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ABSTRACT. Nearly all inf-sup stable mixed finite elements for the incompressible Stokes
equations relax the divergence constraint. The price to pay is that a priori estimates for the

velocity error become pressure-dependent, while divergence-free mixed finite elements deliver
pressure-independent estimates. A recently introduced new variational crime using
lowest-order Raviart-Thomas velocity reconstructions delivers a much more robust modified
Crouzeix-Raviart element, obeying an optimal pressure-independent discrete H' velocity
estimate. Refining this approach, a more sophisticated variational crime employing the
lowest-order BDM element is proposed, which also allows proving an optimal pressure-
independent L? velocity error. Numerical examples confirm the analysis and demonstrate the
improved robustness in the Navier-Stokes case.

1. INTRODUCTION

The success of classical mixed finite elements for the incompressible Navier-Stokes equa-
tions relies heavily on the relaxation of the divergence constraint, enabling the construction
of large classes of inf-sup stable finite element pairs for the approximation of velocity and
pressure [BF91]. Unfortunately, this relaxation is not for free. In the simplest case, the
incompressible Stokes equations

(1) —vAu+Vp=f V.-u=0,

the classical a priori error estimate for the velocity error [BF91, GR86] reads (for homogen-
eous Dirichlet boundary conditions)

. Cy .
(2) o —uplli,p < Cr_inf [lu—wp|1p+—= inf [|p—qnllo.
weXp, V qneQn
Divergence-free mixed finite element methods like the Scott-Vogelius finite element method
deliver the pressure-independent and therefore significantly more robust estimate [GRS6,

BLOS]

(3) [u—upll1n < Cs inf [[u—wplip.
WEX;_L

In many physical situations, where the pressure is comparably small w.r.t. the velocity or
approximable by low-order polynomials, the appearance of the pressure in the estimate (2)
is indeed negligible. In general situations, however, mixed methods suffer from so-called
poor mass conservation. The easiest example, where mixed methods reveal their lack of
robustness, is the no-flow example [DGT94, GLBB97, Lin08], where one prescribes f = V¢ as
the forcing in (1). For homogeneous Dirichlet boundary conditions, (u,p) = (0, ¢) uniquely
solves (1). Obviously, in this example the pressure p = ¢ is not small compared to the
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velocity u = 0. According to (3), divergence-free methods, deliver indeed a discrete velocity
u;, = 0, while mixed methods with a relaxed divergence constraint have a velocity error,
which can be arbitrarily large, only dependent on ¢, v and the applied mixed method. Since
the continuous velocity u = 0 lies in the approximation space of the discrete method, mixed
methods indeed suffer from a stability problem.

The traditional notion poor mass conservation is derived from conforming mixed methods
like the Taylor-Hood element, where it is accompanied by large divergence errors. This
numerical instability has been observed by several authors in the past. In [DGT94] the
no-flow example was investigated for the first time, seemingly. In [GLBB97] a numerical
Helmholtz decomposition of the forcing f in (1) was applied, in order to get around with
the irrotational part of f. The standard approach for stabilizing poor mass conservation
is the so-called grad-div stabilization [FH88, OR04, OLHL09], which penalizes divergence
errors in an L? sense. Unfortunately, it can be shown that even in the simplest case of the
incompressible Stokes equations with an optimal choice of the stabilization parameter, the
approach is not completely robust w.r.t. small kinematic viscosities v [JJRL14]. More in
the spirit of [GLBB97|, recently in [Lin14] a new approach has been proposed, in order to
avoid poor mass conservation completely. The approach is based on the observation that the
proper source of the numerical instability is a poor momentum balance, where irrotational
and divergence-free forces interact in a non-physical manner. Due to their L?-orthogonality,
divergence-free and irrotational forces are balanced separately in the continuous equations.
But due to the relaxation of the divergence constraint in mixed methods, this separation
fails in mixed methods, in general.

