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Abstract. We extend the theory of boundary element collocation methods by
allowing reduced inter-element smoothness (or in other words, by allowing trial functions
that are splines with multiple knots). Our convergence analysis is based on a recurrence
relation for the Fourier coeflicients of the numerical solution, and so is restricted to
uniform grids on smooth, closed curves. Superconvergence is possible with special
choices of the collocation points. Numerical experiments with a model problem confirm
the convergence rates predicted by our theory.

1. Introduction

In this paper, we prove asymptotic error estimates for boundary element collocation
methods in which the trial functions are splines with multiple knots, i.e., splines having
less than the maximum possible smoothness. Such trial functions are often preferred
to splines with simple knots (i.e., to smoothest splines), because enforcing high inter-
element differentiability complicates the assembly of the stiffness matrix. We treat the
case of double knots in some detail, and confirm our analysis with numerical experiments
using continuous quadratic splines and Hermite cubic splines. Our results generalise
those obtained by Pré8dorf and Schmidt [15], Arnold and Wendland [1], Saranen [19]
and Schmidt [20] for splines with simple knots. There is also a connection with the
work of Szyska [22] on collocation methods for singular integral equations using splines
with multiple knots.

Consider a boundary integral equation over a smooth, closed curve in the plane.

Via a suitable parametric representation of the curve, we can recast this problem as a

1-periodic integral equation over the real line, or equlva.lently, as an 1ntegral equatlon
_over the addltlve group T = IR/Z, say

(1.1) Lu=f.

Technically, we shall assume that L is a scalar, elliptic pseudodifferential operator on T,
having order 8 € IR. It follows that

(1.2) L:H* - H*F

is a Fredholm operator for all s € IR, where H®* = H*(T) is the usual periodic Sobolev
space of order s. We further assume that L has index zero (as is the case if, for instance,
L is strongly elliptic) and that the homogeneous equation Lu = 0 has only the trivial
solution u = 0. Thus, the linear operator (1.2) has a bounded inverse.

Let », M and N be positive integers, and suppose that

1
(1.3) 1<M<r and h= —.
N
We define a knot sequence
(1.4) ty =nh fornM <k<(n+1)M,
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so that each integer multiple of A is a knot with multiplicity M. Observe that (n +
N)h = nh and tgeymy = tx + 1, so we can think of n as an element of the cyclic
group Zy = Z/NZ and of k as an element of Z sy, provided the knots are viewed as
points of T. Let
| syt = 5pM(T)

denote the space of 1-periodic splines of order r with knot sequence (tx)rez ,,n- In other
words, S;'" is the set of all 1-periodic piecewise polynomials of degree at most r — 1
with breakpoints nh for n € Zy, and

SZ’M =S"NCT M for1<M<r,

where C* = C*(T) is the space of 1-periodic, k times continuously differentiable func-
tions.

Since dim S;’M = MN, we select M parameters
(1.5) 0<a<e<--<ey<l,
and define M N collocation points,

(1.6) : Tn,j = (n+€)h forn€Zyandl<j< M.

Our numerical method is then as follows: find uj € S’;’M satisfying
(1.7) (Lup)(@n,;) = f(2n ;) forne€Zyandl1<j< M,

By expressing up, in terms of a basis for the trial space S;’M, one obtains a square linear
system of order M N.

Our aim is to study the convergence of uj, to u as b — 0 (holding r and M fixed). In
Section 2, after setting out some notation we state our main result as Theorem 2.2. The
stability of the method—and thus in particular the existence and uniqueness of up, for h
sufficiently small—is determined by the behaviour of a certain M x M matrix-valued
function

(1.8) D:T x [-},1] - CcM*M,

The function D depends on the order r of the splines, on the knot multiplicity M, on
the collocation parameters €3, ..., €pr, and on the principal symbol of L. If the inverse
matrix D(z,y) ! exists and is uniformly bounded (in some matrix norm) for (z,y) €
T x [-—%, %], then the collocation method (1.7) is stable, and uj, satisfles quasi-optimal
error estimates for a range of Sobolev norms. In Theorem 2.3, we give a criterion
for superconvergence, i.e., for faster convergence rates in lower-order Sobolev norms.
When M = 1, the function D is scalar-valued, and our results reduce to those of [15],

[1], [19] and [20].



The method of analysis in the papers Just cited relies on the fact that a 1-periodic
function f : T — C belongs to the space ST . of smoothest splines of order r if and only
if the Fourier coefficients of f satisfy the recurrence relation

(1.9) (I+Eh) f(k+IN) = (kh)" f(k) forleZ and —N/2 <k < N/2,

a result that goes back to Quade and Collatz [18]; see the historical remarks in the
introduction to Gautschi [7]. In Section 3, we generalise (1.9) by allowing any knot

multiplicity M with 1 < M < r. For instance, in the case of double knots it turns out
that f € .S'T2 if and only if

.

(20 —1+kh)f(k—N+2N)]  [1-20 2 (kh —1)"f(k — N)
(110) [ (20 + kR f(k + 2IN) ]‘[ -2l 1+2lH (kR f(k)

for I € ZZ and —N/2 < k < N/2. The recurrence relation for the general case is given

in Theorem 3.2, and shows that all Fourier coefficients of a spline f & S;’M can be
obtained from the M N consecutive coefficients

fk+pN) for —N/2<k < N/2 and —M/2 < p< M/2,

reflecting the fact that dim S;’M = MN.

The heart of the paper is Section 4, where the error estimates of Theorems 2.2 and
2.3 are proved for the special case when L is translation-invariant, or in other words,
when L has a convolution kernel and hence the principal symbol has constant coef-
ficients. The general case then follows by a standard localization argument (i.e., by
freezing coefficients). ‘

In Section 5, we investigate the stability and superconvergence criteria when the
splines have double knots (M = 2). To make the analysis tractable, we restrict our
attention to cases in which the principal symbol and the interpolation points possess
natural symmetries.

Finally, Section 6 presents the results of some numerical experiments that confirm
our theoretical analysis for a standard model problem: the first-kind integral equation
with logarithmic kernel (Symm’s equation).

2. Statement of the Main Result
We denote the complex Fourier coefficients of a 1-periodic distribution f: T — C by

o= [ o pie e

so that -
f(z) = Z F(m)e*™®  for ¢ € T.

m=—0



" Let J* denote the 1-periodic Bessel potential of order s € IR, i.e., let

(PAE) = 3 m) ) where (my= {1 ET 2D

m=—0c0

then the norm || - ||s in the Sobolev space H® = H*(T) is given by

o0
A1 =175 Ry = Y (m) 1 f(m)P.
m=-—co
Our assumptions on L, set out in the Introduction, mean that

(2.1) L=Lo+ L,

where Lo has a homogeneous symbol of order 3, and where the order of the pseudodif-
ferential operator L; is strictly less than 8. Thus,

[e o]

(Lou)(z) = Z (,ro(:z:,m)ﬂ(m)t.aiz’"nz forz € T,
where the symbol o satisfies

(2.2) oo(z,t) = tPao(z,€) forz € T,t>0and 0 # ¢ €R.

It follows that op has the form
(23)  oo(2,8) = ap(@)l¢ +a—(a)sign(©)lef forze Tand 0£¢ TR,
where the coefficients @y and a_ are functions in C°°(T). Changing oo(z,0) only
perturbs Ly by a smoothing operator, so we shall assume without loss of generality that
the splitting (2.1) has been chosen in such a way that

oo(z,0) =1 forzeT.

