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ABSTRACT. In this work we are considering the behavior of the limit shape of Young diagrams
associated to random permutations on the set {1, ., n} under a particular class of multiplica-
tive measures. Our method is based on generating functions and complex analysis (saddle point
method). We show that fluctuations near a point behave like a normal random variable and that
the joint fluctuations at different points of the limiting shape have an unexpected dependence
structure. We will also compare our approach with the so-called randomization of the cycle
counts of permutations and we will study the convergence of the limit shape to a continuous

stochastic process.
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1. INTRODUCTION

The aim of this paper is to study the limit shape of a random permutation under the generalised
Ewens measure with polynomial growing cycle weights and the fluctuations at each point of
the limit shape. The study of such objects has a long history, which started with the papers
of Temperley [24] and Vershik [25]. Later on Young diagrams have been approached under a
different direction, as in the independent works of [26] and [20], which first derived the limit
shape when the underpinned measure on partitions is the so-called Plancherel measure. We
will not handle this approach here, even though it presents remarkable connections with random

matrix theory and random polymers, among others (see for example [10]).

We first specify what we define as the limit shape of a permutation. We denote by &, the set
of permutations on 7 elements and write each permutation ¢ € &, as ¢ = 0y - - - 0y with
0; disjoint cycles of length /\j. Disjoint cycles commute and we thus can assume Ay > Ap >
.-+ > Ay. This assigns to each permutation ¢ € G, in a unique way a partition of 7 and this
partiton A = (A1, Ay, ..., Ay) is called the cycle type of 0. We will indicate that A is such
a partition with the notation A F 1. We define the size |A| := }_; A; (so obviously if A F n
then |A| = n). A features a nice geometric visualisation by its Young diagram Y. This is a
left- and bottom-justified diagram of ¢ rows with the j—th row consisting of /\]- squares, see

Figure It is clear that the area of Y is 11 if A = n. After introducing a coordinate system as

=1
A=1
A2 == 3
A =4
X
0
(a) The Young diagram (b) The shape function w, (-)

FIGURE 1. lllustration of the Young diagram and the shape of
o = (3578)(129)(4)(6) € Go

in Figure [1(b), we see that the upper boundary of a Young diagram Y, is a piecewise constant

and right continuous function w;, : R™ — INT with

(1.1) wn(x) = ]; IL{A]-Zx}
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with the convention that Cy := 0. The cycle type of a permutation becomes a random partition
if we endow the space &, with a probability measure IP,,. What we are then interested in
studying is the now random shape wn() as n — o090, and more specifically to determine its
limit shape. The limit shape with respect to a sequence of probability measures IP,, on G,, (and
sequences of positive real numbers A,, and B,, with A,, - B,, = n) is understood as a function
We : RT™ — IR™ such that for each €, > 0

(1.2) lim P,

n— -+00

=1

{U’ € &, : sup |A, 1w, (Byx) — weo(x)| < e}

x>0

The assumption A;, - B, = n ensures that the area under the rescaled Young diagram is 1.

One of the most frequent choices is A;, = B, = nl/2

, but we will see that it's useful to adjust
the choice of A,; and By, to the measures IP,,. Equation (1.2) can be viewed as a law of large
numbers for the process wy, (+). The next natural question is then whether fluctuations satisfy a

central limit theorem, namely whether

converges (after centering and normalization) in distribution to a Gaussian process on the space
of cadlag functions, for example. Of course the role of the probability distribution with which we

equip the set of partitions will be crucial to this end.

In this paper, we work with the following measure on S,;:

4
(1.3) Py [0] = s — I8

where (Aq,..., /) is the cycle type of o, (O),>1 is @ sequence of non-negative weights
and h,, is a normalization constant (h is defined to be 1). From time to time we will also use

9 := 0 introduced as convention.

This measure has recently appeared in mathematical physics for a model of the quantum gas in
statistical mechanics and has a possible connection with the Bose-Einstein condensation (see
e.g. [6] and [12]). Classical cases of this measure are the uniform measure (&, = 1) and
the Ewens measure (¢, = ). The uniform measure is well studied and has a long history
(see e.g. the first chapter of [3] for a detailed account with references). The Ewens measure
originally appeared in population genetics, see [14], but has also various practical applications
through its connection with Kingman’s coalescent process, see [18]. The measure in also
has some similarities to multiplicative measure for partitions, see for instance [8]. It is clear that
we have to make some assumptions on the sequence (19m)m21 to be able study the behaviour
as n — —o00. We use in this paper polynomial growing cycle weights 9, as considered in

the recent work Ercolani and Ueltschi [12] and of Maples, Nikeghbali and Zeindler [22]. More
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precisely, we use the weights
le

(1.4) O = ) + O (mﬁ>

with some &« > O and 0 < B < a/2. We would like to point out that the requirement 0 <
B < «/2 and the normalisation constant I'(« + 1) are not essential and it only simplifies the
notation and the computations. Our argumentation indeed works also for &,, ~ const - m".
Note that the limit shape and the fluctuations at points of the limit shape with the weights
have already been studied by Erlihson and Granovsky in [13] in the context of Gibbs distributions
on integer partitions. However, the approach in this paper is slightly different and allows to
simplify the computations and to get at the same time the behaviour of the cumulants and to
give some large deviation estimates for the fluctuations at the limit shape. We may mention two
popular methods in the literature to study the asymptotic behaviour of the function w;, (x) under
such assumptions. The first one is is complex analytic and uses the saddle-point method as
described in Section[4] This method was used in [12] and [22] and an introduction can be found
for instance in [15] Section VIII]. The second one is stochastic and based on randomisation and
was used in [8] and [13]. We present in Section [3] an argumentation similar to [8] and give at
the begin of Section [3]an idea how to deduce the behaviour for 7 — oo from the randomised
setting. It is typically expected that the ‘randomised’ w (x) has the same asymptotic behaviour
as the ‘unrandomized’ wy, (x). We will see here that this is not the case. More precisely, we show
that the ‘randomized’ and the ‘unrandomized’ w, (x) have different limit shapes and different

behaviours of the fluctuations around the limit shape.

Notation. We denote with R™ := R \ (—o0,0) and with IN* := IN'\\ {0}. With bold fonts
we will always indicate vectors and ( -, -) will be the Euclidean scalar product on R¢. M, (R)
is the set of £ x ¢ matrices with real coefficients. £ (X) stands for the law of a random variable

L. . T
X and thus — is the symbol representing convergence in distribution.

2. PRELIMINARIES

We introduce in this section the notation of the cycle counts and the notation of generating

functions.