In [Lin14] it is shown how to reestablish L2-orthogonality between discretely divergence-
free and irrotational vector fields modifying the nonconforming Crouzeix-Raviart element
[CR73] by a variational crime. Here, a velocity reconstruction operator maps discretely
divergence-free test functions onto divergence-free lowest-order Raviart-Thomas functions
[RT77] in the right hand side of the incompressible Stokes equations. Replacing the test
functions by these reconstructions introduces an additional consistency error, but improves
the robustness of the Crouzeix-Raviart element, since one can prove the pressure-independent,
a priori discrete H' velocity error estimate (3) as done in [Lin14]. Unfortunately, in [Lin14]
the author did not succeed in proving also an optimal a priori L? error estimate for the
velocity, although numerical experiments show that such an estimate probably holds. The
proof of an optimal L? velocity error is non-trivial, since divergence-free lowest-order Raviart-
Thomas elements are piecewise constant, only, and the variational crime committed is similar
to the replacement of an exact integration by a numerical quadrature.

In this contribution, a more sophisticated velocity reconstruction operator is introduced,
which maps discretely divergence-free test functions onto divergence-free vector fields that are
not only elementwise constant but elementwise affine, using the lowest order BDM element
[BF91]. This allows an optimal pressure-independent a priori estimate for the velocity error
in L2.

The remaining parts of this paper are outlined as follows. Section 2 explains the continuous
setting and its discretization with and without reconstructions. Section 3 proves a priori
estimates for the energy error of the velocity and the L? error of the pressure. Section 4 proves
an optimal L? error estimate for the reconstructions with BDM functions and sufficiently
smooth exact solutions. Finally, Section 5 compares the modified Crouzeix-Raviart element
with BDM and RT velocity reconstructions with the classical Crouzeix-Raviart element in
four benchmark examples in order to verify the theoretical results.
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2. CONTINUOUS AND DISCRETE SETTING

This section explains the continuous and the discrete setting for the model problem under
consideration.

2.1. Continuous setting. Given the Sobolev spaces V = H}(Q)?¢, H(div,Q) and Q :=
L%(Q), the weak solution (u,p) € V x @ of the continuous steady incompressible Stokes and
Navier-Stokes problems satisfies the equations

A a(u,v) +vc(u,u,v) +b(v,p) = I(v),

@ b(u,q) =0 for all (v,q) eV x @

with the multilinear forms defined by

a:V xV >R, a(u,v) ::uLVu:Vvdz,
b:V x@Q —R, b(u,q):z—quV-uda:,
c:VxVxV:>R, c(a,u,v)::fg((a-V)u)-vdx,
[:V >R, l(v):sz-v.

Q

Within the set of weakly differentiable, divergence-free functions
(5) Voi={veV:V.v=0}

the saddle point problem (4) becomes an elliptic problem for the velocity alone, i.e., u € Vj
such that

(6) a(u,v) +ye(u,u,v) =I(v) for all v e V.

2.2. Notation. In the following, 7 denotes a regular triangulation of the domain 2 into
triangles for d = 2 or tetrahedra for d = 3. For any element 7" € 7, mid(7") denotes the
barycenter of T'. The set of all simplex faces, i.e., edges of triangles for d = 2 and faces of
tetrahedra for d = 3, is denoted by F. The subset F(€2) denotes the set of interior faces,
while F(02) denotes the set of boundary faces along 0€2. For any F' € F, mid(F') denotes the
barycenter of F' and ng abbreviates a face normal vector. The orientation of these normal
vectors for the interior faces F' € F(Q2) are arbitrary, but fixed. The normal vector np for
boundary faces F' € F(02) points outwards of the domain Q. For every simplex T € T,
F(T') denotes the set of faces of this simplex and ny denotes the outer normal of the simplex
T € T. The function space of P;(7) contains piecewise polynomials of order k with respect
to 7. For a piecewise Sobolev function v € H'(7)? and some face F € F(f2), the notion
[v - np] denotes the jump of the normal flux over F', while {{v - np}} denotes the average
value of the normal flux over F'. The space of Crouzeix-Raviart velocity trial functions is
given by

CR(T) := {vy e Pi(T)* :for all T € T, [v;](mid(F)) = 0 for all F € F(R)
& vi,(mid(F)) = 0 for all F € F(0Q)}.

The pressure trial function space reads

Q(T) = {Qh e Py(T) : JQ gndr = 0} .
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The space of Brezzi-Douglas-Marini finite element functions reads
BDM(T) := vie Py(T)%: [vy-np] =0 along all F e F}.
Furthermore, consider its subspace of lowest order Raviart-Thomas finite element functions

RT(T) := {vh € BDM(T) : VT e T 3ar € R%, by € R, vu|r(x) = ar + bTx}.