By hypothesis, L is elliptic, i.e., go(z,§) # 0 for [§| =1, so

a+(z) +a-(z) #0 and ay(z)—~a—(z)#0 foral ze T.

A well known consequence of ellipticity is that Ly : H* — H*? is a Fredholm operator
with index —x, where x is the winding number of the closed curve traced out by the
complex-valued function (a4 + a-)/(a+ —a-), i.e.,

L fup i)t
2w ay(z) — a_(z) z:=0.

K
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Since Ly : H° — H*® P is a compact operator, it follows that L : H® — HS B is
Fredholm with index —«, and by hypothesis this index is zero, i.e., we assume

k=0.

The remaining assumption that L : H* — H*~F has a trivial null space then guarantees
the existence of a bounded inverse L= : HS—# — Hs, Furthermore, via a canonical

factorization of oo one can explicitly construct a bounded inverse for the principal
part Lo : HS — H*~F, '

Next, we define the M x M matrices X"(y), V(y), £(z,y) and ®;(¢) with pg-entries

X3a(¥) = (P +y)"bpq,
Tpe(z,¥) = 0oz, p + Y)bpq,

and
1 &
(2.5) Bppq(€) = 7 Z ei2m(a—p+Mi)e;
j=1
In each case, the row index p and column index g range over
—M/2<p< M/2 and - M/2<q< M/2,
so for instance, when M = 2, ‘
xw)=[¢30 2] vw=[1 v
Y Ly
and

2(e,9) = [""(w’é’ Y go(g,y)] -

The matrix D(z,y) mentioned in the Introduction is defined by

(2.6) D(z,y) = ®o(e) + Z(2,y)X"(y)2(z,y)™" forz € Tand —3 <y < I,
where
@1 Z(ey) =3 &i(e)S (e, Ml +5)X (Ml + )V (ML +5)V(y)"

1#0

We remark that the product X7(y)Z(z,y)~! is continuous if 8 < r, even though
¥(z,y) ! is generally discontinuous at y = 0. Note that if the principal symbol has con-
stant coefficients, then we can write o¢(z, &) = 0o(€), E(z,y) = E(y), Z(z,y) = Z(y)
and D(z,y) = D(y).



Let us introduce the following terminology.

Definition 2.1 The collocation method (1.7) is stable if

|D(z,y) ™' | <C forzeTand -1 <y<

[y

Our main result can now be stated as follows.

Theorem 2.2 Consider the collocation method (1.7) applied to the pseudodifferential
equation (1.1). Assume

(2.8) B+M<w,

and let s and t be real numbers satisfying
(2.9) s<r—M+3, pB+3i<it s<t<r

If the method is stable and if u € H¢, then the collocation equations are uniquely solvable
for all b sufficiently small, and moreover

(2.10) lup —ulls < CR*°||u||: provided B < s.

The hypothesis s < r — M + % implies that S;’M C H*® (see Theorem 3.4), so the
error estimate (2.10) makes sense. Via the Sobolev imbedding,

H*2 c 0% for0<b<1,

we see that the assumption (2.8) ensures Luy is (Hélder) continuous, and likewise the
inequality 8 + % < t from (2.9) implies that the right hand side f is continuous if the
exact solution u € H®. Hence, the pointwise values in the collocation equations (1.7)
are well-defined. The assumption (2.8) also ensures that the sum in the definition (2.7)
of Z(z,y) is absolutely convergent; see (4.3). The remaining inequalities in (2.9) are
explained by the approximation properties of the trial space:

inf Jlu—v|s < Ch* *||u|ls fors<t<rands<r—M+ %;

vESZ’M

cf. Theorem 3.4 iv). The highest rate of convergence given by the error estimate (2.10)
occurs when s = 8 and ¢t = r, in which case we have

(2.11) lun ~ ullg < CR™Pulls,
provided, of course, that w € H". For M = 1, Saranen [19] showed that sometimes a
superconvergence effect occurs, allowing one to relax the restriction 8 < sin (2.10). We

show for a general M that the following holds.
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Theorem 2.3 Assume that the principal symbol (2.3) of L has constant coefficients a.
and a_, that (2.8) holds, that the real numbers s and t satisfy (2.9) and that

-é— <b<r-p.
If the collocation method is stable, if
(2.12) 00-entry of D(y)~*Z(y) = O(|y|*) as y = 0,

and if in the splitting (2.1),

(2.13) Ly 1is a pseudodifferential operator of order B — b,
then
(2.14) lur —ulls < CA*"°||lulltrp—s provided B—b< s <.

The highest rate of convergence given by (2.14) occurs when s =8 —band t = r,
in which case

(2.15) lur — ullg-s < CR"F** || s,

giving an improvement of O(h®) over (2.11) at the cost of some additional regularity
of u. ‘
3. Splines with Multiple Knots

Our first task in this section is to characterize the spline functions from S;’M in terms
of their Fourier coefficients. We begin with a simple observation.

Lemma 3.1 A I1-pertodic distridbution f belongs to S;’M if and only if there exist trigono-
metric polynomials ag for 0 < g < M —1, each with unit period, such that

M~-1
(3.1) m” f(m) = Z miag(mh) for allm € L.

g=0

Proof. Since the r-th derivative of a polynomial of degree r — 1 is identically zero, one
sees that if f € S;’M then

M-1
(3.2) Ff)(z) = Z Z cng8 D (z — nh),
=0 n€Zy

where § is the 1-periodic Dirac delta function, and the coeflicients c,4 are just the jumps
in the derivatives of f at the breakpoints:

tng = Y (nh4) — FrH D (nh-).
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Hence, the Fourier coefficients of f satisfy

M-1
(i27m)" f(m) = Z Z Cng(i2mm)Tei2mmnh
g=0 n€Zy
so (3.1) holds with a4(¢) = Zﬁ;ol cng(i2m)?~ e~ 278 Conversely, if (3.1) holds, then
£ has the form (3.2), and thus f € SZ’M. a

It is convenient to define an index set
Ar={keZ:-N/2<k<N/2},
and to let f' (I,k) denote the M-dimensional column vector with components
fo(lLE) = f(k +pN + MIN) for —M/2<p< M/2,1 € Z and k € Ap;

for instance, )
: f(k— N + 2IN)
Lk)= A
£ k) [ f(k+2IN)
Recall the definitions of X"(y) and V(y) given in (2.4); the next theorem gives the
desired Fourier characterization of S’Z’M, and shows that f(0,k) determines f(l, k) for

all I € ZL whenever f € SZ’M. Notice that in the special case M = 1, we get back to
the recurrence relation (1.9) of Quade and Collatz.

] when M = 2.

