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Abstract

In Brokate-Sprekels 1996, it is shown that hysteresis operators acting on scalar-valued,
continuous, piecewise monotone input functions can be represented by functionals acting
on alternating strings. In a number of recent papers, this representation result is extended
to hysteresis operators dealing with input functions in a general topological vector space.
The input functions have to be continuous and piecewise monotaffine, i.e., being piecewise
the composition of two functions such that the output of a monotone increasing function is
used as input for an affine function.

In the current paper, a representation result is formulated for hysteresis operators deal-
ing with input functions being left-continuous and piecewise monotaffine and continuous.
The operators are generated by functions acting on an admissible subset of the set of all
strings of pairs of elements of the vector space.

1 Introduction

The representation of hysteresis operators acting on scalar-valued, continuous, piecewise mono-
tone input functions by using functionals acting on alternating strings is introduced in [1, 3] and
used, for example, in [2, 6, 7, 8, 9, 16, 18, 20, 22],

In a number of recent papers [10, 11, 12, 13] of the author, this representation result is extended
to hysteresis operators dealing with inputs in a general topological vector space.

To generalize the notion of a monotone function that is only defined for scalar valued functions, a
vector-valued function is denoted as monotaffine function if it is the composition of a monotone
increasing function and an affine function, such that the monotone increasing function is applied
first.

A string of real numbers is an alternating string as considered in [1, 3] if and only if no element
in the string can be written as the convex combination of its predecessor and its successor, in
other words, if no triple within the string forms a convexity triple in R? according to the definition
below.

In [10, 12], it has been proved that hysteresis operators acting on vector-valued continuous
piecewise monotaffine input functions can be uniquely generated by considering functions act-
ing on convexity triple free strings.

In [3], the hysteresis operator generated from alternating strings has been extend to an hystere-
sis operator dealing with scalar, piecewise monotone input functions.

In [12], it has been shown that the hysteresis operator acting on piecewise monotaffine and
piecewise continuous input functions with values in a topological vector space can be uniquely



generated by appropriate functions acting on appropriate quintuples. Each quintuple consists of
three elements in the vector space combined with two boolean variables. In the current paper, a
modification of this result is formulated for the special case that the input functions are in addition
left-continuous, as it holds for the input function considered for example in [15]. It is shown that
each hysteresis operator dealing with these input functions can be generated in a unique way
from an appropriate function defined on an appropriate set of strings of pairs of elements of the
vector space.

The paper is organized as the follows: In Section 2, some definitions will be presented, including
an appropriate extension of piecewise monotaffinicity considered on half-open intervals, and
an appropriate extension of the notion of convexity free strings to NCTC triple free strings.
Moreover, the main result of the paper, the representation result will be presented in this section.
In Section 3, the result will be proved, and an example for the representation of a concrete
hysteresis operator is shown in Section 4.

2 Definitions and main result

2.1 Fundamental Definitions

Let X be a topological vector space, let Y be some nonempty set and let 7' > 0 be some
final time. For functions w : [0,7] — X let u(t+) = lim,u(t) forall ¢t € [0,7] and
w(T+) :=u(T).

Let N = {1,2,3,... } be the set of all natural numbers and let C ([0, 7']; X') be the set of all
continuous function from [0, 7] to X.

The following notations correspond to the ones in [3, Def. 2.2.2]:

Definition 2.1. Let a function 5 : [0,7] — R and a nonempty interval I C [0, 7] be given.
The function (3 is denoted as (strictly) monotone increasing on [ if for all s,¢ € I with s < t it

holds that 3(s) < S(t) (resp. 5(s) < B(1)).

2.2 Hysteresis operators

Following the monographs [3, 14, 21], it is defined, as in [10]:

Definition 2.2. Let H : D(H)(C Map ([0,7], X)) — Map ([0, T],Y) with D(H) # 0 be
some operator.

a) The operator H is denoted as hysteresis operator, if it is causal and rate-independent ac-
cording to the following definitions.

b) The operator  is said to be causal or to have the Volterra property, if for every v, w €
D(H) and every t € [0,T] it holds: If v(7) = w(7) is satisfied for all 7 € [0, ¢] then it
follows that H[v](t) = H[w](t).



c) The operator H is called rate-independent, if for every v € D(7H) and every admissible
time-transformation « : [0, 7] — [0, T (see Def. 2.3 below) with v o a € D(H) it holds
that H[v o a(t) = H[v](c(t)) forall t € [0,T].

Definition 2.3. A function « : [0, 7] — [0, T is an admissible time transformation if and only
if «(0) =0, a(T") = T, « is continuous, and « is monotone increasing (not necessary strictly
monotone increasing).

2.3 Convexity triple and strings
Definition 2.4. A triple (v1,v2,v3) € X? is a convexity triple in X3 if
Vg € conv(vy,v3) = {(1 — Nvy + vz | A € [0,1]}. 1)

Definition 2.5. Let (%4, Ya), (6, Yb), (Te, ye) € X2 be given

a) (%4, Ya), (@b, ), (2c, yc)) is denoted as convexity triple containing triple of elements of
X2 ie.asCTC triple, if xp = vy, and (ya, Ty, :L’c) is a convexity triple, in other words, if

xp = Yp € conv(yYg, T¢). 2)

b) ((Za,Ya), (T6s Yb), (e, ye)) is denoted as non-constant convexity triple containing triple of
elements of X2, i.e. as NCTC triple, if it is a convexity triple containing triple of elements of
X2 such that ¥, # 1, = T = Yy # . does not hold.

Definition 2.6. a) We are considering the following subset of the set of all strings of elements
of X%

S*X) = {((z0,Y0), .-+ (Tn,yn)) € ()(2)nJrl ‘n eN, z, =y, }. (3)

b) ((z0,%0),- .- (Tn,yn)) € S*(X)is denoted as NCTC triple free stringif n = L orifn > 1
and it holds that:

((zim1,9im1), (3, 9:), (Tis1, Yis1)) isNONCTCtriple, Vie {l,....,n—1}. (4)
c) Let
S2(X) = {V € 52(X)’V is an NCTC triple free string} (5)

be the set of all NCTC triple free strings in S (X).



2.4 Monotaffine functions

In order to generalize the notion of monotonicity from scalar-valued to vector-values functions,
the composition of a monot one increasing and an affine function with the monotone increasing
function being evaluated first is considered in [11, 10, 12, 13] and leads to monotaffine function
considered on closed intervals. In [12], these monotaffine functions are also considered on
open intervals. Adapting this definition to left-open, right-closed intervals, one ends up with the
following definition.

Definition 2.7. Let some t,,t, € [0,T] with ¢, < ¢, and some function u : [0,7] — X be
given.

a) wis denoted as affine on |t,, tp] := {t|t, <t < tp} if u(t,+) := limy 4, u(t) exists and
ty —t t—t,

t) = ta
u(t) = p—ultat) + o

u(tb), Vi E]ta,tb]. (6)

b) u is denoted as monotaffine on |t,, ] if u(t,+) exists and there exists a monotone in-
creasing (not necessary strictly monotone increasing) function (3 :|t,, t,] — [0, 1] such that

B(ta+) =0, B(ty) = 1, and
u(t) = (1= B))ultat) + B(t)ults), Vi €]t ty]. @

Remark 2.8. If in the definition of “monotaffine” in Def. 2.7 it were required that (3 is a function
from |t,,tp] to [0, 1], a function u : [0,7] — X with u being monotaffine on [0, 7] such u
is constant on [7'/2, T'] and u(0) # «(T"/2) would not be monotaffine on [1'/2, T'| according
to this alternative definition. In contrast, for all w : [0,7] — X and all t,,%,t, € [0,7] with
t, < t. < t, such that u is monotaffine on |t,, t;] according to Def. 2.7 if follows that u is
monotaffine on |t/ t,]according to Def. 2.7, see Lemma 3.2.