The space RT(7) contains exactly the subset of functions with constant normal fluxes v-np €
Py(F) on every face F' € F [BF91] and any Raviart-Thomas function is uniquely defined by
its face normal fluxes at the face barycenters.

Remark 1. A Crouzeiz-Raviart function v € CR(T) is, in general, discontinuous along
element faces F' € F except at the face barycenters. Therefore, CR(T) ¢ H(div,Q) and
CR(T) ¢ Vy. On the contrary, RT(T) < BDM(T) < H(div,), because the normal com-
ponents of any v € RT(T) or v.e BDM(T) are continuous.

The discrete setting employs the broken gradient Vj, : CR(T) — L?*(Q)9*¢ and the broken
divergence YV, - (+) : CR(T) — L?(Q) in the sense that

(thh)’T = V(Vh’T), (Vh : Vh)’T =V - (Vh‘T) forall TeT.
The discrete energy norm for the space CR(T) reads

(7) [vh]

1/2
1,h = <J Vthh . thhdz> = ||y1/2thh||0.
Q

2.3. Interpolation operators. The usual Crouzeix-Raviart interpolation operator 7w :

V — CR(T) is defined by
1
(OB v)(mid(F)) = j vds forall F'e F.
\F| Jr
The Raviart-Thomas interpolation operator 78T : V.U CR(T) — RT(T) is defined by
RT : 1
ng - (7 v)(mid(F)) = |F|f v-npds forall FeF.
F

Note that, due to continuity in the face barycenters, this is well-defined also for v e CR(T).
Moreover, it holds the identity 78T 7R v = 78T v for any v e V.
We introduce a BDM interpolation operator wBPM : v U CR(T) — BDM(T) defined such

that, for all p, € P1(F') on a face F' € F,

J (7BPM v . o ppds — §oi{v - np}}prds for all F e F(Q)
F §p(@™ V) -nppyds  for all F e F(09).

At the domain boundary 02 the BDM interpolation equals the RT interpolation to ensure
that wBPM v, . n for v, € CR(T) vanishes along the complete boundary 0. With this, the
boundary integral in the integration by parts formula,

f (7BPM v, \Vpde = f V- (wBPM v\ pde + J (wBPM ) - npds,
Q Q o2

disappears and enables L2-orthogonality of 73PM v;, on gradients of all functions p € H'(Q)

for any discretely divergence-free v, € CR(7). For any v € Vj, it immediately follows
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V- -7wBPMy — 0, V. 7R v = 0 and V), - #°® v = 0 by Gauss’ theorem. Furthermore, there
are the well-known stability and approximation properties

T Viip < Vilo orallvelV,

8 Ryvhn<|V for all v € V,

9) v — 7Ry < Chl|lv — 7Ry, forallveV,
(10) v — 7R v|l1h < Chlv]y forallveV n H*(Q),
(11) v — 7 v|lo < Ch|v|l1p forallve V U CR(T),
(12) v — 7PPMy|lg < Chv1n forall ve V U CR(T),
(13) |v — 7BPMy |l < OR2|v|y  for all v e H3(Q)?,

where the generic constants C' depend only on the shape of the simplices in the triangulation
T but not on their size [BF91, AD99, CGR12].

Remark 2. Note, that the proofs of the estimates (11) and (12) are extendable to func-
tions v .€ CR(T). For the proof of (12), let TIBPM denote the element-wise projector onto
BDM(T), and 7BPM as above. A triangle inequality shows

_ BDM [BPM [[BDM, _ BDM

v v]jor < |[[v— vioz + || vlor

and, since TIBPM preserves constants (even linear polynomials) and is bounded on H(T),
the first term is bounded by h||Vv|or. The second term is a vector-valued linear polynomial
on T. By a scaling argument we get

HHBDMV _ ﬂ,BDMvHO,T < Chl/QHV ) (HBDMV _ BDM Vloer

Since ‘1/- (IIBPMy, _ pBDM v)|F} = ‘1/- [7TL2(F)V]F/2| for each facet F < 0T with the Lo(F)-
orthogonal projector 7,y onto PY(F), we observe

