn,: - A'n.)'vnHO - H(An.,e - An)ﬂn”* = ||(Bn,c - Bn)p_nH*
< 1Bre = Ballsllwalls = HBn,a — Ball«||vnllo

where ||B,||« is the usual spectral norm of the n x n-matrix. Thus,

||Bn,e — Brlle < max {mlf.x n~t Z |b,,(kn"1,jn_1) — b(kn"l,jn"l)] ,
J

max n”' Y |b(kn7t, jn7t) — b(kn“l,jn“l)l} .
7 k
It follows from (2.11) that

b(kn~t, jn~t) —b(kn~t, jn~Y)| < £
l (kn 7.7n ) ( T 7]n )1 — Clsinﬂ'(k—j)n"ll,

[be(jn ", jn ) —b(in )] < ene, 0<j<n—1,
and this results to ||Bn — Banlls < ¢(logn)e proving (2.13). O

OSk,Jﬁn—laki‘éL

As a consequence of (2.13) we obtain
H(An,e - An)vnHO S
1(Ane = AnJualle < en™ ) logn)e] v,

These are two last inequalities (1.6) in the present case. Now Theorem 1.1 yields the
following result. ’

ean(log n)el vl s,



Theorem 2.2. Assume the conditions of Theorem 2.1 and (2.10), (2.11). Then forn >
ng satisfying ,

can(legn)e < gfcy, g € (0,1),
equation (2.8) with perturbed data is uniquely solvable, and

tnes —ulla <c [nA““ + M 4 nA+1+ma"(°"“)(logn)a] ulla, -1 <A <p. (2.15)

In the case p > 0 (2.15) simplifies to the form
[tumes — ullx < ¢ [ + 2416 + 0 (logn)e] llullu, —1 < X < g
With n ~ (g + §)~/(#+1) this yields
6 — ullx < ¢ [§A+1) 4 gl N/t log (e + 6)|] [fully, 1 <A< p.  (216)

The problem (2.1) is ill-posed if considered in H° = L%(0,1). The inequality (2.16) with
A = 0 characterizes the (self) regularization properties of the discrete collocation method
(2.8).

3. ERROR BOUNDS IN HOLDER-ZYGMUND NORMS

Let H*, A € IR, be the scale of Hélder-Zygmund spaces of 1-periodic functions on IR
with the usual Holder-Zygmund norm (cf. [6, 7, 9]). Let us again consider the procedure
(2.8) for the numerical solution of Symm’s equa.tlon (2.1). The following stability and
error estimates are known (cf. [7]).

Theorem 3.1. Assume cap I' # 1 and f € H**1, u > —1. Then there is an ng such that
for n > ng the stability inequality

[vallar < cfl(Ao+ @nBr)vnllars , vn € Tn (3.1)

and the error estimate
[ltn = ullgs < exun®™*(log )| ful o , (3.2)
hold for —1 < A < u < oo where u = A™'f € H* and u, = A;'Qnf € Tn are the
solutions of (2.2) and (2.8), resp. o

Thus, the conditions (1.3)-(1.5) with E* = H}, FA=HM! A > Ao =-140,0 >0,
are fulfilled. Also the inverse inequality (1.8) holds in the forrn

“'vﬂ”’MA Smk_“llvnll'ﬂ“a Un€7;, )‘huelRJ PS’\ (33)
Now, let us consider disturbed data with the property

|[fs(in™") = F(3n7)] < 8l| fllauwss - (34)

where § > 0, 7 = 0,...,n — 1 and fs(jn~!) is a disturbation of f(jn~!). The goal now is
to verify the estimates (1.6)—(1.8) in the case of Holder-Zygmund norms. It is crucial for
that to have estimates in the C-norm.



Lemma 3.1. From the assumption (3.4) we obtain

1/2
("7’—1 <; |f5(in™") = f(jn"1)|2) < 8| fllagnr (3.5)

and o
|fs = @nflc < c(logn)d||fllamss (3.6)

where u > —1 and fs is the trigonometric interpolation polynomial of the data fs(Gn71).