2.5 Piecewise left-open right-closed monotaffine-continu ous function

Definition 2.9. a) A function u : [0,7] — X is denoted as piecewise left-open, right-closed
monotaffine-continuous (pw. lo. rc. monotaffine-continuous) if there exists a decomposition
0=ty <t <--- <t, =Tof [0,T] such that u is monotaffine and continuous on
|tiytiz1] foralli = 0,...,n — 1. In this case, the decomposition is denoted as lo. rc.
monotaffinicity continuity decomposition of [0, T] for u.

b) Let Map,,, . ([0, 7], X) be the set of all pw. lo. rc. monotaffine-continuous functions from
[0,7]to X.

Remark 2.10. Every function in Map,, ., ([0, T, X) is left-continuous.

Definition 2.11. For u € Map,, . ([0, 7], X) the standard lo. rc. monotaffinicity continuity
decomposition of [0, 7] for u is the lo. rc. monotaffinicity continuity decomposition 0 = t5 <
ty < -+ <t, ="Tof [0, T] for u, such that for all for all i = 0,...,n — 1, it holds

tir1 = max {t €lt;, T] | u is monotaffine and continuous on |t;, t|} . (8)
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Figure 1: An example for a piecewise left-open, right-closed monotaffine-continuous function
u : [0,7] — R? and its evaluation at the times t; of the lo. rc. monotaffinicity continuity
decomposition 0 = ¢ty < t; < --- < tg = T of [0, T] for u. The arrow density indicates the
passing velocity, the dotted lines the jumps at the discontinuities, i.e. the jump between u(tQ)
and u(ta+), the jump between u(t4) and u(t,+), and the jump between wu(ts) and wu(ts+).
Here, it holds that u(to+) ¢ u(]t2, t3]) and u(ts+) & u(ts, ts)) but u(ts+) € u(]ts, tg)).

Remark 2.12. a) Forthe set Cpy.m.a. ([0, 7']; X) of all continuous, piecewise monotaffine func-
tions form [0, 7] to X considered in [10, 11, 12, 13] it holds that Cpym.a. ([0, T]; X) =
Map,,,, . ([0, 7], X) N C ([0, T]; X).

b) Itholds foru & pr.m,a,([o, T]; X) that the standard lo. rc. monotaffinicity continuity decom-
position 0 = ¢y < --- < t, = T of [0, T for u coincides with the standard monotaffinicity
partition of [0, T'] for u considered in [10, 11, 12, 13].

2.6 Memory operator
Definition 2.13.  The memory operator p : Map,,, . ([0,7], X) — Map ([0, 7], S3(X)) is
defined by mapping u € Map,,,, . ([0,7], X) to p[u] : [0,T] — S%(X) according to:
Let0 =1ty < t; < --- < t, =T be the standard lo. rc. monotaffinicity continuity decomposi-
tion of [0, '] for w.
) Letrog,...,7—1 € {0,1} and mg,...,m,_1 € {0,...,2n} be defined by
1, if i=0 and wu(to+) € u(Jto,t1[) and wu(to) # u(to+) # u(ty),
= 1, if ¢>0 and U(tl—i—) € U(]ti,tprl[) and u(tl—i-) 75 U(thrl),

0, otherwise,

9)

m; = 1+ ZTJ', (10)
j=0



foralli € {0,...,n —1}.

Iy LetV,..., Vi, . € X2 be defined by

{vmi = (u(ty),ut;i+)), i ri=0, a
Ving—1 = (u(ty), u(tit)), Vi, = (u(ti+) u(tit)), i ri=1,
foralli € {0,...,n —1}.
Iy Let p[u] : [0, T] — S%(X) be defined by
plu](0) := ((u(0),u(0)), (u(0),u(0))), (12a)
((Vo, (u(t), u(t))), it ro=0,
plul(t) :== ¢ (Vo, (u(t), u(t))), it 7o=1 and u(0+) = u(t),
[ (Vo, Vi, (u(®),u(t))),  if mo=1 and u(0+) # u(t),
Vit €)to, ], (12b)
(Voy -+ s Vi (u(t), u(t))), it =0,
plul(t) == Vo, .-, Vini—1, (u(t), u(?))), if r;=1 and wu(t;+) = u(t),
[ (Vo, -+ s Vinas (u(t), u(t))), it r;=1 and wu(t;+) # u(t),
Vit €t tiva], i €{1,...,n—1}. (12c)

Remark 2.14. For the memory operator considered in [12] it holds that for w, ¢;, ¢;11 as in Def.
2.13 the corresponding memory string determined for w on |¢;, t;11] would have exactly i + 1
components.

If one would prefer to deal with such an memory operator instead of the one defined in Def.
2.13, one would need to replace the strings of elements of X? considered here by strings such
that each componend is the combination of an element of X ? with a boolean variable, keeping
track of the fact, if u(t;+) € w (]t;,t;+1]) holds or does not hold. In other words, each string
component would consits of the last three components of the quintuples considered as string
components in [12, Sec. 17 —-20].

2.7 Generated hysteresis operators and main result

Using the memory operator introduced in the last section, we can define:

Definition 2.15. a) Let U,V € S%(X) be given. Then we denote that V is generated from
U by stretching the first component if for ((xo, %0), - - -, (Tn, ¥»)) := U it holds that V =

(o, o), (0, Y0), - -+ (Tny Yn)).

b) A function F' : S%(X) — Y is denoted as invariant with respect to stretching the first
component, if for all U, V € S%(X) such that V is generated from U by stretching the first
component it holds that F'(U) = F(V)

1This implies that z¢ # %o.



c) For ' : S%(X) — Y being invariant with respect to stretching the first component the hys-
teresis operator G : Map,,, , ([0,77, X) — Map ([0, T],Y") generated by I is defined
by Gr[u](t) := F (p[u](t)) forall t € [0, T] and for all u € Map,,, . ([0, 7], X).

d) Let H : D(H) — Map ([0,T],Y) be a hysteresis operator with Map, . (0,77, X)
being a subset of D(H.). The function G : S%(X) — Y generated by H is defined by

Gn(U) =H[r [U]|(T), YU € Sp(X). (13)

The following Main Theorem vyields that the above notion is well defined and that for all sets Y
the mapping ' — Gr is a bijective mapping between all maps S%(X) — Y being invari-
ant with respect to stretching the first component and the set of all hysteresis operators from
Map,,,, . ([0,7], X) to Map ([0, T],Y).

Main Theorem 1. a) Let F' : S%(X) — Y be some function that is invariant with respect to
stretching the first component. Then it follows that the operator G- : Map,,, . ([0, T], X) —
Map ([0, T],Y") defined in Def. 2.15 is a hysteresis operator.

b) For every hysteresis operator £ : Map,,, . ([0,T], X) — Map ([0, T],Y") there exists
a unique function F' : S%(X) — Y that is invariant with respect to stretching the first
component, such that  is the hysteresis operator generated by 3, i.e. such that H = Gp.
It holds ' = Gy, i.e., I is the function generated by the hysteresis operator.