2.1. Cycle counts. The notation A = (A1, Ay, ..., Ay) is very useful for the illustration of A
via its Young diagram, but in the computations it is better to work with the cycle counts Cj.

These are defined as
(2.1) Ck(O'):Ck ::#{j21;)tj:k}

fork > 1and A = (A1, Ap, ..., Ap) the cycle type of ¢ € &,,. We obviously have for k > 1

n
(2.2) Cy >0 and ) kCi=n.
k=1
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It is also clear that the cycle type of permutation (or a partition) is uniquely determined by the
vector (C1,Cy, ... ). The function w,(x) and the measure IP,, [ - ] in and can now
be written as

1 n

7o

(2.3) wn(x) = ) Cr and P, [0] = -
=1

k>x

Our aim is to study the behaviour of w,(x) as n — oo. It is thus natural to consider the

asymptotic behaviour of Cy. with respect to the measure IP;, [ - |.

Lemma 2.1 ([12], Corollary 2.3). Under the condition h,,_1/h, — 1 the random variables
Cy converge for each k € IN in distribution to a Poisson distributed random variable Y. with
E[Yy] = %. More generally for allb € IN the following limit in distribution holds:
lim (Cl, C2 ceey Cb) = (er Yz ey Yb)
n—-+o00
with Y}, independent Poisson random variables with mean E [Yy] = %.
One might expect at this point that w, (x) is close to }_/_. Y. Unfortunately we will see in

Section that the asymptotic behaviour of wn(x) is more complicate.

2.2. Generating functions. The (ordinary) generating function of a sequence (ﬂk)kzo of com-

plex numbers is defined as the formal power series

o
k
(2.4) g(z) =) az".
=0
As usual, we define the extraction symbol [z¥] ¢(z) := ay, that is, as the coefficient of z¥ in

the power series expansion (2.4) of ¢(z).

A generating function that plays an important role in this paper is

O

(2.5) go(t) =) —=t"
m
m>1
As mentioned in the introduction, we will use 9, = F(T—jl) +0 (mﬁ) We stress that gener-

ating functions of the type (1 — t)_’" fall also in this category, and for them we will recover the
limiting shape as previously done in [13]. We will see in particular this case in Section

The reason why generating functions are useful is that it is often possible to write down a gen-
erating function without knowing a,, explicitly. In this case one can try to use tools from analysis
to extract information about a;,, for large 7, from the generating function. It should be noted that
there are several variants in the definition of generating functions. However, we will use only the

ordinary generating function and thus call it ‘just’ generating function without risk of confusion.

The following well-known identity is a special case of the general Pdlya’s Enumeration Theorem

[23] 16, p. 17] and is the main tool in this paper to obtain generating functions.
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Lemma 2.2. Let (am)me]N be a sequence of complex numbers. We then have as formal power

series in t
DED O GRS WP s I ok Tl
neINn ey, j=1 nelN  Akbn ZA k=1 m

where z) = [1}_4 kCkCy!. If one series converges absolutely, so do the others.
We omit the proof of this lemma, but details can be found for instance in [21], p. 5].

2.3. Approximation of sums. We require for our argumentation the asymptotic behaviour of

the generating function g () as t tends to the radius of convergence, which is 1 in our case.

Lemma 2.3. Let (Un)nelN a sequence of postive numbers withv,, | 0 asn — +o0. We have
foralld € R\ {-1, -2, =3,...}

(2.6) Zk‘5 T(0+1)v, "1 4+ 2(—0) + O(vn).
() indicates the Riemann Zeta function.

This lemma can proven with Euler Maclaurin summation formula or with the Mellin transforma-
tion. The computations with Euler Maclaurin summation are straightforward and the details of
the proof with the Mellin transformation can be found for instance in [15, Chapter VI.8]. We thus
omit it.

Om ym

We require also the behaviour of partial sum Z,?’:x mt"asx —ooandast — 1. We have

Lemma 2.4 (Approximation of sums). Let vy, z, be given with z,, — 400 and z,0,, = ag +
an~P for B > 0,a9 > 0 andap,a; € IR. We then have forallé € R and allqg € IN

00 6+1 q k
6 p—kvn _ (2 T +k+1a) ( m _p —(g+1)B
L K= (2) (Z i ) IR (O

k=|zn] k=0

=Bz~ Lza))zie ™+ [ By~ Ly))(@ oyl dy,

withI'(a, x) := T2 g1-1o=54s the incomplete Gamma function and By(x) := x — 1 the
X 2

first Bernoulli polynomial.

Proof. The proof of this lemma is based on the Euler Maclaurin summation formula, see [2] or
[1, Theorem 3.1]. We use the here the following version: let f : R™ — IR have a continuous

derivative and suppose that f and f’ are integrable. Then

e ¥ 0= [ fwdi-Bile—ehf0)+ [ Bilx— [x])f (x) dx

k>|c] ¢
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We substitute f(x) := x%e~*, ¢ := z, and notice that f and all its derivatives tend to zero

exponentially fast as x — -+00. Now by the change of variables x := Z—gy

6+1
+0o0 z +oo _M -8B
/ e % x0dx = <—n> / e Ve " Vdy =
Zn a0 ag

5+1 / q k
(7 FO+k+1a) ([ a1 _g —(g+1)B
(2.8) = <%) (2 k! ( e ) +O<n >

k=0

where we have swapped integral and series expansion of the exponential by Fubini’s theorem.
U

Remark. One can obtain more error terms in the expansion in Lemma[2.4]by using more terms
in the Euler Maclaurin summation formula. We have stated in Appendix[A]a version of the Euler
Maclaurin summation formula with non-integer boundaries, which is more suitable for this than

the usual one.

3. RANDOMIZATION

We introduce in this section a probability measure IP; [] on UnZl S, where U denotes the
disjoint union, dependent on a parameter t > 0 with P; [ - |&,] = P, [-] and consider the

asymptotic behaviour of wy, (x) with respectto IP; [ -] as t — 1.