Proof. We have
|fs = @nflc = |@n(fs — fllc

INA

c(logn) max . |f5(jnf1) = f(gn™")|

0<j<n—

< c(logm)3l| Il

Lemma 3.2. The assumptions (2.11) smply
| |(Ane — An)vlc < c(logn)elvle, v € C. (3.7)
Proof. We estimate
|(Ane = Anvlc = |Qn(Bae — Balvlo
< ¢(logn) max |(Bp,ev — Bpv)(kn™)|

c(logn) max ™| Y [bc(kn?l,jn_'l) - b(kn'_l,jn_l)] v(jn71)

1sksn ogjcn-t

be(kn", jn ") = b(kn ", jn 1) v]o

IN

c(logn) max n~t ;

< d(logn)ielvlc,
cf. the proof of Lemma 2.1. : O
Using the inverse inequality (3.3) for s > 0
|vn[0 < Cn,”'vn”?{" y Un €Tn
and the imbedding H* C C, s > 0, we obtain from Lemma 3.2 the estimate
|(Ane — An)vnle < c(logn)*n™===¢||u,|las , vn € T

for s € R. By applying the inverse inequality (3.3) to (An. — An)v, € Ty, this gives

|(Ane = An)vnllne < e(logn)2n? ™2 xO=3)g| |y, |lys, va € Tr, s € R (3.8)

where o > 0 may be taken arbitrarily small. This is the last inequality of (1.6) in the
present case with A\g = —1 + 0.

Now, let again u, be the solution of the discretized problem (2.8) and u,.s be the
solution of the perturbed problem. From the estimates (3.6), (3.7) and (3.8) we will
derive error estimates in Holder-Zygmund norms.

Theorem 3.2. Let the assumptions of Lemmas 3.1 and 3.2 be fulfilled. We obtain for
feHF andn >ng, —1 <A< p< oo,

[Ju = Unes|lur <c [n’\‘“(log n) 4+ n**(log ) + p H1Hmex0-k) (g n)ze} lullge . (3.9)



Proof. In analogy to the proof of Theorem 1.1 for A\g = —1+ o, o > 0, using (3.3) and
(3.8) and the Lemmas 3.1 and 3.2. o

Finally, let us describe the error estimate (3.9) in dependence of the noise levels § and
¢ where n is taken as a suitable function n(é, ).

Theorem 3.3. Let the assumptions of Lemmas 3.1 and 3.2 be fulfilled and p > 0. If we
take

n ~ (g 4 §)7H 1) | (3.10)
we obtain, forn > ng and f € H+,
= gl < el + 8) ¥4 log(e + ) ful s (3.11)

4. A QUADRATURE METHOD. ERROR BOUNDS IN SOBOLEV NORMS

Here we are concerned with the quadrature formula method considered by Saranen and
Schroderus [11] for an exactly given operator and an exactly given right-hand side. In
the special case of Symm’s equation we impose errors to the data and investigate their
influence on the approximated solution.

Let us approximate the solution of the equation (2.2) by the solution u, € 7, of
. Dou=Q.f : (4.1)

where

I

(D)) = Qn (%z K(t,gn)(u(n™) — u(t) + ,e(wu(t)) ,

K(t,s) = logly(t) —(s)]
Be) = [ K(t,mar,

<y is the considered parametrization of the C*-curve I, and @, is the operator of trigono-
metric interpolation. The vector u,, € C,

U = (un(jn”"))}%

is the solution of the equation

Do, = (f(kn )2k (+2)
where D, is the matrix with the entries di;, k,7 = 1, ...,m,
LK (kn, jnY), B |
i = { Bkn~t) = £ 3 K(kntvn~t), k=3, (43)

Let us recall the stability inequality and the convergence result from [11]:

Theorem 4.1. Assume cap I' # 1 and f € H**', u > —1/2. Then there is an ng such
that for n > ng the stability inequality

”'Un_”,\ S CA”Dn'UnHX-{-l y Un € 7:;, (44)
holds for A € IR and the error estimate
[un —ulls < Cawn® #llull, (4.5)

10



holds for —1 < X\ < p < XA+ 2, where u and un are the solutions of (2.2) and (4.1),
respectively.