2.8 Connection to former results for hysteresis operators d ealing with
continuous inputs

The following strings are considered in in [11, 10, 12, 13]:

Definition 2.16. a) (vo, ce ,vn)) € X"l with n € N is denoted as convexity triple free
string of elements of X if n = 1 orif n > 1 and it holds that:

(Ui_1, v, vi+1) is no convexity triple, Vi€ {1,...,n—1}. (14)

b) Let Sp(X) be the set of all convexity triple free strings of elements of X.

Remark 2.17. Let F': S%(X) — Y be some function that is invariant with respect to stretching
the first component. Let 7, be the restrition of Gr : Map,, . ([0, 7], X) — Map ({0, T],Y")
t0 Cpwm.a ([0, 7]; X). Let Fy : Sp(X) — Y be defined by

Fo(vo, ..., vn) = F((vo,vo), o (vn,vn)), Y (vo, ..., v,) € Sp(X). (15)

Then it holds for all u € Cpyma ([0,77]; X) and the standard monotaffinicity partiton 0 =
to < -+ <t,="Tof[0,T] for u that

7‘[0 = GO (U(to), U(t)) s Vit e [to, tl], (163.)

Ho[U] (t) = GO (U(to), ce ,U(tifl), 'LL(t)) s Vi e]tz;l; tz], 1= 2, cee, . (16b)

This yield that the hysteresis operator on Cpy 1.4, ([0, 7]; X ) generated by Fy : Sp(X) = Y
considered in [10, 11, 12, 13] conicides with H.



The following representation result is presented in [10, 11, 12, 13] and proved in [10, 12]. It
extends the representation result derived in [1, 3] for hysteresis operators defined on scalar
valued, continuous and piecewise monotone inputs functions.

Theorem 2.18. For every hysteresis operator Hg : Cpwm.a. ([0,7]; X) — Map ([0,7],Y)
there exists a unique function £y : Sp(X) — Y such that H, is the hysteresis operator on
Cpwm.a. ([0, T]; X) generated by Fj.

2.9 Extension of hysteresis operators dealing with continu ous inputs

Remark 2.19. Let a hysteresis operator H : Cpwm.a.([0,7]; X) — Map ([0,77,Y) and the
aunique function £ : Sp(X) — Y such that , is the hysteresis operator on C .o ([0, 77]; X)
generated by Fj be given.

a) It holds for every hysteresis operator H : Map,,,, . ([0,T], X) — Map ([0, T],Y") that H
is an extension of H, if and only if 15 holds for F' := G.

b) If X is a Hilbert-space, one can compute the “arclen” extension Hagen 0f Ho to the space
of all function of bounded variation with values in X introduced in [19]. This extension can be
described in the following way: For determing Hagen|u] for a functionu € Map,,,, . ([0, 77, X)
the jumps between u(t) and u(t+) are filled with straight lines, i.e., affine functions are in-
serted.

Hence, one can get from [12, Sec. 20.3.1] that for the function Fagen : S%(X) - Y
generated by Hagen it holds for all ((zo,Yo), - - - , (Tn, yn)) € SE(X) that

Farclen((xoa yO)a ) (x’rw yn)) =G ((:L'Ov Yo, T1, Y1y -+ s Tn—1,Yn—1Tn, y’rL)) . (17)

3 Proof of the Main Theorem

3.1 Tools for preparing the proof

The following Lemma corresponds to [12, Lem. 7.2.3.c]:

Lemma 3.1. Let vy, v1,v2,v3 € X* be given such that (vg, vy, v9) and (vy, v, v3) are con-
vexity triples and v; # vs. Then it follows that (UO, V1, U3> is a convexity triple.

Proof. Since (vg, v1,v2) and (v, v, v3) are convexity triples, we have A, Ay € [0, 1] such
that
v = (1 — )\1)1)0 + )\1"02, Vg = (1 — )\2)’01 + )\2113. (18)

B If \; = 0 then it follows by using 18 that (vg, v1, v3) is a convexity triple.

B If \y(1 — A;) = 0 then 18 yields that v, = vy in contradiction to the assumption.



B If1 > A; > 0and Ay > 0then one can consider the first equation in 18 and insert it into

the second. This yields that

= (1 — /\2) ((1 — )\1)1)0 + /\11}2) + )\21)3
= (1 — )\2>(1 — )\1)110 + ()\1 — )\1)\2) Vg + )\2113.

Hence, it holds that

(1 — )\1 + )\1)\2)?)2 = (1 — )\2)(1 — )\1)1)0 + )\21}3.

We have

1 —/\1 —I—)\g)\l = (1 —)\1)+)\2/\1 > )\2(1 —/\1) +)\2)\1 > /\2 > 0.

Therefore, the following definition creates a well defined number in [0, 1]:

A

Ni=—
I =X+ M

It holds that

L= +MA— A (1= XA)(1—=A9)
L= XA +MA T =XA 4+

Recalling 20, we deduce that v = (1 — X)vg + Nwvz € conv(vg, vs3).

1— N =

This yields that (vg, ve, v3) is a convexity triple.

(19)

(20)

(21)

(22)

(23)

O

Lemma 3.2. Letsome t,,ty,t. € [0,7] with t, < t, < t. and some function v : [0,7] — X
be given. Then it holds: u is monotaffine and continuous on |¢,, t.] if and only if u(t,) = u(t,+),
(u(tye+), u(ty), u(t.)) is a convexity triple and u is monotaffine and continuous on |¢,, t,] and

on |ty, t.].

Proof. = Assume that u is monotaffine and continuous on |¢,, t.]. Then it follows that u(¢,+)
and u(t,+) are well defined, that u(t,4) = u(t;), and that u is continuous on |t,, ¢,
and on |t;, t.]. Moreover, there exists an monotone increasing function /5 :|t,,t.] —

[0, 1] such that 5(t,+) = 0, B(t.) = 1 and 7 holds with ¢, replaced by t..

To prove that u is monotaffine on ]ta, tb], we have do distinguish two situations:

W If 3(t,) = 0 then it follows, since (3 is monotone increasing and (¢,+) = 0 that
B(t) = 0forall t €t,,tp]. Using now 7 with t, replaced by t., we deduce that
u(t) = u(t,+) for all t €]t,, ty). This yields that u is monotaffine and continuous
on Jt, ty].
W If 3(ty) > Othen let fy :|t4, t] — [0, 1] be defined by

p(t)
Pi(t) == ——=, Vit €ty ty]. (24)

B(t)

9



Then it follows that /3; is monotone increasing and that

5(ta+) ﬁ(tb>
B(ts) B(ts)

Using 7 with ¢, replaced by t., we deduce that for all t €]t,, t;] it holds that
(1 = B1(t))u(tat) + Bi(t)ulty)

(t))
(1= Bi(®)ultat) + Bi(t) (1 = Bts) Jultat) + Blts)ulte))
(1= B®)ultat) + B(t)ult,) = U(t)- (26)

This yields that u is monotaffine on |t,, tp].

61 (ta_l') =

=0 and Bi(ty) =

=1. (25)

For proving that u is monotaffine on ]tb, tc], we have to deal with three situations:

B If 5(t,) = 1 then it follows that 5(t) = 1 for all t €]ty t.], since [3 is monotone
increasing and (3(t,) = 1. Using now 7 with ¢, replaced by t., we deduce that
u(t) = u(t.) forall t €lty,t.]. This yields that u is monotaffine and continuous on
Jto, te).