[P0y — aBPM o 7 < O [V] o,or-

ForveV uCR(T) and the face patch wp := Urer peor s the last term is bounded by

IV Loy < CRY VRV l00e-

2.4. The finite element scheme with and without divergence-free reconstruction.
The discrete weak formulation of the model problem employs the multilinear forms

ap : CR(T) x CR(T) — R, ap(up,v) = VJ Viup : Vipvide,
Q
br : CR(T) xQ — R, by (un, qn) == — L anVh, - undz,
et CR(T) x CR(T) x CR(T) :—= R,  cp(an, un,vn) = J ((an - Vi) up) - vudz,
Q

lh : CR(T) - R, lh(Vh) = j f- Vhdl‘.
Q

Given one of the three interpolation operators above w4V ¢ {7CR 7RT 7BDM} the dis-
crete Navier-Stokes problem seeks (uy, pp) € CR(T) xQ(T) such that

(14)

ah(u}“ Vh) + ")/Ch(ﬂ'div div

Up, Up, Y Vi) + b (v, pp) = In(78Y v),
br(un,qn) =0 for all (vn,qn) € CR(T) xQ(T).
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The choice 71V = 7CR Jeads to the classical Crouzeix-Raviart nonconforming finite ele-
ment method in the spirit of [CR73], while 74V = #RT or 7V = £BDM constitute a vari-
ational crime that maps discretely divergence-free test functions to divergence-free functions
in H(div, ). The benefits of these divergence-free reconstructions are discussed below.

Remark 3. The use of 3 vy, in the trilinear form c;, in (14) is needed for stability reasons,
because also the nonlinear term (u- V)u may have a large irrotational part in the sense of
the Helmholtz decomposition [Lin09].

Like the continuous incompressible Stokes and Navier-Stokes equations, also the discret-
ization (14) can be formulated as an elliptic problem [Tem91, GR86] within the space of
discretely divergence-free functions

(15) Vo :={vh € CR(T) : b(vp,qn) = 0 for all g, € Q(T)}.

Then, uy € Vp 3, is uniquely defined by
(16) ap(up, vy) + ’ych(ﬂ'div up, up, T vp) = lh(ﬂ'di" vy,) for all vj, € Vj .
Remark 4. The pair CR(T) xQ(T) satisfies the discrete inf-sup condition

Vi - vpd
(17) 0<fie  inf S S0 @Vn - vade
an€Q(TI\0} v, eCR(T) \{0} Ivallieliallo

The inf-sup constant B for the Crouzeir-Raviart element is independent of the mesh and of
the reconstruction wdiv,

3. A PRrIORI ERROR ESTIMATES

This section presents a priori finite element error estimates for the modified Crouzeix-
Raviart discretization of the incompressible Stokes equations (14). The analysis is based on
the estimates of the consistency error in [AD99], which apply the Raviart-Thomas interpol-
ation to the best advantage and avoid the use of a trace inequality. However, some slight
changes due to the divergence-conforming reconstruction deliver fundamentally improved
results, since the scheme (14) allows for an error estimate of the discrete velocity that is
independent of the pressure.

Lemma 1. For 74V = 7RT op gdiv — 7BDM "4t holds

J Vv : Viw + Av - 7V wdz| < Chlv]e||w|1n  for allve VanH?*(Q)% we VUCR(T).
Q

RT BDM

Proof. The proof can be found in [Lin14] for 7% = 78T and is the same for 74V = 7 .
For the sake of completeness and convenience, it is repeated here in a shortened form.

Let TIRT denote the rowwise Raviart-Thomas interpolator and ITy the L? projection onto
Py(T)?. Since the normal fluxes (II"" Vv) - np are continuous for all F' € F and constant
on the boundary faces F' € F(02) and w is zero at least at the centers of any F' € F(092), it
holds

T Vv - nwds = 0.
TeT or

An elementwise integration by parts and the commutation property V- (HRT Vv) = I(Av),
show

J M Vv - Vw + o(Av) - wdz = 0.
Q
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This and elementary calculations reveal

f Vv Vew, + Av - 78w, dz
Q

= J (Viv —II*T V) : Vywy,dr + f (Av —TIp(AV)) - wdz + J Av - (ﬂ'div w — W> d.
Q Q Q