Theorem 3.2 A 1-periodic distribution f belongs to S;’M if and only of
XT(MI+ kh)f(I, k) = V(ML + kb)V (k)™ X" (kR) (0, k)

for alll € Zh and k € Ay,.
Proof. Putting m = k+pN + MIN and noting that a,(mh) = a,(kh), we see that (3.1)

is equivalent to

M-1
(kh+p+ MU f(k+pN + MIN) = > (kh + p + MI)?h""%a,(kh)

g=0
fork € Ap, —M/2<p < M/2 and l € Z, and in turn this condition is equivalent to

hTao(kh)
X" (ML +ER)f(I, k) = V(MI + kh) ;
R—M+1g5 i (KR)

The Vandermonde matrix V(y) is non-singular for all y € IR because

detV(y)= [] (¢a-p #0,

1<p<g<M
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soif f e S;’M then the combination

h"aq(kh)
(3.3) V(ML + kR) " X" (MI + kh)f(1, k) = :

hr_M-i_lCLM_l(kh)
is independent of I, giving
(3.4) V(M1 + kR)™ X"(MI + kh)f(l, k) = V(kh)_lX’"(kh)f(O, k)

for | € ZZ and k € Ay. Conversely, if the Fourier coefficients of f satisfy (3.4) then it is
possible to find trigonometric polynomials a4 for 0 < ¢ < M — 1 such that (3.3) holds

for k € Ap and I = 0, implying that (3.1) holds and therefore f € S,:’M. O

Remark 3.3 It is not difficult to show using elementary facts about polynomial inter-
polation that the matrix product V(z + y)V (y)™?! is independent of y, and has entries
that are polynomials in z of degree < M — 1. Hence, we may define the M x M matrix

Wi =V (Ml +y)V(y)™ forl € Z;
for instance, we see from (2.4) that

1-21 2l

Wi 2'[ —2l 1+2

] when M =2,

which explains (1.10) in the Introduction. Actually, for our purposes it suffices to know
that

(3.5) Wi < CL+ )M forleZ,

and we shall make no use of the fact that W; does not depend on y.

Theorem 3.2 shows that for each 1-periodic distribution f there exists a unique
spline Py, f = P,:’M fe S;’M satisfying

Puf(k+pN) = f(k+pN) for k€ Ay and —M/2 < p< M/2,

and in this way, we obtain a projection P onto S}:’M. An alternative definition of Py f
is

(Puf,¢) = (f,¢) forall § € S,

where
(3.6) SZ"’M = span{ 2™ F+tPN)2 . b ¢ A} and ~M/2< p < M/2}
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is a space of trigonometric polynomials, and (:,-) is the inner product in Ly(T). We
also introduce a discrete seminorm || - ||s,» given by

(3.7) e =12afl3 = D X (k+pN)>|f(k+pN)P;

—M/2<p<M/2 k€A

notice that the restriction of || - ||, to S;’M is a norm.

The approximation property and inverse inequality are are well-known for finite-
element spaces. In parts iii) and iv) of the next theorem, we give a new and rather

simple proof of these results for S;’M using the Fourier characterization of Theorem 3.2.
References [6], [5, §6.1] and [16, Theorems 2.6 and 2.11] all contain proofs of these results
for the complete range of Sobolev indices in the case of smoothest splines (M = 1) on
a quasi-uniform grid.

In part v) of the next theorem, we prove the local approximation property for S,:’M.
Related results have been exploited by Nitsche and Schatz {11, Assumption A.2] in the
study of local error estimates for finite element methods. We shall use the local approx-
imation property to justify the extension of our error estimates from the special case
when the principal symbol of L has constant coefficients to the general case of variable
coefficients. This idea was introduced by Arnold and Wendland [1] and, independently,
by Pré8dorf [12], [13]. Our proof of v) below generalises the one used in [1, Lemma 3.1]
for M = 1; a different approach, again only for smoothest splines, appears in [17, The-
orem 2.13]. For the case s = 0 and M > 1, a different proof of v) is given by Hagen,
Roch and Silbermann [8] (see Theorem 2.8 and Section 2.12.4).

Theorem 3.4 If s <7 — M + 1, then Sp™ C H* and the following hold.

i) The norms || Nsn and || ||s are uniformly equivalent on SZ’M:

ol flls < I Fllsp < NFlls for £ € SP™.
it) The projections Pj, are uniformly bounded in H®:
| Paflls < Clflls for f € H".
it1) The projections Pj, have the approzimation property:
If = Puflls <CR*|Iflle fors<t<r.
w) There is an tnverse inequality:
Iflle S CR*7Yflls fors<t<r—M+1%and feSp™.
v) The projections Py have the local approzimation property: given a fized g €
om(T),
lgf = Pu(gf)lls < CREIIf|ls for f € S3™,

10



~

where p=min(l,r — M +1-3s)> 1.

Proof. It is convenient to define the M x M diagonal matrix
Y*(1, k) = diag[(k + pN + MIN)*]_ps/2<p<n1/2,
so that
(3.8) ToF(L, k) = Y*(1, k) (1, k).
Suppose f € S;’M, and observe that by Theorem 3.2 and Remark 3.3,
Tef(1,k) = Y*(1, k)X (M1 + kR)Wi X" (kh)Y ~*(0, k) T* (0, k).

We see that for [ # 0, k € Ap and s <,

S(LEVXT ER)| = k s -
[Y*(1, k)X " (MI + kh)| -M/%}iM/z< + pN + MIN)*| M1 + kh + p|
<h”* max ly|*" " < CRTTT,
(1-1/2) M <y<(i+1/2)M
and XT(kR)Y ~5(0, k)| - Ukh + oI (k + pN) =3
| X" (kR)Y (0, k)| ‘_M/EI?;’EM/J +p["(k 4+ pN)
<Ak’ max [|y|"7° < Ch®,
ly|<M/2
~so by (3.5),
(3.9) | T F(L,E)| < ClI|*~"tM=1|T5£(0,k)| for 0#1€Z and k € Ap.

Hence, using the assumption that s <r — M + %,

”f”i - “sz,h = Z Z Lﬁ(l,k)lz <cC Z I‘ﬂ(o,k)lz 2 IllZ(s—r-{-M—l)

1£0 kEAR k€A, 1£0
1
<C
T r-M+3)-s

”f“i,h:

which shows that Sp™ C H* and ||f||s < C||f|ls,»- Since the inequality ||f|ls.x < ||flls
is trivial, we have proved part i).

By (3.7), part ii) follows at once from part i). |

To prove the approximation property; let f € H* with s <t <, and put

AM ={k+pN:kecAyand —M/2<p< M/2}.
We write ) _
If = Pafll = D Imf*|f(m) - Puaf(m)® < 2(1+10),

mgAM

11



where

ST imf|f(m)? and = Y |m[*|Pyf(m)P.

mgAM mgAM
Since |m| > N/2 for all m ¢ AM

I< > [ mPC I mPF(m) < (N/2)2C7D||f|IF < CR*C)| fI12,
Im|>N/2

and the matrix norm estimates leading to (3.9) show that
(J*Pof)" (L, k)] = [Y°(L, &)X "7 (M1 + kh)W, X" (kb)Y ~*(k,0)Tf(0, £)|
< O+ MRt T (0, )

SO

<y S |ToF k)P < CRRO||flle.

1#0 k€A,

The proof of part iii) is now complete.

If we use the discrete norm, then the inverse inequality

[ flle < CRTTH | Flls,n

‘holds for any real numbers s and ¢ satisfying s < ¢, and for any 1-periodic distribution f
Thus, part iv) follows at once from part 1).

To prove part v), we denote the n-th subinterval by I, = (nh, (n+1)h) forn € Zy,
and define the periodic piecewise Sobolev space

HM = {fe H™M . o0-M)|; ¢ HM(L,) for each n € Zy }

for integers [ > M. If f € H}Z;l, then for 0 < j < I we let f¢ € Ly(T) denote the
piecewise (not distributional) derivative of f. We also define

Df(z) = f

£2) = = F'(2) + F(0),

and note that D : H* — H*"! is an isometry for all £ € IR, and that
prte g _, g

is an isomorphism. The proof of the following lemma is deferred until later in this
section.

Lemma 3.5 If s < -;-, then
If = Pl < CRM= Y F Mo for £ € HPM.