3.1. Grand canonical ensemble. Computations on G, can turn out to be difficult and many
formulas can not be used to study the behaviour as 1 — ©0. A possible solution to this problem
is to adopt to a suitable randomization. This has been successfully introduced by [16] and used
also by [8] as a tool to investigate combinatorial structures, and later applied in many contexts.
The main idea of randomization is to define a one-parameter family of probability measures
on UnZl G,, for which cycle counts turn out to be independent. Then one is able to study
their behavior more easily, and ultimately the parameter is tuned in such a way that randomized
functionals are distributed as in the non-randomized context. Let us see how to apply this in our

work. We define

(3.1) Go(t) = exp(go(t))
with ge(t) as in @.5). If Ge(t) is finite for some £ > 0, then for each 0 € S, let us define

the probability measure

1 tn n C
— 19"
G@(f) n!g k

(3.2) Py [o] :=

Lemmashows that IP; is indeed a probability measure on Unzl S,;. The induced distribu-

tion on cycle counts Cj can easily be determined.
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Lemma 3.1. UnderIP; [ - | the Cy’s are independent and Poisson distributed with
B i
k

Proof. From Pélya’s enumeration theorem (Lemma we obtain

E, |:e—SCk] = Y Y e G, o] Z Z = 19ke ) T8

E; [Cy] =

n>00e6, n>0 ce6y, j<n
7k
1 o 0; ( %
= ———ex t | ex e —1 —tk)
o p(]g] ) p((e-1)2
V4
= exp <(e_S —-1) —ktk) :
k
Analogously one proves the pairwise independence of cycle counts. Ul

Obviously the following conditioning relation holds:
I[)t['|6n] :H)n[']-

A proof of this fact is easy and can be found for instance in [17, Equation (1)]. We note that
wy(x) is Pt-a.s. finite, since E; [wy(x)] < 4o0. Now since the conditioning relation holds
for all t with Gg(t) < o0, one can try to look for ¢ satisfying “P, [-] ~ IP¢[-]”, which
heuristically means that we choose a parameter for which permutations on G, weigh as most

of the mass of the measure IP;. We have on &,
14 n
n—= Z )\] = Z ka.
j=1 k=1
A natural choice for t is thus the solution of

i ka] = i l9ktk.
k=1

k=1

(3.3) n =R,

which is guaranteed to exist if the series on the right-hand side is divergent at the radius of

convergence (we will see this holds true for our particular choice of weights). We write t = ¢~ »
, 9 — k*+0(kF) _
and use Lemma|2.3|in our case U = Tt to obtain

B4 n= ()" +0((0) FY) = v = (") T+ O((n7)F )

1
with n* := nT+«. We will fix this choice for the rest of the section.

3.2. Limit shape and mod-convergence. In order to derive our main results from the measure

IP; we will use a tool developed by [19], the mod-Poisson convergence.

Definition 3.2. A sequence of random variables (Z,),cN converges in the mod-Poisson

sense with parameters (i, )ncN if the following limit

lim exp(p,(1—e™))E [ei”Z”] = ®(u)

n—-+4oo
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exists for every u € IR, and the convergence is locally uniform. The limiting function ® is then

continuous and ®(0) = 1.

This type of converge gives stronger results than a central limit theorem, indeed it implies a CLT

(and other properties we will see below). Our goal will then be to prove the following

1
!

Proposition 3.3. Let x > 0 be arbitrary and x* := xn* with n* = nT+«. Furthermore,
lett = e~ " with v, as in (3.4). Then the random variables (wn( *))neN converge in the
mod-Poisson sense with parameters i, = (n*)*wk, (x) 4 o((n*)*/2), where

I'(a, x)
3.5 wh(x) i= ——%.
I'(a, x) is the upper incomplete Gamma function.
Proof. We have
(3.6) IE; [elsw”(x )] = [elS&:lx*J [] = exp <els — 1) Z i

j=lx'y ]

This is the characteristic function of Poisson distribution. We thus obviously have mod-Poisson
convergence with limiting function CID(t) = 1. It remains to compute the parameter 1,,. Applying
Lemma[2.3|for x = 0 and Lemma[2.4|for x > 0 together with (3:4) gives

= oGP
. I'a+1
ey Te+D

['(a,x)

=0

(3.7)

+0((n*)P).

Since B < a/2 by assumption, we deduce that A, := (n*)%wZ,(x) + o((n*)*/2). This

completes the proof. O

This yields a number of interesting consequences. In first place we can prove a CLT and detect

the limit shape accordingly.

Corollary 3.4 (CLT and limit shape for randomization). With the notation as above, we have as

n — oo with respect to IP;

KY (9% )T
@8) B (x) = LeC) T £ g, (o ()
(n*)2
Furthermore the limit shape of w, (x) is given by wk,(x) (with scaling A, = (n*)* and

B,, = n*, see (1.2)). In particular, we can choose 6 = 0 in (1.2).

Proof. The CLT follows immediately from [19], Prop. 2.4], but also can be deduced easily from
(3.6) by replacing s by s(n*)™%/2. It is also straightforward to show that w%, (x) is the limit
shape. For a given € > 0, we choose 0 = xg < x1 < --- < Xy such that W&, (xj41) —
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Weo(xj) < €/2for1 < j < £—1and wg(xy) < €/2. Itis now easy to see that for each
x € RT

(7)™ wn (x*) — weo (x)[ > € = Fjwith [(n") " “wn(x7) — weo(x5)| > €/2.

sup | (n*)*wy, (x*) — wi(x)| > ] < Z]Pt [ ) wy, (x ]) — wio(x))| > 6/2]

x>0

It now follows from (3.8) that each summand in (3.9) tends to 0 as 7 — o0. This completes the

proof. |

Another by-product of mod-Poisson convergence of a sequence (Zn)neN is that one can ap-
proximate Z,, with a Poisson random variable with parameter j,, see [19] Prop. 2.5]. However

in our situation this is trivial since wy, (x*) is already Poisson distributed.

As we are going to do in the next section, we are also interested in the behavior of increments

and their joint behaviour.

Proposition 3.5. Forallx, y € R,y > x, set

(o) ~T(wy)

wi(x,y) = wn(x) —waly) and wh(xy) = =

Then

W) — ()W) £ o
(1) E ok (3,) oy

1
asn — oo withx* = xna+1 and w;thy = ynatl,

(3.10) Wy (x,y) ==

Furthermore, Wy, (x) and Wy, (x,y) are asymptotically independent.

Remark. As we will see, the proof of independence relies on the independence of cycles coming

from Lemma[3.1] Therefore it is easy to generalize the above result to more than two points.

Proof. The proof of (3.10) almost the same as the proof of (3.8) and we thus omit it. Since

y -1 o0
wa(x,y) = Y Cr and wy(y) = Y Ck
k=x* k=y*

and all Cy, are independent, we have that Wy, (x) and W, (x, y) are independent for each n €
IN. Thus @}, (x) and Wy, (x, y) are also independent in the limit. O
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3.3. Functional CLT. The topic of this section is to prove a functional CLT for the profile w, (x)
of the Young diagram. Similar results were obtained in a different framework by [17, [11] on
the number of cycle counts not exceeding nm, and by [5] for Young diagrams confined in a
rectangular box. We show

Theorem 3.6. The process W% : RT™ — IR (see (3.8)) converges weakly with respect to IP;
asn — oo to a continuous process WY, : RT — R with W% (x) ~ N(0,0%(x)) and

independent increments.