W Ifu(t,+) = u(t.) then we observe by recalling 7 with ¢, replaced by .. that u(t) =
u(t,+) forallt €]ty, t.]. This yields that u is monotaffine and continuous on |y, t.].

W If 5(ty) < 1and u(t,+) # u(t.) thenlet By :|ty, t.] — [0, 1] be defined by
_ B@) = B(t)
Ba(t) == TG Vit Elta, ty). (27)

This is a monotone increasing function. Applying 7 with ¢; replaced by ¢. and using
the continuity of u at t;, we deduce that

u(te+) + B(ty) (u(te) — u(te+)) = ulty) = u(ty+)
= ultat) + B(tst) (u(te) — ultat)) . (28)

This yields that 5(t,) = B(t,+). Hence, we have

B(ty+) — B(ts) B(t.) — B(ts)
1—B(ts) 1—B(ts)

Using 28 and 7 with t,, replaced by t;, we deduce that for all t €]t;, t.] it holds that

(1= Ba())ultot) + Ba(t)ulte)

Bolty+) = =1. (29

=0 and BZ(tc):

_1=B®) " " Bt) — Bt
= 1= (1= B(te))ultat) + B(ts)ulte)) + =30ty (te)
= (1= 8@))u(tat) + Bt ulte) = u(t). (30)

This yields that u is monotaffine on |t,, t.].

Hence, it is proved that u is monotaffine and continuous on |¢,, t,] and also on |¢,, t.|.

10



<= Assume that u(t,) = u(tpy+), that (u(t,+), u(ty), u(t.)) is a convexity triple and that
is monotaffine and continuous on |t,, t;] and on |¢,, t.|. Hence, it follows that wu(t,+) is
well defined, and that there exists some A € [0, 1] and monotone increasing functions
B :]ta-ty] — [0, 1] and By :]tp.t.] — [0, 1] such that

u(tyt) = u(ty) = (1 — Nu(te+) + Mu(t,), (31)
Bi(tat) =0, Pi(ty) =1, Baty+) =0, Bafte) =1, (32)
u(t) = (1= pi()ultat) + Bi(t)ulty), Vit €lta,ty], (33)
uw(t) = (1 = Bo(t))u(ty+) + Ba(t)u(ty), Vit Elty,t.). (34)

Defining now 3 :|t,, t.] — [0, 1] by

8(t) = {ﬂl(t))\, it ¢ €]ty ty] )

A Bo(t)(1 = N), if t€E]ta, ty]
we get an monotone increasing function with
Btat) = AB(tat) =0, B(te) = A+ (1 = N)B(t) =1, (36)
such that 7 with ¢, replaced by ¢. holds.

Therefore, we can deduce that « is monotaffine on |t,, ).

Combining u(t,) = u(t,+) and the continuity of u on |t,, ;] and on ]¢, t.], we conclude
that w is continuous von |¢,, t.|.

O

Lemma 3.3. Let u € Map,,, ([0,7], X) be given. Then it holds: The memory operator
plu] : [0,T] — S%(X) as in Def. 2.13 is well defined.

Proof. Let 0 = t; < t; < --- < t, = T be the standard lo. rc. monotaffinicity conti-
nuity decomposition of [0, 7] for w. Let r¢,...,r,—1 € {0,1}, mg,...,mu—1 € Ny and
Vo, -+, Vim,_, € X? be defined as in Def. 2.13. Recalling 12, we see that p[u] is a well de-
fined function from [0, 7] to S?(X). Hence, it remains to show that for all ¢ € [0, 7] it holds
that p[u] is a NCTC triple free strings.

B All strings consisting of only two elements of X2 as components are NCTC triple free
string. Using 12a, we see therefore that p[u](0) is a NCTC triple free string.

B Recalling 12b, we deduce for all ¢ €]0, ¢;] it holds:

B p[u](t) has two components and is therefore a NCTC triple free string.
B p[u](t) has three components and it holds therefore 7o = 1, u(0) # u(0+) #
u(t) and
plul(t) = (VO, Vi, (u(t),u(t))) (37)
Invoking 9 and 11, we see that Vo = (u(0),u(0+)) and Vi = (u(0+), u(0+)).
Thus, Def. 2.5 yields that p[u](t) considered as triple is no NCTC triple, and that
plu](t) considered as string is a NCTC triple free string.
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Therefore, it is proved that p[u](t) € S%(X) for all t €]0, ;).
Using the above result, we see that for an induction proof of the assertion p[u](t) €
SZ(X) forallt €]0,t;] foralli € {1,...,n} the base case for i = 1 is done.

In the induction step, we assume that ¢ € {1,...,n — 1} s given such that p[u](t) €
SZ(X) for all t €]0,t;]. Now, itis to prove that p[u](t) € SZ(X) forallt €]t;,t;11]. Let
t €]t;, t;+1] be arbitrary.

Recalling 12, we see that

SE(X) 2 plul(ts) = (Vo, - -+, Ving_ys (ults), u(ty))). (38)
Using also that 9 and 11 yield that m; 1 + 1 = m; — r; and Vi, .. = (u(t;), u(t;+)),
we observe that:

(Vi1,V;,Vip1) isnoNCTC triple Vj € Nwith j < m; — 7. (39)

Since u is monotaffine and continuous on |¢;_;, ¢;] and on |¢;, ] but not monotaffine on
Jti_1, t], we deduce from Lemma 3.2 that at least one of the two conditions (u(t;_1+), u(t;), u(t))
is a convexity triple and u(t;) = u(t;+) is not satisfied.

Using that 11 yields that there is some z* € X such that
(Vmi—n‘—lﬁ Vmi—n‘? (u(t)7 u(t)) = ((‘T*a u(ti—1+)) ) (u(ti)’ u(ti+)) ’ (u(t)v u(t))v

(40)
we observe that

(Vini—ri—15 Vimi—ry» (u(t), u(t))) is no CTC triple. (41)

B If r;, = O then it follows from 12c that

plul(t) = (Vo ., Ving, (u(t), u(t))). (42)
Combining this with 39 and 41, we see that p[u](t) € SZ(X).
W Ifr; = 1and u(t;+) = u(t) then if follows from 12c that

plul(t) = (Voo ..., Ving—r (u(t), u(?))). (43)
Invoking 39 and 41, we deduce that p[u](t) € S%(X).

W ifr; = 1and u(t;+) # u(t) then if follows from 9 and the monotaffinicity of
w on |t;_1,t;] that there exists some 7 €]t;,t[ such that u(t,+) = u(7), and
therefore, by 11, V,,, = (u(7),u(7)). Hence, the above discussion holds with
t replaced by 7 such that the corresponding modified version of 41 yields that
(Vmi_g, Vini—1, Vmi) = (Vmi_”_l, Ving—rs (u(T), u(T))) is no CTC triple.
Since u(t;+) # u(t) and u(t;) # u(t;+), because of r; = 1 and 9, we see by
recalling Def. 2.5 that

(Vmiflv Vmw (u<t)7 u(t))) - ((u(tl)v u(ti+)) ) (u(ti+)> u(ti+)) ) (u(t)v u(t)))
is an CTC triple but no NCTC triple.
Combining these results with 39 and 12c implies that

SE(X) 2 (Vo, -, Vi, (u(t), () = plu](t). (44)

12



O

Lemma 3.4. The memory operator p : Map,, , ([0, 7], X) — Map ([0, 7], S%(X)) defined
in Def. 2.13 is causal.