12



Define a projection ﬁZ’M onto S;’M by

ﬁ}’:‘,M — DM——rPfiW,MDr—M’
and suppose that f € S,:’M, g€ CT™(T) and s <r — M + 3. We observe that

lgf — Py (gf)lls = |IDM7(I — BMM)D™=M (g)),
= |(I = YY)D M (g )[s—rt na

and D™ M(gf) € H,I:/[’M, so Lemma 3.5 implies that

lgf — P (gf)lls < CR™*[I[D™"M (g )] 0o

Since f{ = 0 and f{"~M) = f(r=M) the Leibniz formula and the Bramble-Hilbert
lemma give

D™ (g )M s < & 3 159l

§=0

) ] r—1 )
SCfll-ae+C Y ATMI| 0
j=r—M+1

< Chl—M“f“’f"'Ma
(with C depending on g) and hence by the inverse inequality iv),
lgf = PpM(gf)lls < CRT>F M| fllooae < CR2||f]ls.

Finally, I — P;;’M =(I- P,:’M)(I— ?;’M) and the P;’M are uniformly bounded, so both
projections have the local approximation property v). O
Proof of Lemma 3.5. First we construct a projection @ onto Siw’M(O, 1) satisfying
(3.10) |f = @ufllzs,1) < C’hM_SHfHHM(O’l) for s < % and f € HM(0,1).

(Note that here f may be non-periodic.) Let T, = IR/2Z, so that the functions
in H*(T,) are 2-periodic, and let E : H*(0,1) — H*('T;) be an extension operator, i.e.,
a bounded linear operator satisfying E f|o,1) = f for all f € H°(0,1). For instance, we
can construct E using a standard extension operator from H*(0,1) to H*(IR), together
with a suitable cutoff function so that Ef has compact support in (—1/2,3/2). Write
P, = P,f'[ M for brevity, and then define a projection P 2 onto S'IILVI’M(Tz) by Ppof =
B~1PyBf|(0,1), where Bf(z) = f(2z). Our projection Q is then defined by

Qrf = (Pr2Ef)|0,1)

13



" The approximation property of P;, implies that
If = Pafllms(rs) < CRM™°|| fllgae(r,) for s < } and f € HYM(Ty),

and therefore, because f — Qnf = (Ef — Po2Ef)(0,1)

If — Qufllas0,1) SCIEf — Pr2Ef| ms(T,)
< CRM=*|| Ef| gar,) < CRM || Fll g2 0,1,

which proves (3.10).
Next, we show that

(3.11) If — Quflls < CRM=*| f ™)1, 01y fors < and fe HM(0,1).

By Taylor’s theorem, f = f; + fo where |

| M1 ()
ACED IRV

e and f2($)=(71__—1-i /:(m—t)M-lfW)(t)dt.

The polynomial f; belongs to S,J:/I’M(O, 1), so fi — Qrfi =0, implying that

|f = @Qufllase,) =12 = @ulellmso,n) ChM—SHf2“HM(O,1):
and the function f, satisfies

() 1 /z M—1—j ¢(M) ; —
z) = - z—1 t)dt for0<j;j<M-1,

with i (z) = F*(2), so || fall (o) < CIFM|| o012y and (3.11) holds.

Suppose now that f € H,]LW’M(O, 1), and choose ¥ € S,I:J’M(O,l) such that f + 1 €
HM(0,1). (In general, f +1 ¢ HM(T), however, which is why we require the non-
periodic projection @p.) Since ¥ — @ry¥ =0 and M) =0, we have

| — Quflla=o,1) = I(F +¥) — Qu(F +¥) 20,1
< CRM=|(F + )| 1,000y = CAM™ [ F | Lo 0,0),

for s < 1. Finally, because the non-periodic spaces H,ﬂl’M(O,l) and S’,?’I’M(O,l) are
really no different from their periodic versions H}"¥(T) and S;*™(T), and because
also H*(0,1) and H*(T) are really the same if s < %, the result follows at once after
writing [ — P, = (I — P)(I — Q&) and noting that the Py are bounded on H°. a
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4. Error Estimates

Our strategy for proving the convergence of the collocation method (1.7) is the same
as in [1]. We begin by studying the special case when L = L, and the symbol (2.3)
has constant coeflicients a4 and a_. We shall see that the M N collocation equations
for up € SZ’M,

(4.1) (Lour)(@n,j) = (Lov)(zn,;) forn€ Zyand1<j< M,

are equivalent to N uncoupled M x M linear systems for the M N Fourier coefficients
ip(k + pM), where k € Ay and —M/2 < p < M/2.

The following lemma explains the origin of the matrix ®;(¢) defined in (2.5).
Lemma 4.1 If g € H? for some t > %, then the M N scalar equations

9(zn;)=0 forneZy and 1<j <M,

are equivalent to the N wvector equations

oo

Z @z(e)g(l, k) =0 fOT ke Ay

I=—c

Proof. The hypothesis of the lemma ensures that the Fourier series of g is absolutely
convergent, so a simple argument involving discrete Fourier transformation shows that

g(zn,;) =0 for all n € Zy (and a fixed j) if and only if

3" gk +mN)e?™ = 0 for all k € Ay;

m=—0c0

see, €.g., [1, Lemma 2.1]. Writing m = g + M, we see that

M 0 '
Ze——izrpe,-{ Z g(k _I_mN)einmej}

j=1 m=—o0

o M )
=2 2 {Ze””‘“’*M”e"}g(k+qN+MlN),

l=—c0 —M/2<q<M /2 *j=1

and the right hand side is just the p-th component of M Y 2 ®;(€)§(l, k). It is easy
to check that the Vandermonde-like matrix [e 7?27 ] is non-singular because by (1.5)
the numbers e ~*2™% (1 < j < M) are distinct. The result follows at once. a

Recalling the homogeneity property (2.2) of the principal symbol oy, we find that
forl € 7, k € Ay and any distribution » : T — C,

— B 2, (0,0) ifl=k=0,
(4.2) Lou(l, k) = {h“ﬁZ(Ml + kh)i(l,k) otherwise,
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where X, = diag[oo(pN)|_a/2<p<nr/2 and X(y) = diagloo(p+y)]l-m/2<p<rasa; cf. (2.4).
We put
Ap={kehy:k£0},

and recall the definition (2.6) of the matrix D(y).

Lemma 4.2 Assume B+ M < 7. If up € SZ’M and uw € H® for some t > 8 + %, then
the collocation equations (4.1) are equivalent to

D(0)S4i4(0,0) = f: ®,(e)Lou(l, 0)

l=—c0 )
and -
D(kh)S(khYin(0,k) = h* > @i(e)Lou(l, k) for k € A},
l=—c0

Proof. Taking g = Loup — Lou in Lemma 4.1, we see that (4.1) holds if and only if

3" i) Loun(l k)= > ®u(e)Lou(lk) for k€ Ap.

l=—0o0 l=—c0

The result now follows using (4.2) and Theorem 3.2, but we have to check that the
infinite sum from the definition (2.7) of Z(y) converges absolutely. In fact, using matrix
norm estimates from Remark 3.3 and the proof of Theorem 3.4

2()| < 3184 IS(M1 + 9|1 X7 (M1 + 3)|W|

' 1£0
—rEM-1 ’
TE ST-@+M)
because 8+ M < r. O

It follows from Lemma 4.2 that

(44)  D(O)Sx(ux — )" (0,0) = {@o(¢) - D(0)}Z4i(0,0) + 3 B(e)Eou(1,0)