The technique we will exploit is quite standardized (see [17]). We remark that, unlike in this
paper where the Ewens measure is considered, we do not obtain here a Brownian process, as
the variance of W, () — W (s) for r > s is more complicated than in the case of the Wiener

measure.

We know from Proposition [3.5]the finite dimensional marginals of the process. More specifically
we have for xy > xy_1 > - -+ > x1 > 0O that

@.11) (n*)7%/2 (wn(x}), wa(x)_q) —wn(x}), ..., we(x]) —wn(x3)) ~ N (0,2
where ¥ is a diagonal matrix with
¥ = we(x¢) and Z}j = wgo(xﬁfj#l,xg,]qrz) forj > 2.

Now all we need to show to complete the proof of Theorem (3.6|is the tightness of the process

wy,. In order to do so, we will proceed similarly to [17], namely we will show that

Lemma 3.7. We have for0 < x1 < x < xp < K with K arbitrary

012) e | (@ (x) — @ (x1) 2@ (x2) — @5 (x))?] = O ((x2—x1)?)

1

T, x] := xyn&T and x5 1= Xxpn

1
with x* 1= xna+

1
a+1

Lemmatogether with [7, Theorem 15.6] implies that the process W}, is tight. This and the
marginals in (3.11) prove Theorem (3.6

Proof of Lemmal3.4. We define

@.19) E* = By [(@(x*) — @ () A(@} () — @ (x")?]
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Centering with IE; [wy, ()] and the independence of the cycle counts leads us to
R T =S "
* nx K . * nx K
( (n") "t (k_z*m) ke
=X
Lem.2.4 (n*)ia /x* a—1,—t ) ( (n*)ia /XE x—1,—t )
~ - t dt | | =——— t dt
<F(0¢—|—1) o NCES
['(a, x1) —T(a, x)\ (T(a, x) —T(a, x2)
I'(a+1) I'(a+1)
~  O((x—x7)(x2—x)) :O<(x2—x1)2> .

Here we have used the fact that T'(«, -) is a Lipschitz function and the assumption that x1 <
x < xp < K. O

4. SADDLE POINT METHOD

The aim of this section is to study the asymptotic behaviour of w,, (x) with respect to IP;, [] as

n — oo and to compare the results with the results in Section

There are at least two approaches with which to tackle this problem: one is more probabilistic
and was employed by [13] in their paper. The second one was first developed in [22] from the
standard saddle point method.

The first method to study the asymptotic statistics of wy, (x) with respectto P, [-] asn — oois
the so called Khintchine method. We illustrate this method briefly with the normalisation constant
hy, (see (1.3)). The first step is to write down a Khintchine's type representation for the desired
quantity. For h,, this is given by

n
(4.1) hy =t "exp (Z %tk) P;

k=1

e :n]

k=1

with + > 0 and IP; [ - | as in Section [3| The second step is to choose the free parameter ¢ in
such a way that IP; [} _; kCy = n] gets large. Here one can choose ¢ to be the solution of

the equation Y7, &tk = n.

This argumentation is very close to the argumentation relying on complex analysis and gener-
ating functions. Indeed, it is easy to see that (4.7) is equivalent to

(4.2) h = "] [exp (g0 (t))]

with g@(t) as in (2.5). Furthermore, the choice of ¢ is (almost) the solution of the saddle point
equation £gq () = n. We have of course to justify (@-2) (or (@-1)). But this follows immediately
from the definition of /1,, and Lemma|2.2

We prefer at this point to work with the second approach. We begin by writing down the gener-

ating functions of the quantities we would like to study.
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Lemma4.1. We have forx > 0 ands € R

[t”] exp | go(t) + i%
k=|x

4.3)  E, [exp(—swy(x))] =

w|,_\

Remark. Although the expressions in Lemmas [4.7] and [4.2] hold in broader generality, starting
from Subsection we will calculate moment generating functions on the positive half-line,
namely we can assume all parameters s, ..., Sy etc to be non-negative, according to [9,
Theorem 2.2].

Proof. 1t follows from the definitions of IP,, [ - | and wy, (x) (see (2:3)) that

1 n n
(4.4) Iy [exp(—swa(x))] = = ) exp | —s )} G Hl?,f"
n: rc6, k=|x] k=1
1 [x]-1 C 00
S Ly T 6 T e
C0eS, k=1  m=|x]
Applying now Lemma[2.2] we obtain
o ek S By
(4.5) ) —hnlEy [exp(—swn(x))] =exp [ ) ?t +e* ). ?t
n=0 ' k=1 k=1x|
(4.6) =exp | go(t) + 1) Y ot
k=|x]
Equation (4-3) now follows by taking [¢"] on both sides. O

We are also interested in the joint behaviour at different points of the limit shape. The results
in Section (3| suggest that the increments of Wy (xj41) — wy(x;) are independent for x, >

Xp_q1 = -+ > x1 > 0. ltis thus natural to consider
(4.7) Wi (x) = (wa(x)), wp(x;_1) —wn(x}), ..., Wa(x]) — wa(x3)).
We obtain

Lemma 4.2. We have for x = (x1,...,Xy) € R withxy > x4 > --- > x1 > 0 and
S:(Sl,...,Sg)E]Re

(4.8)
1 Y4 Lx]+1 1] 19k L
By exp(~(sm(x))] = (1] [exp (ol + V(e -1) Y. %
" j=1 k= x;]

with the convention x4 1 := +o00. The proof of this lemma is almost the same as for Lemma

and we thus omit it.
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4.1. Log-n-admissibility. The approach with which we first addressed the study of the limit
shape is derived from the saddle point method for approximating integrals in the complex plane.
We want to introduce the definition of log-r-admissible function, generalizing the analogous
concept introduced in [22]. We stress that here, in comparison to the definition of log- (or equiv-
alently Hayman) admissibility used there, we consider a family of functions parametrized by n

for which log-admissibility holds simultaneously. The definition is therefore a natural extension.