Proof. Letu,u’ € Map,, . ([0,T], X)andt € [0, T] be given such that u(7) = u'(7) for all
T € [0,1].

Let0 =ty <ty <---<t,=Tand0 =1t <t} <--- <t,, =T be the standard lo. rc.
monotaffinicity continuity decomposition of [O, T] for u and for v/, respectively.

Letro, ... ,Tn_1,M0,...,My_1and Vg, ..., V,, ., beasinDef.2.13 when p|u] is determined
andletr, ..., my, ..., myand Vg, ...,V , beasinDef. 2.13 when p[u'] is determined.

1) If £ = 0 then we can use 12a to deduce that

plu)(0) = ((u(0), u(0)), (u(0),u(0))) = ((/(0),'(0)), (u'(0),u'(0))) = p['](0).

(45)

Il) if¢ €]0, ¢1] thenitfollows that ¢ €]0,#)] andthat Vo = (u(0), w(0+)) = («/(0), %' (0+)) =
Vg and (u(0+), u(0+)) = («/(0+), w'(0+)).

B If u(t) = u(0+) then it follows that also «'(t) = u/(0+). Invoking now 12b, we
deduce that

plul(t) = (Vo, (u(t), u(t)) = (V. (/(1), /(1)) = plu/](2). (46)

B If u(t) # u(0+) then it follows that also /() # u'(0+). Since u is monotaffine on
10,¢1] and ' is monotaffine on |0, ], we obtain that u(t;) # u(0+) and u'(t}) #
' (0+).

B Ifro = 0 then it holds u(0+) ¢ u(]0,,[) and therefore u/(0+) = u(0+) ¢
u(]0,t]) = u/(]0,t]). Using that u’ is monotaffine on ]0, ], we conclude that
u'(0+) ¢ u/'(]0,t}]). Hence, it holds that 7, = 0. such that 12b yields that 46
is valid.

B If o = 1 then it holds u(0+) € u(]0,¢,[) and therefore, thanks to the mono-
taffinicity of u, that «/(0+) = w(0+) € u(]0,¢]) = «/(]0,t]) € «/(]0,#].
Therefore, we have 7, = 1 and V; = (u(0+), u(0+)) = («/(0+),u'(0+)) =
V/ such that 12b yields that

p[u](t) = (‘/07 Vi, (u(t)’u(t)) - (‘/E)/v Vlla (u/(t)’u/(t))) = p[u/](t)' (47)

W) If t €]t;, t;i1q] for some i € {1,...,n} then it follows that ¢ €]t;, ¢/, ], that r, = 7},
and my, = mj forallk € {0,...,s — 1}, V; = V,forall j € {0,...,m; — 1}, that
m; — i =mj —rjandthat V,,, .. = (u(t;), u(ti+)) = (u'(t:), v (tit)) = Vir

B If u(t) = u(t;+) then it follows that also w'(t) = w'(¢;+). Invoking now 12c, we
deduce that

plul(t) = (Vo - Vi (ult), u(8)))
= (Vi Vi (0 (D), (1)) = pld)(2). (49)



B If u(t) # u(t;+) then it follows that also u'(t) # w'(t;+). Since u is monotaffine
on |t;, t;11] and v’ is monotaffine on ]t;, ¢ ] it follows that u(t;11) # wu(t;+) and
W () 7 0 ().

W If ;, = O then it follows that u(t;+) ¢ u(]t;, t;41[) and therefore u'(t;4) =
u(ti+) ¢ u(t;, t]) = «'(Jt;, t]). Using that ' is monotaffine on |¢;, ¢, ], we
conclude that v (t,+) ¢ u'(]¢;,t,,]). Hence, r; = 0 holds such that 12c yields
that 48 is valid.

W If r; = 1 then it holds that u(t;+) € u(]t;, t;+1]) and therefore, thanks to the
monotaffinicity of u:

u(tit) = ulti+) € ulti,t)) = o' (Jti,t)) C o' (i tiy]) - (49)
Therefore, we have r; = 1, m; = m/, and
Ving = (u(tit), u(tit)) = (/' (ti4), W' (ti4)) = Vo, (50)
such that 12c yields that

plu(t)

(Vo s Vi (u(2), (1))
— (Voo Vi ut), u®))) = ple)(2). (51)
]

Lemma 3.5. Letu € Map,,, . ([0,T], X) be given. Let 0 =ty < t; < --- < t, = T be the
standard lo. rc. monotaffinicity continuity decomposition of [0, 7] for u. Let o : [0, 7] — [0, T
be an admissible time transformation of [0, T'].

a) If u(0+) = w(0) and/or a(t) > 0 for all t > 0 then we have p[u](a(s)) = plu o «](s) for
alls € [0,77.
b) If u(0+) # u(0) and there is some ¢ €]0, T'] with a(t) = 0 then we have:

B Foralls € [0,7] with a(s) = Oit holds p[u](a(s)) = plu o a](s).
W Forall s €]0, 7] with a(s) > 0 it holds that p[u o () is generated from p[u](a(s))
by stretching the first component.

Proof. Let0 =ty < t; < --- < t, = T be the standard lo. rc. monotaffinicity continuity
decomposition of [0, 7] for u. Let oy < 07 < - -+ < 0, be defined by

o :=max{s € [0,T]|a(s) =t;}, Vi=0,...,n. (52)

Since « is monotone increasing and continuous, we see that for all s, s’ € [0, 7] with s < &’
it holds that u o « is monotaffine and continuous on |s, s'] if and only if u is monotaffine and
continuous on Ja(s), a(s)].
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Therefore, using the above settings and recalling Def. 2.11, we deduce that

0; = max {s €|o;_1,T] | u o o is monotaffine and continuous on |o;_1, s]},  (53)
forallz € {1,...,n}. Moreover, the definition of o; in 52 yields that
woa(o;) =u(t;), uoalo+)=u(t+), Vie{0,...,n}. (54)

1)

I

1

If for all s €]0, T it holds a(s) > 0, then we have oy = 0 and it follows that 0 = o <
o1 < --- < g, = T is the standard lo. rc. monotaffinicity continuity decomposition of
[0, T for u o . Recalling Def. 2.13 and 54, we see that p[u o a(t) = plu](«a(t)) for all
t 10,7

If u(0) = u(0+) and for some s €]0, T'] it holds c(s) = 0, then we have oy > 0. Thanks
to 54, we have u(0) = u o a(og) = u o a(og+). Since u o « is constant on [0, o¢]
and monotaffine and continuous on ]y, 1], we can now apply Lemma 3.2 and deduce
that u o « is monotaffine and continuous on |0, o4]. Defining oy, . .., o}, by o(, := 0 and
o = o;fori =1,...,n, we conclude that 0 = o < 0] < --- < o, = T is the
standard lo. rc. monotaffinicity continuity decomposition of [0, T] for u o .. Recalling Def.
2.13 and 54, we see that p[u o a(t) = plu](a(t)) forall t € [0, T].