The first integral is estimated with a Cauchy-Schwarz inequality and the rowwise version
of (11), while the third integral is estimated by a Cauchy-Schwarz inequality and (11) (for
adv = 7R or (12) (for w4V = #BPM)" The second integral is estimated with the L2
orthogonality of Av — ITp(Av) and w — IIow w.r.t. Py(7)? by

J (Av —IIH(AvV)) - wdz =J (Av —IIH(AV)) - (w — Iyw)dz < ||Av||o|jw — IIgw||o.
Q Q

An elementwise Poincaré inequality concludes the proof. O
The estimate of the consistency error is a corollary to Lemma 1.

Lemma 2 (Consistency error estimate). Given the solution (u,p) € H?(Q)? x H'(Q) of the
continuous Stokes equations (4) and w3V = xRT or gdiv = £BDM 4y pol4s

1 , _ l div
—  sup [an(, wn) = (™ wh)| < Chluly
V wreVo+Vo,n HwhHl,h
holds.
Proof. For all 0 + wj, € Vo + Vo, (4) and Sw Vp : 78V wdz = 0 show
1 div 1 div
— lap(a, wp) — lp(m wh)‘ = vViu: Vywy — -7 wyde
Q
1 .
(18) = J vVt : Vawy + (vAu — Vp) - 78wy dz
Q
= f Viu: Vpwy + Au - wdlv wpdz| .
Q
Lemma 1 concludes the proof. O

Remark 5. Note that Lemma 2 does not hold for 74V = CR | since in (18) Vp and w°% wy,
for wy € Vo + Vo, are not orthogonal in the L? scalar product.

The estimate of the consistency error leads to the following a priori estimates.

Theorem 1. For the solution (u,p) € H*(Q)? x HY(Q) of the continuous Stokes equations

4) and the discrete solution (up,pp) of (14) with 74V = 7xRT op div — £BDM "y po1ds
(

i la—upll1,n < Chluly,
i lp = pullo < Ch(v|uly + |pl1)-

Proof of i). Formulation (16) and wy, := up — vy, for an arbitrary v, € V, yield

)
)
)
VHWhH1 h = = ap(Wh, W)
= ap(up — vp, wp)
= ap(up — vh, Wp) + ap(un, wp) — a(up, wp)
= ap(up — Vi, wh) + (7 wi) — ap(up, wh)

< VHU ap(up, wp) — lh(ﬂ'div wp)| -
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The triangle inequality for |[u—uy||; s = [[(u—vp)— W1, produces Strang’s second lemma
in the form

div

|an(w, wp,) — 1 (7 wy,)|

1,h

: 1
Hu_uhHLh < 2 inf Hu_vhHl,h‘i‘* sup
VhEVoyh WhEVO,h ||Wh

The first error term can be bounded with (10) by

inf |lu—vp|in<|u-— WCRuHLh < Chluls.
VhGVO,h

Note, that C is independent of the discrete inf-sup-constant 3 from (17), since 7R u e Vo.n-

The second error term is estimated with Lemma 2. O
Proof of ii). For the pressure estimate, the Pythagoras theorem shows

lp = pallg = llp — mopll5 + lImop — pall5.
Obviously, the first term is bounded by

lp — mopllo < Chpl; .

Due to the discrete inf-sup stability (17), we can estimate the second term by

mop — 1 ba(vh, mop —p — h)
mop — Paullo < sup
B v,eCR(T) [vrllin

The term in the numerator of this expression consists of the two parts
bn(Vh, T0p — Ph) = bn(Vh, Top — pn) + b (Vh, P — Ph).

The first term can be estimated by

|bn (Vi, mop — p)| <V |[villinllpn — Topllo < CRIply - Va1 4

For the second term, one computes

div

br(Vh, 0 — o) = bn(Vi, p) + an(un, vi) — (7 vy,)

= ah(uh - u,Vh) + f {I/th Vv — pVp vy —1f- wdlv Vh} dx

Q

=ap(up —u,vp) + J v {th : Vvp, + Au - 7@ vh} dz,

Q

since

fQ {—pvh vy —Vp- (ﬂ'div Vh>} dr = jQ {—pvh -vp +pV - (ﬂ'div Vh>} dz = 0.