140

and
D(kh)Z(kh)(ur —u)"(0,k) = {®o(e) — D(kh)}Z(kR)i(0, k)
(4.5) + 1" y(e)Lou(l, k)

1#0

for k € A}. We use these equations to estimate the errors in the Fourier coefficients
of up. It is convenient to let

Yy, = diag[(pN)°]_mj2<p<msz and Y°(y) = diag[ly + pl|°]—nm/2<p< /2,
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so that the matrix Y°(l, k) from (3.8) is given by

, B Yy fl=%k(=0,
Yo(l,k) = {h-SYS(Ml + kh) otherwise;

cf. (4.2). In the next three lemmas, we estimate the terms on the right hand sides of
(4.4) and (4.5).
Lemma 4.3 Ifu € H* for somet > 8+ 1, then

2
< 0h2(t—ﬁ)2|ﬂ(l,k);2 for k€ Ay.
1#0

> @u(e)Lou(l, k)

140

Proof. Forl # 0,

|@1(e)Lou(l, k)| < C|Lou(l, k)| = Ch¥=F|S(M1 + k)Y (M1 + kh)Ttu(l, k)|
< CRP|11P =4 Ttu(l, k).
Since ) ;4 |1|2(F=%) converges for t > B+ 1, we obtain the desired estimate by applying
the Cauchy-Schwarz inequality. ]
Lemma 4.4 If B+ M <, then

[{®0(€) — D(0)}T4a(0,0)| < CR*P|Ttu(0,0)| for t € R.

Proof. The 00-entry of the matrix X7(0) vanishes, so

{@o(€) — D(0)}24(0,0)|” = | Z(0)X7(0)%(0) ~* B4 (0, 0) |
<1ZEO)P Y |prooe)toe(eN)i(pN)|
—M/2<p<M/2
< Ch7* " [i(pN)P?
p#0
< CR¥A N " |pN P a(pN)?
p#0
< CR¥ =P T4(0,0)|%,

where, in the second step, the asterisk on the sum indicates that the term with p = 0
is omitted, and, in the third step, we used the estimate (4.3). a

Lemma 4.5 If 8+ M <r and k € A}, then
[{®0(€) — D(kR)}S(kh)a(0, k)| < CRY|Ttu(0,k)| fort <.
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Proof. This time,
{®0(e) — D(kh)}S(kR)A(0,k)|” = |Z(kh)X"(kR)a(0, k)|"

<C Y Ip+kh[a(k+pN)?
—M/2<p<M/[2

=Cr* Y |p+khPUTIk+ pN ik + pN)?
—-M/2<p<M/2
< CR*|Tw(0, k)|,

where, in the final step, |0 + kk|*("~%) < 1 because we assume that ¢ < . a
Now comes the main step in the proof of Theorems 2.2 and 2.3; recall the defini-
tion (3.7) of the discrete seminorm || - ||s,.

Theorem 4.6 Assume that the collocation method (4.1) is stable, and that
B+M<r and B+i<t<r

For all h,

(4.6) lun —wllsn < CR*?|lulle for B <s <t

and if (2.12) holds, then in addition

(4.7) Jlun = ullsn < OB |u)lirp—s forB—b<s<B.

Proof. Since

{pN)*

max < C’ma.x 1, hﬂ_s 3
—M/2<p<M/2 |og(pN)] ( )

YRzt =
we see from (4.4) and the estimates in Lemmas 4.3 and 4.4 that
|75 (un — u)"(0,0)[" = |Y 272 D(0) ™ D(0)S4 (us — )" (0,0)]*

< Cmax(1, R2E=D)p2=0) ™ | Feu(i,0)|".

l=—c0

(4.8)

Similarly for k£ € A}, since

(p+kh) C max(1, |[kh|*~F),

(49)  [Y(kh)*Z(kR)™| = ~M/2<p< Mz [oo(p + kR)]

we see from (4.5) and the estimates in Lemmas 4.3 and 4.5 that
[7%(un = )" (0, k)"

(4.10) = h™2|Y°(kh)S(kh) " D(kh) ™ D(kh)(kh)(un — u)"(0,k)}|

< Cmax(1, kXY A2 3™ | Tru(l, k).

l=—c0
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Hence, if 8 < s then

lun —ul2p = Y [To(un — )" (0,k)]" < CR2E=D 5™ 5™ | Fru(, k)|,

k€A keAp l=—c0

which proves (4.6).

Now suppose that (2.12) holds, and that 8 —b < s < 8. In Lemmas 4.3 and 4.4
there is no upper limit on the index ¢, so the estimate (4.8) is valid with ¢ replaced
byt+ 8 —s:

(4.11) | 7*(un —u)"(0,0)|* < CRH=) f: (TP =2u)(1,0))".

However, in Lemma 4.5 we must have ¢ < 7, so a sharper estimate than (4.10) is needed.
Let k& € A}, and define the M-dimensional column vector

v = D(kh)"'{®¢(e) — D(kh)}E(kh)i(0, k) = D(kh)™* Z(kh)X"(kh)a(0, k),
so that by (4.5) |

T(uf, —u)"(0,k) = A~V °(kh)Z(kR) 'v

(4.12) + KV (kh)S(kh) T D(kR) ™Y @4(€)Lou(l, k).
. 1#0

We will use the splitting v = v' + v", where the components of v’ are given by

) {'vo if p=0,

710 ifps#0.

It follows from the assumption (2.12) that

W' = [uo|? < ClRRPCTaR)PF +C Y la+EAPTla(k + V)P,
—M/2<g<M/[2

and since |Y*(kh)S(kh)1v'| < C|kh[2—Pv'|, we estimate
|kh|*=P|kh|PFT = [kh|""H P kA" < CRYK[*
and, for ¢ # 0,
|kh|*~P|q + kh|" = |g + kA" P H k[ TPRYk + N[0 < OBtk + gN [P,
to conclude that
|V (kR)S(kR) o' < CRY|(THP =) (0, k)",
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Next, since v§ =0,

Y kR)S(kR) T <0 ST o+ kAP
—M/2<p<M]/2
< C"? < C|X7(ER)(0, k)|?
=C Y lg+ERPa(k + qN)?
—M/2<q<M/2
< CR?|Ttu(0, k)|,

50

Y2 (kR)S(kh) " 0|* < CR¥|(JHP5u)"(0,k)|".

Inserting this estimate in (4.12), and using (4.9) and Lemma 4.3, we obtain

75 (un = )" (0, k)" < ORH=9|(T++8=2) (0, k)
+ ORE=9) max(1, [BR[2=) 2= 37| (78 =2u)" (1, k)|

1£0 ‘
Summing over k, and using (4.11), we finally arrive at (4.7). O
Proof of Theorem 2.2. Ifs<r—M+ %, then
(418) o~ wll < 1P — )l + [Pr = wll = s~ o+ o~ Pl

Hence, the approximation property from Theorem 3.4 shows that Theorem 2.2 holds
in the special case when L = Lo and the principal symbol has constant coefficients.
Roughly speaking, the error estimates for a general L then follow by freezing coeflicients.
The details for the case of smoothest splines can by found in [1, §3], and with only slight
modifications the same proof goes through for any knot multiplicity M > 1, given our
Theorem 4.6. Alternatively, the local principle in [13] can be applied; see also [17,
Chapter 13]. In both approaches, the local approximation property from part v) of
Theorem 3.4 is crucial.