If u(0) # u(0+) and for some s €]0, T'] it holds c(s) = 0, then we have o > 0. Thanks
to 54, we have u o a(0y) = u(0) # u(0+) = u o a(op+). Since u o « is constant on
[0, 09|, we deduce that

0o = max {s €]0, T | u o « is monotaffine and continuous on |0, s]} . (55)

Defining o(), ..., 0., by oy := Oand 0; = o, fori = 1,...,n + 1, we conclude
that 0 = oy < of < --- < 0, = T is the standard lo. rc. monotaffinicity continuity
decomposition of [0, T'] for uo «v. Let rg, ..., 71, Mg, ..., Myp_yand Vg, ..., Vi, . be
as in Def. 2.13 when v is determined and let 7(/, ..., 7, m(,...,m, and V{',..., V",

be as in this Definition when p[u o ] is determined. Recalling 54, we see that

7"6’:0’ mg:O’ T;/:ri—la m;/:mi—1+1a VZE {1,,n—l—1} (56)

and
Vo = (u(0),u(0+)), Vy = (uoa(0),uoa(0+)) = (u(0),u(0)), (57)
Vi = (uoa(or),ucaloi+)) = (u(0),u(0+)), (58)
V=V, Yjie{l,...,my (59)

are satisfied.

B For s €]0, 7] such that a(s) = 0, we deduce by using 12



B For s €]0, 7] such that «(s) €ltg, t1] it holds s €]og, 1] =|o7, o4]. Using now 12
m] =mo+1=ro+ 1,1 =rganduoa(c]+) = u(0+), we conclude that

plul(a(s))
((((0),u(0+)), (u(a(s)), u(a(s)))), it ro=0,
((w(0), u(0+)), (w(als)), u(a(s)), it o =1
= and u(0+) = u(a(s)), (61)

((u(0),u(0+)), V4, (u(a(s), u(a(s)))), if ro=1
and u(0+) # u(a(s)),

\

plu o al(s)

( (Vg/a V' (uoa(s),uo a(s)))’ it =0,

(VI V', (uoa(s),uoa(s))), if =1 and

- woa(o4) = uoalt),

(Vo' V', V3 (uoa(s),uoa(s)), if r{=1 and

\ uoa(of+) # uoalt),

(((w(0),u(0)), (u(0),u(0+)), (uoals),uca(s)), i =0,
((u(0),u(0)), (w(0),u(0+)), (wo a(s),uocal(s))), if ro=1 and

_ u(0+) = wo afs),

((u(0),u(0)), (w(0),uw(0+)), Vi, (uoa(s),uoa(s))), if ro=1 and
\ u(0+) # uo afs).

(62)

Therefore, we observe that pu o «/|(t) is generated from p[u](«(t)) by stretching
the first component.

B Fors €]0,7]and i € {1,..., n — 1} such that «(s) €Jt;, t;11] it holds s €
loi,0i41] =lof 1,07, Using now Def. 2.13, m; = m;_; + 1, r{ | = r; and
uwo o), 1+) = u(t;+), we see that
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(Voo Vi (w(a(s)), u(a(s)))), i 7 =0,
(VO, Vi —1, (u(a(s)),u(a(s)))), if 7,=1 and
= u(tit) = u(a(s)),
(Vo - -, Vine, (u(a(s)),u(af(s)))), if r;=1 and
\ u(ti+) # u(a(s)),
( ((u(0),u(0)),V4,..., Vins (u(a(s)),u(afs)))), it r; =0,
(w(0),u(0)), Vi, ..., Vini—1, (u(e(s)), u((s)))), if r;=1 and
= u(ti+) = u(a(s)),
((u(0),u(0)),V4,..., Vines (u(a(s)),u(af(s)))), if r;=1 and
\ u(ti+) # u(a(s))
(63)
plu o al(s)
( vy,..., V#;,H, (woa(s),uoals))), if r, =0,
(Vy..., Vn/;;;ﬁlv (woal(s),uoals)), if r/;=1 and
= woa(of 1+) =uoa(s),
Vg, ..., VTZ;,H, (woa(s),uoal(s))), if rf;=1 and

uwo (o] +) # uoafs),

( ((u(0),u(0)), (w(0), w(0+)), V4,..., Ving, (wo a(s),uoafs))), if r; =0,
((u(0),u(0)), (w(0),w(0+)), Vi,..., Vi1, (uo a(s),uo a(s))), if r;=1 and
= u(ti+) = uoals),

((u(0),u(0)) , (w(0), u(0+)), V4, .., Vr’r:;,ﬂ, (uoa(s),uoa(s))), if rf,;=1 and
\ u(ki+) # uoa(s),

(64)

This proves that p[u o a](t) is generated from p[u](«(t)) by stretching the first com-
ponent.

O

Definition 3.6. a) Let U = ((0,40), - - - » (Tm, Ym)) in SE(X) be given. The interpolation of
Uin Map,, . ([0, 77, X) is the function 7[U] € Map,,, .. ([0, T, X) defined by 7[U}(0) =
xo and

S —t t—s
r[U)(t) = 22—y, + Y risr, Vi€lsw sl k=1,...,m (65
Sk+1 — Sk Sk+1 — Sk
with sy, := LT forall k € {0,..., m}.
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b) The interpolation operator w : S%(X) — Map,,,, ([0,7],X) maps U € S3(X) to
7[U] € Map,,,, .. ([0, T], X) defined in a).

Lemma3.7. Foreveryu € Map,, . ([0, 7], X) there exists some admissible time-transformation
ay [0, T] — [0, T7], such that
u = [plul(T)] o c,. (66)

Proof. Let u € Map,, , ([0,T], X) be given. Let 0 = ¢, < t; < --- < t, = T be
the standard lo. rc. monotaffinicity continuity decomposition of [0, T'] for u. Let rg, ..., 7,1 €
{0,1} and mq, ..., m,—1 € Ny be as in Def. 2.13. Then it holds for m := m,_; + 1 that
plu)(T) € X™H. Let

(@0, 90), - - -+ (T Ym)) == plu](T). (67)

Then it follows that

Ty = U(ts),  Ym, = u(t;i+), if 7, =0, (68)
Tmie1 = U(ts),  Ymi—1 = Ty = Ym; = u(ti+), i ry=1,
foralli € {0,...,n — 1} and that x,, = Y, = u(T).
Let So, . .., Sm € [0,1] be defined by s;, := £T forall k € {0,...,m}.
) Let v, (0) := 0. Then it follows that
w(0) = zo = 7[p[u)(T)](0) = 7[p[u)(T)] o o (0). (69)

Iy Fori € {0,...,n— 1} suchthat u(t;+) = u(t;11) it holds that r; = 0, m; = m;_1 + 1
and y,,, = u(t;+) = u(tiy1) = Tm,+1. Hence, thanks to the monotaffinicity of u and
Def. 3.6 it holds that u is equal to u(t;+) on |¢;, ;1] and that 7 [p[u](7")] is also equal to
u(t;+) on S, Sm,;+1)- Defining av, on |, t;41] by

liv1 —1 t—1;

m;

ay,(t) =

Smi+1, Vit e]ti7ti+1]7 (70)

tiy1 — 1 tiy1 — 1t

we conclude that « is continuous and monotone increasing and that

Qy, (]th tiJrl]) :]Smm Smi+1]7 (71)
u(t) = 7 [plu|(T)] o a(t), YVt Ets, tivq]. (72)

Iy Fori € {0,...,n — 1} such that u(t;+) # u(t;;1), it holds that:

Since u it monotaffine and continuous on |t;, t;1 1], w(ti+) = Ym,—r,, and u(t; 1) =
Ty, +1, it follows that there is some continuous, monotone increasing function 3 tis tivl] —
[0, 1] such that 5(t;+) = 0, B(t;+1) = 1, and

u(t) = (1 - /B(t)>ymi_7“i + ﬁ(t)wmi+1a Vit e]tiati+1]- (73)
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B If r;, = O then it follows that m; = m;_1 + 1.
Defining now

ay(t) = (L= B(t))sm; + B)sme4r, Y Elis tigal, (74)

we deduce that o, is continuous and monotone increasing.