Eventually, this results in the estimate
bu(v,p —pp) < Cvh|uly Va1

The combination of all estimates leads to

1 1
- <o{ﬁu|u|2+ (1+ﬁ> \ph}h. 0
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4. OPTIMAL L2-CONVERGENCE

For convex domains, the new discretization scheme (14) with 74V = «BPM allows an
additional optimal L? error estimate for the discrete velocity, see Theorem 2 below.

Lemma 3. Given a right-hand side g € L*>(Q)?, let u, € Vg denote the solution of
a(ug,v) = (g,v) forallveVp,

and let ugp, € Vo, denote the solution of

ap(ugp, vy) = (8, 7y, for all vy, € Voor
Then, for the solutions u from (4) and uy, from (14), it holds

lu-wlo< s {vlu=wallug - gl
geL2()4,[|gllo=1

+ |lap(u — up,uy) — (g, rdiv (u— uh)>‘
+ lap(u,ug —ugp) — (f,‘rrdiV (ug — ug7h)>’
+ (g, (u—uy) — v (u— uh)> ’

+ (f,ug —ﬂ'divug)‘ }

Proof. The proof is based on the duality argument

[u—unllo= sup (g, u—uy)/llgllo-
gelL?(Q)d

Elementary algebra yields
(g,u—uy) = ap(up,ugy) — ap(u,uy) + (g, u—uy) + (f, u, — 7l ug,h>
= —ap(u —up,ugp) —ap(u,uy —ugp)
+(g,u—uy) + (f, u, — wdlv ug,h)
=ap(u—up,uy —uyp)
—ap(u —up,uy) + (g, wdiv (u— uh))
div (u, — ug,h)>
+ (g, (u—uyp) — w1 (u - uh))

+ (f, u, — wdlv ug> .

—ap(u,uy —uyp) + <f, T

Triangle and Cauchy-Schwarz inequalities conclude the proof. O

Theorem 2. For a convex domain § the ezact solution (u,p) € H2(Q)? x HY(Q) of the
continuous Stokes equations (4) and the discrete solution (uy,py) of (14) for w4V = BDM
satisfy an optimal L? error estimate for the discrete velocity, i.e.,

|lu—uapllo < C h? lul, .

Proof. Since 2 is convex, classical regularity results for the incompressible Stokes equations
imply u, € H?(Q)? and the a priori estimate

(19) v ([ugly + [[Vugllo) < Cllgllo  for all g e L*(Q)".
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FIGURE 1. Initial mesh for the numerical examples

The rest of the proof uses this estimate to bound the five terms in the estimate of Lemma
3. For the first term, Theorem 1 and (19) show

vllu—upllipllug —ugplhp < v(Chluly) - (Chlugl,) < Ch? |ul, [lgllo.
The second term is estimated by the consistency error from Lemma 2, Theorem 1 and (19),
’ah(u —uy,ug) — (gJBDM (u— uh))‘ < vCh|ugly [u—upllyn < Ch? ul, llgllo-
Similar arguments yield

7BPM (uy — ug,h))‘ < vCh|ulyllug —ugp

‘ah(u, u; —ugp) — (f, 1h
< vCh? |ul, g,
< Ch? [ul, [Igllo-
Theorem 1 bounds the fourth term by
(g (u—wy) = 7P (u—wp))| < Chflu —wpl14llgllo < Ch? [ul, g]o-

For the last term, —vAu + Vp = f and (13) show

(., — 7P ,)| = |(—vAu,uy - TP ,)]| < ol — 75, g
< Ch2v|ula|uyls
< Ch?|ulz|gllo-
The sum of all previous estimates concludes the proof. O

5. NUMERICAL RESULTS

This section reports on some numerical results. All examples are computed on a series of
unstructured triangulations of the unit square. The initial mesh is depicted in Figure 1.

5.1. First Example. The first benchmark example concerns the Stokes problem for the
stream function ¢ = 2%(1 — 2)?y?(1 — y)? with u = roté € Pr ()2 V and p = 23 + ¢y — 1/2
on the unit square = (0, 1)2. For given viscosity v, the volume force equals f := —vAu+Vp.
Figure 2 displays the exact velocity u and the pressure p.