Definition 4.3. Let (gn(t)), n with gn(t) = Yo it be given with radius of conver-
gence p > 0 and g, > 0. We say that (gn(t)),  is log-n-admissible if there exist
functions an, by : [0,0) — RT, R, : [0,0) x (—7/2,71/2) — R and a sequence

(On)nenN s t
Saddle-point: For each n there exists 1, € [0, p) with
(4.9) an(ry) =n

Approximation: For all |¢| < 6, we have the expansion

. 2
(4.10) gn(rne'?) = gu(rn) +igan(rn) — %b”(r”) + R (ru, @)

where Ry, (1, ¢) = 0(935,%).
Divergence: by (r,) — o0 andd, — 0 asn — .
Width of convergence: We have 62by, (1) — log by (1) — 400 asn — +oo.
Monotonicity: For all |¢| > &, we have

(4.11) Re (gn(rnei‘/’)> < Re (g(rneii‘sn)) .

The approximation condition allows us to compute the functions a and b exactly. We have
(4.12) an(r) =rg,(r),

(4.13) bu(r) = 1y, (r) +1gy(r)

Clearly a, and b;, are strictly increasing real analytic functions in [O,p). The error in the ap-

proximation can similarly be bounded, so that
Ra(r, @) = 90 (rgh(r) +3r2)/(r) + '} (1))

Having proved Lemma [4.1] we are now able to write down in a more explicit way generating
functions. What we are left with is trying to extract the coefficients of the expansion given therein.

This is the content of

Theorem 4.4. Let (8,(t)), . belog-n-admissible with associated functions ay,, b, and con-

stants ry,. Call
Gy = [t"]es" (1),

Then
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1 G, has the asymptotic expansion
1
V21T
2 Recall hy, defined in (1.3). For the class of functions with weights as in (1.4),

1 Tha
n = e (1+0(1))
a2
\/Zn(zx + 1)ni+

respectively as n — —+00.

(4.14) G, = (rn) by (rn) "V 2e870) (1 4 0(1)).

h

Remark. As it is explained in [15, Chapter VIII] it is possible to take into account more error

terms in the expansion of g;,.

Proof of Theorem[4.4. The proof is exactly the same as in [22, Prop. 2.2] and we thus give only
a quick sketch of it, referring the reader to this paper for more details. As in the well-known

saddle point method, we want to evaluate the integral

1 dz
ﬁ]{vexp (8n(2)) s
We choose as contour the circle ¢ = r,,¢'? with ¢ € [—m,7m].0On ¢ € [0y, dy] after

changing to polar coordinates we can expand the function ¢ as

On 2
[ exp (8u0r) +igann) — G +0(90,) —ing ) g

We now choose 7, such that a(r,,) = r,¢),(r,) = 1 in order to cancel the linear terms in 7.
This allows us to approximate the integral on the minor arc with a Gaussian. One shows that
away from the saddle point (so for |@| > &) the contribution is exponentially smaller than on

the minor arc and thus it can be neglected. Il

We would like to emphasize also that it will be not always possible to solve the saddle point

equation (4.9) exactly. However it is enough to find an r;, such that

(4.15) a(rp) —n=o ( b(rn))

holds.

4.2. Limit shape for polynomial weights. In this section we will derive the limit shape for
Young diagrams for the class of measures given by the weights. We will not go into all the
details to prove the log-71-admissibility for the most general case, but will try to give a precise
overview of the main steps nonetheless. One important remark we have to make is that our
parameter s will not be fixed, but will be scaled and hence dependent on 7. This comes from
the fact that for a fixed s becomes a fixed point equation whose solution cannot be given
constructively, but has only an implicit form. We were not able to use this information for our pur-

poses, and hence preferred to exploit a less general, but more explicit parameter to calculate
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asymptotics.

4.2.1. Limit shape. The main goal of this subsection is to prove that the weights (1.4) induce a
sequence of log-r-admissible functions of which we can recover the asymptotics of g, (rn) This

will give us the limit shape of the Young diagram according to Theorem More specifically

1

Theorem 4.5. For the scaling n* = nwi, x* = xn* and s* := s(n*)~%/2, define the
functions
['(a,x)
S . /
woo(x) 1—‘(“+1)/
) I(a+1, x)2 T'(a,x)

) = T DT 12) T Ta 1)
Then

@ () o= L0 W) £ vy (0,02 ().

n (1’1 * ) w/2
In particular w$, (x) is the desired limit shape.

Remark. We note that the limit shape matches the one obtained in [13, Thm. 4.8] and also the

one obtained in the present paper in the randomized case (cf. the definition of wgo(x) of Prop.

3.3).

Theorem 4.6. Define the cumulant generating function as

A(s) :=1logE, [esw”(")} =) qm%m!.

m>1
We then have form > 2
(4.16) gm = km(1+0(1)).
with
o () T+ x)\ 7"
K =l ]< T Tar
(6‘5*—1) T(a+k x) (Ta+1,x) .\
*.17) T Tt kzzo ! ( T(x+2) S)

We can also determine the behavior of the increments of the function wy, (- ). We will consider
first the more general case and then give the example of the two-increment case (refer to (4.7)
with £ = 2).
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Theorem 4.7. 1 Ford >2andx; > xp_1>--->x1 >0, let

Wi (x) = (@5 (x0), @y (x0-1) = @y (x¢), -, Ty (x1) — Wy (x2)).

Setxy;1 = +o0. Forl < j < i< { we have that

@5, (i, 27) 1= lim Cov (@ (x)) — @ (xj41), T (%) — T (x1:1))

n— 00
(Tla+1x) —T(a+1, x41)) (T(e+1, x7) —T(a+1, xj41))
I'(a+1)T(a+2) '

Remark. Let us comment briefly on Thm. What we obtained in this result is most unex-
pected: cycle counts are asymptotically independent under very mild assumptions (see
Lemma [2.7). The assumption of the lemma holds in our case as the growth of the parame-
ters ¥, is algebraic. The fact that the increments depend on disjoint sets of cycles would have
suggested the asymptotic independence of wy, (y*) from w,(x*) — w,(y*). We are aware
of the work of [4] handling this issue in the case of the Ewens sampling formula, in particular
showing that partial sums of cycle counts need not converge to processes with independent
increments. Our result extends this idea in the sense that it shows the explicit covariance ma-
trix for a whole category of generating functions. It would be interesting to provide a heuristic

explanation for this theorem.