W ifu(t;+) ¢ u(]ti, ti41]) then it follows from 73 that we have therefore 5(t) > 0
for all t €]t;,t;11]. Hence, we see that 71 holds and that 73 yields that 72 is
valid.

W Ifu(t;+) € u(]t;, tirq]) then if follows from 9 that z,,, = u(t;) = u(t;+) =
Ym, and by applying 73 we observe that is some [S(t) €]t;,t;11] such that
p(t) = 0.

Hence, we deduce by recalling Def. 3.6 that ¢[p[u|(T)](t;) = Ym,—0 = Ymi—r»
such that 73 yields that 72 is valid, and we see that cv, (Jt;, ti+1]) =[Sy Smia -

W If r; = 1 then it follows that m; = m;_; + 2 and that u(t;+) € u (]t;, tiy1]).
Therefore, it holds that

(e max{t E]ti, ti+1[ | B(t) = O} (75)
is a well-defined number. Defining now «v,, :|t;, tiv1] —|Sm; 1, Sm,+1] by
te—t t—t; .
u(t) = o Smel TSm0 TS
(1= B(t)sm; + B(t)Smy+1, if >,

we see that « is continuous and monotone increasing. Invoking 73 and that 71 and
72 hold.

(76)

Hence, we see that o, : [0,7] — [0, 7] generated by this method is an admissible time-
transformation of [0, 7'], such that 66 holds. O

Lemma 3.8. Forall U € S%(X) it holds that

p[=[UII(T) = U. (77
Proof. Let ((xo, Y0), - -+ (Tm,Ym)) := U. Considering o, . . ., S, as in Def. 3.6, we see that
7[U] is continuous and monotaffine on |s;_1, sg] forallk = 1,... m.

Letry,...,7,_; € {0,1} be defined by

)T m—

Vie{0,...,m—1}. (78)

- 1, if Yi = Tiy1 = Yi+1 and 1<m-—1
v 0, otherwise,

Letn :=m — Zﬁ}lr; and my, ..., m! € {0,...,m} be defined by
mg = 0, m}H::m;—l—l%—rm;, Vjed{0,...,n—1}. (79)

Lettg,...,t, € [0,T] be defined by

tj = Sm;, VjieA{0,...,n}. (80)
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[) Now, it will be proved that 0 = ¢y < --- < t,, = T is the standard lo. rc. monotaffinicity
continuity decomposition of [0, 7] for 7[U].

B Letj € {0,...,n — 1} be arbitrary. We have to prove that 8 holds for u := 7[U]
and ¢ := j.
W It follows from Def. 3.6, that 7[U] is monotaffine and continuous on |8, ;, Sm, +1]
and on ]smﬁrmj , smj+1+rmj].
B Ifr; = 0, we have m;; = m; + 1 and it follows immediately that 7[U] is
monotaffine and continuous on |, , S, ,]-
B If r; = 1, then it holds Ym; = Tm;+1 = Ym,+1. HENCE, We deduce by
Def. 3.6 that w[U] is on |s,,,, 5,,,+1] constant equal to 4,1 and that
Ym;+1 = T[U](Sm;11+). Since 7[U] is monotaffine and continuous on
]8m,+1, Sm;+2], we conclude that 7[U] is monotaffine and continuous on
]Smj7 Smj+2] :]Smja 5mj+1]'
Hence, it is shown that 7[U] is monotaffine and continuous on

]Smj7 Smj+1} :]t]7 tj+1]‘

B Now, it will be proved by a contradiction argument that for all s & [O,T] with
§ > ljy1 = Sp,,, it holds that 7[U] is not monotaffine and continuous on
Jtj, 8] =|sm,,s|: Assume that this assertion does not hold. Then there exits
Some 5 €Sy, 1, Sm;,,+1) Such that 7[U] is monotaffine and continuous on
]smj, s]. Thus, we can apply Lemma 3.2 to conclude that

Tmyer = T[U)(Smy00) = T[U](Sm; 10 +) = Yy (81)
and that
(7[U)(sm,+), 7[U)(8m,0), 7[UN(5)) = (Y, Ty, 7[U(5))

is a convexity triple.

B If 7[U](sp,;,,+) = 7[U](s) then it follows by Def. 3.6 that 4, , =
Ty 141. SINCE Tty = Y,y We deduce that (Y, , T,y ys Tinyyr+1)-
is a convexity triple.

B If 7[U](sm,41+) # 7[U](s) then we can use Lemma 3.2 to deduce that
7[U](s) = n[U](s+) and that

(W[U](Smj-‘rl—i_)? W[U](S), 7T[[J-](‘97”"&3'-5-14-1)) = (xmj+17 W[UKS)? xmj+1+1)

is a convexity triple. Applying Lemma 3.1 for (ymj, Loy W[U](S)) and
(Zmysr> T[UN(S), Tm,.y41) yields that (Y, T,y ys Tm,,q4+1) IS @ con-
vexity triple.

Using that Yy, = Yum,+r; = Ym,,1—1, We deduce that (Y, 1 —1, Tm, 415 Tmyiq+1)
is a convexity triple. Recalling now 81, it follows that

((mej+1—1,ymj+1—1) ) ($mj+1, ymj+1) ) (xmj+1+17 ymj+1+1))
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is a CTC triple. This is no NCTC triple since it is a triple in the string p[7[[U]]
being a NCTC triple free string. Combining these properties of the triple, we
deduce by Def. 2.5 that

Tmjiq—1 7£ Ymjr1—1 = Tmjs = Ymja 7& Lmjp1+1- (82)

W If 7, = O then it follows that m;; = m; + 1 such that 82 yields that
Ym; = Tm;+1 = Ym,+1. Hence, we see that 78 yields that 7,,,; = 1 which
is a contradiction to the considered situation.

W Ifr,, = 1thenitfollows that m;,1 = m; + 2 and that y,,, = Tpy;41 =
Ym+1- Hence, we have a contradiction to 82.

Since a contradiction could be derived in both possible situations, it follows that
the considered assertion is wrong. Therefore, is proved that for all s € [0, 7]
with s > ;.1 = 5, it holds that 7[U] is not monotaffine and continuous on

Jtj, 8] =|sm,;, s].

Combining both results, we see that 8 holds for v := 7[U] and ¢ := j.

Thus, it is derived that 0 = t; < --- < t, = T is the standard lo. rc. monotaffinicity
continuity decomposition of [0, T'] for [U].

) Let 7o, ..., p_1, Mo,...,My—1 and Vg,...,V,, | be as in Def. 2.13 when p[r[U]] is
determined. Hence, we deduce by Def. 3.6, that ; = Tl and m; = mg for all 2 €
{0,...,n—1} and that V; = (z;,y;) foralli = 1,...m,_1. Using 12, we see that

plr[UI(T) = (Voo -+ Viny, (w(T), u(T))). (83)

Using that u(T") = x,, = y,, and m,,_; = m — 1, we conclude that p[7[U]|(T") = U.