Tables 1-3 compare the results of the three methods under consideration for v = 1072
While the error in the pressure is only slightly smaller, the H! error in the velocity is more
than two magnitudes smaller for the methods with a divergence-free reconstruction. This is
exactly the influence of the 1/v|p[; contribution in the classical velocity error estimate (2).
However, in this example there seems to be no additional benefit when wBPM is employed
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FIGURE 2. Vector plot of u and contour plot of p from the benchmark prob-
lem of Section 5.1.

ndof | lu—ufo (@) | lu—unllo (@) | lu—unfo (=)

10176 1.462715e-02 5.738088e-05 6.475907e-05
40488 3.714616e-03 1.468924e-05 1.651350e-05
162152 9.311043e-04 3.655164e-06 4.117682¢-06
646376 2.346116e-04 9.201573e-07 1.036546e-06
2585272 5.889322e-05 2.299916e-07 2.589664e-07

TABLE 1. L%-error for the velocity in the benchmark problem of Section 5.1.

ndof | | (@) | u—wnfln (=) || (7=PM)

10176 1.333391 6.189144e-03 6.184352e-03

40488 6.688239¢-01 3.115982e-03 3.115428¢-03
162152 3.349285e-01 1.556097e-03 1.556023e-03
646376 1.682897¢-01 7.801799e-04 7.801701e-04
2585272 8.432380e-02 3.899851e-04 3.899841e-04

TABLE 2. Energy error for the velocity in the benchmark problem of Section 5.1.

BDM)

ndof | [lp —pullo (@) | lp—prllo (&™) [ llp —pallo (=

10176 1.293413e-02 1.270086e-02 1.270086e-02
40488 6.371610e-03 6.297825e-03 6.297825e-03
162152 3.174234e-03 3.147287e-03 3.147287e-03
646376 1.590767e-03 1.579164e-03 1.579164e-03
2585272 7.960010e-04 7.904408e-04 7.904408e-04

TABLE 3. L?-error for the pressure in the benchmark problem of Section 5.1.

instead of ¥

. Moreover, the convergence speed of the L?-error in the velocity is optimal
also for 7rRT.

5.2. Second Example. The second example concerns the Navier-Stokes problem with the
exact solution from the first example for v = 1072 and f := —vAu + Vp + (u- V)u
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FIGURE 3. Isolines for the first component of the discrete solution u of Sec-
tion 5.2 for 74V = 7CR (left), 7YY = 78T (middle) and 74V = 7#BPM (right).

Figure 3 displays the isolines {x € Q : ui(x) = £0.005n},—1 .4 of the first component
of the discrete velocity on the second refinement level. The pollutive effect of the pressure-
dependence of the velocity discretization in the unreconstructed method (w4 = 7R) is
clearly visible in the left subfigure. The visible oscillations must be related to the poor
momentum balance and not to dominant convection.

Tables 4-6 compare the results of the three methods. The observations appear similar to
the ones in the first example. The methods with a divergence-free reconstruction are clearly
superior to the original Crouzeix-Raviart discretization, but there is no additional gain from
the utilization of 7BPM instead of wRT also in this example.

ndof | lu—wnfo (@) | u—wnllo (@) | lu—unfo (=)

10176 1.461456e-02 5.627152e-05 6.379470e-05
40488 3.714998e-03 1.442375e-05 1.627764e-05
162152 9.313632e-04 3.588727e-06 4.059383e-06
646376 2.346806e-04 9.033673e-07 1.021663e-06
2585272 5.890854e-05 2.257938e-07 2.552337e-07

TABLE 4. L%-error for the velocity in the benchmark problem of Section 5.2.

ndof ‘ [[lu—up

ln @) [ o -l (@) [ Ju—wanllin (=

BDM)

10176 1.333839 6.188967e-03 6.184106e-03
40488 6.688321e-01 3.115955e-03 3.115408e-03
162152 3.349292e-01 1.556094e-03 1.556020e-03
646376 1.682898e-01 7.801796e-04 7.801695e-04
2585272 8.432380e-02 3.899850e-04 3.899841e-04

TABLE 5. Energy error for the velocity in the benchmark problem of Section 5.2.

ndof | [[p—pullo (@) | lp=pullo (=) | lp—pnllo (=

BDM)