4.2.2. Log-n-admissibility. In order to determine the limit shape we would like to prove the log-
n-admissibility of the function explicited in (4.3). To be more precise, what we have to prove
is

1
Lemma 4.8. Lets > 0, and recall n* = na+1, s* = s(n*)*/2. The function

00— 1+O(k'3 l)
golt) + (¢ ; T(a+1)

is log-n-admissible for all x > 0, with e (t) as in 2.5) and

(4.18) rpi=e o

with
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Proof of Lemmal4.8 Saddle-point and approximation: We start first with the case f =

0. By doing so one obtains that

a(ry) = Jio —k“ e kon 4 (e*S* -1) JFZO:O —klx e~ kon
= T(a+1) ey T+ 1)

= (Un)—zx—l +0(1)+ (e_s* — 1)1_‘(0;‘?;(1_;_3?)0;1)

*

(4.19) +(™* —1)0 (v,")

1 (1 + (a+ 1)s(n*)—“/2% +0 ((n*)‘”‘)>

o (gm0 () (Fazsy +0 ()

+0 (1404 (n")™/2)
(4.20) =n+0(n").

We also have that
+0o0 kzx+1

(4.21) b(ry) = O (Z

—kov *\ 42
——e ") ~ (a+1)(n")*+ 0O (n).
=i T(a+1) )
Therefore (@.15) holds true for all a. In the case where f§ is turned on, we obtain by

performing similar steps that
a(ry) =n+0 ((n*)/”l) :

Then is satisfied if
g+1 - a2 B < it
a+1 " 2(a+1) 2

which holds by assumption.

(4.22)

Divergence: By the above calculations we set §,, := (n*) ¢ with % < ¢ < "‘TJFZ This
position holds also in the case § > 0.

Monotonicity: In the region |@| = o0 (1) we wish to show that

(4.23) g (rnei(/’> = g(ry)(1+0(1)).

First remember that g, (rne™=%") = O ((n*)¥) by Lemmal2.3] Thus here we have:
1 if @ = 0 (vy,), then by a change of variable t ~~ (v, — i¢)t

y K koo

g T(a+1)
(vn —ip) ™" /+°° w1, —tq, _ Llax) .,
Tar) o & ¢ ¥ T o)

which is asymptotic to (1*)®. Considering the factor e =" — 1 we obtain that the

summand is negligible with respect to Re (g(rne™r)).
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2 If @ # o (vy), then

er—l )
3 -
~ry [(a+1)
(00 — ig) ™ / - ey, Tlax—ixgnt)
~ t* dt = n— “
F(a+1)  Jx—ixgn*+o(1) ‘ I'(a+1) (on = i9)

and afterwards use the fact that I'(a, x + iy) = O (y*~!) for |y| large. Hence
the RHS of (4.24) becomes

o ((n*)“*) (vn — i)™ =0 ((n*)wflfpfl)

As ¢ # 0 (vy), we obtain that O ((n*)*19~1) = O ((n*)*) 0 (1) which is
enough to show (4.23).

3 To conclude we consider the case |@| > C: the function g, (r,¢'?) is bounded
there by a constant uniform in n, and then by bounding g, (rnei‘f’) through its

modulus we have

(4.24) Re (gn(rne?) ) < Re (g(rae™) ) (140 () 772)).

In order to show Thms. [4.5] [4.6]and [4.7] we need to prove first an auxiliary proposition.

1
Proposition 4.9. For the scaling n* := na+1, x*

e —1) Y Kk

k> x|

:= xn* ands* := s(n*)~%/2 the equality

(4.25) = (—s(n*)"‘/zl"(oc,x) + %F(o&,x) - %sz> +0(1)

holds asymptotically as n — +00.

Proof. We apply Lemma[2.4] with
f(t) := t¥Lemton

1 _anl(a+1,x)
_ _ /2 ’
Zy = xn*, Oy = ﬁ (1 — S(n*) & W) and
sx T(a+1,x)
() T(w+2)

van = X —

The first term of the expansion is

(e7® —1) (n*)"T(a,x)

2

= —s(n*)*?T (a, x) + %F(zx,x) +0(1)
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because (5*)3(n*)* = 0 (1). If B > 0 instead we obtain
(e —1) (n")"I(a,x)
)
= —s(n*)*?T(a, x) + gl"(oc,x) +o(1)

To calculate the expansion up to a O (1) term it is sufficient to consider for k = 1

@ = o ()

I'(a+2)
B IFla+1,x) ,
F(oc+1,x)—r(a+2) s“+0(1)
This tells us that
e —1) Y ik
k> x* |

4.26 = *)a/2r )+SZF( )—F(er’x)22 +0 (1)
(4.26) = | —s(n") (o, x ST x Ws 0

As for the remainder, we can find an a priori bound on the Bernoulli polynomials independent of

nonx € [0,1]. Furthermore,

(e = 1)f([x"]) = O (s(n)=/2) (Lxn* )* e = O (s(n")"7"),

which is small compared to the magnitude of the leading coefficient in s. Moreover

~+0o0
(4.27) | B — ¥ ()
<c/ /(') |dx’ —c/ e (o, (x')* !
(4.28) o= 1)(x)*2)dx’.

With the same substitution x” := Z—gy we can interchange limit and integral by the dominated

convergence theorem to obtain

/2
~0 <<‘Z—Z) (1 —|—tx,a0)> .

Combining this with the first order expansion of (e~ — 1) we obtain

=0 (s(n)>/2) =50 (1).
O

Proof of Thms.[4.5 and[4.6. To determine the behavior of G,, we would like to use Lemma

By (4.3)

. +oo
] [exp [ golt) + (e —1) ¥ ek
k=]x* | k

By [exp(=s"wa(x"))] =

§|H
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We have shown that g () = ge(t) + (e~ — 1) T/ ., F#

fore Thm. [4.4]tells us how G, behaves, and we have more precisely to recover three terms. In

is log-n-admissible. There-

first place we collect the terms for the asymptotic of e8n(m): one is

Ila) o ()" a2 L@ +1,0)\ "
go(rn) ~ e+ =~ & <1 —s(n”) mm)
_ (n;)rx N Sl}(?“—:lé)x)

s2T(a+1, x)? .
et )T (a+1) O ()

: . Ko (kF1) oo .
given by Lemma|2.3| The other is Ekz Lx* ] wrn which we can approximate through
Prop. Secondly we obviously have

(n*)a/2sr(“'+'1/x)

~nlog(ra) = (n°)* - e

Thirdly the behavior of b(r,,) was determined in (.21). All in all

e3(rn)108(r) — exp ((n*)“ (1 + i) T s(uryer2 L)

[(a+1)
52 T(a+1,x)2 '(a,x)
2 (_ZF(oc + 1T (a +2) * T(a+ 1))
(4.29) +5%0 ((n*)—3“/2 (1+ (n*)“))) .