We comment briefly on the second approach. For the theory in [13], it is necessary
to reformulate the collocation method (1.7) as a projection method,

Oy Lup =04,

where Il is the interpolation projection for a suitable subspace of dimension M N, not
necessarily SZ’M. (Indeed, we shall see in the Section 5 that the interpolation projection

for S;’M might not exist, even though the collocation method is stable.) If we assume
that

det ®q(€) # 0,
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‘then a good choice for IIj, is the interpolation projection onto the trigonometric poly-
nomial space Sy M defined in (3.6), because by Lemma 4.1,

Bo(e)Thu(0,k) = > @i(e)i(l,k) for k € Ay
l=~—0

These projections satisfy
|pv||s < Cllv|ls for s >1/2 and v € H?,

and if the collocation method is stable in the sense of Definition 2.1, then it follows from
Theorem 4.6 that in the special case when L = Ly and o has constant coefficients,

[vlls < C|MaLols—g for B+3 <s<r—M+%andveSpH.

Applying the local principle of [13], we deduce that this estimate holds for a general L
and for all h sufficiently small. Thus,

[ Pau = un||s < Cl|HpL(Pru — un)|ls—p = C|IaL(Pru — u)||s—p < Cl|Pru — ulls,

and the error estimate of Theorem 2.2 follows from the approximation property, except
that the case 8 < s <8+ 1 is not covered. (However, the method of proof in [1] gives
the result for the complete range of values of s.) : O

Proof of Theorem 2.3.  Assume now that the principal symbol of L has constant
‘coeficients, and that (2.12) and (2.13) hold. In the case L = Ly, the superconvergence
result (2.14) follows at once from the second part of Theorem 4.6 using (4.13). The
general case L = Ly + L; can then be handled by applying the following perturbation
argument, similar to [19, Theorem 3.5]. |

Both L and Lo are bounded and invertible operators from H*® onto H*#, so the
operator Ly'L = I+ L;*L; has a bounded inverse on H* for all s € IR. Thus, on the
one hand,

(4.14) llur —ulls < Cllup — v+ w|s, where w = Ly Lyi(up —u),
but on the other hand, the collocation equations
(Lup)(zn,;) = (Lu)(zn,;) forn€Zyandl1<j< M,
are equivalent to
(Loun)(@n,j) = Lo(v — w)(2n,j) forn € Zyand1<j< M.
Thus, if 4y, wy € S’Z’M satisfy the collocation equations,
Lotp(zn,;) = Low(zn,j) and Lowp(zs,;) = Low(ens,;)
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forn € Zy and 1 < j < M, then up = 4y —wy. Now assume that s and ¢ satisfy (2.9),
and that 8 — b < s < 8. The superconvergence result for the case L = Ly gives

- ulls < CR**ljullesps forf-b<s<8p,

and since up € H? and Ly'L; : H? — HP*? is bounded, we have w € HP*?. Applying
the basic error estimate (2.10) yields

lws = wlls < CHEPllwllgss < CRYus — ullg
< ORH*Aully < CR*~*|lullerps,

where, in the second step, we used the hypothesis 8 + % < B+b < r. Finally, by (4.14),
[un —ulls < Cllin —wr —u +wlls < Cllin — ulls + Cllwn — wllg,
implying the desired estimate (2.14). | O

5. Methods using Splines with Double Knots

Throughout this section, we assume that M = 2, and that the principal symbol (2.3)
has constant coeflicients satisfying

(5.1) ar =0 or a_=0.

We say that such a symbol is even if a— = 0, because in this case oo(—§) = ao(-l;.f).
Similarly, gq is 0dd if at+ = 0, because o(—¢) = —oo(+£). It is useful to define

9= + if oy and r have like parity,
" | — if oy and r have opposite parity,

so that
(—1)7a0(—1) = foo(+1)

and the formula (2.6) can be written as

— L o1 — y)r_ﬂ 0 or —
D(y) = @0(5) + ag(l)Z(y) [ 0 qsr—ﬁ(y)] !

N

1
Sy<s

)

where

) s
Z(y)——-ao(l){;@l(e) Gy G T

roS e[y Rt o 1]
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and

We shall assume without loss of generality that o¢(1) = 1, and will study two choices
of the collocation points, each possessing a natural symmetry.

First consider collocation at breakpoints and midpoints, i.e.,

1
(5.2) €6 =0 and e = 5
A quick calculation shows that with this choice of collocation points the matrix (2.5) is
particularly simple:

®,(0,2)=1 forallleZ,

where I is the 2 x 2 identity matrix. The stability and superconvergence properties of
the method follow from the next lemma.

Lemma 5.1 Assume (5.1) and (5.2).
i) If 0 and » have like parity, then det D(0) = 0.
i) If o and v have opposite parity, then

det D(y) >0 for -1 <y <

D=

)

and

00-entry of D(y) 7' Z(y) = O(y) asy— 0.

Proof. Let

g (y) = Z[(zz +y) ¢+ (2 —y)"® fora>land —2<y<2,
=1

so that, recalling our assumption (2.8),

2= [ N[5 1] wwesrosoe

It is easy to see that
g2 (~y) =gi(y) and g5 (-y)=-92(v),
with g5 (0) = 0 and g5 (1) = —1. Part i) follows at once because if § = + then
+
. Jg)y 11[o 1][1 0] _[o o
D(O)‘”[g;t(o) o|{-1 1|]o ofT|o 1|
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To prove part ii), suppose § = —. We find that

det D(y) = 1 + ¢a(¥)lg2_1(¥) + (1 — %)g92 ()]
+(1-9)*gi_1(1 —v) +ygz (1 - )]
+ ¢a(y)(1 —9)%lga_1 (¥)g5 (1 —v) + 9% _1 (1 — 9)g5 (v)]

where, as before, & = » — 8. In showing that det D(y) > 0, we shall treat separately
the cases 0 <y <1/2and -1/2<y <0.

Suppose 0 <y < 1/2, and write det D(y) = f1(y) + f2(y) where

fily) = % +y2gt_ () + (1 —v)ygs (1 — ) + v*(1 — v)*gl_1 ()ga (1 — v).

Since —1 =g (1) < g5 (1 —y) <0, we have

Aly) 2 G +ygia @I+ (1 -y)%9a (1 -y)] 20,
and taking into account that g3 (y) > —1, one easily sees that

f(y) 2 5 —y* + (1 —y*)(1 - 9)%g2_1(1 ) >0,

because o > 1.

Next, suppose —1/2 < y < 0. In this case, we have

det D(y) =1+ f3(y) + faly) + fs(v),

where
fa(y) = (1 —9)%gZ_,(1 —y)[1 - [y[*92 )],

fa(y) = —ly1%_ ()1 + (1 —9)%9; (1 — v)],
Fs(y) = (1 - y)%*yga (L — ) — [y1*(1 — )94 (v)-

Since g_ is monotonically decreasing,
—95(y) = 92 (—y) 2 92 (1/2) > —(2/3)* > -1,

SO

faly) > (1 —y)*gt_ (1 —9)[1 - [y*] > 0,
T+ fs(y) 21— |y|*(1 —y)g2 (y) = 1 = |y|*(1 —y)(2/3)* > 1/2,

and fs(y) > 0 because g5 (1 —y) < g5 (1) = —1. Thus, det D(y) > 1.
Finally,

e L [—grL(1) 14gE(1)
DOT20) = oy | i) o

24



so by Taylor’s theorem the 00-entry of D(y)™*Z(y) is O(y). O

Remark 5.2 The simplest example of the instability predicted in part i) of Lemma 5.1
occurs when L is the identity operator and r = 4. The collocation equations for u; €
Sz’z then reduce to

(5.3) Uh(Zn,j) = u(zn;) forn € Zyandj=1,2,

so our result says that Hermite cubic interpolation at breakpoints and midpoints is
unstable. In fact, it is easy to see that there is a Hermite cubic uj, not identically zero,
that satisfies u(zn, ;) = 0 for all » and j. Thus, relative to any basis for S:’z the linear
system arising from the interpolation equations (5.3) is singular.