10176 1.292384e-02 1.269931e-02 1.269931e-02
40488 6.370451e-03 6.297503e-03 6.297503e-03
162152 3.174027e-03 3.147346e-03 3.147346e-03
646376 1.591016e-03 1.579546e-03 1.579546e-03
2585272 7.968145e-04 7.913264e-04 7.913264e-04

TABLE 6. L?-error for the pressure in the benchmark problem of Section 5.2.
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ndof | lu—wnfo (@) | Jlu—wnlo (@) | Ju—unfo (=)

10176 0 1.149124e-04 1.428228e-05
40488 0 1.777836e-05 1.835523e-06
162152 0 2.240175e-06 2.202933e-07

TABLE 7. L?-error for the velocity in the benchmark problem of Section 5.3.

ndof | [lu—wnllin (@) [ lu—wilin (@) | u—unfin (752

10176 0 7.319293e-03 7.146433e-04
40488 0 1.904265e-03 1.433772e-04
162152 0 4.778662e-04 2.428478e-05

TABLE 8. Energy error for the velocity in the benchmark problem of Section 5.3.

ndof | lp—pullo (&%) | llp=pullo (=) | lp—pullo (=°M)

10176 0 6.968692e-03 1.426464e-03
40488 0 1.661379e-03 2.524422e-04
162152 0 4.130402e-04 4.430947e-05

TABLE 9. L?-error for the pressure in the benchmark problem of Section 5.3.

5.3. Third Example. The third example concerns the Navier-Stokes problem for the affine
exact solution u(z, y) = (24+3z+5y,13+17z—3y) andp=0forv = 1 and f = —Au+(u-V)u.

Tables 7-9 compare the results of the three methods. Note, that u € CR(7) n BDM(T)
but u ¢ RT(7). While u, = u for 73V = 7R the discrete solution cannot equal the
exact solution in case w4V = wRT However, the BDM interpolation 7wV = 7BPM

yields
less interpolation errors, which positively affects the overall performance. All errors for
wdv — 7BDPM are about one magnitude smaller than the errors for 79V = 7RT. The
remaining error for 74V = 7BPM gtems from the nonoptimal interpolation #BPMu = 78T u

on the edges F(09) along the boundary 02 of the domain.
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FI1GURE 4. Plot of u from the benchmark problem of Section 5.4 for s = 2.
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5.4. Fourth Example. The last example studies the influence of the regularity of the solu-
tion on the L2-error convergence rate and considers the Stokes problem for p = 0 and

u(z,y) = rot(z"log(z) + y* log(y))/5 € H*~H(Q)\H*(2)

from Figure 4 on Q = (0,1)? with right-hand side f = —Au and v = 1.

Figure 5 shows the convergence history of the L? error for s = 2 and s = 3 for all three
methods. The convergence speed clearly depends on the regularity of the solution and the
employed reconstruction operator. For s = 2 the reconstruction with w2PM leads to better
results and, more importantly, to a better convergence rate than the reconstruction with 72T,
For s = 3 the results show similar but milder differences between the two reconstructions.
As predicted by Theorem 2, the reconstruction with 7wBPM leads to an optimal L? error
convergence rate, while the Raviart-Thomas reconstruction 7R seems slightly suboptimal.
Tables 10-15 show the computed values for all norms and allow similar conclusions for the
other norms.

Since p = 0, the results of the unmodified Crouzeix-Raviart method for w4V = 7CR are
the best. The benefits of the reconstructions in case of nonzero pressure can be seen in
Examples 5.1 and 5.2 above.

s=2 5=3
10_2 T T T T T 1Ir] T T LA T T \g 10_2 T T T T 1Ir] T LA T \g
1073 g 1073 —o— O g
E RT E
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—4 _ —4 N
10 1074 i
1075 | |—e—7CR . 107 g
—e— RT B 1
107° 1 1076 |
7.l.BDM E E
10—7 [T T T TTTI Lol [ 10—7 Lo il Lol [
10% 10° 106 10% 10° 109
FIGURE 5. Convergence history of the L? error for the velocity in the bench-
mark problem of Section 5.4 for s = 2 (left) and s = 3 (right).
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ndof | lu—unfo (@) | Ju—unllo (=) | lu—unlo (=

BDI\/I)
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