Theorem yields the behavior of /1, and the same theorem allows us to conclude plugging
in the expressions obtained in (4.27), and hy, of (2) therein. It is also clear that w$,
is the limit shape, in the same fashion the result followed in the proof of Corollary [3.4]

For cumulants what we have to do is considering the logarithm of the expansion
() "b(ry,) 1/ 2e8n(rn)—mlog(rn) \We claim that it suffices to consider simply the logarithm
of the expression (4.29). In fact,

—a—2
log(b(ra)) = log (O (W‘)‘“” (-resn) ))

= C1 lOg(Tl) + C2 Z Sk(n*)%a
k>0

a(2—k)
whilst each coefficient of s* in g, (r,,) — nlog(ry) is of order (n*)~ 2 (compare (@:29)).
This confirms that the main contribution stems from (4.29). [
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Proof of Thm.[4.Z. For multiple increments repeating the proof of Thm. tells us that for a
vector wy, (x*) as in (@.7) with length £ > 2 we can set

- *\—1 . (n*)—a/2
vy = (n") 1 Tat2) (seT(a+1, xp)

(-1
+ Z Sy—k (F(OC +1, x€,1,k) - F(IX +1, xgk)>>> .
k=1

We deduce from this that

oL n* )« n* w/2
golru) ~ Zc - oc) a F((ac)+2)

01
(Sér<“ +1,x0) + Y (sppa(T(a+1, xp 1) —T(a+1, xz—k))>
k=1

1
N TERCES)

(seT(a+1, xp)

2
01

+ Y (s (T(a+1, xpjq) —T(a+1, xﬁ—k)))
k=1

(4300  +o(1).

e x¥ -1
Since the coefficients of the form (e % — 1) Zk’:ﬁ %rﬁ do not give a contribution to co-
]

variances, the mixed terms will stem from the expansion of the square in (4.30). In particular we
see that the coefficient of s;s;, for 1<j<i<{is
(Clx+1, %) —T(a+1, x41)) (T +1, %) —T(a+1 x541))
2T (e +1)T(a +2) '

4

4.3. Functional CLT for w,(-). Asinthe randomized setting, a functional CLT can be obtained
here too. Unlike the previous case though we do not have the independence of cycle counts,
hence we will have to show the tightness of the fluctuations as in Sec. in two steps (cf. [17]).

The result we aim at is, precisely as before,

Theorem 4.10. The process WS : Rt — R (see Thm. converges weakly with respect
toP,, as 1 — oo to a continuous process WS, : RT — R with @S, (x) ~ N(0, (¢5,(x))?)

and whose increments are not independent. The covariance structure is given in Thm.

Proof. We will proceed as in the proof of Thm. Having shown already the behavior of the
increments in Thm. [4.7|what we have to tackle now is their tightness. The proof’s goal is again,
analogoulsy as Lemma [3.7} However the evaluation of the LHS of is more difficult this
time; one possible approach is present in [11] and is based on Pélya’s enumeration lemma and
the calculation of factorial moments of cycle counts. We prefer rather to follow again [17]. We

will proceed in two main steps.
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i) We define for 0 < t < 1 the measure IP; as in Section (3| By repeating the proof of [17,

Lemma 2.1] we see that

IP; [Z kCy =n] = t'h,e80 (1),

Mimicking Hansen'’s strategy one can also prove that for arbitrary functions ¥ : & — C,
where & .= U,,6,and ¥, : 6, - Cs.t. ¥, =¥(Cy, ..., C,, 0,0, ...)

(4.31) E; [¥]efe®) = Y "0, E [¥,] +¥(0,0,0,...).

n>1

iy As a formal power series identity (@.37) holds for |¢| < 1, thus we decide to set, for

X1, X2 as in the assumptions,

(kll kZ/ ) —
2 o 2
x* 9 B 2 9
=(n" ) (kl — ) (n Y (k] — —]r{1)>
i=xj+1 j=x*+1
. 2
x* x
1
_ — _ Yigg n= Yi (4 vy
— | n Z k; t ,72, : <t e )
i= x1+1 1—x1+1
* * 2
x2 19 ) xz 19 ) .
(n7 Y k- e T ) - (t] — e]U”>>
j=x*+1 J j=x*+1 ]

for v > 0 to be tuned appropriately later. We now calculate, using the independence of

cycle counts under the randomized measure and the fact that Varp, [C;] = E; [C;] =
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191' [
7t
X X o
E; [¥] =n~" 4 Yy i
i=x¥+1 ! i=x*+1 ]
1 J=X

i=x]+1 i=x]+1
x5 . 2
( )3 J(tf—ef”n))
j=x*+1 J
+..
) —4y Ziy —]t] Yi (tz_ —wn>
=x] j=x*+1 1—x1+1
x5 )
( ZZ ﬂ.](tj—e_j”")>
j=x*+1 ]

=GO, m)+ Gt n)+...+ G (¢ n).

9
Let us define g2(z) := Zﬁ-’:a 7.]27. From (4.37) we obtain

1 1
E (%] = [t (eg@@cg)(t, n)> o 1) (58®(f)Gg)(t, n)) .

We therefore obtain several terms and we will analyze them one by one.
0.1 hl—n[t”] (eg®(f)G8)(t, n)) One has

n_4ry n x* x5
W[ ](ffg@(t)gxfﬂ(t)gxiﬂ(t))

—4 ¥ x;
(4.32) — ”h 7[tn] (83®(f)+1°8(8x;+1(f))+log<gx*+1<t)))
n

We want to apply the saddle-point method to the sequence of functions g, (t) :=

* x5
go(t)+log (g"* (f)) +log (g : (t))
e a1t o to extract coefficients. Our first target is to

show the log-7-admissibility. We consider again the radius r;, := e~ " with v, :=
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(n*)~L. In this case as in (@.20)

¥k ko KoK ko
=K, GH D’ a1 Tl
11(1’;1) — Z e n 4 - —+ - =
— I(a+1) 8yey1(rn) 2
k= xj+H1IAH 8xr 41 (1’;1)
s LD YT e L
B a1 x1+ T(a+1 x*+1 T'(a+1
= (vn) +0 (1) + yr K1,k 5kl ko,
xi+1 T(a+1) Z:x *+1 F(oH—l)

) —a-2
(vn) ™" Cat1,x, 1, 1 (vn) ™" Cat1,x, 1,
1 1
vy Ca,x, X1 vy Ca,x, X

:n+oﬁg).

where Cy11,v,x;» Ca, x,x;» Cat1,x,x, @and Cq, x, x, are constants independent of

:n+

n. Very little changes also in the computions for b(r,,) which lead to b(r,) =
O ((n*)“+2), yielding the saddle point equation (4.5). As far as monotonic-
ity is concerned, heuristically one can prove it using the fact that the order of
log <g§;:+1(t)> is smaller that that of the leading term ge(f) (as one can al-
ready notice for example in the computations for a(r,,) and b(r,,) above). Since
calculations are straightforward we omit them. Then by Thm. [4.4]one has that (re-
call that 1, = [t"]eSe())

n—4r

%[tn]egn(t)

= |gx 1 (g () (140 (1)| =
< Cn 7 (o) ™ (T(a, x) = T, 31)) (22) ™ (T, x2) = T (s, ))|
< Cn¥1(0,) 2 (x = 1) (32— )

—0((x—x1)(xa—x)) =0 ((xz — x1)2>

provided that n =47 (n*)2* = O (1) iff y := ( 7y We highlight that in this case
n7 is precisely the variance of the process (cf. Thm. [4.5). Here we have also used
the fact that the incomplete Gamma function is continuous on a compact [0, K]
for some K large.