The method (4.2) is not fully discrete. To obtain a fully discrete method we approximate
the integral (see (2.4))

B(t) = /01 log [y(t) — vy(s)|ds = /: b(t,s)ds + /01 log |sinm(t — s)|ds

1
= /b(t,s)ds+log2
0
by

Bult) =% S b(t,inY) + log2.

0<i<n-1
Then di . (see (4.3)) will be approximated by dy x, where

- _ 1 _
dep = Bulkn™') — -~ Y. logly(kn7h) —A(in™Y)]
0<i<n—-1
12k

1 : sy Ly (T
log2 — — 1 kE—Dn7Y + Zlog ————2,
g2~ ~ > og | sin ( T+ ~ log —

0<i<n-1
Ik

Thus,

= 1 ' 1 "(kn=t

deg=log2—= > log|sinmmn™|+ =log [y (kn )] . (4.6)

T 1<m<n-1 n ™
Lemma 4.1. For any r > 0 there is a constant ¢, such that
lsrllélsarzc_l ldk,k - dk,kl S c,n_ . (47)
Proof. Since b(t, s) is C*®-smooth and 1-biperiodic,
1

max |Ba(t) — A(1)] < max /0 |6(t,5) — @n,sb(t,8)|ds < ™",

and (4.7) follows immediately. O

Corollary 4.1. Theorem 4.1 remains valid for the fully discrete method (4.2) with

LK (knt, 0, k£ 4,
n

' (kn 1) (4.8)

s =
=7 k=3

1 , oy 1
log2—= > log|sinwmn |+;log

1<m<n—-1

In what follows we consider the fully discret method (4.2), (4.8). Let us turn to the
perturbed data. Then (2.10) again yields (2.12), and from (2.11) we get the following
L,-estimate for D, — Dn.

Lemma 4.2. For D,, corresponding to (4.8), the conditions (2.11) imply
|(Dne = Dn)vllo < c(logn)e||v]lo, v € T (4.9)
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Proof. In the same way as in Section 2 we obtain
|(Dne = Dn)vallo < |[Dn,e = Dalls][vallo

and

[Pre = Dull« £ max {m,gxz |di.; — el m]aXXk: |dz.; — dk,jl}

)

< max Y |di; — dis
J
because of the symmetry of the kernel K. We estimate

‘ 1 o R
Z!dz,j_dk,jl = ;ZIKG(kn—lﬂn 1)_K(kn 17.7” 1)'
J J#k

1 _ _
+ ~llogly(kn™)| —log |y (kn ") |

1 Z |K.(kn™t,jn™ ) — K(kn %, jn™1)| + ce.
J#k

IA

We hé,ve
[Ke(kn'l,jn'l) - K(kn‘l,jn‘l)]'
log [y(kn™*) — y(n1)| - log [7.(kn"") — 7.(jn~)|]

(k=) —y(n =) ) [e(kn) = % (n7)]
|sin 7(kn=t-— jn=1)| |sinm(kn=t — Jn=4)|

= llog
Therefore, in the same way as in Section 2 we obtain
LS K (kn jnt) — K(kn, oY) < o - -logn,
7#k
and the Lemma follows. U
From (4.9) we obtain the inequality
|(Dne = Dn)vallo < en™ =¥ (log n)e[vals - (4.10)

Theorem 4.2. Let the assumptions (2.10) and (2.11) be fulfilled and let f € H*',
p > —3. Then for n > ng we have

[|tnes — ullr < c [n’\"‘ + 1§ 4 prtimex0-k) (Jog ) . 5] 1w, (4.11)
for =1 <A< pu<A+2. In the case p > 0 (4.11) has the form
[tmes — ulls < ¢ [n27# 4 216 4 0+ (logn) - €] |[ul, - (412)

Proof: Apply Theorem 1.1 using (2.12), (4.10).

Theorem 4.3. Let the assumptions (2.10), (2.11) be fulfilled and let f € H**', u > 0.
If we choose

n~ (e+8)7m

we obtain forn > ng

12



[t = tneslla < cle +6) 5
where =1 <A <p <) +2.

[1og(e + &)1 [full
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