If we take 7 = 3, however, then part ii) applies, showing that interpolation at mid-
points and breakpoints using continuous, piecewise-quadratic splines is superconvergent:
more precisely, the interpolant u € 52’2 satisfies

lur —ull-1 < ch®fluls.

Remark 5.3 In part ii) of Lemma 5.1, the inequality det D > 0 on [—1/2,1/2] suffices
to guarantee stability, but is not sharp. We observed in numerical investigations that
det D decreases monotonically on the interval [—1/2,1/2], having the minimum value
det D(1/2) = [1 + 2~2g2_ (1/2)][1 + 2~ (1/2)] > 1.

Next, we consider collocation at points given by
(5.4) e4=€¢ and e =1—¢ With0<6<%,
In this case, » :

| cos2m(2l)e  cos2m(2l +1)e

Bife,1-¢) = [cos 2r(2l = 1)e  cos2mw(2l)e |’
and we shall see in a moment that the stability properties are the other way around from

in Lemma 5.1. Moreover, superconvergence is possible if € is a zero of the function G,_g,
where

Gole) =2 Z — cos 2nme for a > 0.
m=1
The zeros of the function G, have appeared elsewhere in connection with the qualocation
method [3], [21] and related fully-discrete schemes [10].

Table 5.1. The unique zero €X of G, in the interval (0,1/2).

3

€
1/8
. 21132 48654 051871
. 23082 96502 521382
. 24033 51888 203859
. 24511 88417 393386
. 24754 07162 436733
1/4

R O O N R
Soocoo
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Various properties of G, and some other trigonometric series were proved in [2]. In
particular, G, is strictly decreasing on the interval (0,1/2), where it has a unique zero
that we shall denote by €. When « is a positive integer, it is possible to evaluate G,
efficiently and accurately using a technique described in [9]. By applying any standard
rootfinding algorithm, one can then compute €; see Table 5.1.

Lemma 5.4 Assume (5.1) and (5.4).
i) If o and v have like parity, and if € = e:_ﬂ, then

00-entry of D(y) ™ Z(y) = O(y?) asy — 0.
) If o and v have opposite parity, then det D(0) = 0. :

Proof. Let
gE(y) = D I(20+9)™ £ (2 — )] cos 2nl(2e)
=1
and -
Z (20 + y) ™ &+ (21 — y) ] sin 27l(2¢);
=1
notice that the functions g7 and A7 are even, whereas g7 and h_ are odd. Since
1 cos 2me . 0 — sin 2me
®(e,1 — €) = cos 2wl(2€) [cos ome 1 ] + sin 2l(2€) [sin 9re 0 } ,
we find that-
2(y) = H 1 ’cos27re} [gg(y_— 1) g2y~ 1)}
| cos2me 1 galy)  922i(w)

e S ST

To prove part i), suppose that § = 4. After some calculation, one finds that

D) = gy olel -9 21 1),
where
a(y) = (1 —y)* z:;l [(m Ty)a + oy y)"‘] sin 27wme,
b(y) = —|y|* Z [(;n:yl)a + (::_—yl)a] sin 27wme,
(5.5) m=1

C(y)z__(l_y)az[ m—1 m+1

+
~lm+y-1]*  (m-y+1)*
> m m
d = |yl in 2 ;
) =l Z[lmw—ua*(m—yﬂ)a]sm mme

] sin 27me,
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Here, d(0) = sin 27e, and since det $o(€,1 — €) = (sin 27e)?, we see that
det D(0) = Hy—1(€)sin 27e,

where Ho(e) = 23 > m™%sin2rme. It is known from [2] that Hu(e) > 0 for 0 <
e < 3 and for any a > 0. Thus, det D(0) > 0 and so D(0)™! exists, and some further
calculation reveals that the 00-entry of D(0)™1Z(0) = Gu(€). To complete the proof of
part i), we will show that the 00-entry of D(y)™*Z(y) is an even function of y.

In fact, simple calculations show that the entries of the matrix

_Ta(y) b()
Z(y)—[cxy) dl(y)}

are given by

i m+l  m-1
(m—y+1)* m+y-—1]=

} cos 2Tme,

o
m m 1 .
bi(y) = Z mry 1 - (m—y+1)°‘} cos 2mme — —— cos 27E,

m=1 ly|*
ci(y) = m:i;l -(m Ty)a - (m -Ty)"‘] cos 2rme — (1—-%)‘" cos 27,
Cdi(y) = mi; (,,szyl)a B (Tzz:yl)a] cos 2Tme.
Putting
A1e(y) = i -(m_’l_y)a + (m i y)a- cos 2mme,
m=1
A2,a(y) = ,; ™ _}1_ )" - m —1y)°‘_ sin 27me,
As,a(y) = mi::l (m Ty)a — (m Ty)"‘: cos 2wme,

one finds that the 00-entry of D(y) ' Z(y) is

1 B a(y) sin 27e
e [1 a@)d(y) - b(y)c(y)]

_ 1 [1 B (1 —y)~%a(y)
ly|e (1 —y)2a(y)[1 + ly[*A1,a(®)] + [¥1%A3,a(y)A2,a(y) |

which is an even function of y.
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Finally, we find that if § = —, then

D(0) = 1+g2 (1) + g% ,(0)cos2me cos 2me
~ | cos2me+ gt _;(1)cos2me+ gF_,(0) — hZ_,(1)sin 27e 1
and
det D(0) = sin 2me{[1 + g1 _,(1)] sin 2me + h_; (1) cos 2me} = 0,
which proves part ii). O

Remark 5.5 We conjecture that if, as in part i), o and r have like parity, then for any
choice of € € (0,1/2),
det D(y) >0 for —1/2<y<1/2

Computer plots of det D for a wide range of values of & > 2 and € € (0,1/2) indicated
that this function is always monotonically decreasing on the interval [-1/2,1/2], and
one can easily see that

(5.6) det D(1/2) > 0 for any choice of € € (0,1/2).

Indeed, if we define

— 1 1
Hi(e,y) = Z { 9 T ~ } sin 27mne,

— (m—y)
then
a(1/2) +¢(1/2) = b(1/2) + d(1/2) = —27*H[ (¢,1/2)
and ' . A
d(1/2) - c(1/2) = 2"7*Hy_1(&,1/2),

det D(1/2) = [a(1/2) + ¢(1/2)][d(1/2) — ¢(1/2)]
= -21722 gt (e, 1/2)H_,(e,1/2).