0.2 %[tﬂ] (eg(a(f)Gg)(t, n)) 2 < j < 9. We want to show that all these terms

are O ((x2 — x1)?) as well. We take for example Gg)(t, n) = ( —xit1 T

~
[~

; N2
(H — e /om)) (Z;CZ 41 ]’ t]) We define the auxiliary function hl(t) :=

9 )
Zﬁ-’:a 7-](t] — e~ J¥n). We wish to apply again the saddle point method. In fact

we decompose /1 as

* * X* 19 o
B (1) = gheaa () — 3 e o

xy+1 ]
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We now have

3 . 2 . . o9
Go'(t:m) = (851 (0) &4 () = 2830 (08 () | X e
x]+1
. 2
LA PR X
Y el g (b

_|_

X +1 J

©

It is clear then that in the first-order asymptotics G® (as well as all other terms
involving #/ — r{q) will not give any contribution, because Gg)(rn, n) = 0. We
ask then ourselves if admissibility holds true for each one of these terms, but this is
fairly easy because of the previous computations. Indeed we can start for example
with the middle one. We have already shown in (a) that

1 * x

—4 ¢ X

1] (0085 (0834 ()
T

%H 7/6’]”"> is a constant independent of

t. Both the other two summands are log-n-admissible with r,, = e~

is log-n-admissible and the term (
Un = o 1/

calculations can be performed in the same fashion as (a) and since they are direct

we skip them.

g

4.4. Large deviations estimates. We are able to prove large deviations estimates for w;, (-)

thanks to our method as well. In fact, knowing the behavior of the Laplace transform enables us

to compute the asymptotics of the Young diagram in the limit. More precisely, let 03, be the limit

variance as in Thm. Define the normalized moment generating function and its logarithm

as

(o) - ()08 )

On

M(s) = E [exp (
A(s) = log M(s).

The strategy we adopt was first exploited in [22, Theorem 4.1], and relies on the fact that

Proposition 4.11. There exist functions &(n) = O ((n*)%), o(n) = O ((n*)*/?) such that
foralls = O (c(n)) we obtain

It follows than that
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From this we derive

Proposition 4.12. Foralla = O (0y,) leté := O (&(n)o(n)~>). Then we have

p[Cea) = urta)

On

< 61 = (1 —e 21+ 5)) exp (—aZ/Z +0 (5+ea)> :
The error terms are absolute.

Proof. The proof can be performed analogously as [22], as we know that (4.29) holds. O
At this juncture we would like to apply our method to a simple but illustrative case.

4.5. An example: the case ¢o(t) = (1 —t) 1. We would like to begin by the easiest case,
in other words to derive the limit shape for one point. We remark that here all our computations
were performed using the function ¢g(t) = (1 — #) 1. This does not affect the computations
of the limit shape as it will “only” make a constant appear, which will be later simplified in all

calculations.

Proposition 4.13. Forallx € R™

nxV) — e * £, (o,e—x (1 - %e"‘(x + 1)2>>

nl/4

In particular, the limit shape is ws,(x) := e~ (cf. Thm.plugging inae =1).

We now pass to the joint behavior of (w;,(x1), ..., wy(xy)) which can be recovered from

Proposition 4.14. Let{ € NT. Forallxy, ..., x, € RY, setx} := x; n'/2; then we have

*\ 1/2 — X
(wn (xf) —n'/%e > -z N(0,3)
k=1,...,¢

/4

with ¥ € M,(R) defined through

(4.33) Tpp = —ge k(e M 4 2e My ek — 1)
' Tj= —ge M (eTVxa e Ny e i e 1), j #k
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APPENDIX A. EULER MACLAURIN FORMULA WITH NON INTEGER BOUNDARIES

We prove in this section a slight extension of Euler Maclaurin formula, which allows to deal also

with non-integer summation limits.
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Theorem A.1. Let f : R — R be a smooth function, By (x) be the Bernoulli polynomials and
c < dwithc,d € R. We then have forp € IN

AN T F0) = [ f0) - Bild — Ld)f @)~ Be~ [e) (O

lc] <k<d

o o Beead= L2 Buasfe = L))o

= k!
( 1)p+1
BRCESI

e [ Bt L ) ax

Proof. The proof of this theorem follows the same lines as the proof of the Euler-Maclaurin
summation formula with integer summation limits, see for instance [1, Theorem 3.1]. We give it
here though for completeness. Our proof considers only the case d ¢ Z. The argumentation for

d € Z is completely similar. One possible definition of the Bernoulli polynomials is by induction:

(A2) Bo(y) =1,
(A.3) Bi.(y) = kBx_1(y) and /0 1 Bi(y)dy = 1fork > 1.
In particular, we have By (y) =y — 5. We now have for m € Z
m+1

fdy = [ Boly—m)f(y)dy

= Buly I~ [ By mif () dy

1 m+1
= 3 Fm)+2f o+ 1) = [ By~ ly))f ()

since B1(0) = —3 and By (1) = 3. We obtain
LdJ

m—+1

m

0= [ s 2e) + 3D+ [ B s )y

k[c

Furthermore, we use

[} £ dy = 300D + Buld = LaDf@ - [ Bty = Lohr )
and get
5 0= [ 0 ax+ L(le)) - Bafa— lapys @+ [ By = Lor ) dy
€=Te! Lo 2
The argumentation for replacing |_CJ by c is similar. One gets

Y 0= [ fydx—Bie— Le)f(e) - Bild— LaDf@)

lc]<k<d

+ [ By~ Ly )f ) dy
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The theorem now follows by successive partial integration of fcd Bi(ly— ly])f'(y)dy. O
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