3.2 Proof of Assertion @) in Thm. 1

Let F' : SZ(X) — Y be some function that is invariant with respect to stretching the first
component. Let G : Map,, . ([0, 7], X) — Map ([0, T],Y") be defined as in Def. 2.15, i.e.
it holds Gr[ul(t) = F (p[u](t)) forall t € [0,7] and for all u € Map,,, , ([0,7], X).

W Forallu,v € Map,,,, ([0,7],X) and t € [0,7] such that u(7) = v(7) for all 7 €
[0,t], we observe by recalling Lemma 3.4 that p[u](t) = p[v](t) and therefore

Grlu](t) = F (plu](t)) = F (p[v](?)) = Grlv](?). (84)
Hence, it is proved that G is causal.

B Letu € Map,, . ([0,T],X) and t € [0,T] be given. Let  : [0,T] — [0,7] be an
admissible time transformation of [0, 7.
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W if plu](a(t)) = plu o a|(t) then it follows that
Grlul(a(t)) = F (plul(a(t)) = F (pluc o](t)) = Grlucal(t).  (85)

W if p[u](«(t)) # plu o a](t) then we conclude by recalling Lemma 3.5 that p[u o
a|(t) is generated from p[u](«(t)) by stretching the first component. Since F is
invariant with respect to stretching the first component, it follows also that 85 holds.

Since 85 is proved for general u, o, and t, it is proved that G is rate-independent.

Using that G is causal and rate-independent, we deduce that G is an hysteresis-operator, i.e.
Ass. a) in Thm. 1 is proved. O

3.3 Proof of Assertion b) in Thm. 1

Let H : Map,,, . ([0, 7], X) — Map ([0, 7], Y") be some hysteresis operator.
Let Gy : S4(X) — Y be defined as in Def. 2.15.

B To prove that (G4 is invariant with respect to stretching the first component, let U :=

((z0,Y0), - - -+ (Tn,yn)) € SE(X) with be given such that V := ((z0, Zo), (Z0, Y0), - - -, (Tn, Yn)) €
S%(X). Thefunction a : [0, 7] — [0, T thatis constant equal to 0 on 7" and increases

linearly from 0 to 7" on [%T, T} is an admissible time transformation of [0, T'|. Recalling

Def. 3.6, one observes that 7[V]| = 7[U] o a. Since H is rate-independent. we can

deduce that

GulV] = H[7[VII(T) = H[x[U] 0 a[(T) = H[x[U][(a(T)) = H[x[U]|(T) = Gx[U].
(86)

Hence, it is shown that (G4 is invariant with respect to stretching the first component.

B Now, we consider u € Map,, . ([0,77, X') and prove that H[u|(T) = G, [u](T).

Thanks to Lemma 3.7 there exists an admissible time-transformation o, : [0,7] —
[0, T such that u = 7 [p[u](T)] o .

Using that H is rate-independent, we deduce that

[p[u](T)] 0 ] (T) = H [ [plul (T)]] (e (T))
[lul(T)(T) = G (plul(T) = Goy, [ul(T). (87)

Hlul(T) =H|
= H|

™
™

B Now, letu € Map,, , ([0,7],X) and t € [0, T be arbitrary. Let v; : [0,7] — X be
defined by

u(s), if t>s (68)

{u(t), if ¢<s

Since H and Gg,, are causal, it holds that H[u](t) = H[v](t) and Gg,, [u](t) =
Gy, [ve](t). Moreover, taking into account that 74 and G, are rate-independent and

22



that v, is constant on [¢, 7], we deduce that #[v,] and Gg,, [v;] are also constant on
[t, T], and therefore H[u](t) = H[v|(T') and G, [u](t) = Gay, [v:](T'). Applying now
87 with u replaced by v;, we observe that

H[u](t) = H[v(T) = Goy, [vl(T) = Go, [ul (1)

B Let F : S2(X) — Y be some function that is invariant with respect to stretching the
first component such that Gr = H. Then it holds by Lem. 3.8 for all U € S%(X) that

F(U) = F (p[x[U(T)) = Grlx[U]|(T) = H[x[U]|(T)
G, [7[UI(T) = G (pI7[U])(T)) = Gu (V). (®9)

Hence, it is shown that Gy = F.

Collecting all results, we see that G, is the unique function F' : S%(X) — Y being invariant
with respect to stretching the first component such that G = H.

O

4 Example: Generalized vectorial relay

4.1 Definition of the generalized vectorial relay

Many vectorial relays considered in the literature (see, e.g. [4, 5, 17, 21]) can be rewritten as
a hysteresis operator of the following form (see [10, 12]), acting on the set C ([0, T']; X) of all
continuous function from [0, 7] to X.

Let a nonempty, open subset  of X, a function ¢ : X \ Q@ — Y and n° € Y be given.

Definition 4.1. The generalized vectorial relay operator R is defined by

R:C([0,T];X)— Map ([0,7],Y), (90)
Clu(t)), it u(t) €Q,
R[U](t) — 770, if U([O,tD - Q, (91)

¢ (u (max{s € [0,t]|u(s) & Q})) , otherwise,
forallw € C([0,T]; X).
4.2 The “Definition reuse” extension of the relay and the gene rated func-
tion

The generalized vectorial relay operator can be extended to a hysteresis operator Reuse ON the
space C;([0, T]; X) of all left-continuous function from [0, 7'] to X by requesting that 91 holds
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with R replaced by Rreuse for all u € Cy([0, T]; X). For the function G, generated by Rreyse
is holds for all ((zo,Yo), - -, (Tn, Yn)) € Sp(X) that

GRrwse((wo, Yo)s -+ (Tn, yn))
(C(x), i x &

C(zg), if xo ¢ Qand convsg(y;, i) C€Q, Vie{0,...,n—1},

n°, if xo€ Qand convso(ys, xip1) C€Q, Vie{0,...,n—1},

C((1 = 8)yr + sxpy1) with

s €]0, 1] maximal such that (1 — s)yx + sx41 € OS2,
(| k:=max{ic{0,...,n—1}| convso(y;,zi11) \ Q # 0}, otherwise,
(92)

with

convso(v,w) == {(1=A)v+Aw | A€o 1]} = {EZI;V(Ui}wl\:{ZU}, if v#w, (©3)

forallv,w € X,

4.3 The “arclen” extension of the relay and the generated fun ction

If X is a Hilbert-space, we can extend R the “arclen” extension R 4en introduced in [19], see
Rem. 2.19.

Hence, starting from 17, we deduce for all (g, yo), - - - , (Zn, Yn)) € SE(X) that:

GReagen (20, 40) - - -, (X0, Yn))

’C(mn% it @, ¢,

n°, it (conv(z;,y;) Uconv(y;, xii1)) € Q, Vie{0,...,n—1},

(C((1 = 8)yp + sTps1)  with
s €0, 1] maximal such that (1 — s)yx + sxpy1 € 09,
it conv(yg, Txr1) \ Q # 0,

C((1 = s)xk + syp) with

s €]0, 1] maximal such that (1 — s)z + sy, € 09,

(i conv(yg, zri1) \ =10,

with & :=max{i € {0,...,n — 1} | (conv(z;,y;) Uconv(y;, zi1)) \ Q # 0},

otherwise.

(94)
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