We know from [2] that H(e,1/2) < 0 and H_,_,(¢,1/2) > 0 for 0 < € < 1/2, so
(5.6) holds. In the particular case € = 1/4, there is a complete proof of our conjecture,
based on the fact that in (5.5) we have only simple, alternating series that can easily
be estimated from above and below. '

Remark 5.6 As in the Remark 5.2, the simplest examples arise by choosing » = 3 or 4,
and taking L to be the identity operator, so that up just has to satisfy the interpolation
equations (5.3). This time, with the interpolation points given by (5.4), the unstable
case is 7 = 3, and indeed it is easy to comstruct a continuous, piecewise-quadratic
function up € 52’2 that satisfies up(zyn,;) = 0 for all n and 7, and yet is not identically
zero. The stable case is now » = 4 (see Remark 5.5), and if ¢ = € then we have
superconvergence with b = 2, i.e., the Hermite cubic interpolant uj € S§’2 satisfies

lun — ul|—2 < ch®|ulle.
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6. Numerical Experiments
Consider the Dirichlet problem for the Laplace equation,

ViV =0 on{,
(6.1) V=F onT,
where 2 is a bounded domain in IR? with boundary I'. We assume that the curve I is

smooth, and take a regular parametric representation 4 : T — I'. The solution of (6.1)
can be represented as a single layer potential,

V(X) = / u(y)log ————dy for X € Q,
T X —(v)l
where w is a parameter chosen so that
(6.2) w > diameter of I'.

In order to satisfy the boundary condition in (6.1), the density function v must be a
solution of the integral equation Lu = f, where

(Lu)(z) = /ru(y) log @) =)l dy and f(a:) = Fly(z)] forz e T.

It is well known that the principal symbol of L is

=L
- 2l¢

so L is strongly elliptic and of order 8 = —1. Moreover, in the decomposition (2.1),
the Schwartz kernel of Ly is C* on T x T, i.e., L; is a smoothing operator. The
condition (6.2) ensures that the homogeneous equation Lz = 0 has only the trivial
solution # = 0, so L satisfies all of the hypotheses required for Theorems 2.2 and 2.3.

Let Vn(X) be the single layer potential of the collocation solution u; € S;’M, then
it follows from (2.11) and (2.15) that

163 for 5 # 0,

Va(X) = V(X) + O(h™1*?),

uniformly for X in any compact subset of Q, where b = 0 if there is no superconvergence.
(We assume that F', and hence u, is smooth.)

For our numerical experiments, we used the domain shown in Figure 6.1, whose
boundary is parameterised by

(6.3) v(t) = (cos 2nt, (1 — 1 sin 2rt) sin 27t),
and chose as our boundary data
F(X) = Resin[(X; — 0-33) +i(z2 — 0-22)] = sin(X; — 0-33) cosh(zz — 0-22).
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In this way, F' is harmonic on IR?, and so V(X) = F(X) for X € Q. We chose w = 3
so as to satisfy (6.2). '

Table 6.1 shows some numerical results for continuous, piecewise-quadratic splines
(r = 3, M = 2), collocating at breakpoints and midpoints (¢; = 0 and e = 1/2).
We give the error in Vj(X) at the point X = (0-6,—0-2) for N = 27 where J = 2,
4, ..., 9. According to Lemma 5.1 ii), the method is stable and superconvergent
with b = 1, so we expect the error to be O(h%). Our numerical results agree with this
theoretical prediction, bearing in mind that for N = 512 the roundoff error dominates
the discretisation error; the computations were performed on a workstation in double
precision, i.e., with a unit roundoff of around 1016

As well as tabulating the error and empirical convergence rate for the potential, we
give (estimates for) the £, condition number of the stiffness matrix and the CPU time
for the overall computation. The diagonal and near-diagonal entries of the stiffness
matrix have to be evaluated carefully because they involve singular or near-singular
integrands. In such cases, we used the splitting

log + smooth function,

w ~ log
() =1l " le+q-yl
with the integer ¢ chosen so that |¢ + ¢ — y| = minjez |z + [ — y|. The integrals of the
form

1
log ———— X (polynomial in y) dy,
/ B P— (p‘y y) dy

were evaluated analytically, leaving only integrals of smooth functions to be handled
with quadratures. For the computations in Table 6.1, we used 3 Gauss points per inter-
val, so that the quadrature error integrating a smooth function on I' would be O(h?).

Tables 6.2-6.4 give numerical results for Hermite cubic splines (r = 4 and M = 2)
using two symmetrically-located collocation points in each interval, i.e., with €; = € and
€2 = 1 —ewhere 0 < € < 1/2. As above, the error in the potential V4(X) was calculated
at the point X = (0-6,—0-2). From Lemma 5.4 and Table 5.1, if

e =¢; =0-24511 88417 393386,

then we expect the method to be superconvergent with b = 2, i.e., we expect O(h") con-
vergence. For any other value of ¢, the error ought to be O(h®).

Table 6.2 shows our results using the special value ¢ = € and 4 Gauss points
per interval, but unfortunately the roundoff error seems to dominate the discretisation
error before the convergence rate has a chance to stabilise. We therefore repeated the
calculation using a black box, adaptive quadrature routine for all integrations. The
results are shown in Table 6.3, and the O(h") convergence is reasonably clear. (The
very small error for N = 256 is presumably a fluke, given the size of the condition
number.) Notice that for N = 64, using adaptive quadrature increases the overall
execution time by a factor of about 16 but has virtually no effect on the accuracy of
the potential. Finally, in Table 6.4 we give the results using € = 1/4 with adaptwe
quadrature; as expected, the error increases to O(h®).
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Figure 6.1. The domain with boundary ﬁara.rheterised (6.3)

Table 6.1. Numerical results for continuous, piécewise-quadratic splines, collocating at
breakpoints and midpoints, using 3 Gauss points per interval.

N error convergence condition CPU time
rate number seconds

4  2.211e-02 1.70e+01
8 5.417e-04 5.35 3.07e+01 0.04
16  6.182e-06 6.45 6.15e+01 0.12
32 5.463e-07 3.50 1.23e+-02 0.49
64 1.675e-08 5.03 2.47e+02 2.14
128 5.310e-10 4.98 4.94e+4-02 10.50
256 1.679e-11 4.98 9.89e+-02 65.81

512 1.839%e-12 3.19 1.98e+03 483.65
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Table 6.2. Numerical results for Hermite cubic splines with collocation parameter € = €,

using 4 Gauss points per interval.

N error convergence condition CPU time
rate number seconds
4 -2.325e-03 1.07e4+02
8§ 1.110e-04 4.39 2.09e+-20 0.05
16  5.771e-07 7.59 4.13e+02 0.20
32  2.160e-09 8.06 8.18e+02 0.79
64  2.764e-11 6.29 1.63e+03 3.36
128  2.871e-13 6.59 3.24e+03 15.53
256  2.267e-12 -2.98 6.47e+03 86.21
512 -2.659e-12 -0.23 1.29e+04 564.22

Table 6.3. Numerical results for Hermite cubic splines with collocation parameter € = €,

using adaptive quadrature.

N error convergence condition CPU time
rate number seconds

4 -3.865e-03 1.07e+02
8 1.746e-04 4.47 2.09e+02 1.79
16 -4.494e-10 18.57 4.13e+02 5.00
32  3.767e-09 -3.07 8.18e+02 15.73
64 2.762e-11 7.09 1.63e+03 54.56
128 2.120e-13 7.03 3.24e+03 202.69
256  1.332e-15 7.31 6.47e+03 799.28

Table 6.4. Numerical results for Hermite cubic splines with collocation parameter € =

1/4, using adaptive quadrature.

N error convergence condition CPU time
rate number seconds
4 -3.418e-03 ' 1.07e4-02

8 1.705e-04 4.32 2.10e+02 1.78

16 -7.972e-07 7.74 4.14e+02 4.96

32 -3.038e-08 4.71 8.21e+02 15.57

64 -1.121e-09 4.76 1.63e+4-03 54.02
128 -3.628e-11 4.95 3.25e+4-03 201.02 .

256 -1.143e-12 4.99 6.49e+03 797.88
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